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Synthesis of quantum circuits
by multiplex rotation gates
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Abstract: As a model for quantum computation, quantum circuits have
found their wide applications in communications, cryptography and infor-
mation processing. In order to synthesize arbitrary quantum circuits, we
present a new type of gate called quantum multiplex rotation gate, which is
implemented by simply elementary gates. A method based on QR decom-
position and two optimization rules are proposed to decompose general
quantum circuit acting on n-qubits into quantum multiplex rotation gates.
In comparison with other synthesis algorithms by QR decomposition, our
methods achieve better performance in terms of elementary gate counts,
1.2 x 4" approximately.
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1 Introduction

As the feature size of transistors approaches atomic proportions, we cannot build
transistors in atom level, because the Heisenberg uncertainty principle of quantum
mechanics indicates that atom’s position is uncertain [1]. Therefore, a new
computational model should be proposed to replace the digital one. Among various
proposed ones, quantum computation according to the law of quantum mechanics
has superior performance than their classical counterparts to solve certain discrete
problems. In quantum computing, algorithms are commonly described by the
quantum circuit model [2]. As a result, working on synthesis methods for quantum
circuit design has received significant attentions [3].

The superposition principle of quantum mechanics reveals that quantum system
must be discussed in terms of vectors, matrices, and other linear algebraic
constructions. A quantum bit (qubif) can have any linear combination of its basic
states (]0),[1)), as |p) = a|0) + f|1), where a and f are complex numbers and
al>+ plI> = 1. A n-qubits quantum gate performs a special 2" X 2" unitary
operation on selected n qubits [1]. Therefore, the n-qubit quantum circuit can be
represented by a unitary matrix. It is reasonable to assume that the gate decom-
position may correspond to some known matrix decompositions. However, the
more important issue is how these circuits are decomposed into elementary gates
sequences, called the gate library, which is universal and consist of all one-qubit
gates and the controlled-NOT gate (CNOT). Since the physically realization of the
2-qubits gate is a much slower process than that of a one-qubit gate [4], the cost of a
quantum circuit can be realistically calculated by counting 2-qubits gates.

The QR decomposition is the first numerical matrix computation used for
quantum logic synthesis which returns a circuit containing O(n*4") CNOT gates to
decompose an arbitrary n-qubit gate [5]. The work in [6] shows that the circuit
complexity could be reduced down to O(n4"). Improvements on this method have
used Gray codes to lower this gate counts to 8.7 - 4" CNOT gates approximately
[7]. A more optimized QR decomposition has led to circuit with CNOT-counts of
2X 4" —(2n+ 3) x 2" + 2n) [8]. The theoretical lower bound for the number of
CNOT gates needed to realize a general unstructured n-qubits gate is [(4" —
3n — 1)/4] [9], but no circuit construction has been presented to our best knowl-
edge.

In this paper, we establish our library of elementary gates by choosing the one-
qubit rotation gates, CNOT, the controlled-V gate and a phase gate adjusting the
unobservable global phase. An efficient method is presented to synthesize and
optimize quantum circuits by utilizing QR decomposition. We decompose the
unitary matrix into a product of matrices, identified by a new type of gate which
we call a quantum multiplex rotation gate. In order to implement these gates, their
efficient decomposition into elementary gates is given.

2 Quantum multiplex rotation gate

The term “quantum multiplexor” was first used to refer to the circuit block
implementing a quantum conditional in Ref. [8]. The concept of uniformly con-
trolled rotation gate with efficient gates implementation was introduced in Ref. [7].
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Both works have been used in decomposition of arbitrary n-qubits gates and
initialization quantum registers. The uniformly controlled rotation gate F*(R,) is
a sequence of 2¥ rotation gates, each having a different sequence of k control nodes
and the same rotation axis. Combining the two concepts, we propose a quantum
multiplex rotation gate where the rotation axes may be different.

Definition 1: We use G* (R) to define a quantum multiplex rotation gate. The gate
consists of k-fold controller and some rotations about three-dimension vectors
ag,s = 1,2,---,2 acted on qubit m. For n-qubits gate, the region of mis 1,---,n, k
isl,---,n—1,and s is 1,...,2%

! { 7
4R 4R, R R RS R R -
1 2 3 4 5 6 7 8

Fig. 1. Definition of quantum multiplex rotation gate G3(R). Here
white dots represent 0, black 1.

Fig. 1 shows an example of an(R), where m = 4, k = 3. It has a sequence of 8
rotation gates which commute, each having a different sequence of 3 control nodes.
The matrix representation is

Ra1 (al)
G(R) = . )

Ryg(as)
where R, (05),s =1, -+, 2k is a two-level rotation matrix, a, and a, denote rotation
angle and rotation vector respectively.
Definition 2: Let G* (R)| 1=0,p=1 denote a quantum multiplex rotation with fixed
controllers (qubit / = 0, p = 1). The range of values allowed for fixed controller is
1,....n—1.
Lemma 1: For any rotation matrix R,(a), there is o,R,(a)o, = R,(—a). The
parameter o, is one of Pauli matrices, also it is the representation matrix of NOT
gate.
Proof: From Ref. [10], the equalities R,(a) = R.A(P)R,(B)R.(y), 0.0, =1,
o RA(P)ox = RA(—¢), oxR,(B)or = R,(—p) hold. Then

o R (a)o, = Usz(¢)Uxany(ﬂ)UxeRz(V)Ux ()
= R(=P)R,(—P)R(—7) = Ru(—a).

Theorem 1: Arbitrary quantum multiplex rotation gate G* (R,) can be decomposed
using a convertible sequence of 2 CNOTs and 2* one-qubit rotation R, which act
on qubit m.

Proof: From definition 1, quantum multiplex rotation gate is a rotation gate with
full condition. Therefore, it can be described with if — elseif — else conditional
statement by the k control qubits. Consider the one-to-one correspondence between
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if — elseif — else and if — else nested statement, we can use conditional nesting
sentence to express quantum multiplex rotation gate. Fig. 2 is an example of the
decomposition of G3(R,).
If using the exponential form to represent rotation gates, then
Ry, (B1)Ry, () = D11 phoBr — prfibafs — i (3)
0xRy, (B1)0:Rs, (B2) = Ry, (—f1)Rs, (By) = ™"Vl = 70 thii = g2 (4)

ai, az, by, by denote rotation vectors, a;, oy, f1, f2 angles.
According to the if — elseif — else form and the if — else nested form of
G (R,), we can give the expression below.

by - B a - o
bai - Por Aok + Ok
The elements of 2% x 2% matrix N* can be determined by Eq. (6).
NE = (=10 @20 @) ©)

From Eq. (6) the matrix N* is a k-bit Walsh-Hadamard matrix whose rows are
mutually orthogonal. Therefore, we acquire the invers matrix (N©)~! = 27%(N%)T
and the objective rotation of b, f; for any known rotation ay, oy is settled.

DrrirD-
Fig. 2. The efficient implementation of quantum multiplex rotation
gate G3(R,)

Corollary 1: Quantum multiplex rotation an (R) with /-qubits fixed controllers can
be decomposed using a convertible sequence of 2 /-bit Toffoli gates and 2 quantum
multiplex rotation gates Gf‘n"(R).

Proof: We select two quantum multiplex rotation matrices R;, R,, which meet two
conditions, RRy =1 and R;o,R0, = R. If the /-qubits fixed controllers get the
fixed values, the operation acting on the target qubits is rotation R. Otherwise, there
is no operation. Therefore, the function of the decomposition is the same as the
quantum multiplex rotation matrix with /-qubits fixed controllers. Fig. 3(a) shows
how to decompose the GZ(R)|1=1,2=0 gate.

Corollary 2: (Absorbing rules) The quantum multiplex rotation gate with fixed
controllers G (R)| |fixed controlier 18 @bsorbed by the quantum multiplex rotation gate
Gt (R).

Proof: From the definitions, the quantum multiplex rotation gate with fixed
controllers an(R)|ﬁxed controller 18 @ special condition of the quantum multiplex
rotation gate G (R). Therefore, it can be absorbed. An example of absorbing rules
is shown in Fig. 3(b).
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Fig. 3. (a) The implementation of gate G?;(R)|1=1,2=0- (b) An example
of absorbing rules. (¢) An example of using of combining
rules, where the two gates in the dotted box can reduce as a
Peres gate

Corollary 3: (Combining rules) When two gates GX(R)|, fixed controllers and
Gt (R fixed controllers» Naving the same / — 1 fixed controllers, operate on qubits
in order, there is an optimum combination between two multiple-controlled Toffoli
gates.

Proof: According to corollary 1, we decompose Gk (R)|, fixed controllers  aNd
Gt 1 (Bi=1 fixed controtiers- There appear two adjacent multiple-controlled Toffoli
gates with the same / — 1 fixed controllers. With the result in Ref. [11], there is
an optimum combing the two gates. From the dotted box in Fig. 3(c), a Toffoli gate
followed by a CNOT gate is equivalent to a Peres gate, whose cost is only 4.

3 Synthesis algorithms

Matrix decomposition is useful to synthesizing the quantum gates. The theorem of
QR factorization indicates that for each complex matrix 4 the equation 4 = QR
holds, where Q is unitary matrix, R is invertible and upper triangular matrix. If 4 is
unitary matrix, R is diagonal matrix, and Q is a product of two-level matrices called
Givens rotation.

Theorem 2: Let x = (&1, &, - - -, fzk)T #0,x € C?" denote a unit vector. The equal-
ities Gx = e;,s = 1,2,---,2% hold, where matrix G is a product of k& quantum
multiplex rotation matrices and quantum multiplex rotation matrices with fixed
controllers.

Proof: Consider the case of s = 1, that is, Gx = ;. The dimension of x is 2%, so
we use k-bits binary to represent the position of vector elements. e; is a standard
basis vector, that thek value of the first element is 1, others are 0. Therefore, our

.o, . . ,-/&q
target position is 00 - - - 0.
Firstly, we can build a quantum multiplex rotation matrix G{~! to make
<1 (9]

Gk_lx = (*509*509“'5* 70)- For 61529 let A= " -7 SI1= 275 -9
' GP+IEPT T AP+ &P
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0, = —argé), 6, = —argd, constitute complex Givens transformation M) =
clei91 sleia2 .
—sie® et ) &y ..., En_1ér can be used to generate the matrices

M, ..., My-1 respectively by the same way as &&. The matrix G’,g‘l can be
determined by Eq. (7).
M,

M,
G = . N

Mois

Gy = (\/ 1+ 181 0,16 + 1ER,0, -, I [ + |52k|2,0) ®)

Secondly, we can build a quantum multiplex rotation matrix with fixed control-
ler Gi73|;=o to make Gi=3|,_o(G'x) = (*,0,0,0,%,0,0,0,---,%,0,0,0). For

\/|51|2 + Ilez\/lél2 + |&)?, the Givens transformation M, = (Z” Zu> can
21 My
be given by the aforementioned method. In the meantime, we can generate matrices

M,, - - My by other couples. Then matrix Gt=2|,_, is determined by Eq. (9).

(mi mp A

Gij lico = | m21 my) 9)

\ )

Gi 1 li=o(GY'x) = (\/ &7 + &1 + G + 16l%,0,0,0,- -,

\/Ifzk_3|2 + &l + (& + 16217, 0,0, 0) (10)
Keeping it on, in the last step we generate matrix G(1)|2=0,~~-,k=0 to transform the
k

——
value of the element to 0, whose position is 10---0. Then, the matrix G =
a0, 4=0Gh |30 4=0 - - - Gi 3|40 G~" makes Eq. (11) hold.

Gx = Glamp,im0 - Gt k=0 Gy~ ' = (\/ &1+ &P+ + |52k|2,0,-~-,0> =e
(11

For s = 2,---,2%, the process of proof is the same as s = 1, except changing the

target position.

Theorem 3: Arbitrary unitary matrix U can be decomposed into a product of a

finite number of multi-axis rotation matrices and one diagonal matrix.

Proof: Assuming U = (uj,uy, - -,uy) is a 2% x 2% unitary matrix. The index

ug,s = 1,2,---,2% denotes column vectors. There is a product of multi-axis rotation

matrices G = Gy_, - - - G, G, which makes Eq. (12) tenable by theorem 2.
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[ )

GU = 1 (12)

/ /
Ugk_1yr—1)  Yr—1yr
/ /
\ Uity Unpigk Y,

From the Eq. (12), the two-level matrix is a unitary matrix which can be expressed

as e”R,(¢). If we product GU by a rotation matrix G,_,, an extra diagonal matrix
A will be presented, that is Gyr_;(GU) = A. Finally, U = GG, - -- G}, _,Gy_,A.

SERERIEVEIGEOE!
SU0GER5H0SRH00:

Fig. 4. Quantum circuit equivalent to an arbitrary 3-qubits unitary
matrix U

As can be seen above, the quantum multiplex rotations operate non-trivially
only to vectors with binary presentations differing only in one bit. Therefore, in
order to acquiring optimum circuits, we label the column vectors of U using the
binary reflected Gray code. The implement of the proposed synthesis algorithm is
given as follows. Fig. 4 is an example to decompose an arbitrary 3-qubits quantum
circuit using quantum multiplex rotation gates.

Step 1: Transforming U = (uj,up,- - -, ux) to a diagonal matrix A = (e, e, -,
exr_p,eleqin, eqinyy, o, eqi iy, e eqir i, epipiayy, - ep) by using
theorem 3. The transforming sequence is in the cycle of 0Xx---Xx0—
IX---X0—>1Xx---X1—-0x---X1, where X---X remains unchanged in the
cycle but is coded in binary reflected Gary code to keep the cycle until every vector
changes to basis vector. Afterwards, there is U = G1G; - - - Gor_, Gy A, where Gy,
s=1,2,---,2% is a product of quantum multiplex rotation matrices and quantum
multlplex rotation matrices with fixed controllers. The number of both matrices is
no more than &, that is, Gy = G%|y_q.. 4=0GAl3=0..x=0 - Gi =3 ;=0 GL 1.

Step 2: Optimizing the above circuit by absorbing rules (Corollary 2). The items in
the dotted boxes in Fig. 4 are examples of these rules, where the first gate with
fixed controllers can be assimilated by the second gate.

Step 3: Decomposing the quantum multiplex rotation gates and the quantum
multiplex rotation gates with fixed controller in the circuit using theorem 1 and
Corollary 1 respectively.

Step 4: Optimizing the above circuit by combining rules (Corollary 3), then
decomposing all the multiple-control Toffoli gates by the methods which are given
in Ref. [11].

Finally, we get a circuit which is equivalent to U and is constructed by CNOTs,
Controlled-V gates and one-qubit rotation gates.
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4 Algorithm analyses

In general, the performance of synthesis algorithm is always evaluated by the
number of CNOTs needed to decompose an arbitrary quantum circuits. There are
two steps needed to estimate the CNOT counts. First, we calculate the number of
quantum multiplex rotation gates and such gates with fixed controller. For n-qubits
circuits, the gate counts of the synthesis algorithm are given in Table 1. Second, all
the gates may be decomposed into CNOTs and one-qubit gates using Theorem 1
and Corollary 1.

Table I. The gate counts of the synthesis algorithm
Types of gate Gate counts
Gp(Ra) 2!
Gl (R fived controlier 2nl g g2

k
Gm (Ras )|2 fixed controller

2n—1 + 2n—2 + 2n—3

2l =2 o3 4 422 40!
2n—1 2n—2 2n—3 22

Tttt

k
Gm (Ras)ln—Z fixed controller

k
Gm (Ra_v ) I n—1 fixed controller

According computation result, the CNOT counts which generated by the
decomposition of the quantum multiplex rotation gates is no more than 1.2 X 4",
For a n-bit Toffoli gate with one garbage bit, the quantum cost is 32(n — 1) — 96,
n > 10 in Ref. [11]. With the results, the number of elementary gates which come
from the multiple-controlled Toffoli gates is no more than k x n? x 2", k < 32. We
give a comparison of elementary gate counts for n-qubits quantum circuits
generated by QR decomposition in Table II. With the value of n increasing
gradually, it can be seen that our synthesis algorithm can reach a circuit with lower

cost.
Table II. A comparison of elementary gates counts for n-qubits
quantum circuits
Synthesis Number of qubits and elementary gates counts
Algorithm 1203 [4 [5 |6 |7 n
Original QR [5] - o34
Improved QR [6] - O(n4")
QR [7] 64 | 536 | 4156 | 22618 | 108760 | ~8.7 x 4"
QR [8] 62 | 344 | 1642 | 7244 30606 ~2 x 4"
QR 0 |4 |52 |304 | 1520 | 8448 43072 ~1.2x4"

5 Conclusions

In this paper, quantum multiplex rotation gate and synthesis algorithm based QR
decomposition are proposed to synthesize and optimize an arbitrary quantum
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circuits. To evaluate the performance of the algorithm, we calculate the number of
elementary gates needed to synthesize n-qubits circuits and compare with other
algorithms based on QR. As see in Table II, our techniques achieve better known
elementary gate counts, 1.2 X 4" approximately. Our method has additional ad-
vantage that the generated circuit has small numbers of qubits and no garbage bits.
To be closer to the lower bounds, [(4” — 3n — 1)/4], we need to find an efficient
numerical matrix computation to improve the algorithm in the future.
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