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Properties of k-Bit Delay Decodable Codes
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SUMMARY  The class of k-bit delay decodable codes, source codes
allowing decoding delay of at most k bits for k& > 0, can attain a shorter
average codeword length than Huffman codes. This paper discusses the
general properties of the class of k-bit delay decodable codes with a finite
number of code tables and proves two theorems which enable us to limit
the scope of codes to be considered when discussing optimal k-bit delay
decodable codes.
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1. Introduction

It is known that one can achieve a shorter average codeword
length than Huffman codes by allowing multiple code tables
and some decoding delay. AIFV (almost instantaneous fixed-
to-variable length) codes developed by Yamamoto, Tsuchi-
hashi, and Honda [3] attain a shorter average codeword
length than Huffman codes by using a time-variant encoder
with two code tables and allowing decoding delay of at most
two bits. AIFV codes are generalized to AIFV-m codes,
which can achieve a shorter average codeword length than
AIFV codes for m > 3, allowing m code tables and decod-
ing delay of at most m bits [7]. The worst-case redundancy
of AIFV-m codes is analyzed in [7], [8] for m = 2,3,4,5.
The literature [9]-[22] proposes the code construction and
coding method of AIFV and AIFV-m codes. Extensions of
AIFV-m codes are proposed in [23], [24].

The literature [4] formalizes a binary encoder with a
finite number of code tables as a code-tuple and introduces
the class of code-tuples decodable with a delay of at most
k bits as the class of k-bit delay decodable codes, which
includes the class of AIFV-k codes as a proper subclass.
Also, [4] proves that Huffman codes achieve the optimal
average codeword length in the class of 1-bit delay decodable
code-tuples. The literature [5] indicates that the class of
AIFV codes achieves the optimal average codeword length
in the class of 2-bit delay decodable code-tuples with two
code tables.

This paper discusses the general properties of k-bit de-
lay decodable code-tuples for k > 0 and proves two theorems
as the main results. The first theorem guarantees that it is
not the case that one can achieve an arbitrarily small aver-
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age codeword length by using arbitrarily many code tables.
This leads to the existence of an optimal k-bit delay decod-
able code-tuple, which achieves an average codeword length
shorter than or equal to any other k-bit delay code-tuple.
The first theorem also gives an upper bound of the required
number of code tables for an optimal k-bit delay decodable
code-tuples. The second theorem gives a necessary con-
dition for a k-bit delay decodable code-tuple to be optimal,
which is a generalization of a property of Huffman codes that
each internal node in a code tree has two child nodes. Both
theorems enable us to limit the scope of code-tuples to be
considered when discussing optimal k-bit delay decodable
code-tuples. As an application of these theorems, we can
prove of the optimality of AIFV codes in the class of 2-bit
delay decodable codes with a finite number of code tables
[6].

This paper is organized as follows. In Sect. 2, we pre-
pare some notations, describe our data compression scheme,
introduce some notions including k-bit delay decodable
codes, and show their basic properties used to prove our
main result. Then we prove two theorems in Sect. 3 as the
main results of this paper. Lastly, we conclude this paper
in Sect. 4. To clarify the flow of the discussion, we relegate
the proofs of most of the lemmas to Appendix C. The main
notations are listed in Appendix D.

2. Preliminaries

First, we define some notations as follows. Most of the
notations in this paper are based on [4]. Let R denote the
set of all real numbers, and let R™ denote the set of all m
dimensional real row vectors for an integer m > 1. Let
|A| denote the cardinality of a finite set A. Let A X B
denote the Cartesian product of A and B, that is, A X B =
{(a,b) : a € A,b € B}. Let A* (resp. A=K, A=K, A*,
A*) denote the set of all sequences of length k (resp. of
length less than or equal to &, of length greater than or equal
to k, of finite length, of finite positive length) over a set A.
Thus, A* = A*\ {1}, where A denotes the empty sequence.
The length of a sequence x is denoted by |x|, in particular,
|1] = 0. For a non-empty sequence X = X|X3...X,, We
define pref(x) := x1x ... x,-1 and suff(x) == x3 ... x—1X;,.
Namely, pref(x) (resp. suff(x)) is the sequence obtained by
deleting the last (resp. first) letter from x. We say x < y if
x is a prefix of y, that is, there exists a sequence z, possibly
z = A, such that y = xz. Also, we say x < y if x < y and
x # y. For sequences x and y such that x < y, let x™'y
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denote the unique sequence z such that xz = y. Note that a
notation x~! behaves like the “inverse element” of x as stated
in the following statements (i)—(iii).

(i) For any x, we have x 'x = A.
(ii) For any x and y such that x < y, we have xx'y = y.
(iii) For any x,y, and z such that xy < z, we have (xy)~'z =
y'x7lz.
The main notations used in this paper are listed in Appendix
D.
We now describe the details of our data compression
system. In this paper, we consider a data compression system
consisting of a source, an encoder, and a decoder.

* Source: We consider an i.i.d. source, which outputs
a sequence X = x1x3...Xx, of symbols of the source
alphabet S = {s1,52,...,5+}, where n and o~ denote
the length of x and the alphabet size, respectively. Each
source output follows a fixed probability distribution
(u(sy), u(s2),. . ., u(ss)), where u(s;) is the probability

of occurrence of s; fori = 1,2,...,0. In this paper, we
assume o > 2.
e Encoder: The encoder has m fixed code tables

Jo, fis- e os fn—1 : 8 = C*, where C = {0, 1} is the cod-
ing alphabet. The encoder reads the source sequence
x € 8 symbol by symbol from the beginning of x and
encodes them according to the code tables. For the first
symbol x;, we use an arbitrarily chosen code table from
o, fis« - s fin-1. For x2,3,...,x,, we determine which
code table to use to encode according to m fixed map-
pings 70,71, .« s Tm—1 : S = [m] :={0,1,2,...,m—1}.
More specifically, if the previous symbol x;_; is en-
coded by the code table f;, then the current symbol x;
is encoded by the code table ij (xi-1)- Hence, if we use
the code table f; to encode xi, then a source sequence
X = X|X3...X, is encoded to a codeword sequence

flx) = fil (xl)fiz (xXn) ... fin (x,), where

. -
ij = {’ L (1)

Tij_ ()Cj_l) if j>2

forj=12,...,n

* Decoder: The decoder reads the codeword sequence
f(x) bit by bit from the beginning of f(x). Each time
the decoder reads a bit, the decoder recovers as long
prefix of x as the decoder can uniquely identify from
the prefix of f(x) already read. We assume that the
encoder and decoder share the index of the code table
used to encode x; in advance.

2.1 Code-Tuples

The behavior of the encoder and decoder for a given
source sequence is completely determined by m code tables
Jo, fis- - -5 fm—1 and m mappings 79, 71, . . ., T—1 if we fix the
index of code table used to encode x;. Accordingly, we name
atuple F(fo, fi,-- > fin=1,T0sTl>- - - » Tm—1) as a code-tuple F
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Table 1 Two examples of an code-tuple: F (")(]6(“), fl(a), fz(“),
20 @) @) ang pB4E) ) ) ) B) B

SeS [0 P 5@ @ @ @
a | ol 0 00 T 1100 ]
b | 10 12 0 1110 2
¢ |00 0 o011 1 111000 2
d |o 2001l 2 110 2
ses [P P P P P P

a | oo 1 4 2
b [100 2 ol 12 2
¢ |1 1 ot 1 2 2
d 101 2 ot 1A 2

and identify a source code with a code-tuple F.

Definition 1. Let m be a positive integer. An m-code-tuple

F(fo, fis- > fin=1-T0sTl - - - » Tm—1) IS a tuple of m mappings
o flse s fne1 : S = C* and m mappings 19,71, . . ., Tm1 :
S — [m].

We define F™ as the set of all m-code-tuples. Also,
we define F .= FOU.FDUFZOU... . Anelement of F
is called a code-tuple.

We write F(fo, fi,--+» fin-1,T0T15- - -»Tm—1) also as
F(f,7) or F for simplicity. For F € .Z™_ let |F| denote
the number of code tables of F, that is, |F| := m. We write
[IF]] ={0,1,2,...,|F| — 1} as [F] for simplicity.

Example 1. Table 1 shows two examples F'*) and F® of a
3-code-tuple for S = {a,b,c,d}.

Example 2. We consider encoding of a source sequence
X = x;xx3x4 = badb with the code-tuple F(f,t) =
F@O(f@ 1@) iy Table 1. If x; = b is encoded with the
code table fy, then the encoding process is as follows.

® x| = b is encoded to fy(b) = 10. The index of the next
code table is o(b) = 1.

® x» = ais encoded to fi(a) = 00. The index of the next
code table is T1(a) = 1.

o x3 = d is encoded to fi(d) = 00111. The index of the
next code table is T)(d) = 2.

® x4 = b is encoded to f(b) = 1110. The index of the
next code table is >(b) = 2.

As the result, we obtain a codeword sequence ¢ =
Jo®)fi(a) fi(d) f2(b) = 1000001111110.

The decoding process of ¢ = 1000001111110 is as
follows.

o After reading the prefix 10 of ¢, the decoder can
uniquely identify x; = b and 10 = fy(b). The de-
coder can also know that x, should be decoded with
Jroo) = S1-

o After reading the prefix 1000 = fy(c)fo(a) of ¢, the
decoder still cannot uniquely identify x, = a because
there remain three possible cases: the case x, = a, the
case xp = ¢, and the case x; = d.

o After reading the prefix 10000 of ¢, the decoder can
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uniquely identify x, = a and 10000 = fy(b) f1(a)0. The
decoder can also know that x3 should be decoded with
Ju@ = fi-

o After reading the prefix 100000111 = fy(b)fi(a)fi(d)
of ¢, the decoder still cannot uniquely identify x3 = d
because there remain two possible cases: the case x3 =
¢ and the case x3 = d.

e After reading the prefix 10000011111 of ¢, the de-
coder can uniquely identify x3 = d and 10000011111 =
fo(b)fi(a) fi(d)11. The decoder can also know that x4
should be decoded with f;, @) = fo.

e After reading the prefix ¢ = 1000001111110,
the decoder can uniquely identify x4 = b and
1000001111110 = fy(b) fi(a) fi(d) f2(b).

As the result, the decoder recovers the original sequence
x = badb.

In encoding x = x1x...x, € 8* with F(f,7) € &,
the m mappings 79, 71, . . ., T,—1 determine which code table
to use to encode x, x3, . . ., x,,. However, there are choices of
which code table to use for the first symbol x;. Fori € [F]
and x € 8", we define f;"(x) € C” as the codeword sequence
in the case where x; is encoded with f;. Also, we define
7/(x) € [F] as the index of the code table used next after
encoding x in the case where x; is encoded with f;. We give
formal definitions of f; and 7;" in the following Definition 2
as recursive formulas.

Definition 2. For F(f,7) € % and i € [F], we define a
mapping f* : 8* — C* and a mapping 7} : §* — [F] as

*( ) _ 1 l.fx =4, ’
fi) = ﬁ(xl)f;(xl)(SUH‘(x)) ifx # 4, &
L ifx=24,
e {T:imsuff(x» ix %2 ©

forx =x1x3...x, €S™.

Example 3. We consider F(f,7) := F@(f@ (@) of Ta-
ble 1. Then f;(badb) and 7;(badb) is given as follows (cf.
Example 2):

£ (badb) = fo(b) f; (adb)
= fo(b)fi(a)f; (db)
= fo(b)fi(a)fi(d).f; (b)

= fo(®)fi(@)fi(d)f2(b)f; (4)
= 1000001111110

and
7, (badb) = 7/ (adb) = 7{(db) = 75(b) = 7;(1) = 2.
The following Lemma 1 follows from Definition 2.

Lemma 1. Forany F(f,7) € %,i € [F], and x,y € S*, the
following statements (i)—(iii) hold.

() 17 (xy) = £ (O (W)
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(ii) Ti*(xy) = T;:«(x)(y)
(iii) Ifx <y, then f(x) < f(y).

2.2 k-Bit Delay Decodable Code-Tuples

In Example 2, despite fy(b)fi(a) = 1000, to uniquely iden-
tify x;x, = ba, it is required to read 10000 including the
additional 1 bit. Namely, a decoding delay of 1 bit oc-
curs to decode x, = a. Similarly, despite fy(b)fp(a)fi(d) =
100000111, to uniquely identify x;xp,x3 = bad, it is re-
quired to read 10000011111 including the additional 2 bits.
Namely, a decoding delay of 2 bits occurs to decode x3 = d.
In general, in the decoding process with F(®) in Table 1,
it is required to read the additional at most 2 bits for the
decoder to uniquely identify each symbol of a given source
sequence. We say a code-tuple is k-bit delay decodable if
the decoder can always uniquely identify each source symbol
by reading the additional k bits of the codeword sequence.
The code-tuple F@ is an example of a 2-bit delay decodable
code-tuple. To state the formal definition of a k-bit delay de-
codable code-tuple, we introduce the following Definitions
3 and 4.

Definition 3. For an integer k > 0, F(f,7) € %#,i € [F],
and b € C*, we define

Pr(b) = {ceC':x eS8 f(x) = be, fi(x1) = b},
4

Pr(b) = {c e C* : x € 8", f*(x) = be, f;(x1) > b},
Q)

where x| denotes the first symbol of x. Namely, P{E’ (D)
(resp. @;J.(b)) is the set of all ¢ € C* such that there exists
X =Xx1X2...%X, € 8" satisfying f(x) = bc and fi(x1) = b
(resp. fi(x1) > b).

Definition 4. For F(f,7) € Z,i € [F], and b € C*, we
define

Pr. (b) = PR (b)) U P (b)) UPF (B)U - -, (6)
P (b) = PR (b)) UPL (b)) UPF ;(B)U--- . )
We write P{é’i(/l) (resp. 551];’1.(/1)) as PI]?J. (resp. @ﬁ’i)

for simplicity. Also, we write $j. (1) (resp. 55; /() as
Pr. ; (resp. 73;’1.). We have

Pr Diceck xe ST, fi(x) = ¢}
Picect i xes (x> ec) ®)

where (A) follows from (4), and (B) is justified as follows.
The relation “C” holds by S* € S*. We show the relation
“2”. We choose ¢ € C¥ such that f(x) = cforsome x € S*
arbitrarily and show that f*(x") > ¢ for some x” € S*. The
case x € 8™ is trivial. In the case x € {1} = 8*\ 8%, then
since ¢ < f(x) = f(4) = A by (2), we have ¢ = 4, which
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leads to that any x” € S* satisfies f*(x") > 1 = ¢. Hence,
the relation “2” holds.

Example 4. For F%) in Table 1, we have

F(nr) 1(00) - {/l}
F(a) 1(00) = {0 1}
. ,(00) = {00,01,10,11},

(n) 1(OO) = {000,001,010,011,100,101,111}

and

P 1(00) = {2},
m ,(00) = {13,
F(a) 1(00) - {11}

P30, (00) = {111},

For F® in Table 1, we have

P, = 14}, P, = 0,
P;w , =0, P},w ,=0.

‘We consider the situation where the decoder has already
read the prefix b’ of a given codeword sequence and identified
a prefix xjx; . .. x; of the original sequence x. Then we have
b’ = fi (x1)fi,(x2) . .. fi,(x))b for some b € C*. Puti = iy
and let {s1,s2,...,s,} be the set of all symbols s € S such
that f;(s) = b. Then there are the following r + 1 possible
cases for the next symbol x;4;: the case x;.; = s, the case
Xi+1 = 82, ..., the case x;11 = s, and the case f;(x;+1) > b.
For a code-tuple F to be k-bit delay decodable, the decoder
must always be able to distinguish these r+ 1 cases by reading
the following k bits of the codeword sequence. Namely, it is
required that the r + 1 sets listed below are disjoint:

. Pk the set of all possible following k bits in the

F,7i(s1)’
case Xj41 = 51,
. P{é , the set of all possible following k bits in the
7i(s2)

case Xy = 82,

. Pﬁ (s )? the set of all possible following k bits in the
case x41 = S,

. 7’{; ;(b), the set of all possible following k bits in the
case fi(x;+1) > b.

This discussion leads to the following Definition 5.

Definition 5. Let k > 0 be an integer. A code-tuple F(f,T)
is said to be k-bit delay decodable if the following conditions
(i) and (ii) hold.
(i) For any i € [F] and s € S, it holds that PFT N
Pl (fi(s)) = 0
(ii) For any i € [ land s,s’ € S, if s # 5" and fi(s) =

fi(s"), then P n Pk =0.

F,7i(s) F,7i(s")

For an integer k > 0, we define Fy._gec as the set of all k-bit
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delay decodable code-tuples, that is, Fi.qec = {F € F
F is k-bit delay decodable}.

Definition 5 is equivalent to the definition of k-bit delay
decodable codes in [4]. See Appendix A for the proof.

Example 5. We define F(f,7) as F\*) in Table 1. Then we
have F € %) qoc While F ¢ F1_qec because

PII:’T(](a) nPI]:,TU(d) = {O’l} N {1} = {1} * 05

that is, F does not satisfy Definition 5 (ii) for k = 1.
Next, we define F(f,7) as F®) in Table 1. Then we
have F € F1_gec while F ¢ %.qec because

PO o NPYLAE) = ()N {4} = (4} 0,
that is, F' does not satisfy Definition 5 (i) for k = O.

Remark 1. A k-bit delay decodable code-tuple F is not
necessarily uniquely decodable, that is, the mappings
Jos S "fl;l—l are not necessarily injective. For example,

for F@) € P, 4ec in Table 1, we have f(fa)*(bc) = 1000111 =

fo(“) *(bd). In general, it is possible that the decoder cannot
uniquely recover the last few symbols of the original source
sequence in the case where the rest of the codeword sequence
is less than k bits. In such a case, we should append addi-
tional information for practical use.

The classes Fy.gec,k = 0,1,2,... form a hierarchical
structure: Fo.dec S Fldec S Fodec C -+ [4, Lem. 2].

For F(f,7) € % and i € [F], the mapping f; is said
to be prefix-free if for any s,s’ € S, if fi(s) < fi(s"), then
s = s’. A 0-bit delay decodable code-tuple is characterized
as a code-tuple all of which code tables are prefix-free [4,
Lem. 4].

Lemma 2. A code-tuple F(f,7) € .7 satisfies F € Fy.gec if
and only if the code tables fy, fi,. .., fir|-1 are prefix-free.

2.3 Extendable Code-Tuples

For the code-tuple F® in Table 1, we can see that fz(m *(x) =
A for any x € §*. To exclude such abnormal and useless
code-tuples, we introduce a class .Fy in the following Def-
inition 6.

Definition 6. A code-tuple F is said to be extendable if

P},l # 0 for any i € [F]. We define Fex as the set of

all extendable code-tuples, that is, Fexy = {F € F : Vi €
[F];P}m # 0}.

Example 6. For F (@) jn Table 1, we have

={0.1}, Pro, ={01}, Pr.,={1}

Pro Fl), 1

Therefore, we have F @) ¢ Z.. For FP) inTable 1, we have

Fwo ={0,1}, svjmlz{O}, Pl =0.

FB) 2~
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Since P! = 0, we have F®) ¢ Fy,.

F)2

The following Lemma 3 shows that for an extendable
code-tuple F, we can extend the length of f"(x) as long as
we want by appending symbols to x appropriately.

Lemma 3. A code-tuple F(f,T) is extendable if and only if
Jor anyi € [F) and integer | > 0, there exists x € S* such
that | f7(x)| > L.

Proof of Lemma 3. (Sufficiency) Fixi € [F] arbitrarily. Ap-
plying the assumption with / = 1, we see that there exists
x € 8" such that [f(x)| > 1. Then there exists ¢ € C
such that f*(x) > ¢, which leads to ¢ € P;’ ; by (8), that is,
P ; # 0 as desired.

(Necessity) Assume F € F.y. We prove by induction
for I. The base case I = 0 is trivial. We consider the
induction step for / > 1. By the induction hypothesis, there
exists x € S* such that

Il >1-1. &)

Also, by F € Fe,, there exists ¢ € Pl By (8), there

F,ri(x)
exists y € S* such that

FrwW) = e (10)

Thus, we obtain

B)
7@l 2 1@+ @) = (-D+1=1, (1)

where (A) follows from Lemma 1 (i), and (B) follows from
(9) and (10). This completes the induction. ]

This property leads to the following Lemma 4 and
Corollary 1.

Lemma 4. Let k,k’ be two integers such that 0 < k < k’.
For any F(f,7) € Zexi € [F], b € C*¥, and ¢ € C*, the
following statements (i) and (ii) hold.

(i) c € PL (b)) < ¢’ € C¥*;cc’ € PE (D).

(ii) ¢ € Pf (b)) = 3¢’ € CK ¥ ;ec’ € PY (b).
Proof of Lemma 4. We prove (i) only because (ii) follows by
the similar argument.

(= ): Assumec € P}‘,,i(b). Then by (4), there exists
x € 8% such that

f(x) = b, (12)

fi(x1) = b. (13)
By F € % and Lemma 3, there exists y € S* such that

|f:[.*(x)(y)| > k'~ k. (14)

Hence, we have

. (A) | s . ® p
[ Gey)l = 117 GOl + 1 £z ()] 2 |bel + K =k, (15)
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where (A) follows from Lemma 1 (i), and (B) follows from
(12) and (14). By (12) and (15), there exists ¢’ € C¥~* such
that

f(xy) = bec’. (16)

Equations (13) and (16) lead to cc’ € P,]f{i(b) by (4).

( &< ): Assume that there exists ¢’ € C*~k such that
cc’ € Pfé:i(b). Then by (4), there exists x = x;xp...x, €
S such that f(x) > bee’” and fi(x;) > b. This clearly
implies f*(x) > bc and f;(x;) = b, which leads to ¢ €
Py .(b) by (4). O
Corollary 1. For any integer k > 0, F € Fexy, i € [F], and
b € C*, we have P}fﬁ,i(b) =0 (resp. ?E,Ifﬂ’l.(b) = Q) if and only
if?’g’l.(b) =0 (resp. 9‘_’2,1-(17) =0).

The following Lemma 5 gives a lower bound of the

length of a codeword sequence for F € Fext N Fp_dec- See
Appendix C.1 for the proof of Lemma 5.

Fk-decsi € [F, and x € S*, we have |f7(x)| > ||x|/|F|].

Lemma 5. For any integer k > 0, F(f,7) € Fexe N

2.4 Average Codeword Length of Code-Tuple

We introduce the average codeword length L(F) of a code-
tuple F. From now on, we fix an arbitrary probability distri-
bution u of the source symbols, that is, a real-valued function
p:S — Rsuchthat Y cqpu(s) =1and 0 < u(s) < 1 for
any s € S. Note that we exclude the case where u(s) = 0 for
some s € S without loss of generality.

First, for F(f,7) € % and i,j € [F], we define the
transition probability Q; ;(F) as the probability of using the
code table f; next after using the code table f; in the encoding
process.

Definition 7. For F(f,7) € % and i,j € [F), we define the
transition probability Q; ;(F) as

0ij(F):=" > uls). (17)
seS,Ti(s)=]

We also define the transition probability matrix Q(F) as the
following |F| X |F| matrix:

Qo,0(F) Qo,1(F) Qo,1F-1(F)
Q1,0(F) Q1,1(F) 01,1F|-1(F)
Q\Fl—.l,O(F) Q\Fl—.l,l(F) Q|F|—1,|‘F|—1(F)

(18)

We fix F € % and consider the encoding process with
F. Let I; € [F] be the index of the code table used to en-
code the i-th symbol of a source sequence fori = 1,2,3,.. ..
Then {I;}i=12.3,... is a Markov process with the transition
probability matrix Q(F). We consider a stationary distribu-
tion of the Markov process {/; };=1.2,3,..., formally defined as
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follows.

Definition 8. For F € %, a solution m = (m,
Tly.. > F|-1) € RIF! of the following simultaneous equa-

tions (19) and (20) is called a stationary distribution of F':
nQ(F) =, (19)
Z = 1. (20)
i€[F]

A code-tuple has at least one stationary distribution
without a negative element as shown in the following Lemma
6. See Appendix C.2 for the proof of Lemma 6.

Lemma 6. For any F € %, there exists a stationary distri-
bution w = (mo, w1, . .., 7|Fp|-1) of F such that m; > 0 for any
i €[F]

As stated later in Definition 10, the average codeword
length L(F) of F is defined depending on the stationary
distribution w of F. However, it is possible that a code-
tuple has multiple stationary distributions. Therefore, we
limit the scope of consideration to a class .F ., defined as
the following Definition 9, which is the class of code-tuples
with a unique stationary distribution.

Definition 9. A code-tuple F is said to be regular if F
has a unique stationary distribution. We define Freq as
the set of all regular code-tuples, that is, Freg = {F €
F . Fisregular}y. For F € F, we define n(F) =
(mo(F), m1(F),...,mF-1(F)) as the unique stationary dis-
tribution of F.

Since the transition probability matrix Q(F) depends
on u, it might seem that the class %, also depends on p.
However, we can see later that in fact ﬁreg is independent of
. More precisely, whether a code-tuple F(f, ) belongs to
Freg depends only on 19,7y, . .., T|F|-1.

We also note that for any F' € F ., the unique station-
ary distribution w(F) of F satisfies ;(F) > 0 forany i € [F]
by Lemma 6.

The asymptotical performance (i.e., average codeword
length per symbol) of a regular code-tuple does not de-
pend on which code table we start encoding: the aver-
age codeword length L(F) of a regular code-tuple F is the
weighted sum of the average codeword lengths of the code ta-
bles fo, fi,. - ., fir|-1 weighted by the stationary distribution
m(F). Namely, L(F) is defined as the following Definition
10.

Definition 10. For F(f,7) € % and i € [F], we define
the average codeword length L;(F) of the single code table
fi:S§—>C*as

Li(F) = ) 1f(s)] - (). 1)
seS

For F € g, we define the average codeword length L(F)
of the code-tuple F as

IEICE TRANS. FUNDAMENTALS, VOL.E107-A, NO.3 MARCH 2024

L(F) = Z 7i(F)L;(F). (22)

i€[F]

Example 7. We consider F = F%) of Table 1, where
(u(a), u(b), u(c), u(d)) = (0.1,0.2,0.3,0.4). We have

04 02 04
OF)=| 02 04 04
0 0.1 09

The code-tuple F has a unique stationary distribution
n(F) = (mo(F), m(F), m(F)) = (1/20,3/20,16/20). Hence,
we have F € Fey. Also, we have

Lo(F)=2.6, Li(F)=3.7, Ly(F)=42.

Therefore, L(F) is given as

L(F) = mo(F)Lo(F) + m(F)L1(F) + m2(F) Lo(F)
=4.045.

Remark 2. Note that Q(F),L;(F),L(F), and n(F) depend
on u. However, since we are now discussing on a fixed p,
the average codeword length L;(F) of f; (resp. the transition
probability matrix Q(F)) is determined only by the mapping
fi (resp. 70,71,...,7|F|-1) and therefore the stationary dis-
tribution (F) of a regular code-tuple F is also determined
only by 1o, T(,.. ., T|F|-1.

2.5 TIrreducible Parts of Code-Tuple

As we can see from (22), the code tables f; of F(f,7) € Feq
such that m;(F) = 0 does not contribute to L(F). It is
useful to remove such non-essential code tables and obtain
an irreducible code-tuple: we say that a regular code-tuple F
isirreducible if m;(F) > O forany i € [F] as formally defined
later in Definition 13. In this subsection, we introduce an
irreducible part of F € s, which is an irreducible code-
tuple obtained by removing all the code tables f; such that
m;(F) = 0 from F. The formal definition of an irreducible
part of F is stated using a notion of homomorphism defined
in the following Definition 11.

Definition 11. For F(f,7),F’'(f’,7') € %, a mapping ¢ :

[F’] — [F] is called a homomorphism from F’ to F if
1(8) = fow)(s)s (23)
@(1/(5)) = Tyi)(5) (24)

foranyi € [F'land s € S.

Given a homomorphism of code-tuples, the following
Lemma 7 holds between the two code-tuples. See Ap-
pendix C.3 for the proof of Lemma 7.

Lemma 7. Forany F(f,7),F’(f',7") € % and a homomor-
phism o : [F'] — [F]from F' to F, the following statements
(i)—(vi) hold.

(i) Foranyi € [F'] and x € S*, we have f*(x) = f;(l.)(x)
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and (1" (x)) = T‘;(i)(x).
(ii) For any i € [F’] and b € C*, we have P;,J(b) =
Pr o)) and Pr, (b) = Pr. ) (b).

(iii) For any stationary distribution ' = (ﬂ(’),ﬂi,. A
nI’F,l_l)ofF’, the vector = (7o, 71, . . ., M|F|-1) € RIFI
defined as

nj = Z nl, for j € [F] 25)
j’Eﬂ_,‘

is a stationary distribution of F, where
A ={i’ € [F']: (") =i} (26)

forie[F].
(iv) If F € Fexy, then F’' € Feyy.
(v) If F,F’ € Freq, then L(F') = L(F).
(vi) For any integer k > 0, if F € F}_dec, then F’ € F_gec.

We also introduce the set R for F € .# as the following
Definition 12. We state in Lemma 8 that we can characterize
a regular code-tuple F by Rf.

Definition 12. For F(f,7) € %, we define Rr as
Re={ie[F]:"je[Fl;’xe S rix)=i}. (27)

Namely, R is the set of indices i of the code tables such that
for any j € [F), there exists x € S* such that T;(x) =1

Example 8. For F' and F® in Table I, we have Ry =
{0,1,2} and Rp@ = 0.

Lemma 8. Forany F € .7, the following statements (i) and
(ii) hold.

(i) F € Freg if and only if Rp # 0.
(ii) If F € Freq, then for any i € [F), the following equiva-
lence relation holds: n;(F) >0 < i€ Rp.

The proof of Lemma 8 is given in Appendix C.4.

Since Ry does not depend on u, we can see from
Lemma 8 (i) that the class .F ., is determined independently
of u as mentioned before.

By Lemma 8 (ii), a regular code-tuple F(f,7) satisfies
m;(F) > 0 for any i € [F] if and only if F is an irreducible
code-tuple defined as follows.

Definition 13. A code-tuple F is said to be irreducible if
Rp = [F]. We define Fiy; as the set of all irreducible code-
tuples, that is, %y = {F € F : Rp = [F]}.

Rr # 0 by Lemma 8 (i). .
Now we define an irreducible part F of a code-tuple F
as the following Definition 14.

Note that Fi;y C Freg since F € Freo is equivalent to

Definition 14. An irreducible code-tuple F is called an ir-
reducible part of a code-tuple F if there exists an injective
homomorphism ¢ : [F| — [F] from F to F.
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The following property of F is immediately from Defi-
nition 14 and Lemma 7 (iv)—(vi).

Lemma9. Forany integer k 2 0, F € Freg N Fext N Fk-dec,
and an l'rreducl'ble part F of F, we have F € iy N Fexe N
Fk-dec and L(F) = L(F).

The existence of an irreducible part is guaranteed as the
following Lemma 10. See Appendix C.5 for the proof of
Lemma 10.

Lemma 10. For any F € Feq, there exists an irreducible
part F of F.

3. Main Results

In this section, we discuss the average codeword length for
code-tuples of the class Freg N Fext N Fi-gec for k > 0 and
prove Theorems 1 and 2 as the main results of this paper.

3.1 Theorem 1

The first theorem claims that for any F € Freq N Foxt N
Fr-dec, there exists FT € Fiy N Foxt N Fr-dee such that
L(F%) < L(F) and P;‘,T’O,P;_if’l,. . "Pllf"f,lFﬂ—l are distinct.
Namely, Theorem 1 guarantees that it suffices to consider
only irreducible code-tuples with at most 22") code tables to
achieve a short average codeword length. In particular, it is
not the case that one can achieve an arbitrarily small average
codeword length by using arbitrarily many code tables. To
state Theorem 1, we prepare the following Definition 15.

Definition 15. For an integer k > 0 and F € .7, we define
Pr. as

Pro= APy, i € [Fl}. (28)
Example 9. For F%) in Table 1, we have

92((0 = {{/1}},

P = {0 11.{1}},

P2 = {{01,10},{00,01, 10}, {11}}.

k k
Note that ‘PF’O, ‘PF’I, ..

only if |3”;§| = |F|. Also, note that the following Lemma 11
holds by Lemma 7 (ii).

.,PFleH are distinct if and

Lemma 11. For any integer k > 0, F € ﬁreg, and an
irreducible part F of F, we have 3”5; c @1’;

Using Definition 15, we state Theorem 1 as follows.

Theorem 1. For any integer k > 0 and F € Freg N Fexe N
Fkdeo there exists FT € F satisfying the following condi-
tions (a)—(d).

(a) F' € Fir N Fext N Fedee
(b) L(F") < L(F).
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Table 2 The code-tuple F®) is an optimal 2-bit delay decod-
able code-tuple satisfying Theorem 1 (a)-(d) with F = F @), where
(u(a), u(b), p(c), u(d)) = (0.1,0.2,0.3,0.4).

seS ]6(7) T((Jy) -fim Tiy) fz(y) ‘r;y) f3(*/) Tgy)
a 0010 2 100 1 1100 1 010 0
b 0011 0 00 0 11 2 011 1
c 000 1 01 1 01 1 100 0
d a 2 1 2 10 0 1 2

sesS ]6(6) T(()é) fl(é) 156)

a 100 0 1100 0

b 00 0 11 1

c 01 0 01 0

d 1 1 10 0

(c) PL. C Py
(d) |2 = |FT|.

Example 10. Let (u(a), u(b), u(c), u(d)) = (0.1,0.2,0.3,0.4)
and F = FY in Table 2. Then we have F €
Freg N Fext N Frdeer L(F) ~ 198644, and 73 =
{{00,01,10,11},{01,10,11}}. The code-tuple F™ := F©
in Table 2 satisfies Theorem 1 (a)—(d) because Rpi =
0.1} = [F'], L(F") ~ 1.8667 < L(F), and P;, =
{{00,01,10,11},{01,10,11}}.

Example 11. We confirm that Theorem 1 holds for k = 0.
Choose F € Freg N Fexy N Fo.dec arbitrarily and define
Fi(ff,e"y e ZW as

f(5) = fp(s), (29)
INGE (30)

for s € S, where

p € arg min L;(F). 3D
i€[F]

Namely, FT is the 1-code-tuple consisting of the most efficient
code table of F.

We can see that F' satisfies Theorem 1 (a)—(d) as fol-
lows.

(a) We obtain F' € Fy, directly from |F'| = 1. By F €
F0.dec and Lemma 2, all code tables of F are prefix-
free. In particular, fJ = fp is prefix-free and thus
F' € Pydec. Moreover, since fOT is prefix-free and
o > 2, we have fOT(s) # A for some s € S, which shows
F' e oy

(b) We have

(G

L(F") = Lo(F") = L,(F)

= S wPLE) €S mEL(F)

i€[F] i€[F]
= L(F),

where (A) follows from (29), and (B) follows from (31).
(c) By 2. = {{1}} = Z}.
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(d) By |20, = [{{}} = 1 = |FT|.

As a preparation for the proof of Theorem 1, we state
the following Lemmas 12—-15. See Appendix C.6-C.8 for
the proofs of Lemmas 12, 13, and 15.

Lemma 12. Let k > 0 be an integer and let F(f,7) and
F'(f’,7") be code-tuples such that |F| = |F’|. Assume that
the following conditions (a) and (b) hold.

(a) fi(s) = f/(s)foranyi € [F]ands € S.
(b) Pk Pllg’T{(s)for anyi € [Flands € S.

ai(s) T
Then the following statements (i)—(iii) hold.

(i) For any i € [F'] and b € C*, we have Pllg’i(b) =
PI';,J.(b) and ?Z’;J.(b) = @f,,’i(b).
(ii) If F € Foxy, then F/ € Foy.
(iii) ]fF € ﬁk-dec; then F’ € ﬁk-deo

Lemma 13. For any F(f,7) € Py, I C [F, and p € I,
the code-tuple F'(f’,7") € FUD defined as (32) and (33)
satisfies F' € Freq:

£ (s) = fi(s), (32)
NP if 7;(s) € 1,
7/(s) = {n o) el (33)

forie[F'lands € S.

Lemma 14. For any F € %, there exists (ho,hy,...,
hiFi-1) € RIF satisfying

Yie [FLL(F) = Li(F) + Y. (b = h)Qi;(F).  (34)

JElF]

See [25, Sec. 8.2] for proof of Lemma 14. The vector
h called “bias” defined as [25, (8.2.2)] satisfies (34) of this
paper. This fact is shown as [25, (8.2.12)] in [25, Theo-
rem 8.2.6], where g,r, and P in [25, (8.2.12)] correspond to
the notations of this paper as follows:

L(F) Lo(F)
L(F) Ly(F)

g = . , = : , P=0Q(F).
L(F) Lip-1(F)

A real vector (ho, hi,. .., hF|-1) satisfying (34) is not
unique. We refer to arbitrarily chosen one of them as A(F) =
(ho(F), by (F),. .., hp|-1(F)).

Lemma 15. For any F(f,7),F'(f',7") € ey such that
|F| = |F’|, if the following conditions (a) and (b) hold, then
L(F’") < L(F).

(a) Li(F) = L;(F’) foranyi € [F].
(b) hey(s)(F) 2 hei(s)(F) forany i € [Fland s € S.

Using these lemmas, we now prove Theorem 1.

Proof of Theorem 1. We fix an integer k > 0 arbitrarily and
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prove Theorem 1 by induction for |F|. For the base case
|F| = 1, the code-tuple F' := F satisfies (a)—(d) of Theorem
1 as desired. We now consider the induction step for |F| > 2.

We consider an irreducible part F(f, ) of F. By Lem-
mas 9 and 11, the following statements (a)—(¢) hold (cf.
(a)—(c) of Theorem 1).

(El) F E_ %rr N <gfext N yk»deo

(b) L(F) = L(F).

© 25 c 7).

Therefore, if L@El = |F|, then F' := F satisfies (a)—(d) of
Theorem 1 as desired. Thus, we now assume |3”§| < |F|.
Then we can choose i’, j’ € [F] such that i’ # j’ and P{;’i, =

7’;; P by pigeonhole principle. We define F’(f’,7’) € FUFD
as’

f(s) = fi(s), (35)
, 4 if ‘l_'l'(S) el,
T = {ﬁ-(s) if 7(s) & T (30)

fori € [F’] and s € S, where

T ={iclF]:P;, =P (= sog,j,)} (37)
and we choose

p € argmin hi(F) (38)

arbitrarily.
_ Then we obtain F” € Freg by applying Lemma 13 since
F € Z;. Also, we obtain F’ € F oy N Fi_gec and

Py, = Py (39)

for any i € [F’] by applying Lemma 12 (i)—(iii) since fi(s) =
’ k _ @k : I

f(s) and PF,ﬂ(&) = Pﬁ,r;(s) forany i € [F]and s € S by

(35) and (36). Moreover, we can see

L(F’) < L(F) (40)

by applying Lemma 15 because F’ satisfies (a) (resp. (b)) of
Lemma 15 by (35) (resp. (36)—(38)).

Since || = |{i’,j’}| = 2, we have T \ {p} # 0. Also,
for any i € 7 \ {p}, we have i ¢ Rp since for any j €
[F’]\{i}, there exists no x € S8* such that ‘rjf*(x) =i by (36).
Therefore, we have

Re S [F']. (4D

For an irreducible part F’ of F’, we have

_ ®, _
|F’| = |Rp| < |F'| =|F| =|Rr| < |F|, (42)

where (A) follows from (41). Therefore, by applying the
induction hypothesis to F’, we can see that there exists F' €
Z satisfying the following conditions (ahH)—dh.

(aT) FT € %rr N yext N yk—dec-
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(") L(FT) < L(F").
") 75, c %,
COREZAE A

We can see that F is a desired code-tuple, thatis, F T satisfies

(a)—(d) of Theorem 1 as follows. First, (a) and (d) are directly

from (a") and (d"), respectively. We obtain (b) as follows:
(A) - © _

LFY < L(EY Y LFy < LiF) 2 LF), 43)
where (A) follows from (b%), (B) follows from Lemma 9,
(C) follows from (40), and (D) follows from Lemma 9. The
condition (c) holds because

A
P @

(B) D)
k
Ft = L@Fv c

© (
EZ C Py, = PLC P
where (A) follows from (c¢), (B) follows from Lemma 11,
(C) follows from (39), and (D) follows from Lemma 11. O

As a consequence of Theorem 1, we can prove the
existence of an optimal k-bit delay decodable code-tuple,
that is, F* € Freg N Fext N Figec such that L(F*) < L(F)
for any F € Freg N Fexg N Fidec. We prove this fact in
Appendix B.

We define .Z_qp; as the set of all optimal k-bit delay
decodable code-tuples as following Definition 16.

Definition 16. For an integer k > 0, we define

<g\k-opl = L(F) 44)

arg min
F E=Qrcgntgcxlrxg.k-dec

Note that .%_qp: depends on the probability distribution
u of the source symbols, and we are now discussing on an
arbitrarily fixed .

Example 12. Let (u(a), u(b), u(c), u(d)) = (0.1,0.2,0.3,0.4).
Then the code-tuple F'9) in Table 2 is an optimal 2-bit delay
decodable code-tuple with L(F©)) ~ 1.8667.

3.2 Theorem 2

Theorem 2 gives a necessary condition for F' € Feg N Fex N
Fk-dec 10 be optimal. Recall that every internal node in a
code-tree of Huffman code has two child nodes because
of its optimality. This leads to that any bit sequence is
a prefix of codeword sequence of some source sequence.
More formally,

Yb e C*;7x € 8% fim(x) = b, (45)

where fiug(x) is the codeword sequence of x with the Huff-
man code. The following Theorem 2 is a generalization
of this property of Huffman codes to k-bit delay decodable
code-tuples for k > 0.

Theorem 2. For any integer k > 0, F € Fy_op, | € R, and
b=biby...by€C>* ifbiby...by € Py, thenb € Pj. .

Remark 3. A Huffman code is represented by a 1-code-tuple
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Table 3  Anexample of x € S* such that f*(x) = b, where F(f,7) =
F®) inTable2,i € {0,1},and b € C3.
; b 000 001 010 O11 100 101 110 111
bb ba cb ca a dc dd db
1 - - cb ca db da a ba

F e ZY. Wehave F € Fo-opt by the optimality of Huffman
codes. Applying Theorem 2 to F with k = 0, we obtain

"beCbe Py,

which is equivalent to (45), and thus Theorem 2 is indeed a
generalization of the property (45) of Huffman codes.

Example 13. For F(f,7) = F% in Table 2, we have
F e <ng-optfor(/’l(a)v ﬂ(b)’ /,l(C), ﬂ(d)) = (01’02’03’04) (Lf
Example 12 ) Theorem 2 claims that for anyi € Rg = {0,1}
and b € CZ?* such that b1b; € P2 ;» it holds that b € P;- "
that is, there exists x € 8* such that f(x) = b.

Fori € {0,1} and b € C? such that b\by € P},
Table 3 shows an example of x € 8" such that f;(x) = b
For example, we have f;(ca) > Ol and f; (ba) > 111
Note that b1b, € ‘P%J does not hold for (i,b) = (1,000) and
(i,b) = (1,001).

Proof of Theorem 2. We prove by contradiction assuming
that there exist p € Rp and b = b1b, ... b; € C2* such that

b¢Pr,, biby...by€Pf . (46)

Without loss of generality, we assume p = |F| — 1 and b
is the shortest sequence satisfying (46). Because we have
[ > k by (46), we have pref(b) > b1b,... by € SDF IRE
Since b is the shortest sequence satisfying (46), it must hold
that pref(b) € SDF F-1° Hence, by F € Zex and Lemma 4

(i), we have d = dyd; . . . d; = pref(b)b; € 7); |F|-1°

¢ denotes the negation of ¢ € C, that is, 0O:=1and 1 :=0.
Namely, we have

where

dePp gy, prefdd =b¢Pp g, 47)

We state the key idea of the proof as follows. By (47),
whenever the decoder reads a prefix pref(d) of the codeword
sequence, the decoder can know that the following bit is d
without reading it. Hence, the bit d; gives no information
and is unnecessary for the k-bit delay decodability of the
mapping fl’;l_l. We consider obtaining another code-tuple
F" € Freg N Fext N Figec Such that L(F") < L(F) by
removing this redundant bit, which leads to a contradiction
to F' € Fpopt as desired. However, naive removing a bit may
impair the k-bit delay decodability of the other mappings
f fori € [|[F| = 1]. Accordingly, we first define a code-
tuple F” which is essentially equivalent to F' by adding some
duplicates of the code tables to F. Then by making changes
to the replicated code tables instead of the original code
tables, we obtain the desired F”’ without affecting the k-bit
delay decodability of f* fori € [|F| - 1].
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We define the code-tuple F’ as follows. Put L =
|F|(|d| + 1) and M := |S=L|. We number all the sequences
of S5 as 20,z z® . z(M=1) in any order but 2@ = A.
For 7’ € S=L, we define (z’) := |F| — 1 + t, where ¢ is
the integer such that z*) = z’. Note that (1) = |F| -1
since z® = 1. We define the code tuple F’ € FUFI-1+M)

consisting of f7, f/,. .. lel 1 z“)> <’Z(2)> <,z<M*1>> and
T(;’Tl,"" |F| 1’ </z(1>> (z@)y " ((M 1))
: ifi = <L
fi’(s) - fr&)(z)(s) ifi = (Z) for some z € S=F,
fi(s) otherwise,
(48)
(zs) if i = (z) for some z € S<L71,
7/(s) = 177, (zs)  if i = (z) for some z € St
7;(s) otherwise
49)

fori € [F'] and s € S. Then F’ satisfies the following
Lemma 16. See Appendix C.9 for the proof of Lemma 16.

Lemma 16. For any z € S=<L, the following statements (i)
and (ii) hold.

(i) 733(2) = (2)-
(ii) (2) € Rp-.

Lemma 16 (i) claims that the code table in F” used next
after encoding z € S=I starting from f<,/1> is f<’z ) which is
a duplicate of the code table in F used next after encoding
z starting from f,). This leads to the equivalency of F and
F’ shown next.

We confirm that F’ is equivalent to F, that is, F’ €
Freg N Fext N Fidec and L(F') = L(F). We obtain F’ €
Freg from Lemma 16 (ii) and Lemma 8 (i). To prove F’ €
FextN Fk-dec and L(F') = L(F) by using Lemma 7, we show
that a mapping ¢ : [F’] — [F] defined as the following (50)
is a homomorphism:

i

1) =
@(i) {T&>(2)
fori € [F’]. The casei = |F| — 1 = (A1) applies to both
of the first and second cases of (50). However, this case is
consistent since T (z) (/l) = (A1) = i. We see that ¢
satisfies (23) dlrectly from (48) and (50). We confirm that ¢
satisfies also (24) as follows:

if i € [F),

if i = (z) for some z € S (50)

@(7/(s))
»((zs)) if i = (z) for some z € SSL71,
& ‘P(TZ(,U(ZS)) if i = (z) for some z € ST,
@(7i(s)) otherwise,
TZI)(ZS) if i = (z) for some z € S<L71,
(B) . . L
= T?M(ZS) if i = (z) for some z € S*,

7i(8) otherwise,
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© [T, @(s)  if i = (z) for some z € S=L,
- 7i(8) otherwise,

D)

= Tyi)(5),

where (A) follows from (49), (B) follows from (50), (C) fol-
lows from Lemma 1 (ii), and (D) follows from (50). Hence,
by Lemma 7 (iv)—(vi), we obtain F’ € Feyy N Fg_dec and
L(F’) = L(F).

Now, we define a code-tuple F”’ € .Z(F'D as

£13y @) pref(@)d (£ (25))
ooy - if i = (z) and f</l>(z) <d < fw(zs)
) for some z € SSL,
1) otherwise,
(5D

7/'(s) = 7/(s) (52)

fori € [F”’]and s € S.
Intuitively, (51) means that F”’ is obtained by removing
the bit d; from codeword sequences of F’ such that f<’;>(z) >

d.
Then F” satisfies the following Lemma 17. See Ap-
pendix C.10 for the proof of Lemma 17.

Lemma 17. The following statements (i)—(iii) hold.

(i) Foranyz € St and x € SSLR| we have

£y (@) pref(@)d (7}, (zx))
i@ <d < flax. (53)
£,

(ii) For any z € S<F and 5,5’ € S, if 17,(8) < fiy(s7),
then f<'z>(s) < f<’z>(s’).
(iii) Foranyx € S=L, we have |f<’;>(x)|

and |f<'/’l’;(x)| > |d|.

We show that F” € Feq N Fexg N Fp-dec and L(F") <
L(F’") (= L(F) as shown above), which conflicts with F' €
F-opt and completes the proof of Theorem 2.

(Proof of F" € Frey): From F' € Feg and (52).

(Proof of F” € Zu): Choose j € [F”] arbitrarily.
Since (1) € Rpr = Rpr» by Lemma 16 (ii) and (52), there
exists x € 8* such that

oy () =

otherwise.

£ @) = 1dl+1

T (x) = (A). (54)
Also, we can choose x’ € SL such that

fya)=d (55)

by Lemma 17 (iii). We have

7 )] E 17 G+ 1y ()

2 |f/','*(x)(x )]
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(B) 1% ’
115560

10 ) pref@d £ ()]
|f<,1>(x =1

where (A) follows from Lemma 1 (i), (B) follows from (54),
(C) follows from (55) and the first case of (53), and (D)
follows from Lemma 17 (iii). Hence, by (8), Pl,,’j 0
holds for any j € [F’’'], which leads to F"/ € Fy as desired.

(Proof of L(F"") < L(F")): Foranyi € [F"”]ands € S,
we have [ f'(s)| < |f/(s)| by (51). Hence, for any i € [F"],
we have

7 (F")Li(F") < my(F")Li(F'). (56)

By Lemma 17 (iii), we can choose x = xjx3...xp €
ST such that f<’j>(x) > d. Since f<’/’{>(/l) <d = f<’;>(x),
there exists exactly one integer » such that

f<’;>(x1x2 X)) <d < f<'/’;>(x1xz c X)), (57)

which leads to

|f<z>(xr)| |f<,1>(2)_lpr€f(d)d_1(f<'j>(zxr))|
= |f<z)(xr)| -1
< |f<,z>(xr)|7 (58)

where z = x1x3 ... x,_1, and (A) follows from (57) and the
first case of (51). This leads to

T y(F)Lzy(F") < 1y (F')Lgy(F”) (59)

because 7,y (F’) > 0 by Lemma 16 (ii) and Lemma 8 (ii).
Hence, we have

L(F/I)
= > m(F"L(F")

i€[F"]
23 mF)L(F”)

i€[F"]
= > m(FL(F") + 1y (F)Ly (F”)

ie[F"]\{(z)}
(B) 4 7’ 7’ 24
< mi(F')Li(F') + 7@y (F")Liz)(F")
i€[F"\{(z)}
(C) 7 7 7 7’
< mi(F)Li(F') + 1) (F') L) (F”)
ie[F"\{(z)}
= > m(F)L(F)

i€[F’]
= L(F’)

as desired, where (A) follows from (52), (B) follows from
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(56), and (C) follows from (59).

(Proof of F” € F_gec): To prove F”' € Fp_gec, We use
the following Lemma 18, where J = ([F’] \ (1)) U {{2) :
ze€ 8t} =[F']\ {(z) : z € S<L71}. See Appendix C.11
for the proof of Lemma 18.

Lemma 18. The following statements (i)—(iii) hold.

(i) For any x € S8* and ¢ € C=*, if f/"*(x) > ¢, then

()
fw(x) > c¢. Therefore, we have SDF, ay 2 P{é,, ) by
(8).

(ii) Foranyi € J and s € S, we have f'(s) = f/(s).
(iii) Foranyi € J andb € C*, we have Pﬁ,,’i(b) c Pﬁ,’i(b)
and ?Ellé,,’l.(b) c ﬁk,,i(b).

Also, for z € S8*, we define a mapping ¢, : C* — C*
as

£, @) dpref(d)™ (£}, (2)b)
Veb) =1 if £, (@) < pref@) < fl; @b, (60)
b otherwise

for b € C*. Then y, satisfies the following Lemma 19.

Lemma 19. The following statements (i)—(iii) hold.

(i) Foranyz € 8* and b,b’ € C*, if b < b/, then y,(b) <
Yz (b').

(ii) Foranyz € SSL, x € S<L71| and ¢ € C*, we have

Yz (f(lzh; (x)c)

pref(f7;(x)
if fi@) < f)(@x) =d.c =4, ©61)
Fizy (X Wrzx(c) otherwise.

(iii) For any z € St and b € C*, we have y,(b) = b.

See Appendix C.12 for the proof of Lemma 19.

By Lemma 19 (ii) with ¢ = 4, itholds that i, (f<’z”>k (x)) =
f<'z*> (x) in most cases. Thus, we can intuitively interpret the
mapping ¢, as a kind of an inverse transformation of (53).
We prove k-bit delay decodability of F*’ later by attributing
it to k-bit delay decodability of F’ using .

Now we prove F"' € P gec. We first show that F "

satisfies Definition 5 (i). Namely, we show that SDF,, (s n

F,, (f"(s)) = 0 for any i € [F”] and s € S dividing
into the following two cases: the case i € J and the case

ie[F"I\Y.

e The case i € J: Then foranyi € J and s € S, we
have

Pl enis) OV P (' (s )€ PL, w5 NP ()

®)
R VA
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where (A) follows from Lemma 18 (i) and (iii) since

7/'(s) € [F], (B) follows from Lemma 18 (ii) and (52),

and (C) follows from F’ € F_gec.

The case i € [F"]\ J: We prove by contradiction

assumlng that there exist z € SSL7! s € S, and ¢ €
Pro 0y N Pro 0y By € € Pry ) (f)(5)

and (5), there exist x € SE~kl and y € S* such that

Fay) = f,(s)e (62)
and

Fi ) = £1,(9). (63)
By Lemma 3, we may assume

£ @) = max{k,1}. (64)
By (63) and Lemma 17 (ii), we obtain

Foy@) > £1,(5). (65)

This shows that f<’z ) is not prefix-free, which conflicts

with F” € %y _gec in the case k = 0 by Lemma 2. Thus,
we consider the case k > 1, that is,

c* A (66)
Equation (62) leads to

f(lzl;k(xy) z f(Z)(S)c

L (L) = v (f ()e)

<: ﬁbz(f(/z/;(x)fé;)(y)) wz(f<z)(s)c)
1 W (£ ) = £ (s ()
S @) = £y (W 6D

where (A) follows from Lemma 19 (i), (B) follows from

Lemma 1 (i) and Lemma 16 (i), (C) follows from (64),

(66), and the second case of (61), and (D) follows from

Lemma 19 (iii) and |zx| =

Now, for b € C2¥, let [b]x denote the prefix of length k

of b. Then by (65) and (67), we have
fg)(x)[f(,z,;(y)]k z f<’z>(5)[lpzs(c)]k~ (63)

Also, we have

1r% (A)
[f<2x>(!/)]k € Pk//’<zx> - Pf”,(zx)’ (69)

where (A) follows from Lemma 18 (iii) and (zx) €
S C J. Hence, by (8) there exists y’ € S* such that

Fioey®") = [, )]k, which leads to

f<z>(x!/ )= f<z>(x) (,z*x)(yl)
z fg)(x)[f(,z/;>(y)]k

(A)
= f{z)(s)[@bzs(c)]k: (70)
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where (A) follows from (68). Equations (65) and (70)
show

[Yzs()]k € ?Ek/,<z>(f<’z>(5)) (71)

by (5).
On the other hand, by ¢ € Pk, (zs)

x € SL71#5l and y € S* such that

and (8), there exist

Tesy(xy) = c. (72)
By Lemma 3, we may assume

oy @ 2 k> 1. (73)
‘We have

£y @1 @) 2 £ W (e )
2y (£ (xy)

©)
> Ys(c),

where (A) follows from Lemma 19 (iii) and |zsx| = L,
(B) follows from (73) and the second case of (61), and
(C) follows from (72) and Lemma 19 (i).

Hence, we have

Fiasy U oy @)k = [z (€)]k (74)

Also, we have

(A)
1% k k
[ izsy @k € Pro zxy € Prr zsxy (75)

where (A) follows from Lemma 18 (iii) and (zsx) €
SL ¢ J. Hence, there exists y' € 8" such that

f<?x>(y') > [f<’z’:x>(y)]k, which leads to

f<;s>(xy’) = fgS)(x)f(,z*m)(y,)
= f(js)(x)[f{;zx)(y)]k

(A)
= [Yzs(©)k, (76)
where (A) follows from (74). This shows
[Wes(©lk € P ) (77)

by (8). By (71) and (77), the code-tuple F’ does not sat-
isfy Definition 5 (i), which conflicts with F’ € .F_gec.

Consequently, F’’ satisfies Definition 5 (i).

Next, we show that F’/ satisfies Definition 5 (ii).
Namely, we show that forany i € [F"’] and s, s’ € S such that
s # s"and f'(s) = f/(s"), we have P{;,’T;(S) ﬂ?’llé,’T;(s,) =0.
We prove for the following two cases: the case i € J and
the casei € [F"]\ 9.

e Thecasei € J: Then foranyi € J and s,s’ € S such
that s # s” and f’(s) = f’(s’), we have

fis)=f(s) (78)

429
by Lemma 18 (ii), and we have
(A)
k k k
PF//,T;/(S) m PF/I,T;/(S/) g PF/’T,/_/(S) m PF’,T;’(S/)
B) Hk k ©
= Prai) VPr iy = 0

where (A) follows from Lemma 18 (i) and (iii) since
7/(s),7{'(s") € [F], (B) follows from (52), and (C)
follows from F’ € F_qec and (78).

The case i € [F"”]\ J: We prove by contradiction
assuming that there exists z € S<L7! 5,5 € S, and

ce€ PI’;,,’<ZS> N Pf’”,(zs/) such that s # s” and

() = F2,(5"). (79)
By the similar way to derive (77), we obtain

[Wes @k € Ppo iz (80)
fromc € 7’,’2,,’@5). By (79) and Lemma 19 (i), we have

Uiy (fiy(9)) = Uiy (figy(s7)). (81)

By Lemma 19 (ii), exactly one of f<’z>(s) = f<’z>(s’),

f<’z>(s) < f<’z>(s’), and f<’z>(s) > f<’z>(s’) holds. There-
fore, f<'Z ) is not prefix-free, which conflicts with F’ €

Fk-dec in the case k = 0 by Lemma 2. We consider the
case k > 1, that is,

c#A (82)

We consider the following two cases separately: the
case fi(s) = fi,,(s") and the case f,(s) < fi,(s").
Note that we may exclude the case f<’z >(s) > f<’z >(s’) by
symmetry.
— The case f<’z>(s) = f<’z>(s’): By (60), we have
Wzs(€) = Yze(c) and thus

@)
[lrl/zs(c)]k = [sz’(c)]k € P ' (zs')? (83)

where (A) is obtained from ¢ € Pl’;/,, @5 by the
similar way to derive (77).
By (80), (83), and f<’z>(s) = f<’z>(s’), the code-
tuple F’ does not satisfy Definition 5 (ii), which
conflicts with F’ € % _gec.

— The case f<'z>(s) < f<’z>(s'): Then by (81) and
Lemma 19 (ii), it must hold that

f(ﬁ)(z) < f(l;;)(zsl) =d (84)
and

f(lz)(s) = pref(f<'z>(sl)). (85)

Thus, we have

Sl ()i 2 pref(f,(s")dy
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= fin @7 i @pref(fl, (s )d;
2 (@7 pref(f(3 (zs")dy
© 1@ pref(@yd;

@'
2 @ £ 2

2 1@ @1 ()
=y, (86)

where (A) follows from (85), (B) follows from
Lemma 1 (i) and Lemma 16 (i), (C) follows from
(84), (D) follows from (84), and (E) follows from
Lemma 1 (i) and Lemma 16 (i).

Also, we have

pref(d) ‘= pref( ]}, (zs"))
= pref(f<’;>(z)f<'z>(s’))
D pref(f{3, @) ()d)

= f(j)(z)f@)(s)

G)(Zs), (87)
where (A) follows from (84), and (B) follows from
(36).

Byc € PF,, 2y and (8), there exist x € SL-lzs|
and y € S* such that
T (xy) = c. (88)

By Lemma 3, we may assume

oy @) 2 k2 1. (89)

(zs

We have
f(lz)(s )f(zg >(x)f<lg x)(.’/)

W £y XLy ()
D W (L )

S W)

2 1z ()

@ f<’z>(S)dlc
= f{,(s)pref(d)”'dpref(d) ™' (pref(d)c)

© 1,1 @) dpref(@) ™ (13 (@s)e)

(©)

= f(z>(s)w2s(c)

where (A) follows from (89) and the second case
of (61), (B) follows from Lemma 1 (i) and Lemma
16 (i), (C) follows from (88) and Lemma 19 (i),

IEICE TRANS. FUNDAMENTALS, VOL.E107-A, NO.3 MARCH 2024

(D) follows from (86), (E) follows from the sec-
ond case of (60) because f<'/’l">(zs’) < pref(d)
does not hold by (84), (F) follows from (87), and
(G) follows from the first case of (60) because
fy(@s) = pref(f},(zs")) = pref(d) < f}(zs)e
by (84), (85), and (82)

Hence, by f<’z>(s) < f<’z>(s’), we have

f(/z>(S,)fgs/)(x)[f(/z,;rx)(!/)]k z f{z)(s)[lﬁzs(c)]k-
(90)

Also, we have

1% (A)
[f<zs’x)(y)]k € Pk/’,<zs’x> = Pkﬁ(Zb"x)’ D

where (A) follows from Lemma 18 (iii) and
(zs'x) € S C J. Hence, there exists y’ € S*

tsuch that fmx)(y ) = [f<z’sx>(y)]k, which leads
0

f(z>(s’xy/) — f<’z>(s )f<z\/>(x)f<as x)(y/)
= fizy () sy S ey W)

»
= £y )zl 92)

where (A) follows from (90). The assumption that
Fiy(8) < f{,(s") and (92) shows that

[Wes @)k € Ppo gy (F3(9)) 93)

by (5). By (80) and (93), the code-tuple F’ does
not satisfy Definition 5 (i), which conflicts with
F' e yk—dec-

Consequently, F"’ satisfies Definition 5 (ii). m]

4. Conclusion

This paper discussed the general properties of k-bit delay
decodable code-tuples for k > 0 and proved two main the-
orems. Theorem 1 guarantees that it suffices to consider
only irreducible code-tuples with at most 22 code tables
to achieve the optimal average codeword length. Theorem
2 is a generalization of the necessary condition of Huffman
codes that every internal node in the code-tree has two child
nodes. Both theorems enable us to limit the scope of code-
tuples to be considered when discussing optimal k-bit delay
decodable code-tuples.
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Appendix A: Equivalency of the Definitions of a k-Bit
Delay Decodable Code-Tuple

We confirm that Definition 5 in this paper is equivalent to
the definition of a k-bit delay decodable code-tuple in [4].
We first introduce the following Definition 17.

Definition 17. Ler F(f,7) € F andi € [F].

(i) A pair (x,c) € 8" X C* is said to be f-positive if for
any x" € 8%, if f7(x)c = f7(x'), then x < x'.

(ii) A pair (x,c) € 8" x C* is said to be f-negative if for
any x" € 8%, if f7(x)c < f7(x'), then x £ x'.

Then the definition of a k-bit delay decodable code-
tuple in [4] is stated as the following Definition 18.

Definition 18. Let k > 0 be an integer. A code-tuple F
is said to be k-bit delay decodable if for any i € [F] and
(x,c) € S*xCk, the pair (x,c) is [ -positive or f-negative.

We show that the following conditions (a) and (b) are
equivalent for any F(f,71) € Z.

(a) For any i € [F] and (x,c) € S* x C, the pair (x,¢) is
Jf;*-positive or f;"-negative.
(b) The code-tuple F satisfies Definition 5 (i) and (ii).

((a) = (b)): We show the contraposition. Assume
that (b) does not hold. We consider the following two cases
separately: the case where Definition 5 (i) is false and the
case where Definition 5 (ii) is false.

* The case where Definition 5 (i) is false: Then there
existi € [F], s € S, and ¢ € P}, s N Pr (fils)).
By (5) and (8), there exist x = xjxp...,x, € S* and

x' =x{x;...x], € 8" such that

fro@®) = ¢, (A- 1)
fi &) = fils)e, (A-2)
fix)) > fi(s). (A-3)
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We have

(B)
760 Y S0 0@ > s, (A-4)

where (A) follows from (2), and (B) follows from (A- 1).
By (A-4) and s < sx, the pair (s,¢) is not f;*-negative.
On the other hand, since s # x{ by (A-3), we have
s £ x’. Hence, by (A-2), the pair (s,c) is not 1
positive. Since the pair (s,c) is neither f;"-positive nor
f;"-negative, the condition (a) does not hold.

The case where Definition 5 (ii) is false: Then there
existi € [F],s,s’ € S,andc € le;,ri(s) OPI’;’TI_(S,) such
that s # s” and

fi(s) = fi(s"). (A-5)
By (8), there exist x,x” € S* such that

fT*l_(S)(x) >c (A-6)
and

fTi(S,)(x’) >c. (A-T)

Thus, we have

. ) . ®)
Ji(sx) = fi(9)f7 @) = fils)e (A-8)

and

f;-*(S/x,) (g) ﬁ(s/)f:i(s,)(x/)

(D)

= ﬁ(s)f‘::.(sr)(x/)
(E)
> fi(s)c, (A-9)

where (A) follows from (2), (B) follows from (A-6),
(C) follows from (2), (D) follows from (A-5), and (E)
follows from (A-7). By (A:8) and s < sx, the pair
(s,c¢) is not f"-negative. On the other hand, by s £ s'x
and (A-9), the pair (s,c) is not f;*-positive. Since the
pair (s,c) is neither f*-positive nor f*-negative, the
condition (a) does not hold.

(b) = (a)): We show the contraposition. Assume

that (a) does not hold. Then there existi € [F] and (x,¢) €
S*xC* such that (x, ) is neither f;-positive nor f;"-negative.
Thus, there exist x’,x”” € S* such that

fixe = f7 (&), (A-10)
fixe = f7(x"), (A-11)
x <x/, (A-12)
x£x". (A-13)

We consider the following two cases separately: the

case x > x”’ and the case x # x”.

e The case x > x"": By Lemma 1 (iii), we have

f(x) = fF(x"). (A-14)
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Hence, by (A-11), it must hold that ¢ = A. Namely,
only k = 0 is possible now.

Since (A-13) and x > x”" lead to x > x”/, there exists
u=uu...u, €S* such that x = x”’u. Defining
Jj =17 (x"), we have

£@E e

® ) £ @)

©

— ﬁ*(x)ﬁ(ul)]i;(ul)(SUff(u))’
where (A) follows from Lemma 1 (i), (B) follows be-
cause we have f"(x) < f"(x”) by (A-11) and we have

f(x) = f7(x”) by (A-14), and (C) follows from (2).
Comparing both sides of (A- 15), we obtain

(A-15)

filur) =4 (A-16)
and fT’;(u])(suff(u)) =A

We now show that (b) does not hold dividing into two
cases by whether f; is injective.

— If f; is not injective, then F does not satisfy Defi-
nition 5 (ii) by k = 0 and Lemma 2.

— If f; is injective, then there exists s € S such that
fj(s) > A by o > 2, which leads to

Pp,#0 (A-17)

by (5). We see that F does not satisfy Definition 5
(i) because

0 50
P ;) NP (i)
(A) 50 ~5
a PFvTj(ul) n gDF,j
(B) ~0
={ynPr;

Qo

= {4}
#0,

where (A) follows from (A- 16), (B) follows from
(8), and (C) follows from (A- 17).

e The case x # x”: By (A-13) and x # x”’, there exist

"1

2=212...2s € ST and 2" = z{'z)’ ... z;, € 8" such

that
X =yz, (A-18)
x// — yzll’ (A 19)
2 #2245 (A-20)

where y is the longest common prefix of x and x”.
Also, by (A- 12), there exists w € S* such that

x' = xw. (A-21)

Defining z’ = zizé ...Z,, = zw, we have
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x' =xw =yzw = yz’, (A-22)
2 =27 (A-23)

Then defining j := 77 (y), we have
f;'*(y)ﬁ(zi)ﬁ;(zi)(SUfF(Z/))
. . D)
Yrwra) Y e e s £
(A-24)

where (A) follows from (2), (B) follows from Lemma
1 (i), (C) follows from (A-22), and (D) follows from
(A-10). Similarly, by (A- 11) and (A- 19), we have

f;'*(y)f)'(Zi,)f;;(zil)(SUff(Z"))
=W f; @) = f7wz") = f&x") = f(x)e.
(A-25)

Also, we have

frwe? e
2 rwi@e
QWAL @) (A26)

where (A) follows from (A-18), (B) follows from
Lemma 1 (i), and (C) follows from (2).
Thus, we have

(A)
f](Z; )JZ(ZI)(SUﬂ‘(Zl)) = fj(Zl )f;; (Zl)(SUH(z))C

D e £ (suff@)e

> fi(z)e’, (A-27)

where ¢/ € C* is defined as the prefix of length k

of ff*j (Z,)(suﬁ“(z))c, and (A) follows from (A-24) and
1

(A-26), and (B) follows from (A-23). Similarly, we
have

(A)
ﬁ(z{')ﬁ;(zi,)(suﬂ(z”)) 2 fj(m)f;;(m(suff(z))c

® £ F e (suff@)e

> fi(z)e, (A-28)
where (A) follows from (A-25) and (A-26), and

(B) follows from (A-23). By (A-27), we have
I} (o) (suff(z)) = ¢’, which leads to
iz

’ k
c' e PF,TJ‘(ZI) (A-29)

by (8).

By (A-28), at least one of f;(z]) < fj(z]") and fj(z]) =
fj(z]") holds. We may assume f;(z]) < f;(z]’) by sym-
metry. We consider the following two cases separately:
the case fj(z]) < f;(z]") and the case f;(z]) = fj(z]).

— The case f;(z]) < fj(z]'): We have
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(A)

(B)
£@)E [EDL e sufi@) = S
(A-30)

where (A) follows from (2), and (B) follows from
(A-28). By (A-30) and fj(z]) < fj(z]'), we obtain

¢’ € Pr(fi(z) (A-31)

by (5). By (A-29) and (A-31), the code-tuple F
does not satisfy Definition 5 (i).
— The case fj(z]) = fj(z]'): We have

f]’(zi)f-rj(zi')(SUff(Z”))
Q£ £ (suff(z”)
(B) 7’ ’
> fi(z))c’,

where (A) follows from fi(z)) = fj(z}),
and (B) follows from (A-28). This shows
I3 o (suff(z”)) = ¢’, which leads to

FASY|

’ k
c' e PF,T_,»(z;') (A-32)

by (8). By fi(z]) = fj(z}), (A-20), (A-29), and
(A-32), the code-tuple F does not satisfy Defini-
tion 5 (ii).

Appendix B: Proof of the Existence of an Optimal
Code-Tuple

Form € {1,2,...,M = 2(2k)}, the number of possible tuples
(70, T15- - -» Tm—1) (i-e., a tuple of m mappings from S to [m])
is m?™, in particular, finite. Hence, the number of possible
vectors w(F’) = (mo(F"),n1(F’),...,mm-1(F")) of a code-
tuple F’ € .7’ is also finite (cf. Remark 2), where

F' = {F/ € %rrﬁycxtmgk—dec : |F/| < M} (A33)

Therefore, D = {m;(F’) : F’ € #’,i € [F’]} is a finite set
and has the minimum value 6 := min 9. Note that § > 0
holds since 7;(F’) > 0 for any F’ € %’ and i € [F’] by
F' C Fyr and Lemma 8 (ii).

Now, we define

" ’ ’ ’ ’ ’ l
FrE{F(f e T Y IOl 5,
. v
i€[F'],seS
(A-34)
where [ = [log, o] and v := minges u(s). Note that

O<v<l/o. (A-35)

Then .Z" is not empty because F(fy, 7o) € .Z(1) defined as
the following (A-36) is in % "":

folsr) = b(r), Tols;) =0 (A-36)
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forr =0,1,2,...,0 — 1, where S = {s0,51,...,50-1} and
b(r) denotes the binary representation of length / of the
integer r. In fact, we obtain F € .%" by

PRLC DN O TR

i€[F),seS seS
(A-37)

where (A) follows from (A-35), and (B) follows from 0 <
6 < 1. Since .Z#” is a non-empty and finite set, there exists
F* € Z" such that

L(F") = in L(F"). A-
(F)= i, L) e
To complete the proof, it suffices to show that L(F*) < L(F)
forany F € Feq N Foxt N Fi-dec-

First, we can see that L(F*) < L(F’) for any F’ € %'
because for any F'(f’,7') € F' \ F”, we have

LF') = > m(F")Li(F")
i€[F']

= 3 m(F) Y peIf ()]

i€[F’] seS

(A) ,
>ov D IR
i€[F’'],seS
(B) l
> 0V - —

ov
=1
= L(F)
©
> L(F"),

where (A) follows from the definitions of 6 and v, (B) follows
from F’ ¢ %", and (C) follows from (A-38). Hence, we

have
L(F*) = min L(F’). A-39
(F) = min L(F") (A-39)

By Theorem 1, for any F € Feg N Fext N Fi_dec, there
exists F/ € Fir N Fext N Fk-gec sSuch that L(F’) < L(F) and
|2K,| = |F’|. Then we have F’ € %’ because

IF'| = |2,| < [P(CY)| = 229 = M, (A- 40)

where P(C¥) denotes the power set of CX. Therefore, for
any F € Freg N Fext N F-dec, We have

L(F) = L(F) 2 L(F) (A-41)
as desired, where (A) follows from (A- 39).

Appendix C: Proofs of Lemmas

C.1 Proof of Lemma 5

To prove Lemma 5, we first show the following Lemma 20.
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Lemma 20. Foranyintegerk >0, F(f,7) € F
the following statements (i) and (ii) hold.

(i) Pg; 2 Pr ;.

(ii) For any s € S such that f;(s) = A, we have Pllfayi 2

k
PF ,Ti(s)

Z andi € [F),

Proof of Lemma 20. (Proof of (i)): Directly from (4) and
5).
(Proof of (ii)): Choose ¢ € Pk

Fois) arbitrarily. Then
there exists x € S* such that

fr®) = ¢ (A-42)
by (8). We have
£60 2 oL ® 2 1y m s (A-43)

where (A) follows from Lemma 1 (i), (B) follows from the
assumption, and (C) follows from (A-42). This leads to
cePy.. O

Proof of Lemma 5. It suffices to show that | £*(x)| > 1 holds
for any i € [F] and x € S!¥I. We prove by contradiction
assuming that there exist i € [F] and x = x1x...x|F| €
S!F! such that f;*(x) = A. Then by pigeonhole principle, we
can choose integers p, g such that 0 < p < ¢ < |F| and

T/ (X1X2 ... Xp) =T (X1 X2 ... Xg) = . (A-44)

We have
*( )(_ : X1X0...X ( )
Zj xP+1xP+2 e Xq ZT:( 1X200Xpp) xP+1xP+2 e .Xq

© .

B)
=1 (x1x2...%9) = j,  (A-45)

where (A) follows from (A-44), (B) follows from Lemma 1
(ii), and (C) follows from (A-44). Thus, we obtain
(A)

k
PF ST (XpH) F»T_;(Xpﬂxpﬁ)

(A)
2 oo
GV
2 PF,T#T(XP+1XP+2...X(I)
Yok (A-46)

where (A)s follow from Lemma 20 (ii) and f"(x) = A, and

(B) follows from (A- 45).
We consider the following two cases separately: the
case P,’i’j # 0 and the case P,’é,j =0.

* The case f”;ﬁ’j # 0: We have
_ (A) _
NPp; 2 SDLEJ nso,’;j

k
pF»Tj(xp-H)
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where (A) follows from (A-46), (B) follows from
Lemma 20 (i), and (C) follows from the assumption.
Therefore, F does not satisfy Definition 5 (i), which
conflicts with F € P _gec.

* The case 7”‘ ;= = (: By Corollary 1 (ii), we have PO =
0. Hence, by (5), there is no symbol 5" € S such that
fi(s") > A. Therefore, by o > 2, there exists s € S
such that s # x,,11 and f;(s) = A = fj(xp+1). We have

(A)
n P{;,T_I,(S) 2 PrNPE L)

k
PF»T_/’(XPH)

n Pk

k
P F,ti(s)

FT(s)

k
=Pr (5 ;t 0,

where (A) follows from (A-46), (B) follows from
Lemma 20 (ii), and (C) follows from F € Zey and
Corollary 1 (i). Therefore, F does not satisfy Defini-
tion 5 (ii), which conflicts with F' € .Zp_gec.

C.2 Proof of Lemma 6
In preparation for the proof, we introduce the following Def-
inition 19 and Lemma 21.

Definition 19. Let F(f,7) € %. A set I C [F] is said to be
closed if foranyi € I and s € S, it holds that 7;(s) € 1.

Lemma 21. Forany F € % and x = (X0, X1,...,X|F|-1) €
RIFI, if
xQ(F) = (A-47)

then both of I, .= {i € [F] : x;, > 0} and I_ = {i € [F] :
x; < 0} are closed.

Proof of Lemma 21. By symmetry, it suffices to prove only
that 7, is closed. We have

Z Z Xij,i(F)‘i' Z Z ijj,i(F)

iel, jel, iel, je[F\ I,

= Z Z x;0;,i(F)

iel, je[F]

O3,

iel,

EDMET Z 0i,4(F)

iel, je[F

= Z Z XiQi,j(F)

i€l je[F]

= Z Z x:0:j(F) + Z Z % Qi ;(F)

iel, jel., iely je[F\ I,

(g) Z Z ijj,i(F) + Z Z xiQi,j(F)’

iel, jel, iel, je[F\I.
(A-48)
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where (A) follows from (A-47), (B) follows from
2jeir) Qij(F) = 1 for any i € [F], and (C) is obtained by
exchanging the roles of i and j in the first term. Therefore,
we have

02y Z %0;.4(F)

iel, je[FI\ I

(B) Z Z -lel](F)

iel, je[FI\ I,
C
<2) 0,
where (A) follows since x; < 0 for any j € [F]\ Z,, (B) is
obtained by eliminating the first terms from the leftmost and
rightmost sides of (A-48), and (C) follows since x; > 0 for
any i € 7,. This shows

Z Z lelj(F)

iel, je[FI\ I

Since x; > 0 holds for any i € 7., it must hold that Q; ;(F) =
Oforanyi € Z; and j € [F]\ Z;. This implies that for any
i € I, and s € S, we have 7;(s) € Z; that is, Z, is closed as
desired. O
Proof of Lemma 6. Equation (19) can be rewritten as

A =0, (A-49)

where A = (A; ;) = Q(F) — E and E is the identity matrix.
We have det A = 0 because the sum of each row of A equals
0: for any i € [F], we have

Z A= Z (Qi,;j(F) = 6ij)
JELF]

Jelr]

= > 0 (F)- > 6
JElF] JElF]
Z Ql ](F) -1

JelF]

=0, 2

JE[F] seS,ti(s)=]

=Z#(s)—1

seS
=0,

p(s) -1

where 0;; denotes Kronecker delta. Thus, the dimension
of the null space of A is greater than or equal to 1. In
particular, Equation (A-49), which is equivalent to (19),
has a non-trivial solution r # 0. We choose such m =
(w0, 71, .., mp|-1) # 0. Then both of 7, = {i € [F] : m; >
0} and I_ = {i € [F] : m; < O} are closed by Lemma 21.
Hence, we have

VieL;"je[FI\ ;0 ;(F) =0
VieI;Yje[FI\1;0;(F)=0

(A-50)
(A-51)

Since & # 0, we have }; ¢ || > 0 and thus we can
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define " = (n), 7|, . "ﬂllFl—l) e RIFI a5

= L (A-52)
Zie[FJ |71

fori € [F]. This vector &’ is a desired stationary distribution
of F. In fact, by the definition, &’ clearly satisfies (20) and
n{ 2 Oforany i € [F]. Also, we can see that &’ satisfies (19)
because for any j € [F], we have

(i;] imil) (3 70i(F)

i€[F]
(A)
= Z |7i1Q,; (F)
ie[F]
= Z 7 Qi (F) - Z 7;0; j(F)
iel, iel_
® 2ier, TiQi j(F) if j € 1,
== Yier mQij(F) ifjel,

0 otherwise,
@)ZmLm@AD+ZmLmQAD if j e I,
= V= Zier, TiQi j(F) = Xier miQi;(F) if j e L,

0 otherwise,

2ie[r 7iQi j(F) if j e I,
=\~ Zigr Qi (F) ifjel,

0 otherwise,

Ty if j € L,

(D) e
=q4-n; ifjel,

0 otherwise,
= |yl

2 2 Iml).
i€[F]

where (A) follows from (A- 52), (B) follows from (A- 50) and
(A-51), (C) follows from (A-50) and (A-51), (D) follows
since mr is a stationary distribution of F, and (E) follows
from (A- 52). O
C.3  Proof of Lemma 7

Proof of Lemma 7. (Proof of (i)): We first show that
fr(x) = f;(i)(x) foranyi € [F’] and x € §8* by induction for
|x|. For the base case |x| = 0, we have f/*(1) = 1 = f;(l.)(/l)
by (2). We consider the induction step for |x| > 1. We have

57 2 G f (suff()
) 1) £ (SUFCR)
(9 fgo(i)(xl)f;(T;(x] ))(SUE(X))

A VAR (69)
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S Ney
as desired, where (A) follows from (2), (B) follows from
(23), (C) follows from the induction hypothesis, (D) follows
from (24), and (E) follows from (2).

Next, we show that ¢(7/*(x)) = T;(i)(x) foranyi € [F']
and x € 8" by induction for |x|. For the base case |x| = 0,
we have ¢(7/(1)) = ¢(i) = 7 (l)(/l) by (3). We consider the
induction step for |x| > 1. We have

o ) @ g, )(suﬁ(x>>)

© *
= Tmi)(xl)(suff(x)) 2 T¢(i)(x)

wv&Mwﬂ”)

as desired, where (A) follows from (3), (B) follows from the
induction hypothesis, (C) follows from (24), and (D) follows
from (3).

(Proof of (ii)): For any ¢ € C*, we have

¢ € Pr. ;(b)

(A) 3 + 1% 4
— “x eS8 (f(x) = be, f/(x1) = b)

(B) 3 + *
& “x €S (f;(x) = be, fpi)(x1) = b)

© "
— ce PFM(i)(b),

where (A) follows from (4), (B) follows from (i) of this
lemma, and (C) follows from (4). This shows that Py, .(b) =

Pr ol )(b) We can prove SD*, [(b) = (l.)(b) by the same
way using (5).
(Proof of (iii)): For any i’ € [F’] and j € [F], we have

3o EE SN w= Y us)

J EA; JEA; seS sES
‘rlf,(s):j’ ‘rlf,(s)eﬂj
B) ©
= > = D uls)
seS seS
(T}, (s)=] Tyt ($)=]

D 0 (F) = 0:i;(F),

where i = ¢(i”) and (A) follows from (17), (B) follows from
(26), (C) follows from (24), and (D) follows from (17).
Thus, for any j € [F], we have

_ ’
=Y a

(A-53)

j'Eﬂj
(A)
Z Z T Qt’j’(F)
JEA; i'€[F']

= Z Z Z 7, Qi (F')

JEA; i€|F]i'eA;

=2, 2, ), Q)

i€[F]i'eA; J EA;

® Z Z 7;,Q; j(F)

i€[F]i'eA;
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Z 0, ;(F) Z i},

i€[F] i'eA;

Z Qi j(F)m,

i€[F]

(A-54)

where (A) follows since mr’ satisfies (19), and (B) follows
from (A-53) and i’ € A;.
Also, we have

Zn, Z Z T, = Z ﬂ;/(é)l,
i€[F]

i€[F]i'eA; i’€[F’]
where (A) follows since &’ satisfies (20). By (A-54) and
(A-55), mr is a stationary distribution of F.
(Proof of (iv)): We have

(A-55)

Fe P — Vie [F];SD};J #0
= Vi e [F';Pp ) # 0

A
& Vi e [FLPL £ 0

’
— F' € T,

(i

where (A) follows from (ii) of this lemma.

(Proof of (v)): By F,F’ € %, the code-tuples F and
F’ have the unique stationary distributions r(F) and w(F’),
respectively. By (iii) of this lemma, we have

YjelFlm(F)= ) mp(F), (A-56)
J’ Eﬂj
where
A ={i’ € [F']: ¢l’) =i} (A-57)

for i € [F]. Therefore, we have

L(F')= ) m(F)Lu(F')

i’€[F’]

=D D, m(F)Lu(F)
i€[F]i'eA;

(A)
Z > (') Ly (F)

11'eA;

(B 7

2 Z > w(F)Li(F)
i€[F]i'eA;

= >\ L(F) Y m(F)
i€[F] i"eA;

QN m(F)Li(F)
i€[F]

= L(F)

as desired, where (A) follows from (23) (cf. Remark 2),
(B) follows from (A-57) and i’ € A;, and (C) follows from
(A-56).

(Proof of (vi)): Foranyi € [F’'] and s € S, we have

B, ’ (A) D ’
P{;/,T;(s) n P]If”,i(fi (s) = SDJIL{*,QD(T;(S)) N Pllé,ap(i)(ﬁ (s))
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k Hk
PF Too(i)($) n PF,(p(i)(ftp(i)(s))

© 0,
where (A) follows from (ii) of this lemma, (B) follows from
(23) and (24), and (C) follows from F € .y _gec. Namely, F’
satisfies Definition 5 (i).

Choose i € [F’] and s,s” € S such that s # 5" and
f/(s) = f/(s") arbitrarily. Then by (23), we have

Fo(8) = f(s) = f/(s") = fou)(s'). (A-58)
Thus, we obtain
k k k
Pr o N ’DF',T;.(s/) 2Pt oters) VPE e
k k ©
PF ‘r(p(,)(s) n PF,‘I"p(i)(s') 0

where (A) follows from (ii) of this lemma, (B) follows from
(24), (C) follows from (A-58) and F € Fy_gec. Namely, F’
satisfies Definition 5 (ii). O

C.4 Proof of Lemma 8

To prove Lemma 8, we first prove the following Lemmas
22-24. Lemmas 22 and 23 relate to closed sets defined in
Appendix C.2.

Lemma 22. For any F € %, the following statements (i)
and (ii) hold.

(i) RpF is closed.
(ii) For any non-empty closed set I C [F], we have Rp C
I.

Proof of Lemma 22. (Proof of (i)): Choosei € Ry and s €
S arbitrarily. For any j € [F], there exists x € S* such that
T;.*(x) = i, which leads to

T;(XS) @ TT;(x)(s) = 1;(s), (A-59)
where (A) follows from Lemma 1 (ii). This shows 7;(s) €
RF.

(Proof of (ii)): Choose i € R arbitrarily. We prove
i € I by contradiction assuming the contrary i ¢ 7. Since
I +# 0, we can choose j € 7. By i € Rp, there exists
X = x1x2...%, € 8* such that T;(x) = i. We define i; =
T]’.‘(xlxz ...x)forl =0,1,2,...,n. Sinceiy = Tj’i‘(/l) =jel
and i, = T;(X) =1 ¢ I, there exists an integer 0 < [ < n
such thati; € T and ij41 = 1;,(x741) ¢ 7. This conflicts with
that 7 is closed. O

Lemma 23. For any F € % and non-empty closed set
I C [F], the following statements (i) and (ii) hold.

(i) There exist F' € FUYD and an injective homomor-
phism ¢ : [F'l] — [F] from F’ to F such that

I = @([F']) = A{e() : i € [F']}.
(ii) There exists a stationary distribution ® = (m,
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Ay .., F|-1) of F such that m; = O for anyi € [F]\ 1.

Proof of Lemma 23. (Proof of (i)): Suppose I =
{io,i],. . .,llmfl}, where i() <0 < -+ <y and m = |I|
We define a mapping ¢ : [m] — [F]as ¢(j) = i; for j € [m].
Since ¢ is injective and ¢([m]) = Z, we can consider the in-
verse mapping ¢! : 7 — [m], which maps (i) to i for any
i € [m]. Also, we define F’(f’,7") € F™ as

1 (8) = fo)(s)s
HOENRIC AN E))

(A- 60)
(A-61)

fori € [F'] and s € S. Since I is closed, we have 7,(;)(s) €
7 and thus 7/(s) = ¢~ (14(:)(5)) € [m] = [F’]; that is, F” is
indeed well-defined. We can see that ¢ is a homomorphism
from F’ to F directly from (A- 60) and (A- 61).

(Proof of (ii)): By (i) of this lemma, there exist F’ € .%#
and an injective homomorphism ¢ : [F’] — [F] from F’ to
F such that

e(F'))=1.

By Lemma 6, we can choose a stationary distribution &r” of
F’. By Lemma 7 (iii), the vector € RIFI defined as (25)
is a stationary distribution of F. This vector & is a desired
stationary distribution because A; = {i’ € [F'] : ¢(i’) =
i} = 0 holds for any i € [F]\ I by (A-62). O

(A- 62)

Lemma 24. For any F € 7, If Rp = 0, then there exist
Psq € [F] such that I, N I, = 0, where 1; = {7](x) : x €
S*} fori € [F].

Proof of Lemma 24. We first show that for any i, j € [F], we
have

jel, = I, cT. (A-63)

Assume j € 1; and choose p € I; arbitrarily. Then there
exists x € S* such that Tj’."(x) = p. Also, by j € I;, there
exists y € S* such that 7/(y) = j. Therefore, we have

T (yx) = TT;f(y)(x) =T (%) =p,

where (A) follows from Lemma 1 (ii). This leads to p € I;
and thus we obtain (A- 63).
Now, we prove Lemma 24 by proving its contraposition.

Namely, we show Rr # 0 assuming that
Yi,je[F, NI #0. (A- 64)

We can see that
Rr= (%
i€[F]
because for any j € [F1], it holds that

je ()5 = YielFlLjel
i€[F]

= "ie[F];°x eShti(x)=j
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— jeRF.

Thus, to show Rp # 0, it suffices to show that

() Zi#0 (A- 65)
i€lr]
for any r = 1,2,...,|F| since the case r = |F| gives the

desired result.

We prove (A- 65) by induction for r. The base caser = 1
is trivial since 7y > 0. We consider the induction step for
r > 2. By the induction hypothesis, we have (;¢[,—1) Z; # 0.
Therefore, we can choose j € [F] such that j € Z; for any
i € [r—1]. By (A-63), we have 7; C J; forany i € [r — 1]
and thus

Lc () &

i€[r-1]

(A- 66)

Hence, we obtain

Nz=( () #)nt1 5505, %0

i€lr] i€[r-1]

as desired, where (A) follows from (A- 66), and (B) follows
from (A- 64). O

Proof of Lemma 8. (Proof of (i)): (Necessity) We assume
Rr = 0 and show that F has two distinct stationary dis-
tributions. By Lemma 24, we can choose p,q € [F] such
that

I,n1, =0. (A-67)

We can see that 7, is not empty since 7, > p and also see
that 7, is closed because for any i € 7,,, we have

{ri(s) :se S} {rf(x):xeS*} =1 (é) I,,
(A-68)

where (A) follows from (A- 63). By the same argument, also
1, is a non-empty closed set. Therefore, by Lemma 23 (ii),

there exist stationary distributions & = (mo,71,...,7F|-1)
and ' = (7r6,7ri, ... ’nl,Fl—l) of F such that

Vie[FI\I;n =0 (A-69)
and

Vie[F]\ I;n] = 0. (A-70)

Since & satisfies (20), we have nr; > 0 for some j € [F].
By (A-69) and (A- 67), it must hold that j € 7, C [F]\ 1,.
Hence, we obtain JT} = 0 < m; by (A-70). This shows
m # w’. Therefore, we conclude that F' has two distinct
stationary distributions as desired.

(Sufficiency) We prove Rrp = 0 assuming that
there exist two distinct stationary distributions & =
(mo, 71, ..., mp|-1) and " = (mj, 7], . . "ﬂ|,F\—l) of F. Then
x = (X0, X1,...,X|F|-1) = & — ' # 0 satisfies
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(A-71)
(A-72)

xQ(F) = 1Q(F) -1’ Q(F) ® n -2’ = x,

inz Zm— Zﬂ{@l—l:O,

i€[F] i€[F] i€[F]
where (A) follows from (19), and (B) follows from (20).
Thus, by x # 0 and (A-72), both of 7, := {i € [F] : x; > 0}
and I_ = {i € [F] : x; < 0O} are non-empty sets. Also,
both of 7, and Z_ are closed by (A-71) and Lemma 21 stated
in Appendix C.2. Therefore, by Lemma 22 (ii), we obtain
Rr C I, and Rr C 7, whichconclude Rp C I, N1 =10
as desired.

(Proof of (ii)): Weshow Rp = I, = {i € [F] : n;(F) >
0}.

(Rr € 1) By (20), the set 7. is not empty. Also, by
(19) and Lemma 21 stated in Appendix C.2, the set 7, is
closed. Hence, we obtain Rr C 7, by Lemma 22 (ii).

(Rr 2 1) Since Rp is closed by Lemma 22 (i), we see
from Lemma 23 (ii) that the unique stationary distribution
n(F) satisfies r;(F) = 0 for any i € [F] \ Rr. Therefore, we
obtain Rg 2 71,. O

C.5 Proof of Lemma 10

The proof of Lemma 10 relies on Lemmas 22 and 23 stated
in Appendix C.4.

Proof of Lemma 10. Since RF is closed by Lemma 22 (i),

we see from Lemma 23 (i) that there exist F(f,7) € .% and

an injective homomorphism ¢ : [F] — [F] from F’ to F

such that ¢([F]) = Rr. Now, it suffices to show F € Fi,.
For any i, j € [F], there exists x € S* such that

@) = 0() (A-73)

by ¢(j) € ¢([F]) = Rr. Thus, for any i, j € [F], we have
00 = o7 (5 @) E o7 (1, ()

o e()) = J.

where (A) follows from Lemma 7 (i), and (B) follows from
(A-73). Therefore, F € %, holds. O

C.6  Proof of Lemma 12

Proof of Lemma 12. (Proof of (i)): We prove only P,’fq’i(b) 2
Pllé,’l.(b) for any i € [F] and b € C* because we can prove
Plli’i(b) c Pllé,’i(b), @ﬁ’i(b) 2 ﬁlﬁ,’i(b), and f’llé’i(b) c
@f,,i(b) in the similar way. To prove Pf,i(b) 2 Pk,’i(b), it
suffices to prove that for any (i, x,b,c) € [F|xS* xC* xC=k,
we have

(f"(x) = be, f/(x1) = b)

= x’ € 8*;(f*(x) = be, fi(x]) = b) (A-74)

because this shows that for any i € [F’], b € C*,and ¢ € C*,
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we have
k () 3 + 1%
¢ €Pp (b) — “xeS7(f7(x) = be, fi(x1) = b)

B) = + YW ’
= x' eS8 (ff(x") = be, fi(x]) = b)
C

& cepk k)
as desired, where (A) follows from (4), (B) follows from
(A-74), and (C) follows from (4).

Choose (i,x,b,c) € [F]xS* x C* x C=K arbitrarily and

assume

J7"(x) = be (A-75)
and

f{(x) = b. (A-76)
Then we have

fite) £ (x1) (? b, (A-77)

where (A) follows from the assumption (a) of this lemma,
and (B) follows from (A- 76).

We prove (A- 74) by induction for |x|. For the base case
|x| = 1, we have

(
£ = i) Y o) = £ @) 2 b,

where (A) follows from the assumption (a) of this lemma,
and (B) follows from (A-75). By (A-78) and (A-77), the
claim (A- 74) holds for the base case |x| = 1.

We consider the induction step for [x| > 2. We have

(A-78)

FO) £l (SUB) S0 £, (S0t (6)

©
© x) > be, (A-79)

where (A) follows from the assumption (a) of this lemma, (B)
follows from (2), and (C) follows from (A-75). Therefore,
fi(x1) = bc or f;i(x1) < bc holds. In the case f;(x;) > bc,
clearly x” := x; satisfies f;"(x’) > bc and fi(x]) = fi(x1) = b
by (A-77) as desired. Thus, now we assume f;(x;) < bc.
Then we have

|fiGe) ™" be| = =1 fiCxn)] + [B] + |e]

GV
= =7 (xD) + |bl + |

(B)

< el £k, (A-80)

where (A) follows from the assumption (a) of this lemma,
and (B) follows from (A- 76). By (A-79), we have

S (S0fF() 2 fiCx1) ™ be.

By (A- 80) and (A- 81), we can apply the induction hypoth-
esis to (7/(xp),suff(x), 4, fi(x1)"'bc). Hence, there exists
x’ € 8" such that f}, (x) > fi(x1)"'be, which leads to

(A-81)
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fi(x1)'be € Pl’;'T{(xl) by (8), where k’ := | fi(x;)"'be|. By
Lemma 4 (i), there exists ¢’ € C¥*" such that

i) "bee’ e P& P

Foaix) = 7 Failxa) (A-82)

where (A) follows from the assumption (b) of this lemma.
By (8), there exists x”” € 8* such that

Fren @) = fitx))'bee’ = fi(x) " be. (A-83)
Thus, we have
£ ax) E 0L &)
(B) .
> fiCx) fi(x1)” be
= bc, (A-84)

where (A) follows from (2), and (B) follows from (A- 83).
The induction is completed by (A- 77) and (A- 84).

(Proof of (ii)): We have

Fe P — Vie [F];SD};J #0

A y.
& "ie[F;Pr, #0

’
— F' € Fexs

where (A) follows from (i) of this lemma.
(Proof of (iii)): For any i € [F’] and s € S, we have

D ’ (A) — ’
Plrari N Ph i (50 2 PE ) VPR (F ()
(B) ~ (©)
= Ph i) N Pr(fils) = 0,

where (A) follows from (i) of this lemma, (B) follows from
the assumptions (a) and (b), and (C) follows from F' € .F_gec.
Namely, F’ satisfies Definition 5 (i).

For any i € [F’] and s,s" € S such that s # 5" and
1 (s) = f/(s"), we have

Ji(s) = fi(s)

by the assumption (a), and we have

(A-85)

)
k k k k
Pr o NV Prae) € Praw O Praw)

B C
® o ©

k <
F.,7ti(s) n PF,‘r,~(s’) - (Z)’
where (A) follows from (i) of this lemma, (B) follows from
the assumptions (b), and (C) follows from F € % gec and
(A-85). Namely, F’ satisfies Definition 5 (ii). |

C.7 Proof of Lemma 13

Proof of Lemma 13. We show Rps 3 p since this implies
F’ € %y by Lemma 8 (i). Namely, we show that for any
J € [F’], there exists x € S8* such that ij*(x) =p.

For j = p, the sequence x = A satisfies ij*(x) =p
by (3). Thus, we now consider the case j # p. Choose
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Jj € [F’]\ {p} arbitrarily. Since p € Rp by F € F, there
exists x = x;x»...x, € S* such that T;(x) =p. Letr > 1
be the minimum positive integer such that

ij(xlxz .. x)€eT. (A- 86)

Note that there exists such an integer r < n since T;f(x) =
Tj’.“(xlxz ...Xp) =p € I. We show that

ij*(xlxg e Xpr) = T;(xlxg e Xpr) (A-87)

for any r’ = 1,2,...,r — 1 by induction for r’. For the base
case r’ = 0, we have T]f*(/l) =j= T,’.‘(/l) by (3). We consider
the induction step for ’ > 1. We have

1% (é) ’
7 (x1x2...%) = T‘r_;.*(xlxz...x,x,l)(x"/)

(B)
= T;;(XIXZ---xr’—I)(xr,)

©)
= TT;(xlxz...x,/,l)(xr’)
D)«
=71 (x1x2 ... %)
as desired, where (A) follows from Lemma 1 (ii), (B) fol-
lows from the induction hypothesis, (C) is obtained by ap-
plying the second case of (33) since TT;(XIXZ_._X,M)(er) =
Ti(x1x2...%7) ¢ I by r’ < r —1 and the minimality of r,
and (D) follows from Lemma 1 (ii).

Thus, we obtain

@)
7 (x1x2...x,) = TT.;_*(XIXZ'__XH)()C,)

B (©)

= Ty () = P

as desired, where (A) follows from Lemma 1 (ii), (B) follows
from (A- 87), and (C) follows from (A- 86) and the first case
of (33). O

C.8 Proof of Lemma 15

Proof of Lemma 15. Let p € arg min(h;(F) — h;(F’)). Then
IAS]

i€[F]
it holds that
Vi € [Fl; hi(F') = hp(F') < hi(F) = hy(F).  (A-88)
We have
D (hi(F) = hy(F)Qp i(F)
i€[F]
= D (F)=hp(F)) D pls)
i€[F] SES
Tp(s)=i
= >0 D F) = hp(F))pts)
i€[F] se8
Tp(s)=i
= 30 D) Uy (F) = hp(F))pa(s)
i€[F] seS

Tp(s)=i
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= > ey (F) = hp(F)(s).

seS

(A-89)

Similarly, we have
" (hi(F) = hy(F)Qp i(F”)
i€[F]

= D ey ) (F) = hyp(F)u(s).

seS

(A-90)

Hence, we obtain

LY Ly(F) + > (hi(F') = hp(F)Qp i(F')
i€[F]

L)+ 3 i(F) = hp(FNQpi(F')

i€[F]

S L) + D ey (F) = iy (F))as)
seS

2 Ly (F) + Y ey (F) = hp(F)ats)
seS

(E)
= Ly(F)+ ) (hi(F) = hp(F)Qp i(F)

i€[F]
< L(r)
as desired, where (A) follows from (34), (B) follows from
(A- 88), (C) follows from (A-90), (D) follows from the as-
sumptions (a) and (b) of this lemma, (E) follows from (A- 89),
and (F) follows from (34). O

C.9 Proof of Lemma 16

Proof of Lemma 16. (Proof of (i)): We prove by induction
for |z|. For the base case |z| = 0, we have T<’fl (1) = (1) by
(3). We consider the induction step for |z| > 1. We have

©

= (2),
(A-91)

e A ®
(@) = T ret@) (@) = Tiprete) (@)

Ty

where z = 7122 ...z, and (A) follows from Lemma 1 (ii),
(B) follows from the induction hypothesis, and (C) follows
from the first case of (49).

(Proof of (ii)): It suffices to show that (1) € Rps be-
cause it guarantees that for any j € [F’], there exists x € S*
such that T]f*(x) = (A), which leads to that for any z € S=F,
we have

o) Y @ =@ 2 @ (A-92)
as desired, where (A) follows from Lemma 1 (ii), and (B)
follows from (i) of this lemma.

To prove (1) € Rp+, we show that there exists x € S*
such that T j’* (x) = () for the following two cases separately:
(D) the case j € [F] and (II) the case j = [F’] \ [F].
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(I) The case j € [F]: By the assumption that p = (1) €
RFE, there exists x = x1x2 ... x,» € S* such that T;‘(x) =
(1). We choose the shortest x among such sequences.
Then we can see 7/ (x1x3...x,) = T;(xlxz ...x,) for
any r = 0,1,2,...,n by induction for r. For the base
case r = 0, we have ‘rjf*(/l) =j= T;.‘(/l) by (3). We
consider the induction step for r > 1. We have

1% (é) ’
T (x1x2...%) = TT_;-*(xm.-.xrfu)(xr)

®) _,
= TT;(XIXZ---Xr—I)(xr)

(g) T‘r_,*.(xlxg...xr,l)(xr)

© f;‘(xlxz co X))
as desired, where (A) follows from (3), (B) follows
from the induction hypothesis, (C) follows from the
third case of (49) since T}‘(xlxz . xem1) € [F\ {)}
by the definition of x, and (D) follows from Lemma
1 (ii). Therefore, we obtain TJT*(x) = f;“(x) = (A) as
desired.

(II) The case where j = [F’] \ [F]: Then we have j = (z)
for some z € S=L'. Choose 2’ = 7]z} ...z, € SLRI*I
arbitrarily. We have

1%

’ (A) ’ ’
(@) = Ty etz ()

® ;3 © ,
= Tlaprer(e (@) = Ty (22)

=1)p 1 (22") € [F],

where (A) follows from Lemma 1 (ii), (B) follows from
(i) of this lemma and zpref(z’) € S=<F, and (C) fol-
lows from the second case of (49) and zpref(z’) € St.
Hence, by the discussion for the case (I) above, there
exists x’ € 8" such that 775, __, (x") = (1). Thus,
7 A)(zz )
x = 7'x’ satisfies
@x’) 2 T(3y(@2'x")

1% L 1. (é) 1%
T)(¥) = 7)(@%) = 7 )

© _n " o_

= e = (0
where (A) follows from (i) of this lemma, (B) follows
from Lemma 1 (ii), and (C) follows from Lemma 1 (ii).

O

C.10 Proof of Lemma 17

Proof of Lemma 17. (Proof of (i)): We prove by the in-
duction for |x|. For the base case |x| = 0, we have

f<’z”;(/l) =A= f<’z*>(/l) by (2). We consider the induction

step for |x| > 1 choosing z € S=I arbitrarily and dividing
into the following two cases: the case f&*)(z) <d < f<’j{>(zx)
and the other case.

* The case f&“ (z) <d = f<l,1* (zx): We consider the
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following two cases separately: the case f, ’* (z) <d <
f<’/l*>(zx|) and the case fw(zx]) <d < fw(zx).

— The case f</l>(z) <d =< fu>(zx1): We have
f <,z/§(x)
(z)( l)fé;l)(SUff(x))
v <z>(z) Pref(d)d f</l>(zx1)f<’z’;1>(suff(x))
S 1 @) pref@d ! f15y @) £, (uff(x)
</z*) (Z)_lpref(d )~ f (I:)(ZX )

where (A) follows from (2) and Lemma 16 (i), (B)
follows from the first case of (51) and f<’/l*>(z) <
d=<f ( /U(le ), (C) follows from the second case of
(53) by the induction hypothesis and /], (zx1) %
d, and (D) follows from (2).

— The case f<’j{>(zx1) <d < f<’/l*>(zx): We have

(

(:

fy @)
) p s, (suff(x)

€ f&)(xl )f(lzqu )(SUH(X))

S £ ) prefd)d ™ (£ (2x))

2 £ pref(d)d ! f; (2x).

where (A) follows from (2) and Lemma 16 (i),
(B) follows from the second case of (51) since
d % f<’;>(zx1), (C) follows from the first case of

(53) by the induction hypothesis and /1)(2 x1) <
d < f/;(zx), and (D) follows from (2).

* The other case: We have
1% (é) ” 1%
f<z>(x) = f<z>(x1)f(le)(SUff(x))
(B) 17%
2 )L (suff()
= f</z>(x1)f<zx >(SUff(x))
(D) 1
<z)( x),
where (A) follows from (2) and Lemma 16 (i), (B)
follows from the second case of (51) since <’/l*>(z) <

d= f<’/l*>(zx1) does not hold, (C) follows from the sec-

ond case of (53) by the induction hypothesis and that
( /l>(z) < d < f/* (zx1) does not hold, and (D) follows

(4
from (2).
(Proof of (ii)): Assume that

f<z>(s) < f(z>(s’)-

In the case fw(z) # d, we have

(A-93)
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GY) ©

1@ 2 106 2 1609 760

as desired, where (A) follows from the second case of (51)
and f<’/’{>(z) £ d, (B) follows from (A-93), and (C) follows
from the second case of (51) and f (z) £d.

We consider the case f (z) < d dividing into four
cases by whether d < fw(zs) and whether d < fw(zs’).

* The case d < fw(zs),d < f<'/1*>(zs’): We have
foy @ pref@d ™" (f13 ()1, (5))
2 @) pref(d)d ™ £y zs)
2 <'z'>()
<z>(S )
= fy@ prefd)d™" £} (zs")

L fr @ prefdd (3, @)f (). (A-95)

where (A) follows from Lemma 1 (i) and Lemma 16 (i),
(B) follows from the first case of (51) and d < f<’j{>(zs),
(C) follows from (A-93), (D) follows from the first
case of (51) and d < f<’/l*>(zs’), and (E) follows from
Lemma 1 (i) and Lemma 16 (i). Comparing both sides
of (A-95), we obtain f’ (s) < f’ >(s’) as desired.

e The cased < fu)(zs) d f_ f<ﬂ>(zs’): We show that this
case is impossible. We have

f(,})(zsl)
(A) </1)( )f<z>(5)
= " @)
<,1>( )f<z>(s)
2 i@ @) dpref(d)™ 11} (zs)
= dpref(d)”'d
> d,

(A-94)

(D)

where (A) follows from Lemma 1 (i) and Lemma 16
(i), (B) follows from the second case of (51) and d %
( /l>(zs’) (C) follows from (A-93), and (D) follows
from the first case of (51) and d < fu)(zs). This
conflicts with d £ f<’/l*>(zs’).
* The case d £ fw(zs),d < f<’;>(zs’): We have

fy(@s)

1 @1 ()
2 @15
Q@6

2 £ @ @ dpref(d)™ 113 s")
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= dpref(d)™' f{}(zs),

where (A) follows from Lemma 1 (i) and Lemma 16
(i), (B) follows from the second case of (51) and d %
f&k (zs), (C) follows from (A- 93), and (D) follows from
the first case of (51) and d < f<’;>(zs’).

Therefore, we have at least one of f<’;>(zs) < d and
f<’;>(zs) >d. Sinced % f<’;>(zs), we have f<’/l*>(zs) <d.
Thus, we have f<’j{>(zs) <d = f<’j{>(zs’), which leads to
f<’z>(s) < f<'z>(s’) as desired.

» The case d £ f<'/’;>(zs),d £ f<'/’l‘>(zs’): We have

A) 1 ©

’ (B) " ’ ’ ’
f<z>(s) = f(z (s) < f<z>(s ) = f<z>(s )

as desired, where (A) follows from the second case of
(51)andd % f(/”l‘)(zs), (B) follows from (A- 93), and (C)

follows from the second case of (51) and d £ f(; (zs).

(A-96)

(Proof of (iii)): Choose x € S=I arbitrarily. We have

7@l 2wl {MJ > { L J

FI = L7l
© {|F|(|d|+ D

A-97
7] (A-97)

J=|d|+1,

where (A) follows from Lemma 7 (i) since ¢ defined in (50)
is a homomorphism from F’ to F, (B) follows from Lemma
5, and (C) follows from the definition of L. Also, we have

)

2 min{173, L £73y @) prefd)d (£ (zx))}
= min{|f</z* ()l |f<;>(x)| -1}

®

> |d|,

where (A) follows from (i) of this lemma, and (B) follows
from (A-97). O

C.11 Proof of Lemma 18

Proof of Lemma 18. (Proof of (i)): Assume

f&’;(x) >c. (A-98)
We consider the following two cases separately: the case
d= f<’;>(x) and the case d £ f<’;>(x).

e The case d < f{j{ (x): We have

@) @ pref(d)d”" () = pref(d),

where (A) follows from the first case of (53) and

d < f<’j{ (x). Comparing (A-98) and (A-99), we have
pref(d) > c since |pref(d)| > k > |c|. Therefore, by

d < f(/’{ (x), we obtain f&“ (x) = d = pref(d) = c as

desired.

(A-99)

443

e The case d £ f<’/’l‘>(x): We have

N A o B
&) = fiyx) = ¢
where (A) follows from the second case of (53) and

d % f<’;>(x), and (B) follows from (A- 98).

(A-100)

(Proof of (ii)): For i € [F]\ {(1)}, we have f/"(s) =
1 (s) directly from the second case of (51). We consider the
case where i = (z) for some z € S~. Then we have f<’;>(z) £
d because | f},(2)| 2 |d| + 1 by Lemma 17 (iii). Therefore,
by the second case of (51), we obtain f;”(s) = f/(s).

(Proof of (iii)): We prove only that Pk,,’i(b) c Pk,’i(b)
forany i € J and b € C* because we can prove Py, ,(b) <
@,’é,’[(b) in the similar way. To prove Pk,,’l.(b) c Pk,’l.(b), it
suffices to prove that for any (i,x,b,c) € I XS* xC* X Cc=k,
we have

(f/"(x) = be, £ (x1) = b)

= x' e 8" (f*(x)) = be, f/(x]) = b)  (A-101)

because this shows that for any i € J, b € C*, and ¢ € Ck,
we have

c € Pr, ;(b)

(A) 3 + 11% ’”
& xS (f/"(x) = be, f(x1) = b)

®) =W + YW Y a
= xS (f"(x") = be, f/(x]) = b)

(¢
& cerk )
as desired, where (A) follows from (4), (B) follows from
(A-101), and (C) follows from (4).
Choose (i,x,b,¢) € [F]xS* x C* x C=F arbitrarily and
assume

f"(x) = be (A-102)
and

f'(x1) = b. (A-103)
Then we have

o) 2 ) 2 b, (A-104)

where (A) follows from (ii) of this lemma, and (B) follows
from (A- 103).

We prove (A-101) by induction for |x|. For the base
case |x| = 1, we have

* ’ (A) 12 11% (B)
@) = fl(xa) = f(xa) = f(x) = be  (A-105)

as desired, where (A) follows from (ii) of this lemma, and
(B) follows from (A-102). By (A-105) and (A-104), the
claim (A- 101) holds for the base case |x| = 1.

We consider the induction step for |x| > 2. We have
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FO0 Fr (sufte) € 7(x l)f'rgx (suff(x))

® ) S b, (A-106)

where (A) follows from (ii) of this lemma, (B) follows from
(2), and (C) follows from (A- 102).

Therefore, f(x1) = bc or f/(x1) < bc holds. In the
case f/(x1) = bc, the sequence x’ := x; satisfies f*(x’) >
bc and f/(x]) = f/(x1) = b by (A-104) as desired. Thus,
now we assume f(x;) < bc. Then we have

|f ()™ 'bel = =1 £/ el + 1B + el

A 124
B 17| + 1Bl + el

(B)
< el

< k, (A-107)

where (A) follows from (ii) of this lemma, and (B) follows
from (A- 103). By (A- 106), we have

Ll suff(x) = £/ (x1) " be. (A-108)

We can see that there exists x’ € S* such that

Fon @) = £ ()™ be (A-109)

as follows.

e The case 7/'(x1) = (4): By (A- 107), we can apply (i) of
this lemma to obtain that x” := suff(x) satisfies (A- 109)
from (A- 108).

e The case 7/'(x1) € J: By (A-107) and
(A-108), we can apply the induction hypothesis to
(7" (x1),suff(x), A, f/ (1 )~'bc).

Therefore, we have

f,*(x x) = f (xl)f (xl)(xl)

ERACOTANES

2 ﬁ'(xl)ﬁ-/(xl)_lbc
- be., (A-110)

where (A) follows from (2), (B) follows from (52), and
(C) follows from (A-109). The induction is completed by
(A-104) and (A- 110). |
C.12 Proof of Lemma 19

Proof of Lemma 19. (Proof of (i)): Assume that

b<b'. (A-111)
In the case f/ /1)(2) £ pref(d), we have
, (C
v Y5 by, (A 112)
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where (A) follows from the second case of (60) and f, <’;>(z) £
pref(d), (B) follows from (A- 111), and (C) follows from the
second case of (60) and f i (z) £ pref(d).

We consider the case f< /1>(Z) pref(d) dividing into
four cases by whether pref(d) < f< /U(z)b and whether
pref(d) < fw(z)b'.

* The case pref(d) < f</l>(z)b,pref(d) < fw(z)b’: We
have

vz (0) € f3) @) dpref(d) ™ (f(;,@)b)
©

)
< £y @ dpref@) ™ (13, (2") € vz ()

as desired, where (A) follows from the first case of (60)
and pref(d) < f<’/’£>(z)b, (B) follows from (A-111), and
(C) follows from the first case of (60) and pref(d) <
Fio @b

¢ The case pref(d) < ( /l>(z)b pref(d) # f ’* (z)b’ This
case is impossible because (A- 111) leads to pref(d) <
f< /l>(z)b < <’/’l">(z)b’, which conflicts with pref(d) #
oy @b’

. The case pref(d) £ f </U(z)b pref(d) < (/1>(Z)b’ By
(A-111), we have

iy @b < £, @b

By (A-113) and pref(d) < f<’/l*>(z)b’, exactly one of
pref(d) < fw(z)b and pref(d) > f<’;>(z)b holds. Since
the former does not hold by pref(d) # f<’;>(z)b, the
latter holds:

(A-113)

fy @b < pref(d).

Thus, we have

(A-114)

®)
v2®) S b= 17,07 1 @b = f() pref(d)
©

< 1@ dpretd) ™ (15, (@b)) = v (),

where (A) follows from the second case of (60) and
pref(d) # f<’/’{>(z)b, (B) follows from (A-114), and
(C) follows from the first case of (60) and pref(d) <

@b’
e The case pref(d) # fw(z)b pref(d) # fw(z)b’: We
have
we0) @b % 0 g (A-115)

as desired, where (A) follows from the second case of

(60) and pref(d) # f<’;>(z)b, (B) follows from (A- 111),

and (C) follows from the second case of (60) and

pref(d) # £;,(2)b'.

(Proof of (ii)): We consider the following three cases
separately: (I) the case f<’jl‘>(z) pref(d) < f<’/l*>(zx), Ir)
the case f/ M(zx) < pref(d) < I /l>(zx)c, and (IIT) the other
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case:

(I) The case f<’jl‘>(z) < pref(d) < f<’/”1‘>(zx): We have

f(ﬁ{)(z) <d = f&k)(zx)

since

(A-116)

®)

pref(d)d; @ Pr oy = Pro (A-117)

where (A) follows from (47), and (B) follows from
Lemma 7 (ii) since ¢ defined in (50) is a homomor-
phism from F’ to F. Therefore, by the second case of
(60), we obtain

f(/z”;(x) f<,1>(z) pref(d)d 1(f<,1>(zx))~
(A-118)

We consider the following two cases separately: (I-A)
the case f<’/’{>(z) < f<’j>(zx) =d,c = A and (I-B) the
other case.

(I-A) The case f/;(z) < f(;,(z%) = d,c = A: We have
fw(Z)f(’z’;‘(x)c
2 £ @@ pref@d ™ (£}, zx))e
1@ f Gy @) pref(d)d ' de

© pref(d)
# pref(d),

®

(A-119)

where (A) follows from (A- 118), (B) follows from
f<ﬂ>(zx) =d, and (C) follows from ¢ = A.
Hence, we have

Yz (f(z”; (x)c)

A) e
= fimyx)e

: (h@ ' pref(d)d™" £} (zx)e
) @)~ Pref(f<,1>(zx))d_ld

f(,1>() f(,l)(Z)Pref(f<z>(x)))d_]d
= pref(f, (Iz*> (x))

as desired, where (A) follows from the second case
of (60) and (A-119), (B) follows from (A-118),
(C) follows from f<'jl‘>(zx) =dand ¢ = A, and
(D) follows from Lemma 1 (i), Lemma 16 (i), and
Fi(@) < 17;,(2x).

(I-B) The other case: Then by (A- 116), we have

®

(S

d < fi(zx)e, (A-120)

since it does not hold that f<’/l*>(z) < f<’/l*>(zx) =
d,c = A by the assumption of the case (I-B).
We have

445

f(j)(z)f(z”; (x)e

Q1@ f L @) prefd)d ™ (1] (zx)e

® ]
> i@ @) pref(d)d'd

= pref(d) (A-121)

C) 1%
= f(y@)

as desired, where (A) follows from (A- 118), (B)
follows from (A-120), and (C) follows from the
assumption of the case (I).

Hence, we have

Uz (f(z)(x)c)

E 1@ dpref@) (13 @)1 ()e)
2 fy @ dpref @) (7, @1y @)
pref(d)d ™' (f/;,(zx)c))

= <z>(x)c

© (z)( Wex(€),

where (A) follows from the first case of (60),
(A-121), and (A- 122), (B) follows from (A- 118),
and (C) follows from the second case of (60) and
the assumption of the case (I).

(A-122)

®

(IT) The case f< A>(zx) < pref(d) < f< /U(zx)c: Then since
d# fw(zx) we have

fy @) = f5y@)
applying the second case of (53). Therefore, we have
f(ﬁ)(z) < f&k)(zx)

(A)
< pref(d)

(A-123)

(A-124)
(A)
oy (@x)e
@ (,1)( )f(z* (x)c
S 1@ e, (A-125)

where (A)s follow from the assumption of the case (II),
(B) follows from Lemma 1 (i) and Lemma 16 (i), and
(C) follows from (A- 123).

Hence, we have

Yz (f(/zb)k (x)c)
2 @) dpref@) (£13) @)1 ®)e)
2 171 @) dpref(@d) ™ (13, )£, (00e)

S @) dpref(d)” (11}, (zx)e)
<Z>(x)f<z>(x)_ f (Z) ]dpref(d) (f<,1>(zx)c)

(
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2 fr 0 £ @x) dpref(d) (17}, (zx)c)

o ,z*> (X)rzx(c)
as desired, where (A) follows from the first case of
(60), (A- 124), and (A- 125), (B) follows from (A- 123),
(C) follows from Lemma 1 (i) and Lemma 16 (i), (D)
follows from Lemma 1 (i) and Lemma 16 (i), and (E)
follows from the first case of (60) and the assumption
of the case (I).
(III) The other case: The following implication holds:

foy@ <d = f,(zx)
= f{y@ <prefd) < f},(zx).  (A-126)

Now, it does not hold that f&‘ (z) < pref(d) < f<’/’; (zx)
by the assumption of the case (IIT). Hence, by the contra-
position of (A- 126), we see that f<’;>(z) <d =< f<’/l*>(zx)

does not hold. Therefore, we obtain
fay ) = fizy ()

applying the second case of (53).

By the assumption of the case (III), neither f@(z) <

pref(d) < f/; (zx) nor f(;,(zx) < pref(d) < f/} (zx)e

hold. Hence, the following condition does not hold:

(A-127)

F(@ < pref@) < £ @x)e € 11, @F % @,
(A-128)

where (A) follows from (A-127). Therefore, by the
second case of (60), we have

Uz (f{z’; (x)c) = f(,zb; (x)c.

Thus, we have

£y @0Wax(©) B £ @)

(B) 1443
= <z>(x)c

2w (2 0e)

as desired, where (A) follows from (A- 127), (B) follows from
the second case of (60) since f&" (zx) < pref(d) < f<’;>(zx)c
does not hold by the assumption of the case (III), and (C)
follows from (A- 129).

(Proof of (iii)): We have f<’/’l‘>(z) % pref(d) because
| f<’/’l">(z)| > |d| by Lemma 17 (iii). Hence, by the second case
of (60), we obtain ¥ (,y(b) = b as desired. o

(A-129)

Appendix D: List of Notations

A x B the Cartesian product of sets A and B, that is,
{(a,b) : a € A, b € B}, defined at the beginning
of Sect. 2.

|A| the cardinality of a set A, defined at the begin-
ning of Sect. 2.

Ak the set of all sequences of length k over a set A,

defined at the beginning of Sect. 2.
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ﬂ*

ﬂ+

|F|

Z(m)

the set of all sequences of length greater than or
equal to k over a set A, defined at the beginning
of Sect. 2.

the set of all sequences of length less than or
equal to k over a set A, defined at the beginning
of Sect. 2.

the set of all sequences of finite length over a set
A, defined at the beginning of Sect. 2.

the set of all sequences of finite positive length
over a set A, defined at the beginning of Sect. 2.
the coding alphabet C = {0, 1}, at the beginning
of Sect. 2.

the negation of ¢ € C, thatis, 0 = 1,1 = 0
defined at the beginning of the proof of Theorem
2.

defined in Definition 2.

simplified notation of a code-tuple F(fy, fi,
e os =170, Tl - -»Tm—1), also written as
F(f,7), defined below Definition 1.

an irreducible part of F, defined in Definition
14.

the number of code tables of F, defined below
Definition 1.

simplified notation of [|F|] = {0,1,2,...,|F| -
1}, defined below Definition 1.

the set of all m-code-tuples, defined after Defi-
nition 1.

the set of all code-tuples, defined after Definition
1.

the set of all extendable code-tuples, defined in
Definition 6.

defined in Definition 16.

the set of all regular code-tuples, defined in Def-
inition 9.

defined after Lemma 14.

the average codeword length of a code-tuple F,
defined in Definition 10.

the average codeword length of the i-th code
table of F, defined in Definition 10.
{0,1,2,...,m — 1}, defined at the beginning of
Sect. 2.

defined in Definition 3.

defined in Definition 3.

defined in Definition 4.

defined in Definition 4.

defined in Definition 15.

the sequence obtained by deleting the last letter
of x, defined at the beginning of Sect. 2.

the transition probability matrix, defined in Def-
inition 7.

the transition probability, defined in Definition
7.

the set of all real numbers.

the set of all m-dimensional real row vectors for
an integer m > 1.

the source alphabet, defined at the beginning of
Sect. 2.
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suff(x) the sequence obtained by deleting the first letter
of x, defined at the beginning of Sect. 2.
x <y Xis a prefix of y, defined at the beginning of

Sect. 2.

x<y x < yandx # y, defined at the beginning of
Sect. 2.

|x| the length of a sequence x, defined at the begin-

ning of Sect. 2.

X'y the sequence z such that xz = y defined at the
beginning of Sect. 2.

A the empty sequence, defined at the beginning of
Sect. 2.

u(s) the probability of occurrence of symbol s, de-

fined at the beginning of Sect. 2.4.
n(F) defined in Definition 9.

o the alphabet size, defined at the beginning of
Sect. 2.
T defined in Definition 2.
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