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Error Analysis and Numerical Stabilization of the Fast H,, Filter

Tomonori KATSUMATA, Kiyoshi NISHIYAMA "9, Members, and Katsuaki SATOH'', Nonmember

SUMMARY  The fast Hy, filter is developed by one of the authors, and
its practical use in industries is expected. This paper derives a linear prop-
agation model of numerical errors in the recursive variables of the fast Ho,
filter, and then theoretically analyzes the stability of the filter. Based on the
analyzed results, a numerical stabilization method of the fast Hy, filter is
proposed with the error feedback control in the backward prediction. Also,
the effectiveness of the stabilization method is verified using numerical ex-
amples.

key words: fast Hy, filter, error analysis, numerical stabilization, system
identification

1. Introduction

System identification is an experimental approach to the
modeling of an unknown system, and is of great importance
in the fields of signal processing, communication, and au-
tomatic control [1]. In many cases, the unknown system is
modeled as an adaptive filter whose finite impulse response
(FIR) are adjusted with N taps so that its output will per-
fectly match that of the unknown system except for obser-
vation noise. The most celebrated adaptive schemes for the
FIR filter are the least mean square (LMS) and recursive
least squares (RLS) algorithms [1]-[6]. The performance
of such adaptive algorithms can be quantified by examining
a number of characteristics, such as the a) accuracy of the
obtained solution, b) convergence speed, c) tracking abil-
ity, d) computational complexity, and e) robustness to round
off error accumulation [3]. Although the LMS algorithm is
very simple, with a computational complexity of O(N), and
is relatively robust to numerical errors, it suffers from slow
convergence, especially when applied to highly correlated
excitation signals such as speech. In contrast, the RLS algo-
rithm with O(N?) provides very fast convergence regardless
of the characteristics of the input signals. Usually, the RLS
algorithm and its fast versions use a forgetting factor p to
improve the tracking performance for time-varying systems.
However, the value of p has been typically determined em-
pirically, without any evidence of optimality. In our previ-
ous work, this open problem is solved using the framework
of H., optimization [7], [8]. The resultant H, filter, the hy-
per H,, filter, enables the forgetting factor p to be optimally
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determined by means of the so-called y-iteration. Expect-
edly, the hyper H,, filter has possessed the robustness to dis-
turbances (especially to near-end speech) and the extremely
high convergence speed. The hyper H,, filter is applicable to
the estimation problem of an infinite impulse response (IIR)
filter as well as an FIR filter. However, the IIR filter often be-
comes numerically unstable when implemented with a finite
precision. So, the FIR filter is widely used in practical appli-
cations, especially in communication and acoustic systems.
Furthermore, the FIR filter is much favorable to deriving a
fast algorithm of the adaptive filter which requires a shift-
ing property for the input covariance matrix. Indeed, a fast
algorithm of the hyper H, filter for FIR systems, the fast
H., filter, has also been successfully developed, providing a
computational complexity of O(N). However, the numerical
behavior of the fast H, filter has not been analyzed yet.

In this paper, we derive a linear propagation model of
numerical errors in the recursive variables of the fast H, fil-
ter, and then theoretically analyze the stability of the filter.
Based on the analyzed results, we propose a numerical stabi-
lization method of the fast H,, filter with the error feedback
control in the backward prediction. Also, the effectiveness
of the stabilization method is verified using numerical ex-
amples.

The remainder of this paper is organized as follows.
Section 2 presents the hyper H,, filter. Section 3 shortly
explains the fast H, filter. In Sect. 4, an analysis of numer-
ical errors appeared in the fast H, filter is given. Based on
the results of Sect. 4, we propose a numerical stabilization
method of the fast H,, filter in Sect.5. In Sect. 6, numer-
ical examples are given to verify the effectiveness of the
proposed method. Finally, we present our conclusions in
Sect. 7.

2. The Hyper H,, Filter

The hyper H, filter, which was originally proposed in [7],
[8], can simultaneously optimize both the forgetting factor
and the robustness to disturbances through the so-called y-
iteration. This filter, which differs from the ordinary H, Fil-
ters [9], is effective for tracking time-varying systems with
unknown dynamics of the state vector x; [10], and further-
more a fast algorithm of the filter is successfully derived as
seen in the next section.

Theorem 1: (The Hyper H,, Filter) For the following N-
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dimensional state-space model with system noise wy and ob-
servation noise v:

Xer1 = X+ G, wi, x € RY (1)
Yx = Hyxy + vy, Yo ok € R 2
%=Hwx,  zeR HgeR™ 3)

one possible level-y; hyper H, filter to achieve

sup

Xo.W;{vi) k
’ > llesidP/p
i=0 <2
L0 k k Yy
o = Folly, + 3 llwill® + 2 lloilP*/p @)
0 i=0 i=0
is represented by
ke = HiXpge (@)
Xik = Xp—ip-1 + Koy — HiXp—1pi-1) (6)
Ky = Lyt Hy (H Zg HY +p)”! )
L = Sapr — ﬁ:k\k—lCZR; Hob
etk = Exe/p €]

where -T denotes the transpose, .~! the inverse, and

eri = Ziji — Hix;, Xoo = Xo, Xip =Xo
¢ T
R, = R+ CXy-1Cy,

p 0 Hy
R = , Cy = 9
KA ®
O<p=l-x(yp<1 yr>1 (10)

in which y(y) is a monotonically decreasing scalar function
of yy such that (1) = 1 and y(c0) = 0, and the driving
matrix Gy is generated by

5 X o
GiG=x(yp)Zis1j = pf Xk (11)
For the filter to exist, the parameter y; must satisfy
NN b 7
£, =% + —LH'H,>0,i=0,...k
(12)
Proof : See [7],[8]. O

If vy is chosen to be as small as the existence condition
allows, the H, filter with the optimal Gy, (or p) will be able
to very quickly track the changed state vector x;. This is
because the sum of the squared error ||ef,,~||2 must be subject
to the inequality of (4), which prevents the maximum energy
gain from growing to a value in excess of 2.

Note that the algorithm of the hyper H,, filter in the
limit of yy = oo coincides with that of the Kalman filter
with G, = 0.

3. The Fast H, Filter

The computational complexity of the hyper H. filter is
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O(N?), making it difficult to implement this filter in
real-time applications. To overcome this difficulty, a
fast Ho, filter, whose complexity is O(N), has been de-
rived for an FIR system with input u; using a shift-
ing property of the observation matrix such that Hy,, =
(s, He(1), Hi(2), . .., Hi (N — D] [7], [8].

Theorem 2: (The Fast H,, Filter) When the observa-
tion matrix Hj has the shifting property, the hyper H, fil-
ter for the N-dimensional state-space model (1)-(3) with
ﬁuo = &ol, &9 > 0 can be recursively performed at a com-
putational complexity of O(N) per iteration as

Xk = Xp—tpp—1 + K (g — HiXp—qpe-1) (13)
K (:, 1) c RV

K= =
1+ ’)/f HkKk(i, 1)

(14)

in which the gain matrix K} is recursively calculated as

K, =m — Dkﬂk (S QNXZ (15)
Dy, — mW
D, = k=1 — My Yy,
1= W,

1,7
o [l g |omeemee
N, = ¢y + Ci Dy
Sy =pSi-1 +e Wé, e, = c; + Cr_1 Ay
A=A - K We
& =cr+Cro1A (16)

1
0 —7}2
the first row of C; = [ck, ..., Ck—n+1], assuming that ¢;_; =
0y for k —i < 0. Also, p and yy are chosen as 0 < p =
1-x(ys) £ 1 and y; > 1. The recursions are initialized with
K() = 0N><2’ A() = 0, S() = si’ D() = 0, .f,'()|() = 0 where &0
is set to be a relatively large positive number, 0 denotes the
zero vector, and 0,,,, the n X m zero matrix.

For the filter achieving (4) to exist, the value of v, must
be chosen so as to satisfy the following scalar existence con-
dition:

w

whereCkz[ZZ], W:[ ], and ¢; € R¥™!i

—08; + py; >0, i=0,....k 17)

where o and Z; are defined by

- pHK;

Qzl—)’?, Ei:m (18)

respectively.

Proof : The key idea to derivation of the fast H filter
is based on the following equations :

k
0.Ki = C, 0= picIwe; (19)
i=0
T k e T
0K = €, 0= P CWE, (20)

i=0
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where

Ci =k - -, cin] = [Ck cron]. (21

The details of the derivation are described in [7] and [8].

4. Error Analysis of the Fast H,, Filter

When the gain matrix Ky is initialized with Ky = Oyx2, the
numerical stability of the fast H, filter is mainly governed
by the following recursive variables of the algorithm:
A=A - K We
Sk = pSk—l + e,ZWék

Dy = (Dy-y — mWn)(1 — W)™ (22)
where
Ky =m - Dkﬂk

[ ] [ Kk 1 + AkS
k—Ck+Ck 14r-1, € k—Ck+Ck—1A1<
N = Cr-N + Cka_l. (23)

Then, the recursions of the forward linear prediction coeffi-
cient Ay, the power of the forward prediction error S, and
the backward linear prediction coefficient D; can be repre-
sented by the following nonlinear system:

Ay
Sk
Dy

O = fi(O1), O :=

Linearizing the nonlinear system, we obtain a propagation
model of numerical errors d® of ®; as

dAy dAi_
s, | = ds - (24)
dDy dD;_,
where
dAk = Ak—Ak, dSk = Sk—Sk
dDy := D, - Dy (25)
_ o | TR lGa b G
KT ser ) ,032 33
k=l F F°  Fy
I-mWC(C D, — mW wcC
F5 - I - mWCy) N (Dg-1 — my, k NI WC, (26)
B B
B =1-pmWn,. (27)

Here, the recursive variables Ay, S, and Dy are perturbed as
Ak = A+dAy, S'k =S,+dSy, i)k = Dy+dDy, respectively,
each entry of Fy is derived as in Appendix A, and I denotes
the identity matrix.

Now, noting that Fy, is a block lower triangular matrix,
we find
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dAy = - K \WCi_1)dAj-,. (28)

Assuming that {c;} is statistically stationary, i.e., Q,_;, =
0;_,, the 1-1 block matrix of Fy, F ,il , 1s approximated using
Q = pQy_y + C{WCy as

I-Ki \WCi_,

=1-0;!,C{ WGy,

=1I- Ql;—ll(Qk—l - Q)

~ pl. 29)

Namely, the eigenvalues of F ]](l are almost less than one
when p < 1. This implies that the recursion of dAy is stable.
Similarly, we obtain

sy = pdSk_l + F%ldAk_l (30)

which is stable because of p < 1 and the stability of dA;.
Therefore, the recursive variable S is also numerically sta-
ble.

However, the updating of d Dy, is recursively performed
by

dDy = F}’dDy_y + F;?dS ;- + F;'dA;, @31)

whose dynamics is given by

1
FiS = ﬁ_k {(I— mkWCk)

. (Di—1 — mWy ), WC; }
Br

1
= ﬁ_k{(l + (D — mk)WCk)}

_I-KWC,  I1-0.'CiWC,
B B
P
~ —1I. (32)
B

The last equation means that if §; > p for any k, the back-
ward prediction is stable. However, the stable condition may
not be guaranteed under finite precision. This is the reason
why the fast H, filter causes the numerical instability.

5. Numerical Stabilization of the Fast H,, Filter
5.1 Preliminaries

Definition 1: The forward and backward prediction errors
are newly defined by

ér = ¢+ Cr_1Ar_1, gk = cr_y + Ci D (33)

Similarly, the forward and backward estimation errors and
their powers are defined by

e = cp+Ci_1 Ay, €, = Ck-N T+ C. Dy, (34)

and

k

Q. . k—i TW =c.+C_ A

k= P € W€, € =¢;+0; 1A,
i=0
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k
S, = ZpkiigiTWg, € :=c¢in+CDy 35)
i=0

respectively.

We now consider a case that S; and S , are minimized
by A; and Dy, respectively. Then, we have the following
useful propositions.

Proposition 1: The backward estimation error e, is written
with its own power §, as

e = Sy (36)

Proof : The inverse of Q, partitioned with C; =
[C; ¢;—n] can be expressed with the inverses of its diagonal
blocks as

o —1 Qk Ek -

O = ,
L oq
I -0t

o7 1
.
X
0" (g -t0't)!

1 0
X
-0, 1

_ [ 1 _lelfk ]
lor 1

o'
x b TO-14 V14T
_(qk _Ek Qk Ek) Ek Qk

0
@—Emmw]
_rﬁ+gm@—§gﬁwﬁml
B ~(q} - 11O ) OF!
-QZ%AqZ—gTQzﬁyl]
(q2 -t 0;'t)™!

using the matrix inversion for partitioned matrices lemma.
Here, ¢, and qz are defined, respectively, by

(37

k k
o= P ICT Wery, qii=) el Weiy.  (38)
i=0 i=0

On the other hand, minimizing §, with respect to Dy
provides

k k
Z pk_iCiTWC,‘Dk = - Zpk_iCiTWci,N
i=0 i=0
oD, =-t,. (39)

Then, since the power of the backward estimation error is
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expressed as

S ‘12 + 2DZ£/¢ + DZQka = qi + Dﬁk
@+t Di=q; -t 0't, (40)

we can rewrite (37) as
o | Q'+ DS DS
Oy = -1 pT -1
Se Dy S
-1
0 1
| & L] D | D 1] 1)
o o] S| !

Furthermore, multiplying both sides of (41) by C’: from the
right-hand side provides

-1
o —1oT 0 0. -
[ Ck:[ ‘ O]Ck

OT
L | Dy T AT
+§—k[ | ][ D] 1]¢,
v K D |4
Kk:[ o |*| 1|5 42)
From the N + 1th raw of K, = [m] p} 1", we find
e =S, Ki(N+1,)=58 (43)

whose transpose completes the proof of Proposition 1. O

Proposition 2: The powers of the forward and backward
estimation errors are expressed by

_ det{Q,} :det{Qk}
det{Q,_;} T det{Q;}

where det{-} denotes the determinant of matrix.

Sk

(44)

Proof : Taking the determinant of both sides of the fol-

. f T
lowing identity equation for Q; = [ zk Qt k ] partitioned
ko L1

with C,‘ = [C,‘ C,;]] .

f T
4 o || et o
e QO -0t O,

— CI£ - t;{Ql;lltk t]ZQl;—ll (45)
0 1
we have
det(Q,} detlQ; ) = ¢] - ] Q! 1 (46)

in which #; and q{ are defined, respectively, by

k k
tk:=Zp"‘iC,-T_1Wci, q{2=2pk‘inWci‘ 47
i=0 i=0

Here the properties of determinant, det{A B} = det{A} det{B},
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det 1: g = det{A} det{B}, are used for the calcula-

tion of (46). _
On the other hand, when S is minimized by A, we
have

0 1A=t (A =-0; 10 (43)
Substituting (48) to the right-hand side of (46) provides
det{Q,} det{Q;} = ¢ + t] Ar. (49)

Furthermore, using

k
Sy = Z,Ok_i(ci +Ci1 A W(e; + Cio1 Ay)

i=0
Zpk"ciTWc,- +2A7 Zpk"CiT_IWc,-
i=0 i=0

k
+AT [Z PiCT \WCy | Ay
i=0

k
= Z oI We + 24T 1, + ATQ, A,

i=0
= g + 1 A, (50)

we can rewrite (49) as

det{Q,} det{Q; !} = S (51)
Then, recalling det{A~'} = 1/ det{A}, we have

= det{Q,}

Sp= —= (52)

£7 det(Qy )

Similarly, the power of backward estimation error is
given by

_ det{Q,}

%= G, 9

O

Proposition 3: The backward prediction error €, is ex-
pressed with the backward estimation error e, as

-y

€ = o Jie, (54)
where

o= HyPio H +p/(1 =), (55)

Proof : The backward linear prediction coefficient Dy
minimizing §, satisfies

0Dy = —t,. (56)
Hence, substituting the following equations:

0, =pQ;, + CLWC,

1157
to=pt, +CiWepy (57
to (56) and using
Ky =p'0;\C (58)
we have
0Oy, + CLWCYD = —pt, | — CiWey_y
PQi1 Di + C{W(er-y + CiDy) = —pt,_,
P 1Dy +p7' QL G We)) = —pt,_,
O 1(Dr + i{kWQk) = _Lk—l‘ (59
Then, recalling @;_; Dy-1 = —¢,_,, we find
Dy = Dy - KiWe,. (60)
Similarly, arranging (56) at time k — 1 as
(0 'Qy —p ' CLWC)Dy,
== 't,—p ' C{Wey_p)
07 'Q Dyt — p ' CiW(eroy + CiDy—y)
= _p_lik
Qi Di1 — CLWE, = 1,
Qi(Di-1 - Q' CiWey) = —t, (61)
and comparing the last equation with (56), we obtain
Dy =D, - KWe,, K, =0Q;'Cy. (62)

On the other hand, the recursion of P,;l =0
P! = pP!, + C{WC,
= pP! + (1 -y H[ H,

allows the Riccati equation in the hyper H, filter to reduce
to

P = (P!, + H{ (1 -y ) HY)™

1 1
Py — P H|
P P

-1

1 1 1
X|Hy=Pi\H + —— | Hi—Piy

L I=7 P

= [Pk—l - P HJ
-1
T P
X(HkPk_lHk + ﬁ] H,. P, /p.
-7;

(63)

Multiplying both sides of (63) by IZZ, we have the following
relationship between Ki(:, 1) and K;(:, 1) :

HP,_ H}

HP_H] +p/(1 - )’_}2)
)

p/(1=v7)

Lk

K., 1) = Ki(:, 1)[1 -

= K., (64)
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where
&= HyPy HY +p/(1 = 770). (65)

Besides, comparing (60) with (62) in terms of Dy — Dy,
we find

Kngk = K We,. (66)
Then, substituting (64) into (66) provides

) Pl

K We, = ———K;We,. (67)

i
From this, through some calculations, we can obtain
(1 =¥ )

é, =———e,.

€ 0 &k
Note that Ki(;, 1) = Ki(:,2), Ki(:, 1) = Ki(5,2), e,(1,1) =
e, (2,1), and g,(1,1) = £,(2,1). O

Proposition 4: The backward prediction error €, is ex-

pressed with the power of the forward estimation error S
as

e, =p NS (69)

Proof : From Proposition 1, the backward estimation
error ¢, can be written as

e =S Hy- (70)

Starting with this, we derive an alternative expression of the
backward prediction error €.
First, we arrange the Riccati equation of (63) as

P, = [Pk—l - P HJ (HkPk—lH]{

-1
+L_2 H P |/p
I=v;
Py H H Py
= (Pk_l - =) (71)
Ck
where
é’k = HkPk_le + p,y—2' (72)
-;

Multiplying both sides of (71) by P;'
side provides

, from the right-hand

P_ lHk
Sk

Next, taking the determinant of both sides of (73), from
det{AB} = det{A}det{B}, det{I + AB} = det{I + BA}, and
(72), we have

PPl = (I— Hk] /p. (73)

det{P;} det{P;,}
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P H'H
= det {1 - M} det{p™'1)
Lk
HP,_ H]
- det{l— Tk k}p_N
Lk
= det{l_(gk_ ]/(k}
f
-N+1
=pNdetd —F =L
gk(l - ’)/f ) é/k(l - 7f )
The last equation of (74) leads to the following relationship:
=7  det{P;'})  det(Q,) 75)
p—N+l k= det{P,:_ll} - det{Qk—l}.
On the other hand, recalling Proposition 2, namely
—  det{ det{Q
S, _det{@y} = et{Qy} (76)
T det(Q, ) T det(Qy)
we can express (75) as
1- Vf ) Ek
p’T k= i—k (77)
Then, arranging (77) for S, , we have
—-N+1 §
P Ok (78)

S
AU

Last, using (78) with Propositions 1 and 3, we obtain
an alternative expression of the backward prediction error €,
as

1- 7—_2 1- 7—_2
- f f
& = — e = &S i

1- 'y‘.2 ~N+1
)i P -NT , T
= g =p Skll .
P A=y b 4 ‘

Proposition 5: The minimum forward estimation error
power Sy is equal to Sy in (16).

Proof : Recalling (50), we obtain

k
Sk = Zpk

i=0

“elWe, + Al 1. (79)
Then, using (16) and (48), we can arrange (79) as

k‘iciTWc,- + (A — Ko We) Tt

M»

Sk =
i=0
k-1

= Zpk ’cTWc, +c "Wey +pAk 1t

+Ak_]Ck_1WCk - ek WKk_ltk
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= pSi1 + (e + Cro1 Ag) Wey
&/ WK 1,
= pSi1 + é,{W(Ck - K/Z_ltk)
= pSi-1 + & Wek — Cra1 Qi 10
= pSi_1 +& Wck + Cr_i Ay)
= pSi-1 + & Wey. (80)

Comparing the last equation with S in (16), we find that Sk
agrees with S. O

From Propositions 4 and 5, we see that the backward
prediction error 7, is theoretically equal to p™S kﬂ[ expect
for numerical errors.

5.2 A Numerical Stabilization Method of the Fast H,, Fil-
ter

The analyzed results of the numerical error propagation in
Sect. 4 have suggested that the recursion of the backward
linear prediction coefficient Dy, may be often unstable. Es-
pecially, as Bx in (32) is close to zero due to the error ac-
cumulation, the recursive variable D; becomes unstable be-
cause of dramatically increasing the eigenvalues of F;°, then
risking the filter stability.

To improve the instability, we correct D;_; so as to
minimize the numerical error 7, — p™Su!, but to be as
close to the originally computed value as possible. This re-
quirement is expressed with the minimization of J(Dy_,) de-
fined as

J(Dy-y)

k
= Zpk_i[(ci—N"'Cibk—l) — (ciontCiD)]"

i=0

X Wl(ciy + CiDy1) — (cioy + CiDy1)]

+ k(Cx-n + Cx Dy — p VS 1ul)”

X W(er-n + Cy Dy —p™S1ul)
= (Do = D))" Qu(Dy-y — Dyy)

+ k& WE,, k>0 81)

where

ék = ﬁk —p_NSkﬂ,Z-, ﬁk = Ck—N t+ Ckbk—1~ (82)
Setting the derivative of J (Dk_l) to 0 gives

3J(Dy-1)

- = 20,(Di_y — Dy_y) + 2kCTWE
oD 0. (Dy_y 1) “WE

=0 (83)

which leads to

Diy = Dy — xQ; ' CITWE,

Dk—l - KKkWék. (84)

Then, replacing Dy_; in (62) with the corrected bk_l and
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using (84), we can also correct Dy as
Dy = Dy — KWiy,
= (D1 — kKyWE,) — KiWh,
= Dy — KkW(y, + k&)
= Dy — KWy + k(i — p 7S ). (85)

Note that (84), nonexplicit form of Dk_l, works well to con-
centrate the corrections in the second term of the right-hand
side of the last equation in (85), and €, when Dy_; is re-
placed with D,_ is equal to 1.

For simplicity, assuming that 3, = n,, i.e., the required
correction is small, we obtain

Dy = Dy, — KxWij, (86)
from (85) where

Ty = 1y + k(g — p NS kl‘lz)- 87

Furthermore, substituting K = my— Dy, to (86), we obtain
a new feasible update equation of Dy as

Dy = Dy—y — (my — Dy ) Wi,
Dy = Dy — m Wiy + Dy Wip
Dk(l —ﬂka]k) = Dk—l - mkWi]k

Dy_; — mWi
D, = k-1 k~ Mk

1= Wiy,

Namely, the numerical stabilization of the recursive variable
Dy is accomplished by merely replacing 7, in (22) with 7.
This 7, includes the backward prediction errors computed
in two different ways, i, and p™"S !, as

(88)

e = M+ kG —p "V Sipf) (89)

which will yield a feedback mechanism to influence the er-
ror propagation dynamics.

Then, the quantity §; playing the important role in the
backward linear prediction is replaced with 5y as

Bi = 1— Wiy,
= B — kg Wy — p~V S g (90)

A statistical analysis suggests that §; is more apart from
zero than B, (Appendix B). Consequently, the numerical er-
ror, which causes the instability, contributes to preventing f;
from being close to zero, rescuing the recursion of Dy from
the worst scenario.

Hence, it is expected that the feedback control of (89)
for the backward prediction error 77, improves the numerical
stability of the fast H, filter since the error feedback control
prevents 3, from approaching to zero. The modified filter is
referred to as the stabilized fast H,, filter (SFHF) hereafter.

6. Numerical Examples

The performance of the proposed stabilization method for
the fast H, filter is evaluated using identification of a finite



squared norm of tap—error vector
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.
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(a) the fast Hoo filter

squared norm of tap—error vector
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Fig.1  Convergence property of each filter; yy = 2.2, N = 64, L = 512.

impulse response (FIR) system such as widely used in echo
cancellers. Also, the forgetting factor is chosen as p = 1 —
y72 for simplicity, and all calculations are executed using
MATLAB 5.3.

As an unknown system to be identified, we consider
an echo path whose impulse response {#;} consists of { 0.0,
0.008, —0.012, 0.064, 0.013, —0.052 -0.007, 0.039, 0.011,
0.0, —0.002, —0.009 —0.016, —0.013, —0.001, 0.004, 0.015,
0.013 0.007, 0.0, —0.001, -0.002, —0.001, 0.0 } for i < 24
and zero otherwise (24 < i < N). The observed echo is
given by

N-1
Ui = Zh,-uk,i +uo, k=1,2,...,L 1)

i=0
where v, is a stationary, white Gaussian noise with
zero mean and standard deviation o, = 1.0 x 1074,
N denotes the length of the adjustable impulse response
(tap number), and L stands for the length of observa-
tion data. Note that the state-space model of the ob-
served echo y; becomes time-varying due to H; =
[ wk, ug—1, ..., uk—v-1y ] withashifting property such
that Hyyy = [ugsr, H(1), H (2), ..., Hi (N — 1)], provided
that x; = [ ho, hi, ..., hy_i 7. The received signal
(tap inputs) {u} is generated by the following autoregres-
sive (AR) model:

Uy = @ Uk—1 + QU + w,’c (92)

where a; = 0.7, = 0.1, and w,’< is a stationary, white
Gaussian noise with zero mean and standard deviation o, =
0.04.

Figure 1 demonstrates the differences in stability be-
tween the fast H,, filter and the stabilized fast H, filter (x =
1.0) using the squared norm of tap error vector || & — xilP
as a measure, where N = 64, yy = 2.2, x(yy) = y;z, and
&y = 1.0.

Figure 2 shows the distribution of the maximum eigen-
values of F,f3 for a period of 1 to L, i.e., the histogram
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Fig.2  Distribution of the maximum eigenvalues {{max;{|1;{F 23 }I}}L1 of
the transition matrix F}?; vr=22,N=064,L=>512

Table 1  Comparison of the maximum eigenvalues of the averaged error
transition matrix for each filter ; yy = 2.2, N = 64, L = 512.

the FHF | the SFHF (k = 1.0)
max{|4{(F2}} | 1.1620 0.3218
1

of {max;{|A;{F i3}|}}f: \» for each filter, where 4; denotes the
eigenvalue, and F' i3 the error transition matrix of the back-

ward linear prediction coefficient. Furthermore, the max-
imum eigenvalue of the averaged transition matrix F P =
1/LYE | F3, maxd|A{F )}, is listed in Table 1. From
Fig.2 and Table 1, we see that the error feedback control
drastically decreases the eigenvalues of the error transition
matrix F’ i3, and succeeds to numerically stabilize the fast
H. filter.

Fortunately, the modification of the backward predic-
tion error 7, has not given a significant effect on the overall
performance of the fast H, filter although the optimality of
Dy is different from the original one, and an additional com-
putational burden for the modification was also negligible.

7. Conclusions

In this paper, we have derived a linear propagation model
of numerical errors in the recursive variables of the fast He,
filter, and then analyzed the stability of the filter using the
first-order error propagation model. Additionally, based on
the analyzed results, we have proposed a numerical stabi-
lization method of the fast H, filter with the error feedback
control in the backward prediction. The effectiveness of the
stabilization method was verified using numerical examples.
Also, in our recent experiments, the stabilized fast Ho, filter
has succeeded in continuously running without restart on a
DSP for days.

Further analysis of the behavior of 3, will be one of our
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future works.
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Appendix A: Derivation of the Error Transition Ma-
trix

Each block entry of the error transition matrix Fy, is derived
as follows:

0Ar  _ 0(Ar-1 — K1 Wey)

1
7 Bar 6T,
_ Ak = K Wier + G A1)}
9L,
_ Ak 0K Wer)
AL, oAl
0K WCi Ag1)
o,
=I-K; 1WC (A-1)
2 - Ok _ 9pSi) | (e, Wey)
KaSk 08 08
= pgiii =p (A-2)
P = a(i)DTk
k-1
0 Dy, — mWn,
- oDl ( Bk )

1161

_ 0Dy - mkWnk)ﬁ_l
or,
;!

+(Dy-1 — miWn,)——
(D1 k 'Ik)aDl11

I - mWCB;"

B 9P
+(Dy_y — mWn,)——
(D W) T

(I - mkWCk)
B
+(Dy—y = mWi)(—B )~ WCr)
(I - mkWCk)
B
+ (Dy-y — m W) WCy

A-3)
7 (

where
Br = 1= Wn, ;. = ci-y + CiDy_1. (A-4)
Also, noting

Sk =pSi1 + e+ Cr14Ar
—Ci1 Ko Wier + Croy A1’
XW(er + Cr-1Ak-1)
= pSi1 + e — Cr1 K1 Weg
+Cioy (I = Koy WC-) A"
xW(er + Cr1Ax-1) (A-5)

we can obtain the explicit form of F7' as

oSy
dAL,
(ck + Cro1An)”
XWCi1(I = Ky 1WCi 1)
+ler — Cr-1 K1 Wey
+Ci1 (I = Koy WC ) A-D]T
XWC_;. (A-6)

21 _
F, =

Similarly, we can calculate F' 21 = O‘LD# and F,?z =
oD, k-1

0Si-1”°

Appendix B: Behavior Analysis of B

When the backward and forward estimations are sufficiently
performed, 77, and e, almost become roundoft errors. So,
suppose that 17, and e, are zero-mean random vectors being
mutually independent. Indeed, these properties were also
observed experimentally in our examples. Then, using (23),
Sy >0,and 1 —7}2 > 0, we have

E{Be} = E{Bi} - kE{, Wne) + ko™ VE(S ot Wity )
= EiBe} + ko VELS pt, Wit )
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= E{Bi) + koM (1 =y ES suae(1, 1))
> E{Bi}

where E{-} denotes expectation. Note that pkWyZ =(1-
y}z),uk(l, 1)? holds due to (1, 1) = wi(1,2), which stems
from C;, = [H] H[".

This implies that 3; is more apart from zero than S
due to E{8} > 0. Indeed, in our examples, j3; takes the
value more than 1, whereas 3 almost takes the value in the
range of 0 and 1.
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