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Inapproximability of Maximum r-Regular Induced Connected

Subgraph Problems*
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SUMMARY  Given a connected graph G = (V,E) on n vertices, the
Maxmum r-REGULAR INDUCED CONNECTED SUBGRAPH (r-MaxRICS) problem
asks for a maximum sized subset of vertices S C V such that the in-
duced subgraph G[S] on S is connected and r-regular. It is known that
2-MaxRICS and 3-MaxRICS are NP-hard. Moreover, 2-MaxRICS cannot
be approximated within a factor of #'~¢ in polynomial time for any & > 0
unless £ = N'P. In this paper, we show that »-MaxRICS are N'P-hard for
any fixed integer r > 4. Furthermore, we show that for any fixed integer
r > 3, r-MaxRICS cannot be approximated within a factor of n!/6=¢ in
polynomial time for any & > 0 unless ¥ = NP.

key words: induced connected subgraph, regularity, NP-hardness, inap-
proximability

1. Introduction

In this paper we only consider simple, undirected, and un-
weighted graphs with no loops and no multiple edges. Let
G = (V(G), E(G)) be a graph, where V(G) and E(G) denote
the set of vertices and the set of edges in G, respectively. A
graph Gy is a subgraph of a graph G if V(Gs) € V(G) and
E(Gs) C E(G). For a subset of vertices S C V(G), by G[S],
we mean the subgraph of G induced on S, which is called
the induced subgraph.

For the graph maximization problems, an algorithm
ALG is called a o-approximation algorithm and ALG’s ap-
proximation ratio is o if OPT(G)/ALG(G) < o holds for
every input graph G, where ALG(G) and OPT(G) denote
the objective function values of solutions obtained by ALG
and an optimal algorithm, respectively.

The problem Maxmmum INpUucED SuBGraPH (MaxIS)
for a fixed property II is the following class of problems
([GT21] in [4]): Given a graph G, find the maximum num-
ber of vertices that induces a subgraph satisfying the prop-
erty II. The problem MaxIS is very universal; a lot of
graph optimization problems can be formulated as MaxIS
by specifying appropriately the property I1. For example,
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Fig.1  An input graph G and a maximum induced connected 3-regular
subgraph.

if the property II is “Gy is bipartite”, then we wish to find
the largest induced bipartite subgraph of a given graph G.
Therefore, MaxIS is one of the most important problems
in the fields of graph theory and combinatorial optimiza-
tion, and thus extensively studied in these decades. Unfor-
tunately, however, it is well known that the MaxIS problem
is intractable for a large class of interesting properties. For
example, in [8], Lund and Yannakakis prove that the Max-
UM INDUCED SuBGRAPH problem for the natural properties
such as planar, outerplanar, bipartite, complete bipartite,
acyclic, degree-constrained, chordal, and interval cannot be
approximated within a factor of #'~¢ in polynomial time for
any positive constant € unless £ = NP, where n is the num-
ber of the vertices in the input graph.

1.1  Our Problems and Results

A graph is r-regular if the degree of every vertex is exactly
r. The regularity of graphs must be one of the most basic
properties. In this paper we consider the following variant of
the MaxIS problem, i.e., the desired properties the induced
subgraph must satisfy are regularity and connectivity:

MaxmuMm r-REGULAR INDUCED CONNECTED SUBGRAPH
(r-MaxRICS)

Input: A graph G = (V,E).

Goal: Find a maximum subset of vertices S € V
such that the induced subgraph G[S]on § is con-
nected and r-regular.

For example, if the graph illustrated in Fig. 1 is an input of
3-MaxRICS, then the subgraph induced by the “white” ver-
tices has the maximum size of six.

Since a clique is connected and regular, the MaxmMmum
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CLIQUE problem is related to r-MaxRICS in some sense. The
MaximMuM cLIQUE is very difficult even to approximate [6].
Clearly, however, the problem of finding a clique of a con-
stant degree is solvable in polynomial time. On the other
hand, r-MaxRICS is hard even if r is a small constant as
follows: The problem 2-MaxRICS is known as LoNGEsT IN-
bUCED CycLE or CHORDLESs CYCLE problem since an induced
connected 2-regular subgraph means a chordless cycle in the
input graph. In [7] Kann shows the following inapproxima-
bility of 2-MaxRICS:

Theorem 1 ([7]): 2-MaxRICS cannot be approximated in
polynomial time within a factor of n'~¢ for any constant & >
0 unless # = NP,where n is the number of vertices in the
input graph.

In [3] Bonifaci, Di Iorio, and Laura consider the fol-
lowing problem and show its NP-hardness:

MaxmuM ReGULAR INDUCED SuBGRAPH (MaxRIS)

Input: A graph G = (V,E).
Goal: Find a maximum subset of vertices S C V such
that the induced subgraph G[S] on S is regular.

Recall that, in our problem r-MaxRICS, the degree of
the output subgraph must be r, but, MaxRIS does not specify
the value of the degree. Thus, strictly speaking, MaxRIS is
slightly different from r-MaxRICS, but the same reduction
introduced in [3] shows the following intractability when
r=3:

Theorem 2 ([3]): 3-MaxRICS is NP-hard.

However, it would be hard to show the hardness of ap-
proximating r-MaxRICS for r > 3 by using a similar reduc-
tion with small modification to the reduction in [3]. In this
paper, by using a different gap-preserving reduction, we first
show the following inapproximability of 3-MaxRICS.

Theorem 3: 3-MaxRICS cannot be approximated in poly-
nomial time within a factor of n!/9~¢ for any constant & > 0
unless P = NP,where n is the number of vertices in the
input graph.

Furthermore, by using additional ideas to the reduction,
we show the same inapproximability of r-MaxRICS for any
fixed integer r > 4.

Corollary 1: For any fixed integer r > 4, ~-MaxRICS can-
not be approximated in polynomial time within a factor of
n'/%=¢ for any constant £ > 0 unless P = NP,where n is the
number of vertices in the input graph.

The proofs of Theorem 3 and Corollary 1 will be given
in Sect. 3.
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Fig.2  Aninput graph G and a maximum induced 3-regular subgraph.

1.2 Related Work

Recently, the problem of finding a maximum induced sub-
graph having regularity is very popular. Many researchers
study the following variant, that is, the connectivity prop-
erty is not imposed on the induced subgraph.

Maxmmum r-REGULAR INDUCED SuBGrAPH (r-MaxRIS)

Input: A graph G = (V,E).
Goal: Find a maximum subset of vertices S € V such
that the induced subgraph G[S]on S is r-regular.

For example, suppose that the input graph of 3-MaxRIS is
illustrated in Fig. 2, which is the same as one in Fig. 1. Then,
the three connected components induced by the “white” ver-
tices has the maximum size of 12.

Now we do not require the connectivity constraint.
Thus, the problems when r = 0 and r = 1 correspond
to the well studied Maxmmum INDEPENDENT SET and MAaxI-
MuM INDUCED MaTcHING problems, respectively. The former
problem is hard even to approximate [6]. The N'P-hardness
of the latter problem is also shown in [1],[11]. In [10]
Orlovich, Finke, Gordon, and Zverovich prove the Max-
MUM INDUCED MATCHING cannot be approximated within a
factor of [V|'/>~¢ in polynomial time for any & > 0. The
parameterized complexity and exact exponential algorithms
of r-MaxRIS are studied in [9] and [5], respectively. Very
recently, in [2] Cardoso, Kamifisi, and Lozin prove that r-
MaxRIS is NP-hard for any value of r > 3. Motivated by
this result, we investigate the complexity of the connected
version problem r-MaxRICS for r > 3 in this paper.

2. Notation

By (u,v) we denote an edge with endpoints u# and v. For a
vertex u, the set of vertices adjacent to u in G is denoted
by Ng(u) or simply by N(u), and (u, Ng(u)) denotes the set
{(u,v) | v € Ng(u)} of edges. Let the degree of a vertex u be
denoted by deg(u), i.e., deg(u) = |N(u)|. A (simple) path P
of length ¢ from a vertex vy to a vertex vy is represented as
a sequence of vertices such that P = (vg, vy, -, v¢), and |P|
denotes the length of P. A cycle C of length ¢ is similarly de-
noted by C = (vp, vy, -, V-1, Vo), and |C| denotes the length
of C. A chord of apath (cycle) (vy, - - -, v¢) {vo, " -+, Ve-1,V0))
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is an edge between two vertices of the path (cycle) that is not
an edge of the path (cycle). A path (cycle) is chordless if it
contains no chords, i.e., an induced cycle must be chordless.
Let Gy, Ga, -+, G¢ be £ graphs and also let v; and v} be two
vertices in G; for 1 < i < €. Then, (G,G»,---,G,) denotes
agraph G = (V(G))UV(Gy)U---UV(Gy), E(G1)UE(Gy)U
< U E(Gy) U {(v],02), (0),03), -+, (W]_;,ve)}). That is, two
adjacent graphs G;_; and G; are connected by only one edge
(v!_,,v;) and G roughly forms a path, which will be called
path-like structure. Similarly, (Gi,Ga, -, G, G1) roughly
forms a cycle, which will be called cycle-like structure.

Let MaxP; and MaxP, be maximization problems. A
gap-preserving reduction, say, I', from MaxP; to MaxP,
comes with four parameter functions, g, @, g» and .
Given an instance x of MaxP;, the reduction I" com-
putes an instance y of MaxP;, in polynomial time such
that if OPTyaxp,(x) = g1(x), then OPTyaxp,(y) = 92(y),
and if OPTyaxe, (1) < gi(x)/a(lx]), then OPTyaxe,(y) <
92(y)/B(yl), where OPTwyaxp, (x) and OPTyaxp,(y) denote
the objective function values of optimal solutions to the in-
stances x and y, respectively. Note that a(]x|) is the approx-
imation gap, i.e., the hardness factor of approximation for
MaxP; and the gap-preserving reduction I" shows that there
is no B(|ly|) factor approximation algorithm for MaxP, unless
P = NP (see, e.g., Chapter 29 in [12]).

3. Hardness of Approximating
r-MaxRICS

In this section we give the proofs of Theorem 3 and Corol-
lary 1. The hardness of approximating r-MaxRICS for r > 3
is shown via a gap-preserving reduction from LoNGEsT IN-
pucep CycLE problem, i.e., 2-MaxRICS. Consider an input
graph G = (V(G), E(G)) of 2-MaxRICS with n vertices and
m edges. Then, we construct a graph H = (V(H), E(H)) of
r-MaxRICS. First we show the #n!/°~¢ inapproximability of
3-MaxRICS and then the same n'/®~# inapproximability of
the general r-MaxRICS problem for r > 4.

Let OPT,(G) (and OPT,(H), respectively) denote the
number of vertices of an optimal solution for G of 2-
MaxRICS (and H of r-MaxRICS, respectively). Let V(G) =
{v1,v0,--+,0,} of n vertices and E(G) = {ey,es,-- -, ey} of
m edges. Let g(n) be a parameter function of the instance
G. Then we provide the gap preserving reduction such that
(C1) if OPT»(G) = g(n), then OPT,(H) > 4(n’ + 1) x g(n),
and (C2) if OPT»(G) < ”. - for a positive constant &, then
OPT,(H) <4 + 1) x g(") . As we will explain it, the num-
ber of vertices in the reduced graph H is O(n®). Hence the
approximation gap is n' =% = @(|V(H)|'/%~?) for any constant
& > 0. By redefining |V(H)| = n, we obtain the n'/%~¢ inap-
proximability of r-MaxRICS.

3.1 Reduction forr = 3

Without loss of generality, we can assume that there is
no vertex whose degree is one in the input graph G of 2-
MaxRICS. The reason is that such a vertex does not con-
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tribute to any feasible solution, i.e., a cycle, of 2-MaxRICS
and can be removed from G.

The constructed graph H consists of (i) n subgraphs, H;
through H,, which are associated with n vertices, v; through
vy, respectively, and (ii) m edge sets, E; through E,,, which
are associated with m edges, e; through e,,, respectively.
Now we only give a rough outline of the construction and
explain the details later. See Fig.3. If an input instance G
of 2-MaxRICS is the left graph, then the reduced graph H
of 3-MaxRICS is illustrated in the right graph, where some
details are omitted due to the space. Since the graph G
has five vertices, v; through vs, the graph H has five sub-
graphs, H; through Hs, each of which is illustrated by a
dotted oval. One can see that each H; roughly consists of
(de-‘g(”f>)= deg(v;)(deg(v;) — 1)/2 path-like structures. For ex-
ample, since two vertices v; and v, are connected via the
edge e; in G, u;» in H; is connected to uy ; in H,. Similarly
to e, through eg, there are five edges, (113, U3 1), (434, Us3),
(u2,4,Us2), (25, us2), and (uy 5, us4) in H. The edge (y1,7y2)
between path-like structures labeled by P; 5 in H, and by
Ps .45 in Hy plays an important role as described later.

(i) Here we describe the construction of the ith sub-
graph H; in detail for every i (1 < i < n). See Fig. 4, which
illustrates H;. Suppose that the set of vertices adjacent to v;
is N(vi) = {vi,, viy, - - .,v,},mi)}, where i; € {1,2,---n} \ {i} for
1 < j < deg(v;). The subgraph H; = (V(H;), E(H;)) includes
deg(v;) vertices, u;;, through u;;,, . that correspond to the
vertices adjacent to v;, and deg(v;)(deg(v;) — 1)/2 path gad-
gets, Pi iy Piiiss =5 Piiiieguy> Pioiiiss " Plaegiony-1sivivestoys
where two vertices Ui, and u;;, are connected via the path
gadget P;,;;, for v;;,v;, € N(v;). As an example, in Fig. 4,
the top vertex u;; and the bottom u;;, are connected via

P ii,. Each path gadget Pi i, includes n? subgraphs, P!

through P’ 3,

ij,dik

where, foreach 1 < p<n

ij,ii°

V(PP ) _ { p,1 .2 .3 P }

i i Wi Winiie Vigiic >

» — (AP p.1 D2 .3
E(P; i) = O o W03 Wi W37 D)

i’

ps1 172 .2 .3
U{(wi/,i,zk ij llk) ( (IR wi,,i,ik)}'

9

Note that the above number “n*” of the subgraphs P!

i,y
comes from the upper bound of the total number of path

gadgets: Each H; contains deg(v;)(deg(v;) — 1)/2 path gad-
gets and thus, in total, deg(v;)(deg(v;)—1)/2 X n path gadgets
in H; through H,,, which is bounded above by n3. Thus, we
want to prepare n° subgraphs Pﬁ’/,i!ik ’s (or, more precisely, we

want to prepare n’ y-vertices which are defined later).

1,1 733
In the path gadget P; ;;, , two vertices w, L, an nd Wi Fie

are respectively identical to the vertices u; "and uj;, pre-
pared in the above. For 2 < p < n’, contiguous two

subgraphs P? _lik and P’ .. are connected by one edge

FRA
p—1,3 pl

iy Wiy for some

) except for a pair Pq lik and P? .

(w ll[

g: the two subgraphs P?~" and P"

FRA [FRAP

q-1.3 5l 2 3 wh!
path of length four (wl i Bl/”k ﬁw i ,Bl/”k i uk> This

are connected by a
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Fig.3  Input graph G (left) and reduced graph H (right).
21,2,7
1,4 deg(vz-)
ui7i2 uivideg(vi)
.. 1
12;0:13 11,104 .
11,2524
3
11,2,24
P 71_.".""'...,
11,52,24 ""'_
by
iy i
uz,z 0,3 s pp
1.1,7;&.4,“‘ 11,2,14
[ ]
[ ]
[}
Fig.4  Subgraph H;.
g can be arbitrary since we just want to insert the path of vertex «;, and «; is connected to all {,Bilv i ﬁ’f i ﬁ? ; ik}’s. In
length four into the path gadget, and as an example, g = 3 in the following, @y, @3, -, @, are called a-vertices. Simi-

the path gadget P;, ;;, in Fig. 4. Finally, we prepare a special larly, B-vertices and y-vertices mean the vertices labeled by
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(=1)n*+1 Ujjs L,
(j—1)n*+3 Vig,i,iz (1—1)71 +1
9,743 Wi iy J3:J:J4
(j—1)n*+2 —
Wi ig 20,3
Uj gy
Uj 5 Ujy (i—1)n?+1
j27j7j4
Ui iy
H,; )28 Uj,jo
1

J

Fig.5  Ej connecting H; and H;.

B and 7, respectively. Since each path gadget has 4n° + 3
vertices (two of which are shared with other path gadgets),
the total number of vertices in H; is

deg(v;)(deg(v;) = 1)(@n® + 1)
2

i.e., there are O(n°) vertices in H;.

(i) Next we explain construction of the edge sets E;
through E,,. Now suppose that e; connects v; with v; for i #
J. Also suppose that the sets of vertices adjacent to v; and v;
are N(v;) = {j,i2, " s ldegwp} and N(y) = {i, jo,*» Jaegtwp}»
respectively. Then, (u;;,u;;) € Ey where u;; € V(H;) in
the ith subgraph H; and u;; € V(H;) in the jth subgraph
H;. Furthermore, by the following rules, y-vertices in the
path gadgets are connected: See Fig. 5. No vertex other than
u;; in the path gadget P,;, for x = jory = jin H; is
connected to any vertex in H;. Similarly, no vertex other
than u;; in the path gadget P, for s = iort = iin H; is
connected to any vertex in H;. For a path gadgets Py;, in
H;, where j ¢ {x,y} we prepare a set of edges as follows.
Let D = mingey; jy{deg(vi)(deg(vr) — 1)/2 — (deg(vy) — 1)}

\V(H))| = +deg(vy) + 1,

! through "

X,y xLy*
Consider D y-vertices among those n® y-vertices, the
((j— Dn*+ Dth vertex Y~ " *! through the ((j— )n®+

XLy
12
D)th vertex ){Cji DD

e Next take a look at the jth subgraph H; and the path
gadgets P ;,’s for i ¢ {s,t}. Note that the number of
such gadgets is deg(v;)(deg(v;) — 1)/2 — (deg(v;) — 1)
and hence at least D. Then, consider the ((i—1)n”+1)th
vertex yﬁf?"ul in each Py ;,. Here, the term “+1” in
the superscript of y comes from the assumption that
ji = i; if ji = i, we consider the ((i — D)n® + k)th -
vertex.

e Then, we can choose any function f which assigns each
elementin {1,...,D}toastring s, j, ¢ such thati ¢ {s, 1}

e In P,;,, there are n’ y-vertices, y

and it holds f(b) # f(c) if b # c. Finally, we connect

— 2 . [— 2 . .
yi’iyl)" ** with y(f’(k;)" *'for 1 < k < D. It is important
that the path gadget P, ;, is connected to P, j, via only

one edge.

Each subgraph H; has O(rn°) vertices and thus the total
number of vertices |V(H)| = O(n%). Clearly, this reduction
can be done in polynomial time. In the next two subsections,
we show that both conditions (C1) and (C2) are satisfied by
the above reduction.

3.2 Proof of Condition (C1)

Without loss of generality, suppose that a longest induced
cycle in G is C* = (v, v, -, 0, 01) of length €, and thus
OPT»(G) = |C*| = £ > g(n). Then we select the follow-
ing subset S of 4(n® + 1) x ¢ vertices and the induced sub-
graph G[S]:

S =V(Pe12) Ula} U V(P23) Ul{az}
U---UV(Peoie1) Ulagh

For example, take a look at the graph G illustrated in
Fig. 3 again. One can see that the longest induced cycle in G
is {v1, v3, v, 2, 7). Then, we select the connected subgraph
induced on the following set of vertices:

V(P2,13) Ula} U V(P34) U {as}

UV(P243) U{as} U V(P24) U{az}

It is easy to see that the induced subgraph is 3-regular and
connected. Hence, the reduction satisfies the condition (C1).

3.3 Proof of Condition (C2)

We show that the reduction satisfies the condition (C2) by
showing its contraposition. Suppose that OPT3(H) > 4(n’ +
1)- % holds for a positive constant &, and S * is an optimal
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Fig.6  Modified path gadget in the proof of Corollary 1.

set of vertices such that the subgraph H[S *] induced on S * is
connected and 3-regular. In the following, one of the crucial
observations is that we can select at most one path gadget
from each subgraph H; into the optimal set S* of vertices,
and if a portion of the path gadget is only selected, then the
induced subgraph cannot be 3-regular.

(D See Fig. 4 again. Suppose for example that two path
gadgets P; ;;, and P;, ;;, are selected, and put their vertices
into S *. In order to make the degree of B-vertices three, we
need to also select @;. However, the degree of @ becomes
six. This implies that we can select at most three S-vertices
from each subgraph H;.

(IT) From the above observation (I), we consider the
case that at most two of ,B}J.’k, ,Bil.’k, and ﬁii,k are selected for

2

some i, j, k. Let us assume that we selectﬁ}ik and 87, }l.k

and Bii’k, resp.) are put into S*, but ﬂii,k (,Biiyk, resp.) is
not selected. Then, the degree of ,Bii’k (ﬂ_},i,k and ,Bil., 4> Tesp.)
is at most 2 even if we select «;, i.e., the induced subgraph
cannot be 3-regular. By a similar reason, we cannot select
only one of the S-vertices. Hence, if we select S-vertices, all
of the three S-vertices in one path gadget must be selected.
As for w-vertices, a similar discussion can be done: For
example, if we select wfllk and wffk for some i, j, k, p, but

p.2

wliy (yil.’k, resp.) is not selected, then the degree of yii’k

(w?’izk, resp.) is only 2. Thus, we need to select all the ver-

tices of the part Pf’l.’j if we select some vertices from it.

Combining two observations above, one can see that
the edges connecting Pf;; and Pf,i’j, or w-vertices and S3-
vertices are necessary to make the degrees of the vertices
three. As a result, we can conclude that if only a part of one
path gadget is chosen, then the induced subgraph obtained
cannot be 3-regular.

(IIT) From (I) and (IT), we can assume that if some ver-
tices of a path gadget are selected into S *, it means that all
vertices of the path gadget are selected. For example, sup-
pose that P;, ;;, is selected. Since the degree of the endpoint
ui;, (ui;,) of P ;;, is only 2, we have to put at least one ver-
tex into S * from another subgraph adjacent to H;, say, a ver-
tex u;; in H;. This implies that the induced subgraph H[S *]

forms a cycle-like structure (H;,, H;,,- - -, H;;, H;, ) connect-
ing H;,H;,, -, H;, H;, in order, where {ij,i, --,i;} <
{L,2,---,n}.

We mention that such an induced subgraph H[S ] is
3-regular if and only if the corresponding subgraph in the

original graph G is an induced cycle. The if-part is clear
by the discussion of the previous section. Let us look at
the induced subgraph H[V(leg) U V(P1!3,4) U V(P3’4’5) U
V(Py54) U V(P 25)] in the right graph H shown in Fig. 3.
Then, the induced subgraph includes the edge (y;,7y,) and
thus the degrees of y; and y4 are 4. The reason why the in-
duced subgraph cannot be 3-regular comes from the fact that
the cycle (vy, v3, v4, Us, U2, v1) includes the chord edge (v;, v4)
in the original graph G. The edges between y-vertices are
placed because there is an edge between their correspond-
ing vertices in G. As a result, the assumption that H[S "]
is an optimal solution, i.e., 3-regular, implies that the corre-
sponding induced subgraph in the original graph G forms a
cycle {vi,, viy, -+, i V7))

Since the number of vertices in each path gadget
is 4(n® + 1), OPT»(G) > Zf'_lz holds by the assumption
OPT3(H) > 4(n* + 1) - %. Therefore, the condition (C2) is
also satisfied.

3.4 Reduction forr > 4

In this section, we give a brief sketch of the ideas to prove
Corollary 1, ie., the O(n'/%°%) inapproximability for r-
MaxRICS for any fixed integer r > 4.

The proof is very similar to that of Theorem 3. The
main difference between those proofs is the structure of each
path gadget. See Fig. 6, which shows the modified path gad-
get. (i) We replace each of y-vertices in Fig. 4 with the com-
plete graph K,_; of r — 2 vertices, and then connect one ‘y-
vertex in H; and one y-vertex in H; for i # j by a similar
manner to the reduction for the case r = 3. (ii) As for -
vertices, we prepare K,_» of r — 2 vertices, say, 8, -+, 2,
and two vertices, say, 8° and 87!, such that each of the two
vertices 8° and "2 is adjacent to all the vertices in K,_,.
Then, all of the B-vertices are connected to the a-vertex
similar to the reduction for r = 3. Since the reduction re-
quires 1’ y-vertices to connect all the pairs of H;’s, which
is independent of the value of r, the path gadget consists

of I'%'I subgraphs, say, le.’i,.k through P;ﬂ(r—zn' Asa resglt,
the total number of vertices in the constructed graph remains
O(n%). This completes the proof and thus we can obtain the
n'/6=¢ inapproximability of the general r-MaxRICS problem

for r > 4.
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4. Conclusion

In this paper, we have shown that -MaxRICS is NP-hard
for any fixed integer » > 4. Furthermore, we have shown
that -MaxRICS for any fixed integer » > 3 cannot be ap-

proximated within a factor of n'/6~¢ in polynomial time for

any € > 0 unless # = NP. An apparent future work is to
prove a stronger hardness ratio for -MaxRICS. Also, it is
an interesting topic for further researches to investigate the
(in) tractability and the (in) approximability of r-MaxRICS
on subclasses of graphs such as planar graphs and degree-
bounded graphs.

Acknowledgements

This work is partially supported by Grant-in-Aid for Scien-
tific Research (KAKENHI), 22700019 and 23500020.

References

[1] K. Cameron, “Induced matchings,” Discrete Applied Math, vol.24,
no.1-3, pp.97-102, 1989.

[2] D.M. Cardoso, M. Kaminski, and V. Lozin, “Maximum k-regular
induced subgraphs,” J. Combinatorial Optimization, vol.14, no.5,
pp.455-463, 2007.

[3] V. Bonifaci, U. Di Iorio, and L. Laura, “The complexity of uni-
form Nash equilibria and related regular subgraph problems,” Theor.
Comput. Sci., vol.401, no.1-3, pp.144-152, 2008.

[4] M.R. Garey and D.S. Johnson, Computers and Intractability, Free-
man, New York, 1979.

[5] S. Gupta, V. Raman, and S. Saurabh, “Fast exponential algorithms
for maximum r-regular induced subgraph problems,” Proc. FSTTCS
2006, pp.139-151, 2006.

[6] J. Hastad, “Clique is hard to approximate within n'~” Acta Mathe-
matica, vol.182, no.1, pp.105-142, 1999.

[7] V.Kann, “Strong lower bounds on the approximability of some NPO
PB-complete maximization problems,” Proc. MFCS 1995, pp.227—
236, 1995.

[8] C.Lund and M. Yannakakis, “The approximation of maximum sub-
graph problems,” Proc. ICALP 1993, pp.40-51, 1993.

[9]1 H. Moser and S. Sikdar, “The parameterized complexity of the
induced matching problem,” Discrete Appl. Math., vol.157, no.4,
pp.715-727, 2009.

[10] Y. Orlovich, G. Finke, V. Gordon, and I. Zverovich, “Approximabil-
ity results for the maximum and minimum maximal induced match-
ing problems,” Discrete Optimization, vol.5, pp.584-593, 2008.

[11] L.J. Stockmeyer and V.V. Vazirani, “NP-completeness of some gen-
eralizations of the maximum matching problem,” Inf. Process. Lett.,
vol.15, no.1, pp.14-19, 1982.

[12] V.V. Vazirani, Approximation Algorithms, Springer, 2003.

449

Yuichi Asahiro is Professor of Department
of Information Science at Kyushu Sangyo Uni-
versity. Received B.E., M.E., and D.E. degrees
in computer science from Kyushu University in
1994, 1996, and 1998, respectively. His re-
search interests include combinatorial optimiza-
tion and complexity theory. IPSJ, ACM.

Hiroshi Eto s a graduate student of Systems
Design and Informatics Department at Kyushu
Institute of Technology. His research interests
are in the area of algorithms and complexity the-
ory. ORSJ.

Eiji Miyano is Associate Professor of
Systems Design and Informatics Department at
Kyushu Institute of Technology. Received B.E.,
M.E., and D.E. degrees in computer science
from Kyushu University in 1991, 1993, and
1995, respectively. His research interests are
in the area of algorithms and complexity theory.
IPSJ, ORSJ, ACM.



