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Finding the Minimum Number of Face Guards is NP-Hard*

Chuzo IWAMOTO®, Member, Yusuke KITAGAKI', Nonmember, and Kenichi MORITA", Member

SUMMARY  We study the complexity of finding the minimum number
of face guards which can observe the whole surface of a polyhedral terrain.
Here, a face guard is allowed to be placed on the faces of a terrain, and the
guard can walk around on the allocated face. It is shown that finding the
minimum number of face guards is NP-hard.
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1. Introduction

The art gallery problem is to determine the minimum num-
ber of guards who can observe the interior of a gallery.
Chvatal [4] proved that [n/3] guards are the lower and up-
per bounds for this problem; namely, |n/3] guards are al-
ways sufficient and sometimes necessary for observing the
interior of an n-vertex simple polygon.

The decision version of the problem is to decide
whether, given a polygon and an integer &, the polygon can
be guarded with k or fewer guards. This problem is known
to be NP-hard [12], [13].

In three dimensions, a similar visibility problem has
been considered for n-vertex triangulated polyhedral ter-
rains. It is known that [n/2] is both the lower bound [3] and
the upper bound [2] of vertex guards of a polyhedral terrain.
Here, a vertex guard is a guard that is only allowed to be
placed at the vertices of a terrain. Also, it is known that the
minimum vertex-guard problem is NP-hard [5].

An edge guard is a guard that is only allowed to be
placed on the edges of a terrain, and the edge guard can
move between the endpoints of the edge. For the edge
guarding problem, it is known that (i) the lower bound is
L(4n — 4)/13][3], (ii) the upper bound is |n/3][2], and
(iii) the minimum edge-guard problem is NP-hard [1].

The authors studied the face guarding problem, where
a face guard is allowed to be placed on the faces of a terrain,
and the face guard can walk around only on the allocated
face. A face guard can observe the allocated face and its
adjacent faces. Here, two faces are said to be adjacent if
they share a vertex.

The face guarding problem is motivated by applica-
tions in guarding bordering territories. In the real world,
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a territorial owner keeps watch over neighboring lands not
only from an edge (borderline) or a vertex (corner), but also
from all his territory.

It was shown that |n/3] is the lower bound and
L(2n —5)/7] is the upper bound for the number of face
guards of an m-vertex triangulated polyhedral terrain [9].
Recently, the same authors improved both lower and upper
bounds to [(r —1)/3][10].

In this paper, we study the decision version of the face
guarding problem. First, we will show that it is NP-hard
to decide whether there exists a triangular-face set of size k
that covers all triangular faces of a planar graph. Then, we
show that finding the minimum number of face guards in a
triangulated polyhedral terrain is NP-hard.

2. Definitions and Results

Let G be a planar graph. A face of G is called triangular if
it is bounded by three edges. Let F be the set of all faces
of G, and let H C F be the set of all triangular faces. A set
H' C H is said to cover G if every face in H shares a vertex
with a triangular face in H’.

The instance of the triangular-face covering problem
is a planar graph G and a positive integer k. The problem
asks whether there exists a triangular-face set of size k that
covers G.

The definitions of polyhedral terrains and visibility are
mostly from [3]. A polyhedral terrain is a polyhedral sur-
face in three dimensions such that its intersection with any
vertical line is either a point or empty. A polyhedral terrain
is triangulated if each of its faces is a triangle.

Two points x and y of a terrain are said to be visible if
the line segment xy does not contain any points below the
terrain. A point x of a terrain is said to be visible from a
face f if there exists a point y on the face f such that x and
y are visible. A set of faces is said to cover a terrain if every
point of the terrain is visible from one of these faces.

The instance of the geometric face guarding problem is
a triangulated polyhedral terrain 7 and a positive integer k.
The problem asks whether there exists a face set of size k
that covers 7. Now we are ready to present the main results.

Theorem 1: The triangular-face covering problem for pla-
nar graphs is NP-hard.

Theorem 2: The geometric face guarding problem for tri-
angulated polyhedral terrains is NP-hard.

The proof of Theorem 1 is given in Sect. 3. Theorem 2 can
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be obtained from Theorem 1 by a transformation from a pla-
nar graph to a terrain given in Sect.4. By Theorem 2, one
can see that finding the minimum number of face guards in
a triangulated polyhedral terrain is NP-hard.

3. Proof of Theorem 1
3.1 PLANAR 3SAT

The definition of PLANAR 3SAT is mostly from [LO1] on
page 259 of [8]. Let U = {xy, x5, ..., x,} be a set of Boolean
variables. Boolean variables take on values O (false) and
1 (true). If x is a variable in U, then x and X are liter-
als over U. The value of x is 1 (true) if and only if x is
0 (false). A clause over U is a set of literals over U, such as
{x1, x3, x4}. It represents the disjunction of those literals and
is satisfied by a truth assignment if and only if at least one
of its members is true under that assignment.

An instance of PLANAR 3SAT is a collection C =
{c1,¢2,...,¢j,...,cn}of clauses over U such that (i) |c;| = 3
for each c¢; € C and (ii) the bipartite graph B = (V, E), where
V = UUC and E contains exactly those pairs {x, c} such that
either literal x or X belongs to the clause c, is planar.

The PLANAR 3SAT problem asks whether there ex-
ists some truth assignment for U that simultaneously satis-
fies all the clauses in C. This problem is known to be NP-
hard. For example, U = {x1, x2, x3, x4}, C = {c1, c2, 3, 4},
and ¢ = {x1,x2,x3}, c2 = {X1, %2, %}, c3 = {x1,%3, x4},
¢4 = {x2, X3, X4} provide an instance of PLANAR 3SAT. For
this instance, the answer is “yes”, since there is a truth as-
signment (x1, X2, x3,x4) = (0, 1,0,0) satisfying all clauses.
It is known that PLANAR 3SAT is NP-complete even if each
variable occurs exactly once in positive and exactly twice in
negation [6], [11].

3.2 Transformation from a 3SAT-Instance to a Graph

We construct a polynomial-time transformation from an ar-
bitrary instance C of PLANAR 3SAT to a planar graph G
and an integer k such that C is satisfiable if and only if G
has a triangular-face set of size k that covers G.

Each variable x; € {x;,x2,...,x,} is transformed to
graph G,, of Fig. 1 (a). This graph is composed of seven tri-
angular faces, denoted by p;, g;, 1;, 8i» t;, a;, b;. Each clause
¢j € {c1,¢2,...,¢p} is transformed to triangle c; of three
vertices and three edges (see ¢y, ¢y, c3,c¢4 in Fig.2). Ver-
tices u;, v; and wy;, y; in Fig. 1 will be used for the connections
between G, and c;.

The graph G,, can be covered by a triangular-face set
of size two. Let O; < {p;,q:, 1, Si»t;,a;, b;} be such a set.
This O; has the following property. If #; € O; (see Fig. 1 (a)),
then another face in O; must be g; in order to cover faces
Pi»qi,Ti»a;. Thus, if t; € O;, then any triangular face con-
nected to G,, via a single vertex u; or v; is not covered by
O; (see triangular face c; in Fig. 2, which is not covered by
01 = {q1,11}). Later, one can see that #; € O; implies x; = 0
and X; = 1, and p; € O; implies x; = 1 and x; = 0.
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Fig.1  Graph Gy,. (a) If t; € O; then ¢; € O;. (b) If p; € O; then s; € O;.

If clause ¢; contains literal x; (resp. X;), then triangle c;
is connected to vertex u; or v; (resp. w; or y;). For exam-
ple, in Fig. 2, since literal x is contained in ¢, and c3, tri-
angles ¢, c3 are connected to vertices yj,w;. Finally, let
k =2n.

3.3 Necessary and Sufficient Conditions

In this section, we show that all clauses cy,c,,...,c, are
satisfiable if and only if there is a triangular-face set of size k
that covers G.

Assume that there is a truth assignment for xy, x;, ..., X,
satisfying all the clauses. A triangular set O of size k
covering G can be constructed as follows. For each i €
{1,2,...,n},if x; = 0 (resp. x; = 1) in that assignment, then
we select g;,t; (resp. p;, s;) as triangular faces in O. After
this procedure, the size of O becomes k.

Since each of {g;,#;} and {p;, s;} cover all of the seven
faces in G,, (see Fig. 1), O covers all faces of G,, for all

i€{l,2,...,n}. If literal x; (resp. X;) satisfies clause c;, then
triangle p; € O (resp. t; € O) covers triangle ¢;. Therefore,
if there is a truth assignment for xj, xy, . .., X, satisfying all

the clauses, then there is a triangular set O of size k that
covers G.

Assume that there is a triangular set O of size k that
covers G. Each graph G, is covered by two faces, and not by
one face (even if all triangles connected to G,, are selected
as O’s faces, see Fig.3). This implies that triangular set O
of size k does not contain any triangle c; € {cy,c2,...,cn},
since k = 2n (see k red triangles in Fig. 2).

If t; € O, then (i) triangles connected to w; and y; are
covered (see triangles ¢, and c3 covered by ¢, in Fig.2) and
(ii) triangles connected to u; or v; are not covered (see cy).
On the other hand, if p; € O, then (i) triangles connected to
u; and v; are covered (see ¢ covered by p;) and (ii) triangles
connected to w; or y; are not covered (see ¢, c4). Therefore,
if there is a triangular set O of size k that covers G, then
all the clauses are satisfiable. This completes the proof of
Theorem 1.

4. Proof of Theorem 2

In this section, we transform the planar graph G constructed
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X1= 1
x,=0
=1
Ta=1

Fig.2  Graph transformed from C = {cy, c2,¢3, ¢4}, where c1 = {x1,x2,x3}, c2 = {X1,%x2, X1}, ¢3

{x1,%3, x4}, and ¢4 = {X2,%3,Xa}. C is satisfiable, since there is a truth assignment (xp, x2, x3, X4)

(0, 1,0, 0) satisfying all clauses c1, ¢2, 3, c4.

Fig.3  Graph G, is covered by two of G;’s faces, and not by one face,
even if all triangles cj,, cj,, cjy, ¢, are selected as O’s faces.

in Sect. 3 into a triangulated polyhedral terrain 7' such that
G can be covered by a triangular-face set O of size k if and
only if all faces of T are visible from a face set of size k+ 21,
where [ is the number of non-triangular faces of G.

From Fary’s theorem [7], we can assume that the pla-
nar graph constructed in Sect.3 is embedded on the plane
without crossings so that its edges are straight line seg-
ments. The following description is based on the idea of
[1]. We triangulate every non-triangular face of G as fol-
lows. Let z = (29,21,.-.,25—1) be a face in G of size s > 4
(see Fig.4). We split the face z into two faces by adding
edges (z0,a),(a,b),...,(f,9),(g,zr521)- Inside the upper
and lower faces, we add triangles A(stu) and A(vwx), re-
spectively. Then, we add the following edges:

(s,a), (s, b), (u, b), (u, ¢), (u,d), (u, ), (u, ), (t, ), (£, 9);
(5,200, (8,21)s - > (8, Z15/41)5 (5 Z5741)5 - - - (8 215727
(v, a), (v, b), (w, b), (w, ¢, (w, d), (w, e), (w, f), (x, ), (x, g);

(%, 2157215 - -+ (X, 21357/41)5 (U5 Z135741)5 - - -5 (U, Z5-1), (U, Z0)-

Fig.4  Face of size s = 7 is triangulated.

Let G’ be the planar graph obtained by applying the above
triangulation procedure for every non-triangular face of G.

As an upper bound, every face inside cycle
20,215 - -+ 251,20 can be covered by two faces (see A(stu)
and A(vwx) in Fig.4). As a lower bound, at least two faces
are required to cover eight faces inside cycle b, u, f, w, b, and
two such faces must be inside cycle a, s, 1, g, x,v,a. There-
fore, all triangular faces of G have already been covered by
the triangular-face set O constructed in Sect. 3 (see red faces
of Fig. 2), and all triangular faces constructed in this section
are covered by 2/ faces inside cycles a, s, t, g, x, v, a (see yel-
low and grey faces of Fig.4). By this construction, there is
a triangular-face set of size k + 2/ that covers G’ if and only
if there is a truth assignment for xi, x, .. ., x,, satisfying all
the clauses.
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Finally, we construct a triangulated convex terrain T
whose underlying graph is G’. Here, a terrain is said to be
convex if every point of the terrain is also a point on the
boundary of the convex hull of the vertices of the terrain.
A face guard on a convex terrain can only observe the al-
located face and its adjacent faces. Thus, upper and lower
bounds of face guards used to guard a triangulated convex
terrain coincide with those of triangular faces used to cover
the corresponding triangulated plane graph.

It is known that, given a convex terrain 7, a vertex v;
can always be added to T such that the resulting object T
is a convex terrain, which is the same as 7} except for ver-
tex v; and the faces adjacent to vy [3]. Therefore, we can
construct a triangulated convex terrain 7 whose underlying
graph is G’ by translating all vertices of G’ along the z direc-
tion one by one. By this construction, there is a triangular-
face set of size k+ 2/ that covers G’ if and only if there is the
corresponding face guard set of the same size that covers 7.
This completes the proof of Theorem 2.
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