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SUMMARY A (k, 9, ¢)-locally decodable code C : FZ - FQ’ is an
error-correcting code that encodes ¥ = (x1,x2,...,%,) € Fj to C(®) e Ff;’

and has the following property: For any y € quv such that d(¥, C(%)) < 6N
and each 1 < i < n, the symbol x; of ¥ can be recovered with probability at
least 1 — & by a randomized decoding algorithm looking at only k coordi-
nates of ¥. The efficiency of a (k, 6, €)-locally decodable code C : F; — FfIV
is measured by the code length N and the number k of queries. For a k-query

locally decodable code C : Fj — FQ’ , the code length N was conjectured

to be exponential of n, i.e., N = exp(ng(l)), however, this was disproved.
Yekhanin [In Proc. of STOC, 2007] showed that there exists a 3-query
locally decodable code C : F) — F’Zv such that N = exp(n'/1021027) a5
suming that infinitely many Mersenne primes exist. For a 3-query locally
decodable code C : Fg - F /qv , Efremenko [ECCC Report No.69, 2008] fur-
ther reduced the code length to N = exp(n@(loglogn/log ”)”2)), and in gen-
eral showed that for any integer r > 1, there exists a 2"-query locally de-
codable code C : Fj — Fflv such that N = exp(no(“"gl"g”/log”)lflh)). In
this paper, we will present improved constructions for query-efficient lo-
cally decodable codes by introducing a technique of “composition of lo-
cally decodable codes,” and show that for any integer » > 5, there ex-
ists a 9 - 2"~*-query locally decodable code C : F; - FfIV such that

N = exp(n()((loglogn/logn)l’l/"))_
key words: locally decodable codes, S-matching vectors, S-decoding
polynomials, perfectly smooth decoders, private information retrieval

1. Introduction

Conventional error-correcting codes C : Fy — Fi]\’ allow
one to encode X = (x1,x2,...,%,) € F! to C(?) € F) and
have the following property: For any y € F;V such that
d(¥,C(%)) < 6N, the original message X can be recovered
by looking at entire coordinates of ¥. If one is interested in
recovering a single symbol x; of X, more efficient schemes
are possible. Such schemes are known as locally decod-
able codes C : Fy — Ff]\’ that allow recovery of any single
symbol x; of ¥ € F; by looking at only k randomly chosen
coordinates of y € FQ’ such that d(y, C(¥)) < 6N. Infor-
mally, a (k, 0, &)-locally decodable code C : FZ - Fflv is
an error-correcting code that encodes ¥ = (x1,x2,...,%,) €
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F to C(¥) € Ffiv and has the following property: For any
¥ € F) such that d(¥,C(¥) < 6N and each 1 < i < n,
the symbol x; of ¥ can be recovered with probability at least
1 — & by a randomized decoding algorithm looking at only k&

coordinates of y.
1.1 Known Results

From theoretical and practical point of view, we are in-
terested in designing a (k, d, £)-locally decodable code C :
F, - Fﬁzv with as shorter N as possible and as smaller k as
possible. The notion of locally decodable codes was con-
sidered in several contexts [2], [17],[19], and Katz and Tre-
visan [15] were the first to provide a formal definition of lo-
cally decodable codes and prove lower bounds for the code
length. Gasarch [8] and Goldreich [9] conjectured that for a
k-query locally decodable code C : F; — FqN with £ > 1,
the length N is unavoidable to be the exponential in n, i.e.,
N = exp(n®D). In Table 1, we summarize the known results
on the length for k-query locally decodable codes.

Yekhanin [24], [25] improved the upper bound for
the length of 3-query locally decodable codes to N =
exp(n!/32382657) and disproved the conjecture [8], [9] on the
length of 3-query locally decodable codes, ie., N =
exp(nl/1ogloemy for infinitely many n’s if there exist in-
finitely many Mersenne primes. Very recently, Efre-
menko [7, Theorem 3.8] improved much further the upper
bound for the length of 3-query locally decodable codes to
N = exp(no((loglog”/ logn)'”) by introducing the notions of S -
matching vectors [7, Definition 3.1] and S-decoding poly-
nomials [7, Definition 3.4] — this reduces the length of 3-
query locally decodable codes and removes the unproven
assumption that infinitely many Mersenne primes exist. For
any k > 2, Efremenko [7, Theorem 3.6] also disproved the
conjecture [8], [9] on the length of k-query locally decodable
codes (with no unproven assumption), and showed that for
any integer r > 1, there exists a 2"-query locally decodable
code of length N = exp(n®((loglogn/ log )'™"). For notational
simplicity, we use N(r) to denote the code length as a func-
tionof r > 1, i.e.,

N(r) = exp (n0<(1°g logn/log ")H/”) )
1.2 Main Result

In this paper, we present improved constructions for a query-
efficient locally decodable code, and show that for any r > 5,

Copyright © 2010 The Institute of Electronics, Information and Communication Engineers
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Table1  Known results on the code length.
H Upper Bound Lower Bound
2-Query exp (O(n)) [14] exp (Q(n)) [14]
3-Query exp (n'/?) [4] O(n2) [14],[22]
k-Query exp (n()(l()g log k)/k log k) [5] a (n” 1 /(rk/zH)) [14],[22]

there exists a 9-2"~*-query locally decodable code C : F, —
F qu of length N(r). Our construction of 9-2"~4-query locally
decodable codes is partially based on the construction due
to Efremenko [7]. To reduce the number of queries, we in-
troduce a technique of “composition of locally decodable
codes.” In fact, we show that for a k;-query locally decod-
able code C; of length N(r) and a k,-query locally decod-
able code C; of length N(r,), there exists a kjkp-query lo-
cally decodable code C of length N(r; + ry).

In this paper, we find a 3-query locally decodable code
Cis of length N(2) by an exhaustive search. By applying
our technique of “composition of locally decodable codes”
to the 3-query locally decodable code Cg [7, Theorem 3.8]
of length N(2), the 3-query locally decodable code Cis of
length N(2), and the 2"~*-query locally decodable code[7,
Theorem 3.6] of length N(r — 4) for any integer r > 5, we
can construct a 9 - 2"*-query locally decodable code C of
length N(r).

1.3 Application of Locally Decodable Codes

Locally decodable codes have many applications in com-
plexity theory and cryptography (see, e.g., [8], [20]). In par-
ticular, locally decodable codes are closely related to de-
signing efficient private information retrieval. Informally,
a k-server private information retrieval is a protocol that
consists of k databases Dy, D», ..., D, with identical data
X = (x1,%,...,x,) and a user U, where each database
D; does not communicate to any other database Oy, and
allows the user U to retrieve x; of X, while any of the k
databases Dy, D», ..., Dy learns nothing about i. Private in-
formation retrieval was introduced by Chor et al. [6], and the
efficiency of a k-server private information retrieval is mea-
sured by its communication complexity Ci(n), i.e., the total
amount of bits exchanged between U and D, D, ..., Dy.
Trevisan [20] observed that any k-query locally decodable
code with perfectly smooth decoders can be transformed
into a k-server private information retrieval. For further de-
tails on k-server private information retrieval, see, e.g., [1],
(31, [4], [10], [12]-[14], [16], [18], [23].

In Table 2, we summarize the known results on the
communication complexity Cy(n) for k-server private infor-
mation retrieval. In particular, Efremenko [7, Theorem 3.6]
recently showed that a communication-efficient k-server pri-
vate information retrieval exists for a specific k > 1, i.e.,
for any r > 1, there exists a 2"-server private information
retrieval such that Cy(n) = nOUoglogn/logm'™") "and in par-
ticular, there exists a 3-server private information retrieval
such that C3(n) = nOWloglogn/logm'?),

2. Preliminaries
2.1 Locally Decodable Codes

Let F, be a finite field of ¢ elements and d(x,y) be the
Hamming distance of ¥ = (x1,x2,...,%,) € F; and y =
1,y2,...,yn) € F2, ie., the number of indices such that
x; # ;. For any pair of integers a < b, we use [a, b] to de-
note the set {a,a + 1,..., b}, and for any integer m > 1, let
Z,=1{0,1,....m—-1}land Z} ={z € Z,, : gcd(z,m) = 1}.

Definition 2.1 [15]: We say that C : F; — F]q\’ is a (k, 6, &)-
locally decodable code if for each i € [1,n], there exists a
randomized algorithm D; : FS’ — F, such that (1) for any
%= (x1,x,...,%,) € F! and any § € ¥, Pr[D;() = xi] 2
1 — g ifd(C(X),¥) < 6N; (2) the algorithm D; makes at most
k queries to y.

We say that a (k, 6, £)-locally decodable code C : FZ — Ffj
is linear if C is linear over F,, and is nonadaptive if the de-
coding algorithm D; makes all its queries simultaneously. In
this paper, we deal with only linear and nonadaptive (k, 8, €)-
locally decodable codes.

Definition 2.2 [20]: We say that C : Fj — Ffl" has a per-
fectly smooth decoder D = {D;}ic[1. if for each X € F and
eachi € [1,n], Pr[D;(C(X) = x;] = 1, and each query made
by the randomized decoding algorithm D; is uniformly dis-
tributed over [1, N].

Trevisan [20] observed that for a code C : FZ - Ff]\’ ,1f C has
a perfectly smooth decoder and makes at most k queries,
then C is a (k, d, ko)-locally decodable code. In the rest of
this paper, we consider only locally decodable codes with
perfectly smooth decoders and we use a term “k-query lo-
cally decodable codes” instead of a term (%, 6, €)-locally de-
codable codes.

2.2 §-Matching Vectors

. - h
For any pair of vectors X = (xi,x2,...,x3) € Z, and

V= 01, y2,....y0) € 2, we use (%), to denote the in-
ner product of ¥ and ¥ modulo m, i.e.,
h
(X, m = ijyj (mod m).
=1

Definition 2.3 [7]: Let U = {iy, il>, ..., H;} be a family of
vectors, where ii; € Zﬁ,, and let S C Z,, \ {0}. We say that
a family U = {id\, iy, ..., d,} of vectors is S -matching if it
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Table2  Known results on the communication complexity.
H Upper Bound Lower Bound

1-Server n+1 [6] n [6]

2-Server nl/3 [61,[11] 5logn [21]

3-Server nO((log logn/log m!/2) [71 o

4-Server nl/787 [5] —

k-Server nO(log log k/klog k) [5] o

satisfies the following: (1) for each i € [1,1], {id;, @;)n = 0;
(2) for each i, j € [1,t] such that i # j, (il;, ilj)m € S.

Let m = pip>--- p, be a product of r > 1 distinct primes.
Define S,, C Z,, \ {0} as follows: For each s € Z,, \ {0}, if
either s = 0 (mod p;) or s = 1 (mod p;) for each i € [1,7],
then s € §,,. We refer to S,, as the canonical set of the
integer m = p1p2 -+ pr.

For each integer r € [1,2" — 1], we use bin(¢) =
(tr-1,tr—2,...,1) € {0,1}" to denote the binary representa-
tionof t,i.e., t =t,_1- 2" +1,.5-2" 2 +---+1,-2°, and define
s; € [1,m — 1] to be an integer such that s, = f;,_; (mod p;)
for each i € [1,r]. From the definition of S,, C Z,, \ {0},
it follows that S,, = {s{, $2....,52_1}, where s = 0 and
Syr_1 = 1.

Lemma 2.1 [7, Corollary 3.3]: Let m = pip,---p, be a
product of r > 1 distinct primes and let S ,, be the canonical
set of m. Then there exists ¢ = c(m) > O such that for any
integer h > 0, there exists a family U = {ily, i, ..., i} of
S ,-matching vectors such that ii; € {0, 1} C Zi; and

(log )’
t> _.
=P (c (loglog 7y ! )

Remark 2.1: Let m = pyp,---p, be a product of r > 1
distinct primes and S ,, be the canonical set of m. As in the
proof of [7, Theorem 3.6], it suffices to take

h= nO((loglogn/ log n)!=1/m) (1)

to define a family U = {iiy, ita, ..., i,} of S ,,-matching vec-
tors for any integer n > 1, where it; € 7" .

2.3 §-Decoding Polynomials

To construct a (k,d, &)-locally decodable codes of short
length, the following lemma is useful.

Lemma 2.2: For an odd integerm > 1, lett € [1,m — 1] be
the minimum integer such that 2" = 1 (mod m). Then there
exist an elementy € Fy of order m, i.e.,y" = 1 andy' # 1
foreachie [1,m—-1].

The lemma above is a slightly stronger result of [7, Fact 2.4]
and can be shown in a way similar to [7, Fact 2.4].

Let m = p1p,--- p, be a product of » > 1 distinct odd
primes and y € Fy be an element given by Lemma 2.2. Efre-
menko [7] introduced a notion of S-decoding polynomials,
which plays a crucial role to construct a query-efficient lo-
cally decodable code.

Definition 2.4 [7, Definition 3.4]: Forany S C Z,,\ {0}, we
say that P(x) € Fx[x] is an S-decoding polynomial if it
satisfies the following: (1) P(y*) = O for each s € S; (2)
PO°) = 1.

Efremenko [7] showed that there exists an S -decoding poly-
nomial with a few monomials.

Lemma 2.3 [7, Claim 3.1]: For a product m of r > 1 dis-
tinct odd primes and a canonical set S ,, of m, there exists an
S m-decoding polynomial P,,(x) over Fy: with at most |S ,,,|+1
monomials.

Remark 2.2: The number of monomials of an S ,,-decoding
polynomial is closely related to the number of queries of
the corresponding locally decodable code. In fact, the num-
ber of monomials of an S ,,-decoding polynomial is k iff the
number of queries of the corresponding locally decodable
code is k.

From the definition of the canonical set S, of a product m =
pip2---pr of r > 1 distinct odd primes, it is obvious that
IS ;] = 2" — 1. Thus from Lemma 2.3, we immediately have
the following lemma:

Lemma 2.4 [7]: Let m = pip,---p, be a product of r >
1 distinct odd primes. Then there exists an S ,,-decoding
polynomial P,,(x) with at most 2" monomials.

3. Known Construction

We describe the construction of (k, 8, £)-locally decodable
codes given by Efremenko [7].

Let m = p1p,--- p, be a product of » > 1 distinct odd
primes, v € Fy be an element determined by Lemma 2.2
and P,,(x) = ap + a; 2 + -+ + az_1 x> € Fx[x] be an S -
decoding polynomial, where §,, is the canonical set of m.
For an integer n > 1, we take h = pOoglogn/logm™) 4¢ (e
have mentioned in Remark 2.1, and we construct a family
U = {ily,ibs, ... ,il,} of S ,,-matching vectors, where il; € Z!
for each i € [1,n].

In the following, we present encoding and decoding
procedures by Efremenko [7], which are used in our con-
structions for query-efficient locally decodable codes.

3.1 Encoding

Foreachi € [1,n],leté; € F7, be the ith unit vector. Define
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Input: A vector i € Fé\i
Step 1: Choose ¥ € Z"

v, uniformly at random.

Step 2: Query ¥(0), ¥(U + b11;), ..., ¥(U + br_14U;) € For, where ¢(Z) denotes the symbol of § € Fé\i indexed by 7 € ZI .
Step 3: Output z; = v {Fi:-Vm {ag - §(T) 4+ a1 - F(T + b1@s) - -+ ap_1 - F(T + bp_1:) }-

Fig.1 Decoding algorithm D;.

acode C : F;, — Fg as follows: For any message X =

(X1, X2,...,Xx,) € Fg,, let C(f) = X1C(é‘1) + XQC(gz) + -0+
x,C(&é,), where for each i € [1,n],
C@) = (,y<12’,,f>m)2€Z£iz ) )

Thus the code length of C is given by N = m", ie., N =
N(r) = exp(nO((loglogn/ logn)l_]/r))'

3.2 Decoding

For each i € [1,n], a randomized decoding algorithm D; :
F) — Fy is described in Fig. 1.

Lemma 3.1 [7, Lemma 3.5]: The decoding algorithm D =
{Di}ier1,n) 1s a perfectly smooth decoder.

From Lemmas 2.1 and 2.4, we have the following result:

Theorem 3.1 [7, Theorem 3.6]: For any integer n > 1 and
any integer r > 1, there exists a 2"-query locally decodable
code C : ¥, — F) of length N(r).

4. Query-Efficient Locally Decodable Codes

In this section, we present constructions for query-efficient
locally decodable codes of short length. A key idea of our
construction is to generate a k k»-locally decodable code by
composing a k;-locally decodable code and a k,-locally de-
codable code (see Theorem 4.1).

4.1 How to Reduce the Number of Queries

By setting r = 2 in Theorem 3.1, it is immediate to see
that for any integer n > 1, there exists a 4-query locally
decodable code C : Fj, — Ffz\{ of length N(2).

Efremenko [7] found a surprising example: Let m =
511 =2° -1 =7-73 and Ss;; = {147,365,1}. For the
integer m = 511, determine a finite field F,: and an element
v € Fy of order m = 511 by Lemma 2.2. Indeed, the fi-
nite field Fy is Foo = Fo[y]/(y? +¥* + 1) and y € Fp is an
element of order 511.

Fact 4.1 [7, Example 3.7]: For the integer m = 511, there
exists an Ss;-decoding polynomial Ps;j(x) = y*3 .
X + y?7 . x12 + 2 with 3 monomials, which implies
that for any n > 1, there exists a 3-query locally decod-
able code Cg : F7), — F12V9 of length N = N(2).

The result above for the integer m = 511 is special.
For an odd integer m = 15 = 2* -1 = 3.5, let S5 =
{6,10, 1} and by Lemma 2.2, take the finite field F, to be
Fy: = F5[y]/(y* + ¥ + 1) and the element y € Fy of order
15. By an exhaustive search, we verify that for the integer
m = 15, there does not exist an S 5-decoding polynomial
with less than 4 monomials. On the other hand, it is not
the case for an odd integer m = 2047 = 2! — 1 = 23 . 89.
Let S»047 = {713, 1335, 1} be the canonical set of the integer
m = 2047 and by Lemma 2.2, take the finite field F, to be
Foi =F, [)/]/()/11 +y2 + 1) and the element y € F,u1 of order
2047.

Fact 4.2: For the integerm = 2047 = 2''—1 = 23-89, there
exists an S »o47-decoding polynomial Py47(x) = y1485 x4
y9%4. x27 +9'18 with 3 monomials, which implies that for any
n > 1, there exists a 3-query locally decodable code Cis :

F2,, — F), of length N = N(2).

From these observations, we see that it is impossible
for every odd integer m = p;p, to have an S ,-decoding
polynomial with less than 4 monomials. Thus for an odd
integer m = pip>---p,, we need to find structural proper-
ties of S,,-decoding polynomials to reduce the number of
queries to less than 2".

4.2 Technical Lemmas

Let m; = pip>---p, be a product of r > 1 distinct odd
primes and my = ¢qig>---qe be a product of £ > 1 dis-
tinct odd primes. In the rest of this paper, assume that
ged(my, my) = 1, and let m = mym; be a product of r+ £ > 2
distinct odd primes. From Lemma 2.2, we know that (1)
for the odd integer m, there exist a finite field F,, with
t; € [1,m; — 1] and an element y; € Fp, of order my; (2)
for the odd integer my, there exist a finite field Fy, with
ty € [1,my — 1] and an element y, € F,, of order my;
(3) for the odd integer m = mmy, there exist a finite field
Fy with ¢ € [1,m — 1] and an element y € F» of order m.
The following lemmas are crucial for our construction.

Lemma 4.1: For the finite fields Fy:, , Fy,, and Fy, the fol-
lowing holds: (1) ¥y, is a subfield of Fy; (2) ¥y, is a sub-
field of Foi; (3) t = lem(ty, 12).

Proof: For the statement (1), it is easy to see that Fy, is
a subfield of Fy iff ¢ is divisible by #;. From Lemma 2.2,
we note that #; € [1,m; — 1] is the minimum integer with
2 =1 (mod my) and ¢ € [1,m — 1] is the minimum integer
with 2/ = 1 (mod m). Assume that ¢ is not divisible by ¢,
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i.e., there exist 0 > 0 and 0 < p < f; such that t = Qt; + p.
Since m = m;my, we have that 2’ = 1 (mod m;). From the
fact that 2" = 1 (mod m,), it follows that

1 =2 =291% = (212 .2° = 2° (mod my).

This contradicts the fact that #; € [1, m; — 1] is the minimum
integer with 2" = 1 (mod m,). So ¢ is divisible by #;, which
completes the proof of the statement (1). The proof of the
statement (2) is analogous to that of the statement (1). The
statement (3) follows from the statements (1) and (2) and
the fact that ¢ € [1,m — 1] is the minimum integer with 2’ =
1 (mod m). [ |

For the finite field F,, and the element y € F, deter-
mined by Lemma 4.1, the following claims hold:

Claim 4.1: Foreveryd € Zn s ydmz € Fy is an element of
order m.

Proof: Since 2" = 1 (mod m;), there exists Q > 1 such that
2" — 1 = Qm,. From the fact that the order of y € Fy is
m = mymy, we have that for every d € Zm],

<yd'112)2’l—l — (,ydmz)Qm] = ('ym)Qd =1,

which implies that y¥"> € F,,. Assume by contradiction
that there exists a d € Z;, such that the order of yim s
0 < € < my,ie., (") = y%m = 1  Since the order of
v € Fy is m, we have that dfm, is divisible by m = mym;,
which implies that d¢ is divisible by m;. From the fact that
de z, i.e., gcd(d, my) = 1, it follows that ¢ is divisible by
my, which contradicts the assumption that 0 < £ <m;. W

Claim 4.2: In the finite field Fou, there exist exactly |Zy, |
elements of order m, .

Proof: For an element g € Fy, of order 2" — 1, we have
that « = g®'~Y/™ € F,, is an element of order m;. So
the m; elements o, @', ..., a™ ! are the set of all elements
that satisfies x™ = 1. It is immediate to see that for each
J € Z,,,, the order of o’ is my/ ged(j, my). This implies that
in the finite field F»n, there exist exactly |Z;, | elements of
order m;. |

In a way similar to the proofs of Claims 4.1 and 4.2, we
can show the following claims for the finite field F,» and the
element y € Fy determined by Lemma 2.2.

Claim 4.3: Foreveryd € Z;, , y"™ € Fy, is an element of

order m,.

Claim 4.4: In the finite field F,», there exist exactly |z,
elements of order m;.

From Claims 4.1, 4.2, 4.3, and 4.4, we can immediately
show the following lemma:

Lemma 4.2: For the elements y, € Fo1, 7y, € Fon, andy €
Fy:, the following holds: (1) there exists dy € Z,, such that
y1 = ¥4 (2) there exists d € Z,, such thaty, = yhm
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Proof: The statement (1) immediately follows from Claims
4.1 and 4.2 and the statement (2) immediately follows from
Claims 4.3 and 4.4. |

LetS,, = {sl, sé, .. sz, } be the canonical set of my,
Sy = 153,53, ..., 8% }be the canomcal setof my, and S, =
{s1,50,..., S2r+f_]} be the canonical set of m = mym,. Let

12— o —
Sg=55="50=0.

Lemma 4.3: For the sets S,,,, S,, and S,,, the following
holds: For any s € S,, U {0}, (1) s € S,, iff there exist Sil, €

S, U {0} and siz2 € S, U {0} such that s = sl.'1 (mod my),
s = 57 (mod my), and either s} # 0 ors; # 0; (2) s = 0 iff
s =0 (mod m;) and s = 0 (mod m5).

Proof: It follows from the definitions of S, , S,,, and S,
and the Chinese Remainder Theorem. |

4.3 Composition of Locally Decodable Codes

The following lemma is essential to construct query-efficient
locally decodable codes.

Lemma 4.4 (Composition Lemma): For a product m; of
r > 1 distinct odd primes, let P, (x) € Fyi[x] be an S, -
decoding polynomial with k; monomials, and for a prod-
uct my of £ > 1 distinct odd primes, let P,,,(x) € Fy[x]
be an §,,-decoding polynomial with k, monomials. If
ged(my,m;) = 1, then we can construct an S ,,-decoding
polynomial P,(x) € Fy[x] with kik, monomials from
Py, (x) and P,,,(x).

Proof: For d, € Z;, given by Lemma 4.2-(1) and & € Z,,,
given by Lemma 4.2-(2), let

P(x) = Py (x™) - Py, (x2™) € For[ ],

which is a polynomial with k = k;k, monomials. From Def-
inition 2.4, we have that P,,(1) = P,,, (1) - Py,(1) = 1. From
Lemma 4.2, it is immediate that

Pm(,yr) — Pm1 (,ydlmzs‘) . Pm2 (,ydgmls)
From Lemma 4.3, it follows that for any s € §,,, there exist
s1 € Sm] U{0} and s2 € Sn,Ul0 }suchthats = s1 (mod m,),
s = s (mod m»), and either s1 # 0 or s # 0. Recall that
the order of yi € Fy is my; the order of vy € Fyn is my;
P, (x) is an S, -decoding polynomial; P, (x) is an S,,,-
decoding polynomial. Then

P, (¥}) = P (7?’!‘) =0

\/ sz ()/5) = sz (,y;'zz) =0,

which implies that P,,(y*) = 0 for any s € S ,. [ |

From Lemma 4.4, we have the following theorem on the
constructions of locally decodable codes:
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Theorem 4.1: For a product m; of r > 1 distinct odd
primes, let Cy : F’z'tl — F’z\fi be a locally decodable code
of length Ny = N(r) that has an S, -decoding polynomial
Py, (x) € Fyi[x] with ky monomials, and for a product m;
of ¢ > 1 distinct odd primes, let C; : F),, — FIZ\Z be a
locally decodable code of length N, = N({) that has an S ,,,, -
decoding polynomial P,,(x) € ¥y, [x] with k, monomials.
If ged(my,my) = 1, then we can construct a locally decod-
able code C : Fj, — F]Z‘f of length N = N(r + ) that has an
S m-decoding polynomial P,,(x) € Fy[x] with kik, monomi-
als.

Proof: For m = mym, and h > 0O given by (1), define C :
F; — F) as follows: For ¥ = (x1,x2,...,x,) € F}, let
C(®) = x1C(&)) + xC(&) + --- + x,C(&,), where for each
i € [1,n], C(&) is given by (2). Thus we have that N = m" =
N(r + €). From Lemma 4.4, let

Pin(x) = Py, (¥"2) - Py, (x2™)

= ap +al)371 +--~+ak,1xk_1

be an §,,-decoding polynomial with k = k;k, monomials.
For each i € [1, n], a randomized decoding algorithm D; can
be defined exactly the same as Fig. 1. For each i € [1, n], we
have that

D(C(#) = D; {Z x,c@)]

=1

= x;DiC(@)).
j=1

For each i € [1,n] and each j € [1,n] \ {i}, it suffices to
show that Pr[D;(C(é;)) = 1] = 1 and Pr[D;(C(é))) = 0] =
1. From (2) and Lemma 4.4, it follows that for k queries
\7,\7)+ blﬁi,...,17+ bk—l’/_[i EZh

m>
Di(C(é))
= (aoym,,m T gy

4o ak_l,),('lhv*'hkflux)m)

— G (aoy@,vyn NPV CA Y XCE%

et ak_lf),(”if)mybkq(Misui)m)

=ap+ alyb‘@"’ﬁ’)m +.-o 4 ak,lybk"(ﬁ""mm
= Py (Y1) = Po(1) = 1;

Di(C()))

= (aoym,-,m + ayy G

4.0+ ak_lfy<ujvv+bk—]ui>m)

D1 iy it

— 5 (aoyw,-,m + ayy Ty

(il ;D)

@y bk—l(”n’zj>ux)

Y
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= 7—<ﬁi,\7>m . 7<J;,\7>,,,

D il it Yo

. (ao +ayy
St ak_l;ybk—l<ﬁi»’zf>m)-
— ,y*<ﬁi,\7>m . ,y<’zj,‘7>/u - P, (,y<ﬁ,-,ﬁj>m) =0.

Thus C : F, — F’z\f is a locally decodable code of length
N = N(r + {) that has an §,,-decoding polynomial P,,(x) €
F,[x] with k; k, monomials. [ |

From Theorem 4.1 and Remark 2.2, we can derive the
following corollaries on the constructions of query-efficient
locally decodable codes:

Corollary 4.1: For any integer n > 1 and any integer r > 3,
there exists a 3-2"~2-query locally decodable code C : F, —
FY of length N(r).

Proof: As given in Fact 4.1, Efremenko [7, Example 3.7]
showed that for an odd integer m; = 511 = 2°-1=7-73,
there exists a 3-query locally decodable code Cg : F), —
Flz\{; of length Ny = N(2) that has an S, -decoding poly-
nomial P, (x) € Fy,[x] with 3 monomials. Efremenko [7,
Theorem 3.6] also derived that for a product m’ of £ > 1 dis-
tinct odd primes, there exists a 2¢-query locally decodable
code C’ : F;r, - Flz\f of length N’ = N({) that has an S ;-
decoding polynomial P,,(x) € Fy[x] with 2¢ monomials.
For any integer r > 3, we take a product m;, of r — 2 distinct
odd primes such that gcd(m;,m;) = 1 and construct a 22,
query locally decodable code C; : F,, — FJZ\Z of length
N, = N(r —2) that has an § ,,,-decoding polynomial P,,, (x)
with 2”2 monomials. Applying Theorem 4.1 to the 3-query
locally decodable code Cg and the 2"~2-query locally de-
codable code C,, we can construct a 3 - 2"~2-query locally
decodable code C : F;, — F]Z\f of length N(r) that has an
S m-decoding polynomial P,,(x) € Fx[x] with 3 - 22 mono-
mials. |

Corollary 4.2: For any integer n > 1 and any integer r > 5,
there exists a9-2"~*-query locally decodable code C : F, -
FJ, of length N(r).

Proof: For any integer » > 5, take a product m; of r — 4
distinct odd primes such that ged(m;,511 - 2047) = 1. Then
there exists a 2"~*-query locally decodable code C; : F), -
F’Z\fi of length Ny = N(r — 4) that has an S,,,-decoding
polynomial P, (x) with 2"* monomials. Applying The-
orem 4.1 to the 3-query locally decodable code Cg given
in Fact 4.1, the 3-query locally decodable code Cis given
in Fact 4.2, and the 2"~*-query locally decodable code C1,
we can construct a 9 - 2"*-query locally decodable code
C:F, - F]Z\f of length N(r) that has an S ,,-decoding poly-

nomial P,,(x) € Fy[x] with 9 - 2"* monomials. [ |
5. Concluding Remarks

In this paper, we have shown the Composition Theorem that
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constructs a kjk,-query locally decodable code by compos-
ing a kj-query locally decodable code and a k,-query lo-
cally decodable code (see Theorem 4.1). As the application
of Theorem 4.1, we have also shown that (Corollary 4.1) for
any integer r > 3, there exists a 3 - 2"~2-query locally decod-
able code C : F, — F’z‘f of length N(r) and (Corollary 4.2)
for any integer > 5, there exists a 9 - 2""*-query locally
decodable code C : Fj, — FJ of length N(r).

For perfectly smooth decoders, we can immediately
modify Theorem 4.1 as follows:

Theorem 5.1: For a product m; of r > 1 distinct odd
primes, let Cy : ), — Flz\f‘l be a ki -query locally decodable
code of length N = N(r) that has a perfectly smooth de-
coder O, and an S, -decoding polynomial P, (x) € Fy [x]
with k; monomials, and for a product m, of £ > 1 dis-
tinct odd primes, let C; : F,, — FQZ be a ky-query lo-
cally decodable code of length N, = N({) that has a per-
fectly smooth decoder O, and an S ,,,-decoding polynomial
P, (x) € Fou[x] with k, monomials. If gcd(my,my) = 1,
then we can construct a ki k,-query locally decodable code
C : Fi, — F) of length N = N(r + €) that has a per-
fectly smooth decoder D and an S ,,-decoding polynomial
P,.(x) € Fx[x] with kik, monomials.

From Theorem 5.1 and Corollaries 4.1 and 4.2, we can
transform k-query locally decodable codes with perfectly
smooth decoders to communication-efficient k-server pri-
vate information retrieval [20].

Theorem 5.2: For any integer n > 1 and any integer r > 3,
there exists a 3-2"~2-server private information retrieval with
the communication complexity

Cetny = nlCozioznrioen™")
and for any integer n > 1 and any integer r > 5, there ex-
ists a 9 - 2"~*-server private information retrieval with the
communication complexity

Cr(n) = no((loglog”/ log")l_w),

At present, we know only 3-query locally decodable
codes Cg : F, — FIZV9 of length N = N(2) for an add
integer m; = 511 = 22 -1 = 17-73[7, Example 3.7]
and Cis : F2,, — FJ, of length N = N(2) for an odd
integer my = 2047 = 211 — 1 = 23 .89 (see Fact 4.2).
Let M, be a set of integers, each of which is a product
of r > 1 distinct odd primes.

From Composition Theorem (see Theorem 4.1), we
have that if there exist my,my,...,m; € M, such that
ged(m;,mj) = 1 foreach 1 <i < j < € and each m; € M,
generates a 3-query locally decodable code C; : F,, — sz\f,
of length N; = N(2) that has an S ,,-decoding polynomial
P,.(x) € Fyi[x] with 3 monomials, then for the integer
m = mymy---mg, we can construct a 3’-query locally de-
codable code C : ), — Ffz\f of length N = N(2¢) that has an
S .-decoding polynomial P,,(x) € Fy[x] with 3° monomi-
als. For integers less than 2048, however, we do know only
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such integers m; = 511 € M, and m, = 2047 € M,.
Thus the following problems are both of theoretical in-
terest and of practical importance.

(1) Find integers m € M, \ {511,2047} that generate a 3-

query locally decodable code C : FJ, — Fg{ , 1.e., the

code C has an S ,,-decoding polynomial P(x) € Fy[x]
with 3 monomials.

(2) For any integer r > 3, find an integer m € M, that
generate a k-query locally decodable code C : FJ, —
F) that has an S ,,-decoding polynomial P(x) € Fy [x]
with k < 3 - 2"~2 monomials.

(3) For any integer r > 5, find an integer m € M, that
generate a k-query locally decodable code C : F}, —
F that has an S ,-decoding polynomial P(x) € Fy [x]
with k < 9 - 2"~* monomials.
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