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Strength-Strength and Strength-Degree Correlation Measures for
Directed Weighted Complex Network Analysis

Shi-Ze GUO', Zhe-Ming LU, Zhe CHEN', Nonmembers, and Hao LUO'", Member

SUMMARY  This Letter defines thirteen useful correlation measures
for directed weighted complex network analysis. First, in-strength and
out-strength are defined for each node in the directed weighted network.
Then, one node-based strength-strength correlation measure and four arc-
based strength-strength correlation measures are defined. In addition, con-
sidering that each node is associated with in-degree, out-degree, in-strength
and out-strength, four node-based strength-degree correlation measures and
four arc-based strength-degree correlation measures are defined. Finally,
we use these measures to analyze the world trade network and the food
web. The results demonstrate the effectiveness of the proposed measures
for directed weighted networks.
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1. Introduction

Complex network science is a young and active research
area inspired largely by the empirical study of real-world
networks that exhibit substantial non-trivial topological fea-
tures. Scale-free networks [1] and small-world networks [2]
are two kinds of typical complex networks. The former pos-
sess power-law degree distributions, while the latter have
short path lengths and high clustering coefficients [3]. The
study of complex networks has attracted researchers from
various areas. A network G is composed of a set of nodes
V ={vi,v2,...,vy} joined by edges E = {¢;;}, where ¢;; de-
notes the edge from node v; to node v;. In many real-world
networks, edges are often associated with weights W = {w;;}
that differentiate them in terms of their strength, intensity or
capacity [4]. We call these networks weighted networks [2],
[5]-[7]. On the other hand, many real-life networks are di-
rected networks composed of directed edges (i.e., arcs) [8],
[9]. If a network is both weighted and directed, we call it
a directed weighted network [6], [9],[10]. For undirected
unweighted networks, many measures have been used to
characterize their features. Here, we focus on the gener-
alization of the degree-degree correlation for directed and
weighted networks. Inspired by existing results for undi-
rected networks reported in [11], Zhou et al.[12] have in-
troduced arc-based degree-degree correlation measures for
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directed networks. Researchers have found a very interest-
ing empirical phenomenon in weighted networks, i.e., the
power-law strength-degree correlation [13]. However, there
are relatively few research reports on strength-strength or
strength-degree correlation measures for directed weighted
networks. Recently, only one arc-based strength-degree cor-
relation measure has been introduced [14] for the weighted
directed network on worldwide tourism. The aim of this
letter is to define in detail all possible strength-degree and
strength-strength correlations for directed weighted com-
plex networks, and then apply these measures to analyze the
world trade network and the food web.

2. Strength-Strength Correlation Measures for Di-
rected Weighted Networks

2.1 In-Strength and Out-Strength

For a directed weighted simple graph G on N nodes, its ad-
jacency matrix A is an N X N matrix where the non-diagonal
entry a;; satisfies: if there exists an arc from the head node
v; to the tail node v;, then g;; = 1; otherwise, a;; = 0. For
the diagonal entry, we have a; = 0. The number of head
nodes directly adjacent to Node v; is called the in-degree of
v;, while the number of tail nodes directly adjacent to it is
its out-degree. The in-degree is denoted as kj“ and the out-
degree as k"'. Furthermore, the sum of arc weights inbound
to Node v; is called the in-strength of v; and the sum of arc
weights outbound from it is its out-strength. The in-strength
is denoted as si“ and the out-strength as s?"*. Based on above
definitions, we have
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2.2 Node-Based Strength-Strength Correlation Measures

6]

There are two types of definition for strength-strength cor-
relations, one is node-based and the other is arc-based. This
subsection introduces the first type of definition. This defini-
tion focuses on the correlation between the in-strength and
out-strength for each single node. We denote this correla-
tion as a function s,,(sin), i.€., the average out-strength over
all nodes with the same in-strength s;,. Thus, we can define
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where Pi,(si,) is the nodal in-strength distribution and N is
the number of nodes. If the curve s,,(sin) is with a positive
slope, the nodal in-strength and out-strength are positively
correlated; If the curve s,,(sj,) is with a negative slope, the
nodal in-strength and out-strength are negatively correlated;
If the slope equals 0, the nodal in-strength and out-strength
are not correlated.

2.3 Arc-Based Strength-Strength Correlation Measures

This subsection focuses on the correlations between the
in(out)-strength of the head node and the in(out)-strength of
the tail node for each arc. Obviously, there are four combi-
nations, i.e., in-in, out-in, in-out and out-out correlations,
which can be denoted as functions sj,.in(Sin), Sout-in(Sin)s
Sin-out(Sout) and Soutout(Sout), respectively. In this letter, we
simply define them as
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where Pi,(sin) and Poy(Sour) are the nodal in-strength and
out-strength distributions respectively, and N is the number
of nodes.

3. Strength-Degree Correlation Measures for Weighted
Directed Networks

3.1 Node-Based Strength-Degree Correlation Measures

Similarly, there are two types of definition for strength-
degree correlations, one is node-based and the other is arc-
based. This subsection introduces the first type of defini-
tion, i.e., the correlation between the in(out)-strength and
in(out)-degree for each single node. Obviously, there are
four combinations, i.e., in-in, out-in, in-out and out-out
correlations, which can be denoted as functions sj,.in(kin),
Sout-in(kin)» Sin-out(kou) and Sour-out(kou), respectively. As-
sume c, d € {in, out}, we can define them as follows
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where Pj,(kin) and Poy(koye) are the nodal in-degree and out-
degree distributions respectively.
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3.2 Arc-Based Strength-Degree Correlation Measures

In fact, the arc-based strength-degree correlations mean the
weighted degree-degree correlations between the in(out)-
degree of the head node and the in(out)-degree of the tail
node for each arc. Obviously, there are four combina-
tions, i.e., in-in, out-in, in-out and out-out correlations,
which can be denoted as functions k,, _in-in(kin), &w_out-in (Kin)»
kw_in—oul(kout) and kw_out—out(kout)a respectively . We can define
them as
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4. Analysis of the World Trade Network and the Food
Web

To understand our five strength-strength correlation mea-
sures and eight strength-degree correlation measures, we
first apply these thirteen measures to analyze a real weighted
directed network, i.e., the world trade network (WTN),
based on the same dataset used by Subramanian and
Wei [15]. In the world trade network, we can view countries
as nodes of the network and the existence of trade flows as
arcs in a simple directed graph and the logarithmic trade val-
ues as weights of arcs. For each node, the sum of logarith-
mic import trade values can be counted as the in-strength,
while the out-strength would be the sum of logarithmic ex-
port trade values. Serrano and Boguna [10] have shown that
the world trade network in the year 2000 displays the typical
properties of a complex network, thus we extract the data in
the year 2000 from the dataset [15] as our test database. Ta-
ble 1 lists some indices of this database, we can see that the
world trade network has a relatively high density, which in-
dicates that trade ties between countries have become tighter
and tighter. The high clustering coefficient indicates that, if
we randomly select three countries, the possibility that each
country trades with the other two countries is very high.

Table1 Some indices of the world trade network for the year 2000.

Item Value

No. Nodes (Countries), N 157

No. Arcs (Trade Flows), M 11938

Density, M/[N(N-1)] 0.487

Average in-degree <k;,> 76.04

Average out-degree <kou> 76.04

Average in-strength <s;,> 798.11

Average out-strength <so,c> 798.11

Clustering coefficient C 0.801
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Fig.1 The correlation between in-strengths and out-strengths in WTN.
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Fig.2  Arc-based strength-strength correlations in WTN.

Figure 1 shows the node-based strength-strength corre-
lation s,,(s;n) for WTN, we can see that the s,,(s;,) curve is
with a positive slope around 1.0, which means that a coun-
try has more import trade values will also have more export
trade values. For example, the country USA in WTN has the
largest import trade value 2237.98, while its export trade
value 2178.58 is also the largest one. Figure 2 shows two
examples of four arc-based strength-strength correlations,
Sin-in(Sin) and Soue.in(Sin) (similar results can be obtained for
Sin-out(Sout) and Sour.out(Sour)). From Fig.2, we can see that
the arc-based strength-strength correlation curves are with
the negative slope between —1 and 0, which means that the
country owning more trade values tends to trade with coun-
tries in possession of a bit less trade values. For example,
the country USA in WTN has the largest import trade value
2237.98, while the average import value of its partners is
the smallest value 869.54. Figure 3 shows two examples of
four node-based strength-degree correlations, si.in(kin) and
Sout-in(kin) (similar results can be obtained for siy_qu(kour) and
Sout-out(Kout))- From Fig. 3, we can see that all curves are with
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Fig.3  Node-based strength-degree correlations in WTN.
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Fig.4  Arc-based strength-degree correlations in WTN.

a positive slope, which means that a country has more trade
flows will also have more trade values. For example, the
country USA in WTN has the largest number of import-
ing partners 156, while its average import value 2171.67
is also the largest one. Figure 4 shows two examples of
four arc-based strength-degree correlations, &, in.in(kin) and
kyy_out-in(kin) (similar results can be obtained for &, jn-out(Kout)
and k,,_out.out(kout)). From Fig.4, we can see that the arc-
based strength-degree correlation curves are with the neg-
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Fig.5  Arc-based strength-degree correlations in FW.

ative slope between —1 and 0, which means that the coun-
try owning more trade flows tends to trade with countries
in possession of a bit less weighted trade flows. For exam-
ple, the country USA in WTN has the largest number of im-
porting partners 156, while the average number of weighted
trade flows of its partners is only 82. We also apply our pro-
posed correlations to characterize another directed weighted
network, i.e., the food web (FW) “Florida.paj” with 128 ver-
tices and 2106 arcs [16]. Based on the simulation results, we
find that there are two positive correlations in the food web,
i.e., its node-based strength-strength correlation and its arc-
based in strength-in degree correlation as shown in Fig.5
(above). However, the remainder eleven correlations are all
uncertain, e.g., the arc-based in strength-out degree correla-
tion as shown in Fig. 5 (below).

5. Conclusions

This Letter proposes thirteen effective measures for di-
rected complex networks. They are derived from nodal in-
strengths, out-strengths, in-degrees and out-degrees. They
are simple and easy to calculate. The application in analyz-
ing the world trade network and the food web has shown
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their feasibility and usability. However, we should note that
some of proposed correlations may not be applicable to net-
works with bipolar weights.
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