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Abstract: In this paper, we propose an efficient hardware implemen-
tation of the reverse converter for the new five-moduli set {27,2%/2 —
1,27/2 41,27 +1,22"=1 — 1} for even n. The converter has a two-level
architecture, and is based on combination of new Chinese remainder
theorem 1 (New CRT-I) and mixed-radix conversion (MRC). The pre-
sented reverse converter has lower hardware requirements, and results
in a significant reduction in the conversion delay, compared to the re-
verse converter of the latest introduced five-moduli set {2 —1,2", 2" +
1,271 —1,27*1 1} that has the same dynamic range as the proposed
five-moduli set.
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1 Introduction

The residue number system (RNS) is a carry-free number system which can
be used as a method for high-speed and low-power implementation of digital
signal processing (DSP) computation algorithms [1]. The reverse conversion
is very important and complex part of an RNS system. The complexity of
the reverse converter is mainly based on moduli set. The most popular RNS
moduli set is {2" — 1,2 2" + 1} which has been attracted researchers for
many decades. But, its dynamic range is inadequate for applications which
require large dynamic range. Hence, newly, the general three-moduli set
{2%,2° — 1,25 + 1} [2] where o < (3, has been introduced for providing large
dynamic range with low-complexity. Furthermore, four-moduli sets such as
{2n—1,2", 2" +1,2""1 —1} [3] and {2"—3,2" —1,2"+1,2" +3} [4] have been
considered for increasing parallelism. Nowadays, high-performance compu-
tation systems demand more parallelism with larger dynamic range. Thus,
five-moduli sets are going under more development. The latest proposed
five-moduli set is {27 —1,27,2" 4 1,27~! — 1,271 — 1} [5]. This set has bal-
anced moduli, but its inefficient multiplicative inverses lead to performance
degradation of the reverse converter.

In this paper, the new five-moduli set {27, 2%/2 —1,27/2 41,2741, 2271 _
1} for even n is introduced for RNS. This moduli set has simple multiplica-
tive inverses which can lead to efficient design of reverse converter. Next, a
two-level design of reverse converter for the proposed moduli set based on
combination of New Chinese remainder theorem 1 (New CRT-I) and mixed-
radix conversion (MRC) is presented. In comparison with reverse converter
of the five-moduli set {27 — 1,2",2" + 1,271 — 1,271 — 1} [5], the pro-
posed converter has better performance in terms of hardware requirements
and conversion delay.

2 Background

The RNS [1] is based on a moduli set {Py, Ps,...,P,} which consists of
pairwise relatively prime numbers. The dynamic range is defined as M =
P Ps...P,. Each weighted number X < M has a unique representation in
RNS as (z1,x2,...,z,) where

mi:XmodPi:\X\Pi, 0<z; < P (1)
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By New CRT-I [6], the RNS number (z1,z2,...,2,) can be converted into
its equivalent weighted number as
X=x1+P |k1(l‘2 — fEl) + kQPQ(:Eg — .”Ez) + -
+kn1P2Ps - Pn—l(xn - xn—1)|p2P3...pn (2)

Where |k1 X Pl‘Pngn-Pn = ]_, |k2 X P1 X P2|P3--~Pn = 1, caey ’kn—l X P1 X P2 X
<+ X Pyqlp, = 1.
By MRC [1], the reverse conversion can be done as

X=z,P, 1.. BBP+...+23P,P + 2P + = (3)

The mixed-radix digits can be calculated by z; =x1, zo = |(x2—21) ‘Pf !

Pp,’

. The

— 22) ‘P{l

—_ . _Zn—l) ‘P’n_—ll‘

Py

= ‘(((mn—zl) P! N

Pr, ‘Pn
p!

term | P;

» denotes the multiplicative inverse of P; modulo P;
i

3 Reverse converter design

Consider the five-moduli set {27,2" + 1,2%/2 4+ 1,27/2 — 1,221 _ 1} with
corresponding residues (x1, 22, 23,24, 25). The proposed conversion algo-
rithm consists of two levels. In the first level, the equivalent weighted num-
ber of the residues z1, x2, x3 and x4 is obtained by using New CRT-I
based on subset {27,2" + 1,2%/2 4 1,2%/2 — 1}. Next, the result of the
first level and x5 are combined by using MRC, with respect to the set
{2n(2m +1)(2™? + 1)(27/% —1),22»1 — 1},

3.1 Conversion equations for {27,2" 4+ 1,27%/2 4 1,2"/2 — 1}
Based on New CRT-I:

The multiplicative inverses which are needed in (2), can be calculated as

follows

k1 X 2%|gon ;=1 — kg = 2" (4)
ke X 2" X (2" + 1)|gn_y =1 — kg =271 (5)

o 2 x @4 ) x @D, =1k =202 ()

The Z = (1,29, x3,24) can be obtained by substituting the values of mul-
tiplicative inverses, and moduli P, = 2", P, = 2" + 1, Py = 2%/2 4 1,
Py =2%2 —11in (2) as below

2"(302 — .’El) + 2n—1(2n + 1)(303 — .’132)

7 = 2m
1 + +2(n—4)/2(2n =+ 1)(2n/2 + 1)(.’E4 - $3) 22n__1
- (7)
— 20 (2771 = 220 )y (272274 1) — 200D/ 2 (27 11) g
=x1+2" (n—4)/2 (on n/2
42 (2" +1)(2"2 + 1)x4 22n_1

The simplification of (7) can be performed with considering the point that,

by expressing z; in pbits, |x; X 2l‘2,, . and |—x;|,,_; are equivalent to [ bits
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circular left shifting of x;, and one’s complement of z;, respectively [1]. The
residues can be represented at bit-level as: x1 = (z1,p—1,...,21,1,%1,0), T2 =
(T2, T21,720), T3 = (T3p/2,---,731,730) and T4 = (Tg(—2)/25- -
Z4,1,240). Therefore, (7) can be rewritten as

7=z +2"Y (8)
Where
Y =|Y1 4+ Yor + Yoo + Y31 + Y30 + Yi|oan 9)
Yl — |—2"w1|22n_1 = _Qn(wxl,n—l s 1121’1.’171,0)
n n 22n_q
=T1p-1- T112T101 -+ 11 (10)
‘1’: - n
Yo = '2”_1962 o = 2710 00@a,, -+ - T2,1T20)
n—1 n+1 22n 1
=Ton - T212200---00 (11)
—_—
n+1 n—1
Yor = =2 ay| = |2 Q00 mamag)
n—1 n+1 22n_1
=T20L 1L To0n - T22T0,1 (12)

—~

n—1 n

Ya = [2772(2" 4 1)

_ 2n—2(2n + 1)(0 -.-00 ;L'g’n/2 ... $371$3,0)

(n—2)/2 (n+2)/2

22n_1

22n 1

= 2n_2(w T3p/2 3123,00 - 00T559 - r3,123,0)

(n=2)/2 (n+2)/2 (n=2)/2 (n+2)/2 92n_1
= 2312300 0023,,/0 - 2312300 0023 ,,/9 - 23,3732 (13)

(n—2)/2 (n+2)/2 (n=2)/2 (n—2)/2

Vi = ‘_2<"—4)/2(2" +1)z3

22n_1

= —2("‘4)/2(0 00302312300 0023 ,/9 - 3,123,0)

(n—2)/2 (nig)/z (n—2)/2 (n-;g)/Z 22n_1

=1Z3,/0 - @31230L - 11T3 9+ T31T30L - - 11 (14)

(n19)/2 (n—2)/2 (nt2)/2 (n—4)/2
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Y, = 2(n—4)/2(2n+1)(2n/2+1)x4

2201

= 2070227 4 1)(2"2 + 1) (24 (n-2) /2 - T4,1T4,0)

n/2 92n_1

= (20D 1) (2 gy /2 T41T40 Ta(n2)/2 " - T4,1T4,0)

n/2 ’n/2 22n_1

= 2072 (@ ()2 X1 B0 Ta (22 AT

n/2 n/2

Ta,(n-2)/2" " T41T40 Ty (n-2)/2" " T4,1740)

n/2 n/2 92n_1
= T4,1%4,0 T4, (n—2)/2 """ T4,1T4,0 T4 (n—2)/2 " "~ L4,124,0

~"~ ~~

n/2 n/2
Ty (n—2)/2 " Ta1T4,0 Ty (n—2)/2 """ T4,3T4,2 (15)
/2 (n—4)/2

3.2 Conversion equations for {27(22" —1),22"~1 — 1} Based on
MRC:

The MRC for these two moduli requires only one multiplicative inverse as

’k x 27(22 — 1) —1 k=21 (16)

22n—1_1

Therefore, with considering (3), the X = (Z, x5) can be calculated based on
the two-moduli set {27(22" — 1),22"~1 — 1} as follows

X =2Z+272%" - 1) ](mg, — 7)1 (17)

22n—1_1

The binary vectors Z and x5 can be represented in bit-level as Z = (Z3;,—1,

ey Zl, Z()) and Ty = (.’[,'5,271_2, sy T, 1,'5,0). NOW, (17) can be simpliﬁed as
below
X =2Z4+2"2" - 1)T = Z+2°"T —2"T (18)
——
(5n—1)bits
T=|T1+Txn + T22|22n—1_1 (19)
Where

T1 = 2n_1$5

— n_l RS
oy = |2 @200 251750)

2n—1 22n—1_1

—1
= 12" (T52n-2 " T5 1 1T50 T5n—1 " T51T50)
n

n—1

22n—1_1

=T5p-1" " T51T50T52n-2 " T5n+1T5,n (20)

~~

~
n n—1

1010



IEICE Electronics Express, Vol.6, No.14, 1006-1012

Z=Tsn 1 Z1Zg=Tan-1 - ZanZon 1 X2+ Zon 9+ 217y (21)
£ ! : 20

3n ntl -1

T21 = _271—1 X 227’1—1(0 cee OO Zgn—]_ cet ZQnZQn—l)
n—2 n+1 22n—1_1
= Z3n-2-ZonZon—1 111 Z3, 1 (22)

n n—2

Too = |2 (Zap_o- - Z12)
—_—————

2n—1 92n—1_1

—2"_1(Z2n—2 <+ Ing1Zn Zn—1 - Z120)

n—1 n 22n—1_1

= n—l"'ZIZg?Qn—2"'Zn+1 n (23)

n n—1

3.3 Hardware Implementation:

The proposed reverse converter for the five-moduli set {27,2%/2 —1,2"/2 4
1,2" + 1,22»~1 — 1} is based on equations (8), (9), (18) and (19). The
implementation of (9) requires a six-operand modulo (22" — 1) adder. In this
paper, we consider the method of [7] for implementation of multi-operand
modular adders. Hence, the six-operand modulo (22" — 1) adder relies on
a 2n-bit six-input carry-save adder (CSA) tree followed by a 2n-bit carry-
propagate adder (CPA) with end-around carry (EAC). The six-input CSA
tree consists of four 2n-bit CSAs with EAC. Also, some of the full adders
(FAs) in these CSAs are reduced to pairs of XNOR/OR or XOR/AND gates,
because the operands (10)-(14) have some bits with the constant values of 0
or 1. Since, x; is an n-bit number, (8) can be realized with only concatenation
of 1 and Y, without the use of hardware. The implementation of (19) is
also based on a (2n — 1)-bit CSA with EAC followed by a (2n — 1)-bit CPA
with EAC. Next, realization of (18) relies on a (5n — 1)-bit binary subtracter
which can be implemented by a (5n — 1)-bit regular CPA with ‘1’ carry-in,
and (2n — 1) NOT gates. It should be noted that, the term Z 4 23T is only
a concatenation, because Z is a 3n-bit number. Fig. 1 shows the hardware
architecture of the converter.

4 Performance evaluation

Table I makes a comparison in terms of area and delay between the proposed
reverse converter for the moduli set {27, 2%/2—1,2%/241,2741,22"~1 1} and
the converter of the moduli set {27 —1,2" 2" 41,27t —1 27FL 1} [5]. Both
these moduli sets have five moduli and the same dynamic range. As stated in
[4], the converter of [5] has a total delay of (18n+1+2)tpa, where tpa denotes
the delay of an FA. For a better comparison, the unit gate model is considered
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to obtain total area and delay estimations. Based on this model, each two-
input monotonic gate counts as one gate in area and delay, an XOR/XNOR
gate counts as two gates in area and delay, and an FA has area of seven gates
and delay of four gates [2, 3]. The corresponding total unit gate area and
delay are presented in Table I. It is clear from the Table that the proposed
converter results in significant reduction in area and delay, compared to the
converter of [5].

bl L
7 7 Operand Prenaration Unit 1 7 Operand Preparation Unit 2 |
70 R 2 o R B G
v v v
| 2n-bit CSA1 with EAC | | 2n-bit CSA2 with EAC | (2n—1)-bit CSAS5 with EAC
| 2n-bit CSA3 with EAC | | (2n—1)-bit CPA2 with EAC |
v Zl T
. . v
2n-bit CSA4 with EAC
| l l | Operand Preparation Unit 3 |
| 2n-bit CPA1 with EAC | l l 1
l X, (5n—1)-bit CPA3 I
Y l #
2"Y + X, X
Z
(@ ®

Fig. 1. The proposed reverse converter: (a) first level (b)
second level

Table I. Performance Comparison

Converter Hardware requirements Unit gate Conversion delay Unit gate
area delay
((5rn*+43n+m )6 +16n-1)Apa | (577 +43nt+m’)7/6
[5] (6 D) Anor 1806 A8+ +T)ipp 72n+41+28
( 1 0n+5)AFA +(7n—5)AXN0R
Proposed +H(Tn=5)Aor*(2n-3)Axor 114n+5 (13n+ D tsa+3tor 52n+7

+(2n-3)Aanpt(87+2)Anor

’ m=n—4, 9n—12 and 5n-8 for n=6k-2, 6k and 6k+2, respectively, and / is the number of the levels of
a CSA tree with ((n/2)+1) inputs.

5 Conclusion

This paper presents an efficient two-level design of reverse converter for the
new five-moduli set {27,272 — 1,272 +1,2" +1,22"~1 — 1} based on com-
bination of New CRT-I and MRC. Comparison with the latest five-modulus
reverse converter has shown that the proposed design is faster and requires
less hardware area.
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