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Pairs of Ternary Perfect Sequences with Three-Valued
Cross-Correlation∗
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SUMMARY The calculation of cross-correlation between a sequence
with good autocorrelation and its decimated sequence is an interesting
problem in the field of sequence design. In this letter, we consider a class of
ternary sequences with perfect autocorrelation, proposed by Shedd and Sar-
wate (IEEE Trans. Inf. Theory, 1979, DOI: 10.1109/TIT.1979.1055998),
which is generated based on the cross-correlation between m-sequence and
its d-decimation sequence. We calculate the cross-correlation distribution
between a certain pair of such ternary perfect sequences and show that the
cross-correlation takes three different values.
key words: cross-correlation, decimation, exponential sum, ternary perfect
sequence

1. Introduction

The problem of designing sequences with low correlation
properties has been an interesting topic for a long time.
Due to its good correlation properties, such sequences have
found wide range of applications in cryptography, spread
spectrum communication, radar ranging, Ultra Wide Band
(UWB) and other fields [2]–[5].

Research on calculating the distribution of cross-
correlation among a class of sequences with good corre-
lation properties, can be dates back to late 1960s. In
1968, Gold analysed the cross-correlation of two different
m-sequences of the same period [6]. Due to its important
applications in several communication and sensing scenar-
ios, the cross-correlation between a sequence and its dec-
imations plays a very important role. In 1972, Niho first
conjectured the distribution of the cross-correlation function
for several kinds of decimations of m-sequences [7]. Work-
ing in this direction, in 1996, Cusick and Dobbertin [8], and
later in 2001, Dobbertin et al. [9] found some results for bi-
nary m-sequences which satisfy the conjectures proposed by
Niho. In another line of work, in 1968, Golomb conjectured
that the cross-correlation between an odd length m-sequence
and its (2k + 3)-decimation sequence is three-valued [10].
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This was proved by Canteaut et al. [11] in 2000. Consid-
ering the decimation d of the form (22k − 2k + 1), Kasami
[12] proposed a binary sequence set that asymptotically
achieved the Welch bound [13]. For the cross-correlation
function between an m-sequence and its d-decimation, an
overview of known results can be found in [14]–[16]. Be-
sides, further generalizations have been made to study the
cross-correlation of an m-sequence and its d-decimated se-
quence (see [17]–[26] for more details). Recently, in 2023,
using complete permutation polynomials, some new results
are obtained on the −1 conjecture on cross-correlation of m-
sequences [27].

Interestingly, in parallel to the research on analyzing
the cross-correlation of m-sequences, many constructions of
sequences were proposed, which lead to ternary sequences
with perfect autocorrelation properties. Chang proposed
ternary sequences with zero correlation in 1967 [28]. In
1979, Ipatov proposed a construction of a ternary perfect
sequence [29]. Shedd and Sarwate proposed a construction
of ternary perfect sequences based on m-sequences [1]. Re-
cently, Liu et al. studied the cross-correlation of the ternary
sequences with perfect autocorrelation, proposed by Ipatov
[29], and its 2-decimation [30].

Motivated by the works of [9] and [30], in this letter, we
study the cross-correlation between the ternary sequences
of length pm − 1 with perfect autocorrelation, proposed by
Shedd and Sarwate [1], which are generated with different
d-decimations, where d1 = ( pk+1

2 )−1 and d2 = p2k − pk + 1
or d1 = 1

2 (pk + 1)and d2 = (p2k − pk + 1)−1, p is prime,
and m/ gcd (m, k) is odd. Through calculations, it is shown
that the cross-correlation takes on three different low val-
ues. The distribution of the cross-correlation values is also
completely determined.

The rest of this letter is organized as follows. In Sect. 2,
we introduce some basic definitions and notations. We also
introduce several properties of correlation functions of the
sequences. In Sect. 3, we analyze the cross-correlation dis-
tribution between ternary perfect sequences generated with
various decimations. Finally, we conclude the letter in
Sect. 4.

2. Preliminaries

Before we begin, let us fix some notations, which will be
used throughout the letter.

• N = pm − 1 for a positive integer m and a prime p;
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• Fpm is the finite field with pm elements, and α is a prim-
itive element of Fpm ;

• Trm
1 (x) =

∑m−1
i=0 xpi

is the trace function from Fpm to Fp;
• s = (s(0), s(1), · · · , s(N−1)) is an m-sequence of length

N = pm − 1, where s(i) = Trm
1 (αi).

• For any d with gcd(d,N) = 1, sd = (sd(0), sd(1), · · · ,
sd(N − 1)), where sd(i) = s(di mod N), is the d-
decimation of s.

• Let d−1 denote the integer which satisfy d · d−1

mod N = 1, i.e. d·d−1 ≡ 1 (mod N), where N = pm−1.

Let a and b be two complex-valued sequences of length
N, denoted as a = (a(0), a(1), · · · , a(N − 1)) and b =

(b(0), b(1), · · · , b(N −1)), respectively. A sequence is called
binary if its elements take values from the set {1,−1} and
ternary if its elements take values in the set {0, 1,−1}. The
(periodic) cross-correlation between sequences a and b at a
shift τ is defined by

Ra,b(τ) =

N−1∑
i=0

a(i)b∗(i + τ), 0 ≤ τ ≤ N − 1, (1)

where i+τ is performed modulo N, and x∗ denotes the com-
plex conjugate of a complex number x. When a = b, (1)
is called the periodic auto-correlation function, which can
be simplified as Ra(τ). In particular, a is called perfect if
Ra(τ) = 0 for all 0 < τ ≤ N − 1.

Using the properties of trace function and the definition
of correlation function, as well as the results of Dobbertin
[9], Helleseth [15] and Trachtenberg [26], we deduce the
following lemma.

Lemma 1: Let Rs,sd (τ) denote the cross-correlation func-
tion between an m-sequence s and its decimation sd, then
we have

1) Rs,sd (τ) is a real number.
2) Let d · d−1 ≡ 1 (mod pm − 1), then the values and the

number of occurrences of each value of Rs,sd (τ) and
Rs,sd−1 (τ) are the same as τ ranges from 0 to pm − 2,
more specifically, Rs,sd (τ) = Rs,sd−1 (−dτ)

3)
pm−2∑
τ=0

Rs,sd (τ) = 1.

4) Rs,sd (piτ) = Rs,sd (τ).

Lemma 2 ([15], [31]): Let s be an m-sequence with length
pm − 1, and d be a positive integer. We have

1) If gcd(d, pm − 1) = 1, then the sequence sd is an m-
sequence which is either equivalent to the cyclic shift
of s, or a new m-sequence of the same length.

2) If d = pi, the sequence sd is equivalent to the cyclic
shift of s.

3) If gcd(d1, pm − 1) = 1, gcd(d2, pm − 1) = 1, then a
necessary and sufficient condition for the sequence sd1

to be equivalent to the translation sequence of sd2 is the
existence of a positive integer i such that d2 = pid1.

4) When τ = 0, 1, · · · , pm − 2, the cross-correlation distri-
bution between s and sd is at least three-valued if and

only if d < {1, p, · · · , pm−1}.

In the following, we will discuss the autocorrelation of
m-sequences and some other properties. It is well known
that

Rs(τ) =

{
N, τ = 0
−1, 0 < τ ≤ N − 1. (2)

By [1], we note that (1) satisfies

Ra,b(τ) = Ra,b(τ + N), (3)
Ra,b(−τ) = R∗b,a(τ), (4)
N−1∑
i=0

Ra,b(i) =

N−1∑
i=0

a(i)


N−1∑

i=0

b∗(i)

 . (5)

The results of this letter are based on the following
identity from [1] which relates the cross-correlation func-
tions for the sequences a, x, y and b of period N:

N−1∑
i=0

Ra,y(i)R∗x,b(i + τ) =

N−1∑
i=0

Ra,x(i)R∗y,b(i + τ). (6)

3. Pairs of Ternary Perfect Sequences with Three-
Valued Cross-Correlation

Based on the framework developed in [1], when p is a prime,
the cross-correlation between s and sd for d = 1

2 (pk + 1) or
d = p2k − pk + 1 takes on three values:

Rs,sd (τ) =
−1 + p

m+e
2 , occuring 1

2 (pm−e + p(m−e)/2) times
−1, occuring pm − pm−e − 1 times
−1 − p

m+e
2 , occuring 1

2 (pm−e − p(m−e)/2) times
(7)

where e = m/ gcd(m, k) is odd. Hence one can obtain a
ternary perfect sequence ud of length N as follows

ud(t) = p−
m+e

2 (1 + Rs,sd (t)), 0 ≤ t ≤ N − 1, (8)

which is called Shedd-Sawarte sequence.
In the following, the cross-correlation functions of

Shedd-Sawarte sequences ud for different values of d are
given.

Theorem 1: Let ud1 and ud2 be two ternary perfect se-
quences obtained as Eq. (8). Then

Rud1 ,ud2
(τ) = p−e(1 + Rsd2 ,sd1

(−τ)). (9)

Proof: Starting from the definition of cross-correlation
function and using Lemma 1 and (2), (6), we can obtain
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Rud1 ,ud2
(τ)

=

N−1∑
i=0

ud1 (i)u∗d2
(i + τ)

=p−(m+e)
N−1∑
i=0

(
1 + Rs,sd1

(i)
) (

1 + R∗s,sd2
(i + τ)

)
=p−(m+e)

[
pm − 1 +

N−1∑
i=0

Rs,sd1
(i)

+

N−1∑
i=0

R∗s,sd2
(i + τ) +

N−1∑
i=0

Rs,sd1
(i)R∗s,sd2

(i + τ)
]

=p−(m+e)
[
pm − 1 +

N−1∑
i=0

s(i)


N−1∑

i=0

s∗d1
(i)


+

N−1∑
i=0

s∗(i + τ)


N−1∑

i=0

sd2 (i + τ)


+

N−1∑
i=0

Rs(i)R∗sd1 ,sd2
(i + τ)

]
=p−(m+e)

[
pm + 1 +

N−1∑
i=0

Rs(i)R∗sd1 ,sd2
(i + τ)

]
=p−(m+e)

[
pm + 1 + pm · R∗sd1 ,sd2

(τ)

−

N−1∑
i=0

R∗sd1 ,sd2
(i + τ)

]
=p−e(1 + R∗sd1 ,sd2

(τ))

Therefore, we find the relationship between the two
decimation factors. Using Theorem 1, we have the follow-
ing theorem.

Theorem 2: Let k be an integer with gcd(m, k) = e and m/e
be odd. Let p be a prime, d1 = ( pk+1

2 )−1 and d2 = p2k−pk +1.
Then

Rud1 ,ud2
(τ) =

0, occuring pm − pm− f − 1 times
p(m− f )/2, occuring 1

2 (pm− f + p(m− f )/2) times
−p(m− f )/2, occuring 1

2 (pm− f − p(m− f )/2) times
(10)

where f = m/ gcd(m, 3k).

Proof: Using the basic definition and properties of
cross-correlation functions, the cross-correlation is given as
follows

Rsd1 ,sd2
(τ) =

N−1∑
i=0

sd1 (i)s∗d2
(i + τ)

=

N−1∑
i=0

s(d1i)s∗(d2(i + τ))

=

N−1∑
j=0

s( j)s∗(d2d−1
1 ( j + d1τ)),

where j ≡ d1i ( mod N). If τ′ = d1τ, then

Rsd1 ,sd2
(τ) =

N−1∑
j=0

s( j)s∗(d2d−1
1 ( j + τ′)). (11)

where d2d−1
1 = ( p3k+1

2 ) (mod N). Since R∗sd1 ,sd2
(τ) and

Rs,sd2d−1
1

(τ) have the same distribution, we will consider the
distribution Rs,sd2d−1

1
(τ). Note that f = m/ gcd(m, 3k) is also

odd since e is odd and f |e, so the result can be derived by
Eq. (7). This completes the proof.

Remark 1: Similarly, if d1 = ( pk+1
2 ) and d2 = (p2k − pk +

1)−1, the corresponding cross-correlation between them also
has three values and has the same distribution as Theorem 2.

Remark 2: Using Theorem 2 and (6), it is easy to show
p( f−m)/2Rud1 ,ud2

(τ) is also a ternary perfect sequence.

4. Conclusion

In this letter, we studied the cross-correlation between
a class of ternary perfect sequences proposed by Shedd
and Sarwate [1], which is generated with different d-
decimations. For a pair of ternary perfect sequence with cor-
responding decimation values d1 = ( pk+1

2 )−1, d2 = p2k−pk+1

or d1 = ( pk+1
2 ) and d2 = (p2k− pk +1)−1, its cross-correlation

distribution is derived. We found that, interestingly, the
cross-correlation function takes only three values and can
be used to construct another ternary perfect sequence.
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