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Abstract: Frequency response mismatches (FRMs) in time-interleaved
analog-to-digital converters (TIADCs) generate undesired spurs degrading
the performance of TIADCs. This paper introduces a digital calibration
method for the FRM in M-channel TIADCs (M-TIADCs). This method
exploits fixed differentiator finite-impulse response (FIR) filters and the
Hadamard transform to reconstruct the mismatch induced error signal. The
mismatch parameters are estimated utilizing a short training signal and the
least square (LS) method. Our method is simpler in terms of implementation
compared with conventional methods as cumbersome time-varying filters,
complex signal processing and front-end hardware modifications are
avoided. Numerical simulation results demonstrate the efficacy and effi-
ciency of the proposed method.
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1 Introduction

Time-interleaved analog-to-digital converter (TIADC) [1] and hybrid filter bank
analog-to-digital converter (HBF ADC) [2] are two similar schemes to achieve high
sampling rate by employing several analog-to-digital converters (ADCs) operating
in parallel. The TIADC scheme stands out because of its simplicity in hardware
implementation. Ideally, the sampling rate of M-channel TIADC (M-TIADC) is M
times of the sampling rate of a sub-ADC and without any performance loss.
However, discrepancies between sub-ADCs referred to as mismatches arise because
of the non-ideal manufactural process. These mismatches generate unwanted spurs
distorting the input signal and degrading the performance of TIADC.

The TIADC architecture has been widely studied during the last three decades
© IEICE 2016

DOI: 10.1587/elex.13.20160668 and a large number of methods are proposed to deal with the mismatch problem.
T The frequency independent mismatches, i.e. offset, gain and timing skew mis-
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matches, are dealt with in many papers e.g [3, 4] and references therein. Frequency
response mismatch (FRM) is identified by Vogel and Johansson [5] as the main
concern in future identification and calibration methods.

A frequency domain method is employed in [6] to deal with the mismatch
problem in M-TIADC. The main drawback of this method is the lack of a
configuration using a digital filter that is suitable for practical use. A least square
(LS) filter design technique for FRM in M-TIADC is proposed in [7]. This method
exploits the measured channel frequency responses to design a time-varying
compensation filter based on the LS criterion. In [8], a polynomial-based time-
varying structure is proposed for FRM compensation in M-TIADCs. This method
avoids expensive on-line filter design by representing the frequency responses as
polynomial series in jw. However, this method presumes the mismatch parameters
are known thus no mismatches estimation method is presented. Moreover, a time-
varying calibration filter is adopted in this method which means the variable
multipliers must be updated at every sample.

The on-line method proposed in [9] calibrates the FRM in M-TIADCs by
reserving some of the samples for reference signal. The main drawback of it is that
the front-end hardware needs to be modified. In [10], a blind digital compensation
method based on oversampling is proposed. However, it only works well for 2-
TIADCs. Complex signal processing is employed in methods proposed in [11, 12,
13, 14] to estimate the mismatch coefficients and suppress spurious components.

This paper proposes a training signal based calibration method for FRMs in
M-TIADCs. Our approach exploits fixed differentiator finite-impulse response
(FIR) filters and the Hadamard transform to reconstruct the mismatch induced
error signal and then subtract the error from the TIADC output. The mismatch
coefficients are estimated by the LS method utilizing a short training signal which
is a part of usual communication signals. Compared with existing calibration
methods for M-TIADC, e.g. [8], our method has the following superiorities. Firstly,
all signal processing units contained in our calibration structure are real and time-
invariant, thus cumbersome complex and time-varying signal processing is
avoided. Secondly, the mismatch parameters can be estimated on-line utilizing
the training sequences contained in many communication signals, e.g. orthogonal
frequency division multiplexing (OFDM) signals.

2 Model of M-channel TIADC

Fig. 1 shows the block diagram of an M-TIADC and the timing diagram of the
sampling clocks. The analog input signal x(¢) (bandlimited to the Nyquist fre-
quency) is sampled by M sub-ADCs operating in parallel with the same sampling
period MTy but the difference of 7§ in sampling instants between adjacent channels.
The sampled outputs of each sub-ADC are multiplexed to form y[n] which is
equivalently sampled with sampling period 7. The quantization effect is neglected
throughout the analysis in this paper. Ideally, y[n] is the same as the uniformly
sampled input signal x[n] = x(nTy). However, spur components stemming from the
discrepancies between channel frequency responses H,(jQ) distort the signal and
degrade the dynamic performance.
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Fig. 1. (a) A time-interleaved ADC consists of M sub-ADCs. (b)
Timing diagram of the sampling clocks.

The output y[n] in the frequency domain is written as [15]

M—=1
Y(e') = Y Hi(e X (e D) (1)
k=0
with
- . 1 M1 ; Tp 2T
Hi(@') = -2 ) Hy(e/)e " )
n=0
and
o R
H(e =H,(j3), -r<w<m 3)

where X(e/®) is the discrete-time Fourier transform of x[n].

2.1 Polynomial representation of frequency responses
In this paper, the frequency responses H,(e/®) are represented by the polynomial
series in jw as in [8], i.e

P-1

Hy(e'”) =" anpDy(e), )
p=0

where real-valued parameter a,,, is the p-th coefficient of the polynomial series
for channel » and Dp(ef“’) = (jw)?, (-7 < w < 7) is the p-th order discrete-time
differentiator.

Fig. 2 shows a model of M-TIADC exploiting the polynomial representation of
channel frequency responses. In this model, the frequency response mismatched M-
TIADC with input signal X(jw) is interpreted as P gain mismatched M-TIADC
with differentiated input X( ja))Dp(ej‘”), p=0,1,---,P—1 and gain factors a,_,,
and the output y[n] is the sum of all the gain mismatched M-TIADC output. A
calibration technique using pseudo aliasing signal is proposed in [3] for the gain
and timing skew mismatches problem in M-TIADC. As the M-TIADC with FRMs
is interpreted as P M-TIADC with gain mismatches, we can extend the method in
[3] to deal with the FRMs problem.

2.2 Frequency response mismatches induced error signal
By substituting Eq. (4) into Eq. (1) and after some straightforward derivations, the
M-TIADC output Y(e/®) is expressed as
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Fig. 2. A model for M-TIADC exploiting polynomial representation of
channel frequency responses.

. P—1 =
Y@ =Y Yy(jo) = 1.3 X, Ed, 5)
p=0 p=0
where
- , - 2 - 2M - D\ 1"
X, = [X(p)(Jw) X(P)<](a)— M)) X(p)(](a)— T))] , (6)
1 1 . 1
1 e_jzﬁn e e_jZ(MA;I)”
E=| . . . , (7
1 e_jZ(MA;l)n e e jz(M—11)|fIM—1)n
ap = [aO,p Olp - aM—l,p]T: (8)
and
XP(jo) = (jo)’X(jo). 9)

Exploiting the Hadamard matrix F of order M, which only consists of 1 and
—1, and noting the facts that FF' = MT (I is the identity matrix) and F = F7,
Y,(jw) is written as

. ->T
Y,(e/”) = Xp Ué'p, (10)
where
- 1 -
cp= ” Fa, (1)
is the real-valued mismatch related coefficients and
1
U= —EF 12
% (12)

is the discrete Fourier transform (DFT) of rea}-valued Hadamard matrix F. The
following section reveals that the elements of X U is the differential and modulated
version of X(jw).

2.3 Model of M-TIADC
By finding the inverse discrete-time Fourier transform (IDTFT) of Eq. (10), the
p-th order output Y,(jw) in time-domain is
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M—-1
yplml =Y ek px P[] Tilnl, (13)
k=0

where Ty[n] is the repetition of the k-th row (column) vector of the Hadamard
matrix F, x'”[n] is the IDTFT of X”’(jw) and ¢y, is the k-th element of ¢,,. Thus
the output y[n] is written as

P-1
ylnl = Flnl+ ) eplnl, (14)
p=0
where
P-1
inl = o Pln] (15)
p=0

is the linearly distorted version of x[n] and

M-1
eylnl = xP[n] Y i, Tiln] (16)
k=1

is the p-th order mismatch induced error signal. Fig. 3 shows the model of M-
TIADC corresponding to the mathematical expressions for output y[n] presented
in Eq. (14)-Eq. (16).

3 Calibration method

In this section, we propose our calibration method for FRMs in M-TIADC. In our
approach, the error signal is reconstructed by the proposed differentiator-modulator
structure utilizing the estimated mismatch coefficients.

3.1 Calibration structure

From the model presented in previous section, we conclude that the mismatch
induced error signal can be generated using the derivative of input signal x”[n],
the modulation sequences T;[n] and the mismatch coefficients c; ,. However, only
the M-TIADC output y[n] is available. Under such circumstance, the mismatch
induced error is reconstructed from y[n] instead of x[n]. This replacement is
reasonable because y[n] is a good approximation of x[n] in a well-designed
TIADC. Thus the reconstructed error signal is

P-1 P—1 M—-1
lnl =Y epnl =Y > &y nlTilnl, (17)
p=0 p=0 k=1

where ¢, is the estimated mismatch coefficient for ¢, and yP'[n] is the p-th order
derivative of y[n]. Thus the calibrated TIADC output is

Y[nl = yln] — é[n] = x[n] + e[n] — é[n]. (18)
With ideal mismatch coefficients estimation, i.e. ¢, = ¢y, p, the residual error signal
is
P—1 M-1

eln] = e[n] = élnl = Y > " P[n] = yP[nhe,p Tilnl. (19)

p=0 k=1
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Fig. 3. Model of frequency responses mismatched M-TIADC.

As we ignore the linear distortion of the input signal, i.e. x[n] = x[n], the residual
error signal is

P-1M-1

eln) =) Y ePlnle, Tilnl, (20)
p=0 k=1

where e”[n] is the p-th order derivative of mismatch induced error signal e[n]. The
proposed differentiator-modulator calibration structure for FRMs in M-TIADC is
shown in Fig. 4. The differentiators D,(e“®)) are implemented as real FIR filters
and the modulation sequences 7;[n] only consist of 1 and —1. The real-valued
mismatch related coefficients ¢, are estimated by the LS algorithm which is
presented in the next section.

3.2 Estimation of mismatch coefficients
The calibration structure shown in Fig. 4 exploits the estimated mismatch coef-
ficients ¢, to reconstruct the mismatch induced error signal é[z]. In this section,
we introduce a foreground method to obtain the parameters ¢,,.

A short training signal is required to estimate the mismatch parameters in our
method. This requirement is easy to fulfill as training signal is a part of usual
communication signals. There are few restrictions on the training signal. One

y[n] AR Y [n>]
e[n]knj— .
fm————mmmm—— = — ] L MM = Modulation Module
T T T T TR T T T T T T T T |
5> MM " 1[n] Cipa
) ! T, "] é2.}7—1
"_% D, (ej ) W ’_[;}6“9 v [n] C) &[]

Fig. 4. Proposed differentiator-modulator calibration structure for
FRMs in M-TIADC.
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restriction is that it should be wide-band signal because the FRMs are frequency
dependent. Another restriction is that it should longer than MP samples otherwise
the LS problem is under determined.

Denoting
Jnl = ylal yln=11 -~ 0N, 1)
Xpaln] = WP Tiln] xP[n— NTiln =11 -+ XP[OIT[0117,  (22)
and
Xp = [Xp0 Xp1 -+ Xpum-1l, (23)

then the time-domain TIADC output Eq. (14) is rewritten in matrix form

ln] = X¢ 4)

with
X=[XoX; - Xp_1] (25)

and
c=1[cocr -+ Cpil (26)

Thus ¢ can be estimated by the LS method utilizing the following equation

é= XX (X ). 27)
It should be noted that the size of matrix X’ X is MP x MP. Thus the computation

of matrix inversion won’t cost many resources as M and P are relatively small in
practice.

3.3 Cascade calibration structure

In order to further suppress the error signal and improve the performance, a cascade
calibration structure is presented as shown in Fig. 5.

y[n]

\4

y

Error :/‘ \ R Error ;/‘ '\
NV

Reconstruction " |Reconstruction
L]

vs [n]

Fig. 5. Cascade calibration structure.

Denoting the i stage compensation output and residual error as y{[n] and €;[n]
respectively, then the i + 1 stage residual error is

P—1 M—1
eimlnl =Y > Pl = 3P Inher, Trlnl, (28)
p=0 k=1
where yf(P )[n] is the p-th order derivative of y{[n]. As we ignore the linear
distortion of x[n], €;1[n] is rewritten as

P-1 M-1

emilnl =Y Y € [nler pTelnl, (29)

p=0 k=1
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where egp ) [n] is the p-th order derivative of €;[n]. The energy of €;1[n] is much
lower than the energy of €;[n] because the mismatch coefficients ¢, < 1 (k=
1,2,---,M—-1; p=0,1,---,P—1) and the elements of modulation sequence
Ty[n] are either 1 or —1.

The ultimate compensation performance of our method is the same as the
method presented in [8]. The calibration performances of both methods are
bounded by modeling accuracy, the filter approximation errors, the nonlinearity

of individual ADCs and the system noise such as quantization noise.

4 Simulation results

In this section, numerical simulation results are presented to demonstrate the
performance of the proposed calibration method. The channel frequency responses
are first-order low-pass filters with individual cutoff frequencies, gains and timing
offsets. The parameters for frequency responses in simulated 4-TIADC and 8-
TIADC are shown in Table 1. The resolution of the simulated TIADCs is 12 bits.

Table I. Parameters for frequency responses. £, g, and A, are the

cutoff frequency, gain and timing offset of channel n

respectively.
4-TIADC 8-TIADC
n Fo(Fy) &n A, (Ty) n Fo(Fy) &n A (TY)
0 4 1.01 —0.004 0 4.11 1.02 —0.01
1 3.94 0.99 —0.003 1 4.02 1.01 0.008
2 3.97 1 0.002 2 3.88 0.99 0.01
3 4.05 1.01 0.004 3 3.99 1 —0.01
4 4.1 0.98 0.009
5 4.01 1.02 —0.008
6 3.95 1 —0.007
7 3.90 0.97 —0.009

Fig. 6 shows the spectra of a 4-TIADC output signal before and after calibra-
tion. The input is a wide-band signal with 11 tones spanning from 0 to 0.5F.
Figures (a), (b) and (c) in Fig. 6 are the spectra before calibration, after one-stage
calibration and after two-stage calibration respectively. The signal-to-noise ratio
(SNR) of the uncalibrated signal is 41.4 dB, while the SNR of calibrated signals are
59.3 dB for one-stage compensation and 62.7 dB for two-stage compensation. The
mismatch induced spurs are suppressed greatly as the figures show. The spurious-
free dynamic ranges (SFDRs) are 38 dB, 56.7 dB and 73.9 dB for figure (a), (b) and
(c) respectively. The mismatch coefficients are estimated using a wide-band training
signal with 8 tones spanning from 0 to 0.5F%.

The spectra of 8-TIADC output signal before and after compensation are shown
in Fig. 7. The input signal and the training signal are the same as in Fig. 6. The
SNR of uncalibrated 8-TIADC output is 33.8 dB, while the SNRs of one-stage and
two-stage calibrated signal are 52.9dB and 60.8 dB respectively. The SFDRs are
36.6dB, 54.3 dB and 63.9 dB for figure (a), (b) and (c) respectively. The calibration
performance in 8-TIADC is not as good as in 4-TIADC. This is because there are
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Fig. 6. Spectra of frequency response mismatched 4-TIADC output.
(a) before calibration, (b) after one-stage calibration and (c)

after two-stage calibration.
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Fig. 7. Spectra of frequency response mismatched 8-TIADC output.
(a) before calibration, (b) after one-stage calibration and (c)
after two-stage calibration.

more parameters to estimate in 8-TIADC, and with the same training signal the
estimation precision degrades as number of parameters increases.

Figures in Fig. 8 show the SNR improvement versus the length of training
signal in 4-TIADC (a) and in 8-TIADC (b). The training signal is a wide-band
signal with 8 tones as in previous simulations. The calibration performance
increases with the length of training signal in both 4-TIADC and 8-TIADC. Longer
training signal is required to gain the same SNR improvement for 8-TIADC
compared with 4-TIADC as there are more mismatch parameters to estimate. It
should be noted that the SNR improvements with different order of polynomial
series are almost the same for both 4-TIADC and 8-TIADC. Thus a 3rd-order
polynomial series is sufficient to model the first-order low-pass filters used as
frequency responses in this paper. From the figures in Fig. 8 we can conclude that a
training signal with 2!! to 2!? samples is enough estimate the mismatch parameters
accurately.

Fig. 9 illustrates the SNR improvement versus the order of differentiators and
the length of training signal for 4-TIADC (a) and 8-TIADC (b). For a fixed order of
differentiator, the SNR improvement increases with the length of training signal,
which is demonstrated by Fig. 8. The calibration performance also increases with
the differentiator order for all simulated training signal lengths. However, the SNR
improvement only increases by a small number with the order of differentiator for
short training signal. We can conclude that differentiators with about 10 and 20 taps
are sufficient for calibration with short and long training signal respectively.
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Fig. 8. SNR improvement versus length of training signal under
different order of polynomial series. (a) 4-TIADC; (b) 8-
TIADC.
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Fig. 9. SNR improvement versus order of differentiator under different
length of training signal. (a) 4-TIADC; (b) 8-TIADC.

A brief comparison between several state-of-the-art FRM calibration methods
is shown in Table II. Compared with the blind calibration methods [10, 13], the
method in this work has wider applications as the blind methods only focus either
on 4-TIADC or 2-TIADC while our method is for M-TIADC where M =
2,4,8,---. While compared with the time-varying filters based methods [8, 9],
our method is much simpler in terms of implementation because only time-
invariant signal processing is required thus coefficients updating for variable digital

Table II. A brief comparison between calibration methods for FRMs

in TIADCs.
This
Reference [8] [9] [10] [13] work
Estimation None Missing OVGI.‘- Circularity Trgunmg
Strategy samples sampling signal
Channel M M ) 4 M
No.
Samples \ 2% 10° 106 3% 103 z'fgsx
Complexi 1 real 1 real 2P—11 3 complex P-1 real
PIeXIY | ypE VDF rea FIR FIR
FIR
Bandwidth T T T 0.87 0.87

1
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Iter (VDF) at every samples is avoided. Moreover, on-line calibration is possible
when training sequences are contained in the input signal, which is the case of
many communication signals such as OFDM.

5 Conclusion

A digital compensation method for FRMs in M-TIADC:s is presented in this brief.
In this method, the frequency responses are represented by polynomial series in jc,
and the error signal is reconstructed by fixed differentiator FIR filters and modu-
lation sequences which only consist of 1 and —1. Compared with conventional
methods, our method is more efficient and simpler as no extra front-end hardware,
time-varying filter or complex signal processing unit is required.
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