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Simplified pilot-aided weighted least square phase estimation
method for OFDM-based WLANs

Xiaoping Zhou1,2a), Bin Wu1, Kan Zheng2, and Zhou Wang1

Abstract In this paper, we propose a simplified weighted least square
(SWLS) to estimate phase variations utilizing pilots, for Orthogonal
Frequency Division Multiplexing (OFDM) based very high throughput
wireless local area networks (WLANs). For SWLS, the common phase
error (CPE) maximum likelihood (ML) estimation and the angle boundary
treatment are improved to enhance the performance of phase estimation,
while the combined scheme of pair pilots is used to reduce the complexity.
Simulation results show that, compared to weighted least square (WLS)
scheme, a similar pocket error rate (PER) is achieved by using the SWLS
method, but more than 40 percent of complexity is reduced.
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Classification: Integrated circuits

1. Introduction

Orthogonal Frequency Division Multiplexing (OFDM) has
been deployed for many novel very high throughput wire-
less local area network (WLAN) standards such as 802.11n
[1] and 802.11ac [2], mainly due to its robustness to
frequency selective fading [3, 4].

It’s well known that OFDM signal is very sensitive to
the performance of synchronizer [5, 6, 7, 8, 9, 10], which is
responsible for detecting the incoming frame, estimating
and correcting the possible carrier frequency offset (CFO).
However, residual CFO will be left after synchronization
and the phase noise (PN) can’t be compensated by syn-
chronization either [11, 12]. Residual CFO and PN will
cause phase rotation in frequency domain, which is com-
mon phase error (CPE). The CPE effect of PN is similar to
the effect of mentioned residual CFO [13, 14], so no more
separate consideration is taken. Besides, sampling fre-
quency offset (SFO) will also introduce remaining phase,
which is sampling time offset (STO) [15, 16]. In WLAN
systems, the pilots, which are some known sub-carriers
inside OFDM symbols, are used to estimate the remaining
phase [17].

To compensate for the residual phase, several methods
have been proposed. [18, 19, 20] introduced the ideal
estimation, but it was too complex to implement. [21, 22]
only dealt with the CPE and ignored the STO, resulting in

performance degradation for long frame. An accurate STO
estimation method was proposed in [23], neglecting the
CPE, but it couldn’t work in real WLAN systems because
the residual CFO was not small enough [24]. [25] only
calculated the CPE symbol by symbol, while the STO was
obtained from the earlier CFO estimation, ignoring residual
STO and resulting in performance losing. These are not
suitable for WLAN systems.

In [26], least square (LS) method was presented,
which was easy to implement. [27] improved a simplified
residual phase correction mechanism (SRPCM), in which
the linear phase could approximate to a nearly constant
phase throughout the OFDM and the method could be
significantly simplified, but with a poor performance.
Based on the LS, [28] put forward weighted least square
(WLS) to get better performance, leading to high computa-
tional complexity.

In this paper, we present a simplified weighted least
square (SWLS) method to estimate the CPE and STO
efficiently, which can achieve almost the same pocket error
rate (PER) as WLS method. For SWLS, the CPE maximum
likelihood (ML) estimation, the angle boundary treatment
and the combined scheme of pair pilots are three key
mechanisms. The CPE ML estimation and the angle boun-
dary treatment are applied to ensure the performance.
Meanwhile, the combined scheme of pair pilots is used
to reduce the complexity.

The paper is organized as follows. In section 2, the
residual phase model based on IEEE 802.11ac system is
introduced. Section 3 presents the suggested phase estima-
tion algorithm using pilots. The results of simulation to
verify the scheme are provided in section 4. Finally, con-
clusion is presented in section 5.

2. Residual phase model

The effects of residual carrier frequency and sampling
clock error are incorporated in the equivalent system mod-
el, as depicted in Fig. 1.

We consider an OFDM system using an inverse fast
Fourier transform (IFFT) of size N for modulation. Each
OFDM symbol is composed of K < N data symbols sl:k,
where l denotes the OFDM symbol time index and k
denotes the subcarrier frequency index. With the sampling
time of T ¼ Tu=N, where Tu is the useful symbol time, and
proper filter gT ðtÞ, the transmitted baseband signal can be
described as
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xðtÞ ¼ 1ffiffiffiffiffi
Tu

p
Xþ1
l¼�1

XK=2
k¼�K=2

sl:k l;kðtÞ�gT ðtÞ ð1Þ

Taking into account of a guard interval of length Tg,
the resulting subcarrier pulse is

 l;kðtÞ ¼ ej2�k=Tuðt�Tg�lTsÞuðt � lTsÞ ð2Þ

uðtÞ ¼ 1; 0 � t < Ts

0; else

�
ð3Þ

where Ts ¼ Tu þ Tg is the length of symbols.
The signal is transmitted over a frequency selective

fading channel

hð�; tÞ ¼
X
i

hiðtÞ�ð� � �iÞ ð4Þ

where hiðtÞ is the channel impulse response with the delay
�i.

Assuming the receiver filter is flat within transmission
bandwidth, the receiver signal is

rðtÞ ¼
X
i

hiðtÞ � xðt � �iÞ þ nðtÞ ð5Þ

where nðtÞ is the additive white Gaussian noise (AWGN).
In the presence of a residual CFO �f and a SFO of

� ¼ ðT 0 � T Þ=T , the sampled signal at time instant tn ¼
nT 0 ¼ nð1 þ � ÞT is

rðtnÞ ¼ ej2��fðnT
0ÞX

i

hiðnT 0ÞxðnT 0 � �iÞ þ nðnT 0Þ

¼ ej2��fðnð1þ� ÞT Þ
X
i

hiðnð1 þ �ÞT Þxðnð1 þ �ÞT � �iÞ

þ nðnð1 þ �ÞT Þ ð6Þ
where T 0 is the sampling time at receiver, xðnT 0 � �iÞ and
xðnð1 þ �ÞT � �iÞ denote the sampling of signal xðtÞ,
hiðnT 0Þ and hiðnð1 þ �ÞT Þ denote the sampling of channel
impulse response hiðtÞ, nðnT 0Þ and nðnð1 þ � ÞT Þ are the
sampling of noise nðtÞ.

We assume an abbreviation n0 ¼ n þ Ng þ lNs, and the
received samples at time instant tn0 ¼ n0T 0 ¼ n0ð1 þ � ÞT
can be further expanded to yield

rl;n ¼ rðtn0 Þ ¼ ej2��fðn
0ð1þ� ÞT ÞX

i

hiðn0ð1 þ �ÞT Þxðn0ð1 þ � ÞT � �iÞ

þ nðn0ð1 þ �ÞT Þ ¼ ej2��fn
0Tð1þ� Þ X

i

hi
X
l

X
k

sl;k ðn0Tð1 þ �Þ � �iÞ
 !

þ nl;n ð7Þ
where we have  ðn0Tð1 þ � Þ � �iÞ ¼ ej2�ð

k
NÞðn0ð1þ� Þ�Ng�lNs��i

T Þ

uððn0ð1 þ �Þ � lNs � �iÞÞ and nl;n is the noise.

In the absence of inter symbol interference (ISI), the
lth received signal block rl could be demodulated by fast
Fourier transform (FFT)

zl;k ¼ ðej��kej2�ððlNsþNgÞ=N Þ�kÞsið��kÞsl;kHk

þ
X
i;i≠k

ðej��i;k ej2�ððlNsþNgÞ=N Þ�i Þsið��i;kÞsl;iHi|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
ICI

þnl;k ð8Þ

with cross-subcarrier and subcarrier local frequency offset
parameters respectively

�i;k ¼ ð1 þ �Þð�fTu þ iÞ � k

�k ¼ �k;k � �fTu þ �k
ð9Þ

where sið��kÞ ¼ sinð��kÞ=ð��kÞ and sið��i;kÞ ¼ sinð��i;kÞ=
ð��i;kÞ are the attenuation factors, Hk is the channel trans-
fer function (CTF) at subcarrier frequency k and nl;k is
noise.

Modeling the irreducible ICI as an additional noise n�l;k,
the demodulated signal becomes

zl;k ¼ ðej�ð1þ2Ng=N Þ�kej2�lNs=N�kÞsið��kÞsl;kHk þ n�l;k þ nl;k

ð10Þ
The residual local offset �k is usually small enough

to approximate the attenuation factor sið��kÞ ¼ sinð��kÞ=
ð��kÞ to 1 and it could be neglected. Furthermore, the time-
invariant term ej�ð1þ2Ng=N Þ�k can’t be distinguished from the
Hk. Hence, the residual phase is 2�lNs=N�k, which can be
rewritten as

�lðkÞ ¼ 2�lNs=N�k ¼ 2�lNs=NTu�f|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
cl

þ 2�lNs=N�k|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
�lk

¼ cl þ �lk

ð11Þ

Then, sub-carrier k belonging to symbol l can be
expressed as follow after FFT

zl;k ¼ ej�lðkÞHksl;k þ n0l;k ¼ ejðclþ�lkÞHksl;k þ n0l;k ð12Þ
where cl is the CPE, �l is the STO and n0l;k ¼ n�l;k þ nl;k is
the total noise.

3. Proposed algorithm

3.1 Existing WLS
The pilot tones in the OFDM symbols can be used to track
CPE and STO, which should be performed before detection
operation. In this section, we take 20MHz bandwidth in the
802.11ac system as an example to illustrate, and 40MHz
and 80MHz are similar. There are four pilots for 20MHz
bandwidth, whose frequency indexes are −21, −7, 7 and
21. Let pl ¼ ½pl;�21 pl;�7 pl;7 pl;21�T be the 4 � 1 pilot
vector, and Zl ¼ ½zl;�21 zl;�7 zl;7 zl;21�T denotes the
4 � 1 data vector corresponding to the pilot subcarriers in
the lth received symbol. Besides, the 4 � 1 estimated
channel response vector corresponding to the pilot subcar-
riers is hP ¼ ½h�21 h�7 h7 h21�T . Then,

Zl ¼ PlHP’l þ nl ð13Þ
where ’l ¼ ½ej�lð�21Þ ej�lð�7Þ ej�lð7Þ ej�lð21Þ�T , Pl ¼
diagðplÞ, HP ¼ diagðhPÞ and nl denotes the noise vector.
A desired performance can be achieved by widely used
WLS, but with a high calculation complexity.

Fig. 1. Block diagram of an OFDM transmission chain
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The existing LS estimation of ’l is

’̂l ¼ ððPlHPÞHPlHPÞ�1ðPlHPÞHZl ð14Þ
It is known that

ff’̂l ¼

�̂lð�21Þ
�̂lð�7Þ
�̂lð7Þ
�̂lð21Þ

2
66664

3
77775 ¼

1 �21
1 �7
1 7

1 21

2
66664

3
77775

ĉl

�̂l

" #
¼ D

ĉl

�l

" #
ð15Þ

where �̂lð�21Þ, �̂lð�7Þ, �̂lð7Þ and �̂lð21Þ are the estimated
angles of pilot subcarriers.

So, the LS estimation of cl and �l can be given by

ĉl

�̂l

" #
¼ ðDTDÞ�1DT ðff’̂lÞ ð16Þ

In order to obtain an improved estimation of ĉl and �̂l,
WLS is provided

ĉl

�̂l

" #
¼ ðDTWDÞ�1DTWðff’̂lÞ ð17Þ

with weighted matrix W corresponding to the channel
response vector HP.

3.2 Proposed algorithm
The WLS introduces weighted matrix to improve system
performance, but it increases complexity at the same time.
In order to reduce the complexity without performance
penalty, we put forward SWLS with three strategies, which
are CPE ML estimation, angle boundary treatment and
combined scheme of pair pilots.
1) CPE ML estimation

When �l ¼ 0, Eq. (13) can be simplified as

Zl ¼ ejclPlHPE þ nl ¼ ejclPlhP þ nl ð18Þ
From [18], we know the ML estimation of ejcl is

ejĉl ¼ argmin kZl � ejĉlPlhPk2 ¼ ðPlhPÞHZl
kPlhPk2

ð19Þ

When �l ¼ 0, we can get the ML estimation of cl

ĉl ¼ fffðPlhPÞHZlg ð20Þ
In WLANs, the CFO and STO are derived from the

same reference oscillator, so they have the same value.
From Eq. (11), we have

j�lp=clj ¼ j�p=ðTu�fÞj ¼ j�p=ðTu�cfefÞj
¼ jp=ðTucfefÞj < 0:06

ð21Þ

where p 2 f�21; �7; 7; 21g denotes the frequency
index of pilot subcarrier, Tu ¼ 3:2µs is the useful symbol
time, cf ¼ 5:8G is the central frequency and ef ¼ 2% is
the residual carrier frequency.

So we can use Eq. (20) to calculate ĉl, which means
that the matrix operations used in WLS can be replaced by
an arctangent function. This CPE ML estimation carries out
the vector merging before arctangent calculation, which
will reduce the information loss of multiple arctangent
operations and thus improve the estimation performance.

In practice, we use coordination rotation digital com-
puter (CORDIC) [29] to calculate arctangent.

2) angle boundary treatment
In WLANs, Ns=N � 1:25 and ζ is within 
40 ppm, so

Eq. (22) is satisfied

j�lþ1ðpÞ � �lðpÞj ¼ j2�Ns=NðTu�f þ �pÞj < � ð22Þ
When �̂lþ1ðpÞ and �̂lðpÞ belong to the different sides of

the boundary, we should turn �̂lþ1ðpÞ to the same side of
�̂lðpÞ. The scheme is shown as the following Table I.

3) combined scheme of pair pilots
For WLS, the angles of different pilot sub-carriers are

handled separately. In order to reduce the complexity,
we divide the four pilots into two group of �̂lð
7Þ and
�̂lð
21Þ. Then, Eq. (15) can be rewritten

ff ~’l ¼
�̂lð21Þ � �̂lð�21Þ
�̂lð7Þ � �̂lð7Þ

" #
¼ 42

14

" #
�̂l ¼ ~D�̂l ð23Þ

According to the state information of channel, �̂l is
calculated as

�̂l ¼ ð ~DTWs ~DÞ�1 ~DTWsðff ~’lÞ ð24Þ
where the Ws is the combining coefficient related to the
channel information of the pair pilots.

Ws ¼
k ~H21k2

k ~H7k2

" #
ð25Þ

In this paper, we have the weighted Ws as Eq. (26).

~H21 ¼ ðabsðreðH21ÞÞ þ absðreðH�21ÞÞÞ
þ jðabsðimðH21ÞÞ þ absðimðH�21ÞÞÞ

~H7 ¼ ðabsðreðH7ÞÞ þ absðreðH�7ÞÞÞ
þ jðabsðimðH7ÞÞ þ absðimðH�7ÞÞÞ

8>>>><
>>>>:

ð26Þ

Once ĉl and �̂l are determined, we can do the correc-
tion straight forward according to Eq. (12).

4. Numerical results

4.1 Comparison of estimation complexity
In this section, we present the complexity comparison of
related methods in Table II. The complexity values are
obtained based on the parameters of 20MHz bandwidth
in the 802.11ac system. In order to illustrate complexity
reduction effect of the combined scheme of pair pilots,
SWLS with three strategies and SWLS II with only two
strategies (the CPE ML estimation and the angle boundary
treatment) are provided for comparison.

The calculation of ĉl by the CPE ML estimation
requires 14 additions, 16 multiplications and 1 arctangent
operation. The calculation of �̂l by the combined scheme of
pair pilots needs 6 additions, 8 multiplications, 1 division

Table I. The adjustment scheme of boundary angle.

�̂
in
l ðpÞ and �̂

in
lþ1ðpÞ �̂

out
lþ1ðpÞ

�̂lðpÞ � 0 �̂lþ1ðpÞ � 0 �̂lþ1ðpÞ
�̂lðpÞ � 0 �̂lþ1ðpÞ � 0 �̂lþ1ðpÞ
� � �̂lðpÞ � �=2 ��=2 � �̂lþ1ðpÞ � �� �̂lþ1ðpÞ þ 2�

��=2 � �̂lðpÞ � �� � � �̂lþ1ðpÞ � �=2 �̂lþ1ðpÞ � 2�
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and 4 arctangent operations, while 24 additions, 12 multi-
plications, 8 divisions and 4 arctangent operations are
needed without the combined scheme of pair pilots. The
angle boundary treatment is done through 2 sign judg-
ments, 4 size comparators and 2 additions, so nearly 6
additions are needed.

Finally the SWLS totally needs 26 additions, 24 multi-
plications, 1 division, 5 arctangent operations, while the
SWLS II needs 44 additions, 28 multiplications, 8 divisions
and 5 arctangent operations.

As shown in Table II, CPE is the simplest method, but
it ignores the influence of STO. As the arctangent calcu-
lation is easier than division, the SWLS has lower com-
plexity than SRPCM. Compared to the WLS algorithm,
more than 40 percent of complexity is reduced with SWLS.
Thanks to the combined scheme of pair pilots, the com-
plexity of SWLS has decreased more than 15 percent
compared to SWLS II.

4.2 Comparison of PER performance
The PER performance of SWLS and SWLS II is inves-
tigated and compared to CPE, SPRCM and WLS. The
system model is according to the IEEE 802.11ac standard,
where the performance under AWGN channel and fre-
quency selective channel, taking TGn B [30] as an exam-
ple, is simulated. Transmission of 4096 byte bits per burst
is assumed, using three different data rates: 19.5Mbps,
39Mbps and 65Mbps defined in the 802.11ac. The CFO
and STO equal to 10 ppm and 40 ppm are used in the
simulation, and a residual carrier frequency is 2 percent
after synchronization. The PN is selected together, with
model as given in [11]. Simulation parameters are shown in
Table III.

PER smaller than 10�1 is required in IEEE 802.11ac
system, so signal to noise ratio (SNR) for PER equal to
10�1 can be an indication of algorithm performance. The
PER performance comparison among SWLS (SWLS),

SWLS II (SWLS II), CPE (CPE), SPRCM (SPR) and
WLS (WLS) under AWGN with CFO and STO equal to
10 ppm and 40 ppm is shown in Fig. 2 and Fig. 3 respec-
tively, and the PER performance comparison under TGn B
is shown in Fig. 4 and Fig. 5.

It can be found when CFO and STO are 10 ppm, the
PER performance of MCS 7 for CPE becomes worse than
the SWLS method under TGn B (Fig. 4). Furthermore,
when CFO and STO come to 40 ppm, PER degrades a lot

Table II. Comparison of estimation complexity for different methods

CPE SRPCM WLS SWLS SWLS II

addition 14 34 39 26 44

multiplication 16 28 40 24 28

division 0 8 8 1 8

arctangent 1 0 4 5 5

Table III. PER simulation parameters

Center frequency 5.8GHz

Bandwidth 20MHz

Data rate
mcs 2: 19.5Mbps, mcs 4: 39Mbps and
mcs 7: 65Mbps

Data Length 4096 [byte]

CFO and STO 10 ppm and 40 ppm

PN a ¼ 7, b ¼ 4, c ¼ 11

Channel model AWGN and TGn B

Fig. 2. PER performance under AWGN for CFO/STO equal to 10 ppm

Fig. 3. PER performance under AWGN for CFO/STO equal to 40 ppm

Fig. 4. PER performance under TGn B for CFO/STO equal to 10 ppm

Fig. 5. PER performance under TGnB for CFO/STO equal to 40 ppm
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with CPE and is almost 100%, but it is still working with
SWLS (Fig. 3 and Fig. 5).

As show in Fig. 2, 3, 4 and 5, when PER is 10�1,
SWLS achieves better performance gain than SPR for all
cases. Minimum 1dB performance superior is achieved by
mcs7 in AWGN and maximum 3dB performance superior
is achieved by mcs4 in TGn B.

Compared to WLS, the required SNR for SWLS is no
more than 0.1 dB in all scenarios, which means the SWLS
has almost identical performance with WLS.

As show in Fig. 2, 3, 4 and 5, when PER is 10�1,
SWLS II achieves better performance gain than SWLS and
WLS for all cases. Nearly 0.5 dB performance superior is
achieved, which means CPE ML estimation and angle
boundary treatment can give performance gain.

5. Conclusion

A SWLS method has been presented in this paper, which
aims to reduce the complexity without much system per-
formance loss. Simulation result shows that aided with
CPE ML estimation, angle boundary treatment and com-
bined scheme of pair pilots, the SWLS method has a low
complexity and is robust to residual CFO and STO.
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