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Abstract: It is known that when the cylindrical wave propagates from
a positive index material (PIM) to a negative index material (NIM), the
backward lateral wave is excited along the interface between the PIM
and the NIM over a half-space metamaterial. In this study, by using the
saddle point technique, we shall derive a novel high-frequency uniform
asymptotic solution for the reflected and scattered fields over a half-
space metamaterial with the NIM. The validity and utility of the novel
uniform asymptotic solution is confirmed by comparing with the refer-
ence solution calculated by the numerical integration of the integral
representation for the reflected and scattered fields. We have also shown
the physical interpretation of the uniform asymptotic solution.
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1 Introduction

It has been studied by many researchers that when a cylindrical wave, a
spherical wave, or a Gaussian beam propagates from a denser medium to a
rarer medium through the plane dielectric interface of the mediums, a totally
reflected ray, a lateral wave, and an evanescent wave are excited and the
Goos-Héanchen shift is generated [1, 2, 3, 4, 5, 6, 7, 8, 9]. The above mentioned
researches have been treated the reflected and refracted electromagnetic fields
for a plane dielectric interface composed of the mediums whose real parts of
the permittivities, the permeabilities, and the refractive indices are all posi-
tive. While, Veselago has published a noteworthy paper on the transmission
and the refraction of the electromagnetic wave through the metamaterial
whose permittivity and permeability are simultaneously negative and thereby
the refractive index is also negative [10].

After the publication of the paper by Veselago [10]|, many papers on the
transmitted and refracted fields through the plane interface whose refractive
index is negative have not been published for a long time. However, recently,
many papers on the transmission and the refraction of the electromagnetic
wave through the metamaterial interface and on a phase velocity, a group
velocity, and a group-front velocity in the metamaterial have been published
[11, 12, 13, 14, 15|. Especially, in [14], it has been shown that a backward
lateral wave is excited along the plane boundary composed of an ordinary
material and a metamaterial.

In this research, we shall derive a novel high-frequency uniform asymp-
totic solution for the reflected and scattered fields over a half-space meta-
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material when a cylindrical wave emanated from a line source is incident on
the plane metamaterial boundary from the ordinary material side, assuming
that both the source and the observation points are placed in the ordinary
material [9, 16, 17]. The novel uniform asymptotic solution derived in this
paper is applicable in the transition region [9, 16, 17] near the geometrical
boundary. The uniform asymptotic solution is composed of a geometrically
reflected ray on the metamaterial plane, two kinds of backward lateral waves,
and a transition wave which plays an important role in the transition region.
We will clarify the validity and utility of the uniform asymptotic solution by
comparing with the reference solution calculated from the numerical integra-
tion of the integral representation for the reflected and scattered fields over
the half-space metamaterial. We will also clarify the physical interpretation of
the uniform asymptotic solution.

2 Formulation and derivation of integral representation

Fig. 1 shows the Cartesian coordinate system (z,vy,z), a plane interface
defined by z =0 consisting of an upper material (medium 1) and a lower
material (medium 2), and the schematic figure of the reflected and scattered
electromagnetic fields observed in the medium 1. A cylindrical wave ema-
nated from a y-directed electric line source Q(z =0,z = h) placed in the
medium 1 is incident on the medium 2. The medium 1 is an ordinary material
with a permittivity e1(> 0) and a permeability g (> 0) while the medium 2 is
a metamaterial with a permittivity eo(< 0) and a permeability ps(< 0). It is
shown in Fig. 1 that the geometrically reflected ray Q — A — P(z,z2) re-
flected at the point A on the medium 2 (the reflection angle is 6y) and the
backward lateral waves Q — B — C — P(x,2) and Q — B’ — C' — P(xz, 2)
are observed at the observation point P(z, z). In this paper, we will assume
that the observation point P(z, z) is placed in the region satisfying = > 0 and
z > 0. The notation Q — A, for example, indicates the wave which propa-
gates from the (source) point Q to the point A along the straight line QA (see
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Fig. 1. Cartesian coordinate system (z,y, z) and scattering
phenomena observed in the near region over half-
space metamaterial. The shaded region denotes the
transition region.
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Fig. 1). The backward lateral waves are excited by the incident rays Q — B
and Q — B’ whose incident angles are coincident with the critical angles & and
—& of the total reflections, respectively.

In Fig. 1, the shaded area shows the transition region located near the
geometrically reflected ray B — D with the reflection angle 5. When the
observation point P(z, z) is placed in the region farther than the transition
region, the backward lateral wave Q — B — C — P depicted in Fig. 1 can
not be observed. In this way, the reflection and scattering phenomena in the
region nearer than the transition region are different from those in the region
farther than the transition region.

The above mentioned reflected and scattered fields are described by the
following integral representation [9, 14, 15, 16, 17].
00 ik ik (24h)

,_ b e
By=gm | Tl

1z
o klz/ul - k?2z/,u2 o 5 5 o 9 9
i) = i ™ 2~ V= ke =oy R —K,. (2

The time factor exp(—iwt) is suppressed throughout this paper. Note that the

dklz‘a (1)

y-component of the electric field E} is normalized as iwpn J =1 (J: amplitude
of electric current source). In (1) and (2), k; and ky(< 0) are the propagation
constants in the mediums 1 and 2, ky, and ko, (k1. and ko,) are the a-
components (the zcomponents) of k; and ks, respectively. Since the me-
dium 2 is the metamaterial, o in (2) is defined as o = —1.

The integrand of (1) possesses four branch points at ki, = ki, £|kso| in
the complex ki,-plane. Therefore, in order to reduce the complexity of the
analysis, one may transform the integral in (1) from the complex k1,-plane to
the complex 6-plane via kj, = ki sinf. Then the integral in (1) becomes as

follows:
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Fig. 2. Integration path Py and branch point singularities
0 = +6 associated with branch cuts in the complex
f-plane.
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In the above equations, R; and 6, express, respectively, the propagation
distance and the incident angle (or the reflection angle) of the geometrically
reflected ray (see Fig. 1) and ¢(0) is the phase function.

Fig. 2 shows the integration path and branch points 6 = 48 associated
with branch cuts of the integral in the complex #-plane defined by (3)~(5).
The branch points are calculated from the condition that the function
n? — sin?  in the square root of (4) equals 0. Thus one may obtain the branch
points 0 = 48 where & = sin"' 7. The branch point 6 = 5 corresponds physi-
cally to the critical angle 8 of the totally reflected geometrical ray Q — B — D
shown in Fig. 1.

3 Derivation of uniform asymptotic solution applicable in the
transition region

3.1 Integral representations for geometrically reflected ray
and scattered fields

It is difficult to analyze the integral in (3) because the function I'(¢) in (3) is

expressed by using the function 2% — sin” § in the square root (see (4)) [5, 7, 9,

16, 17, 18]. Therefore, in order to reduce the complexity of the asymptotic

analysis, the function I'(¢) corresponding to the reflection coefficient is

decomposed into two portions, the terms which do not possess the branch

point and the term which possesses the branch points, as follows [9, 16, 17, 18]:

[(8) = T(80) + Ts(8) + T (0)y/sin(3 — 0)y/sin(5 + 0), (6)
where I'y(6) and T®) () are defined by

[4(6) = TU() — T (8) — T (y)y/sin(8 — 6)\/sin(6 + 8),  (7)
~ m*cos? — (sin® 6 — n?) ®)
~ m2cos?f +sin’f —n?

9)

r(g)

—2mecos O

ree) = m? cos? § + sin* 6 — n?
By substituting (6) into (3), the electric field E} is expressed by the integrals
corresponding to the geometrically reflected ray EJ and the scattered fields

E,=E’+E, 10
By = ﬁ (60) /P 9 et qp, 11
E = E'+E?, 12
i

sl ik Riq(0
E; _—/PG T, (0)e* e gg, 13

(10)
(11)
(12)
(13)

47

2 L (2) (S (< ik1R1q(0)
B = i /Pe r'“(0) \/s1n(5 0) \/sm((S +6)e db. (14)
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steepest descent path (SDP) through cuts and SDP passing through sad-
saddle point 8 = 05 = 6. dle point at § = 65 = 6,.

Fig. 3. Steepest descent path and branch points associated
with branch cuts in the complex #-plane.

3.2 Asymptotic solution for geometrically reflected ray

The integrand of the geometrically reflected ray EJ in (11) does not possess
any singular point in the complex 6-plane. Therefore, if the high-frequency
condition kjR; > 1 is satisfied, as shown in Fig. 3(a), the original inte-
gration path Py is deformed into the SDP (Steepest Descent Path) passing
through the saddle point 6§ = 0, = 6, defined by the saddle point equation
(d/df)q(f) = —sin(f — 6y) =0 (see (4)) [19]. Then by applying the isolated
saddle point technique [19], one may obtain the first-order asymptotic solu-
tion for E¥° as follows:

i [ 2 . ~
E9° ~ = zklRl—m/4F 6.). 1
Y 4 7Tk1R1 ¢ ( 0) ( 5)

The asymptotic solution EJ’ in (15) is identified as the geometrical ray
Q — A — P(z,2) which is reflected with the reflection coefficient I'(6y) at
the point A on the metamaterial and reaches the observation point P(z, 2)
(see Fig. 1). It is shown in Fig. 1 that the saddle point 0§ = 0, = 6y of the
integrand in the complex @-plane corresponds to the incident angle (or the
reflection angle) of the geometrically reflected ray.

3.3 Asymptotic solutions for scattered fields applicable in
transition region

In (13), the integrand of E;l, which is a portion of the scattered field £} in
(10) and (12), does not possess any singular point in the complex #-plane.
Therefore, the asymptotic analysis method for E;l is similar to the one for £¥°
corresponding to the geometrically reflected ray. Thus deforming the original
integration path Py into the SDP (see Fig. 3(a)) and applying the isolated
saddle point technique [19], one may obtain the following first-order asymp-
totic solution:

s1 2 (s S i 2 ik Ry —im/4
El ~ 1! )(90)\/sm(5 - 00)\/sm(6 +6y) 7\ / e e M (16)
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It is remained to derive the asymptotic solution for the scattered field E;2
deﬁneii\ in (14). The integrand of E;Q in (14) possesses the branch points at
0 = £6 in addition to the saddle point at § = 6, = 6y. The branch points at
f = +6 associated with the branch cuts of the integrand in (14) are shown in
Fig. 3(b) |5, 7, 8, 14, 17]|. The steepest descent path (SDP) passing through
the saddle point 6 =0, =6, obtained from the saddle point equation
dq(#)/df = 0 is also shown in Fig. 3(b).

By deforming the original integration path Py for the integral E§2 into the
SDP passing through the saddle point 6 = 6, as shown in Fig. 3(b), two
branch cuts are traversed by the SDP when the saddle point 6y is located in
the region satisfying 0 < 0y < 5. As seen from Fig. 1, the region 0 < 0y < 5
corresponds physically to the case when the observation point P is placed in
the region closer than the geometrical boundary shown by the solid line BD.
Therefore, when the observation point P is placed in the region closer than
the geometrical boundary BD, the contribution to the integral E;2 in (14)
may arise from the integration paths along C'; and C}, around the branch cuts
for the branch points —& and (/5\, respectively, in addition to the SDP as shown
in Fig. 3(b) [5, 7, 8,9, 14, 16, 17, 18]. Thus one may represent E;Q in (14) by

E;2 = Ey(_‘/s\) + Ey(‘/s\) + E,(SDP),  0< 6 < 5, (172)

where E,(—9), Ey(g), and E,(SDP) denote, respectively, the asymptotic
solutions obtained from the integration paths Cy, C};, and the SDP. While
when the observation point P is placed in the region fartherthan the solid line
BD, the contribution to the integral E;Z may arise from the integration Eaths
along Cp around the branch cut associated with the branch point —é and
along the SDP [5, 7, 8,9, 14, 16, 17, 18]. In this case, E52 may be expressed as

" ~ ~ T
E? = E,(=6) + E,(SDP), 6 <0, < o (17b)

Thus by combining (17a) and (17b), the integral E;Z in (14) may be
represented by

E;2 = Ey(_‘/s\) + U((/S\— QO)Ey(‘/S\) + E,(SDP), (18)

where U ((/3\ — B) is the unit step function defined by U(z) =1 for x > 0 and
U(x) = 0 for z < 0. Note that we have assumed that 6 is located in the range
0 < 6y < 7/2 (see Fig. 1).

The asymptotic analysis methods for the integration around the branch
cut associated with the branch point singularity have been studied in the
references [5, 7, 8, 9, 16, 18|. Therefore, extending the procedures given in
[5, 7, 8,9, 16, 18] and assuming that the branch point 0 = —§ is located far
away from the saddle point § = 6y and the branch point 6 = § is located close
to the saddle point 6 = 6y, one may obtain, after cumbersome but straightfor-
ward analyses, the asymptotic solutions for Ey(—g) and Ey(c/i\) in (18) as
follows:

. (_A) N Vnexp(in/4) eikl(Lg-&-le)—i;C\zL’l (19)
Y \/%fﬁki/2(1 - ,’/,L\Q)L/l?)/? s
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E,(8) ~ \/zgxp(m/@ e”“l(]“"J”—‘z)_ﬁ“;j:1
V2rimk (1 — 72)Ly32
' D_3/5(& +i§)
2-3/4¢=3/2 exp(—i3m/8) exp(—i&?/2) |’

ko = —I/C\g, ko = wy/eapta > 0, (20)
g:@siné;%, (21)

where D, (z) used in (20) denotes the parabolic cylinder function [20]. The
notations Lj(= QB'), L} (= B'C'), and L)(= C'P) and Ly(= QB), L,(= BC),
and Ly(= CP) used in (19) and (20) are defined in Fig. 1.

The geometrical path of the asymptotic solution Ey(—g) in (19) has been
shown in Fig. 1. The electromagnetic wave emanated from the electric line
source Q is incident on the plane metamaterial (medium 2) at the point B’
with the incident angle —6. Then the phase of Ey(—g) progresses to the
backward direction from the point C’ to the point B’ [14]. The backward
lateral wave Ey(—g) scattered at the point C’ with the critical angle —&
reaches the observation point P(z,z). In Fig. 1, by using similar manner,
we have also shown the propagation trajectory of the asymptotic solution
Ey(g) in (20). The electromagnetic wave emanated from the source Q is
incident on the metamaterial at the point B with the incident angle 5. Then

~

the phase of the backward lateral wave E,(6) progresses to the backward
direction from C to B [14]. The backward lateral wave E,(8) is scattered at
the point C with the scattering angle § coincident with the critical angle of the
total reflection and reaches the observation point P(z, z) (see (20) and Fig. 1).
As described above, the physical interpretations of the asymptotic solutions
Ey(—g) and E, (5) are clarified by drawing the propagation trajectories using
the asymptotic solutions.

While the integral E,(SDP) in (18) along the SDP may be evaluated
asymptotically by assuming that the saddle point 6y is located near the
branch point 5. The analysis methods for the integration along the SDP in
the case when the saddle point is located near the branch point have been
investigated in [5, 7, 8, 9, 16, 18]. Thus, applying the analysis methods given
in the references [5, 7, 8, 9, 16, 18] and performing lengthy but straightforward
calculations, the asymptotic solution for the integral along the SDP in

Fig. 3(b) is obtained as follows:

2
7T]{11R1

E,(SDP) ~ T)(6)/sin(6 — 00)/sin(5 + 65) :
. gk Ri—in/4 Dy o([€] —il¢]) . (22)
21/41¢['2 exp(—im/8) exp(il¢[*/2)
By substituting the asymptotic solutions E3' in (16) and E* in (18) into (12),
one may obtain the asymptotic solution for the scattered field Ey as follows:

B} = E,(~8) + U(8 — 09) E,(8) + E"™, (23)

where E;/m” denotes the newly derived transition wave which plays an
important role only in the transition region near the geometrical boundary
BD traversed by the totally reflected ray (see Fig. 1) and is expressed as
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E!"" = E'' + E,(SDP)

~ ~ — . 2 ' -
V 1411

. l D ja([€] — il¢]) B 1] |

(24
241¢]'"* exp(—in/8) explile[*/2) )
When the observation point P(z, z) is located far away from the transition
region (see Fig. 1), |¢| defined in (21) takes the large values i.e., |{| > 1. Then
the parabolic cylinder function D, s (|¢] — i[€]) is approximated by [9, 20]

Dy jo(x —ix) ~ A2 s 1, (25)

Therefore, the terms inside the parentheses | | in (24) approach zero as the
value || increases.

In the section 4, we will clarify that the transition wave E)™ in (24)

contributes to the scattered fields Ej significantly (see (23)) only in the tran-
sition region and approaches zero outside the transition region.

3.4 Uniform asymptotic solution applicable in transition region
In the previous section, we have derived two kinds of the backward lateral
waves and the transition wave which plays an important role in the transition
region. By substituting (23) into (10), one may obtain the novel high-
frequency uniform asymptotic solution consisting of the geometrically re-

flected ray Ef°, the backward lateral waves Ey(—c/i\) and E,(6), and the
transition wave E}*" as follows:

El = BV + E,(~8) + U(6 — 00)E,(8) + EI™". (26)

The geometrical picture for the uniform asymptotic solution in (26) has been
shown in Fig. 1. In the following section, we will clarify the validity of the
uniform asymptotic solution in (26).

4 Numerical results and discussions

We have performed extensive numerical calculations. However, we will show
here only the typical examples since all results are similar to those shown here
if the numerical values used in the calculations satisfy the high-frequency
condition.

In Fig. 4(a), the geometrically reflected ray (see (15)) constructing the
uniform asymptotic solution in (26) is shown by the dotted curve (---). Also,
the backward lateral waves E'y(—g) (see (19)) and Ey((/S\) (see (20)) and the
transition wave E™" in (24) are shown by the thick dashed curve (-==) and
the dashed curve (——) and the chain-dotted curve (—-—), respectively.
Numerical values used in the calculations are shown in the figure.

The field amplitudes are calculated as a function of the incident angle 6y;
the observation point P(z,z) moves along the az-direction by keeping the
height at z = 80\ (see Fig. 1). Note that we have normalized the scattered
field amplitudes by (1/4)y/2/(7k; Ry). In this example, the critical angle § of
the total reflection is 55° (e; = 2ey, |ea| =~ 1.342¢) (see Fig. 1). It is revealed
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(b) Comparison of uniform asymptotic so-
lution with reference solution.

Fig. 4. Comparisons between uniform asymptotic solution
and reference solution. Various values used in calcu-
lations are given in the figures.

that, as 6y approaches the critical angle 5, the amplitude of the geometrically
reflected ray |E¢°| increases monotonically up to L and |EJ°| takes the
constant value 1 in the region where 6 is greater than 6. While, the backward
lateral wave Ey(—g) becomes very small value as 0 increases. This is due to
the fact that the propagation distance L) from the point B’ to the point C’,
where the phase of Ey(—t/S\) progresses to the backward direction from C’ to B/,
takes the large value (see Fig. 1) and the amplitude of the backward lateral
wave Ey(—g) decreases according to (1/ L’1)3/ ? (see (19)). While the other type
of the backward lateral wave Ey(g) (——) increases monotonically in the region
satisfying 0° < 6y < 55° as 6 approaches the critical angle 5 = 55°.
Furthermore, the transition wave E;jm" (—-—) increases in the region

0 < 60y <55° and becomes the maximum amplitude at the critical angle
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0y = 8§ = 55°. E;m” decreases monotonically in the Ifgion Oy > 55° as the
observation point moves away from the critical angle 6 = 55°. It is clear that
the transition wave plays the important role in the transition region near the
critical angle & = 55° shown by the shade in Fig. 1.

In Fig. 4(b), we have compared the uniform asymptotic solution in (26)
obtained by using the calculation results in Fig. 4(a) with the reference
solution obtained by performing the numerical integration of the integral
(3). It is clarified that the uniform asymptotic solution (—) agrees very well
with the reference solution (o oo). Thus, the validity of the uniform asymp-
totic solution in (26) and the asymptotic solutions in (15), (19), (20), and (24)
constructing the uniform asymptotic solution is confirmed.

5 Conclusion

In this study, we have investigated the electromagnetic fields over the half-
space metamaterial when a cylindrical wave emanated from the line source
located in the ordinary material is incident on the metamaterial. We have
derived the novel high-frequency uniform asymptotic solution for the reflected
and scattered fields over a half-space metamaterial with a negative index
material. By comparing with the reference solution obtained from the numer-
ical integration of the integral representation for the reflected and scattered
fields, we have confirmed the validity of the uniform asymptotic solution.
Furthermore, we have clarified the physical interpretation of the uniform
asymptotic solution.
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