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l PAPER Special Section on Information Theory and Its Applications

Achievable Rate Regions of Cache-Aided Broadcast Networks for
Delivering Content with a Multilayer Structure*

Tetsunao MATSUTA "®, Member and Tomohiko UYEMATSU™), Fellow

SUMMARY  This paper deals with a broadcast network with a server
and many users. The server has files of content such as music and videos,
and each user requests one of these files, where each file consists of some
separated layers like a file encoded by a scalable video coding. On the other
hand, each user has a local memory, and a part of information of the files
is cached (i.e., stored) in these memories in advance of users’ requests. By
using the cached information as side information, the server encodes files
based on users’ requests. Then, it sends a codeword through an error-free
shared link for which all users can receive a common codeword from the
server without error. We assume that the server transmits some layers up to
a certain level of requested files at each different transmission rate (i.e., the
codeword length per file size) corresponding to each level. In this paper,
we focus on the region of tuples of these rates such that layers up to any
level of requested files are recovered at users with an arbitrarily small error
probability. Then, we give inner and outer bounds on this region.

key words: broadcast, caching, coded caching, scalable video coding,
successive refinement

1. Introduction

Because of the increase of a number of communication de-
vices and the size of digital contents, network traffic has
been significantly increasing in recent years. This increase
causes network congestion during peak-traffic times. As an
instance of a congested network, this paper deals with a
broadcast network with a server and many users. The server
has a lot of files of content such as music and videos, and
each user requests one of these files. We assume that users
are connected to the server through an error-free shared link
for which all users can receive common symbols from the
server without error. The content on demand system (such as
YouTube, Netflix, Spotify, etc.) is an example of a practical
system employing this network.

The network is usually not congested during off-peak
times. Hence, one possible approach to reduce traffic during
peak times is to use a local memory of each user. This
approach consists of two distinct phases: the placement
phase and the delivery phase. In the placement phase, a
part of information of files is cached (i.e., stored) in users’
local memories during off-peak times in advance of users’
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requests. Hence, the server only has to send remaining in-
formation of the files. In the delivery phase, by using the
cached information as side information, the server encodes
files based on users’ requests and sends a codeword during
peak times. Then, each user decodes the requested file from
the codeword and the cached information. This caching sys-
tem was introduced by Maddah-Ali and Niesen [2], where
they assumed that files are the same size. In the context of
the content on demand system, this assumption implies that
each file is fixed-length bits (or packets) that are part of a
music or video bit stream, which is handled by the server at
a time. For this caching system, they [2], [3] gave upper and
lower bounds to the infimum of transmission rates (i.e., the
codeword length per file size) such that requested files are
recovered at users with an arbitrarily small error probability.
Their upper bound is given by a coding scheme called coded
caching scheme using simple but effective XOR operations
on files. This scheme achieves the significant improvement
of performance compared with a traditional uncoded caching
scheme (cf. [2]). Their bounds are nearly optimal in the sense
that the gap between the upper bound and the lower bound
is constant for any number of users and files. Further, there
are many studies [4]-[7] to improve the upper bound and the
lower bound.

In the above setting, the server must transmit the whole
of requested files. However, we can consider the situation
that the server only needs to transmit a part of requested
files in the delivery phase. This may occur when files are
encoded by scalable video coding (cf. e.g. [8]), where each
file consists of a base layer and enhancement layers. Then,
due to a heavy load and insufficient memory, the server may
transmit only the base layer and enhancement layers up to a
certain level for somewhat low-definition videos and music.
In a more theoretical sense, this is the situation that files of
the server are encoded by the successive refinement coding
[9], [10]. Then each file consists of several codewords which
have the same role of layers of the scalable video coding.
This situation also may occur when each file consists of
some types of files in order of importance. For example, if
each file consists of a text file and a video file, the server only
transmits the text file when the network is quite congested.
In this situation, i.e., the situation that files consist of layers,
the server may transmit some layers up to a certain level at
each different transmission rate corresponding to each level
during the delivery phase. Hence one of our main interest
is, for a given local memory size, whether the server can
transmit layers up to each level at each optimal minimum

Copyright © 2017 The Institute of Electronics, Information and Communication Engineers



2630

rate without any redistribution of cached information.

To this end, we focus on the region of tuples of these
rates such that layers up to any level of requested files are
recovered at users with an arbitrarily small error probability.
Here, in order to keep fairness among users, we assume
that all users recover layers up to the same level. We also
assume that layers of the same level have the same size in
order to simplify a practical construction. Then, as in the
original caching system, each layer can be regarded as fixed-
length bits (or packets) of each layer bit stream. Yang and
Giindiiz [11] also deal with a caching system for content
with a multilayer structure. However, unlike our system,
they suppose that the server knows which layers are required
in advance of users’ request in the placement phase.

In this paper, we call the region of tuples of rates the
achievable rate region and give an inner bound and an outer
bound on this region. We also give a tighter outer bound
for the case where each file consists of 2 layers. Then, we
give some examples of inner and outer bounds for this 2-
layer case. Interestingly, according to these examples, there
exist both cases where the server can and cannot achieve
optimal rates of the region simultaneously. The inner bound
is derived by employing a memory dividing scheme in which
alocal memory of each user is divided into the same number
of parts as the layers. Then, each part is employed to transmit
each layer. Outer bounds are derived by employing a similar
argument to the cut-set bound in [2] and Han’s inequality
[12] that is also used in [7].

The rest of this paper is organized as follows. In Sect. 2,
we provide the setting of our caching system and define the
achievable rate region. In Sect.3, as our main result, we
give an inner bound and outer bounds of the achievable rate
region. In this section, we also give examples of inner and
outer bounds for the case where each file consists of 2 layers.
In Sect.4, we prove our inner bound and give a practical
construction method of a caching scheme. In Sect.5, we
prove our outer bounds for the multilayer case and the 2-
layer case, respectively. In Sect. 6, we conclude the paper.

2. Problem Setting

Let N, Z, and R, be sets of positive integers, non-negative
integers, and non-negative real numbers, respectively. For
i,j € Zy, we will denote the consecutive integers {i,i +
1,---,j}las[i:jl,where[i: jl=0ifi > j.

For F,L € N and p; € Ry (I € [1 : L]) such that
=1, let

LpiF] ifle[l:L-1]
k= L-1 .
F - Zl:] Fl ifl = L,

where | -| denotes the floor function. Hence, we have p; F' —
I1<F<p)F+L-1and

F= .

I
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Fig.2  Caching system.

For N e Nand/ e [1: L] lee W, Wi, ... W be
N independent random variables each uniformly distributed
over [1 : 2¥1] which represent /-th layers of N files. For n €
[1 : N], the concatenation of all layers W,(,l), W,(,z), cee, W,(EL)
represents a file W), of size F = Zlel F; bits (see Fig. 1), i.e.,

W, = (WD, WP, ... wib),

Hence, in our setting, there are N files with L layers. We
will denote the sequence of layers (W,(ll), W,(lz), cee, W,(,l)) up
to the /-th layer as W,(,”). If each file in the server represents
a video and encoded by a scalable video coding, W,Sl) can
be regarded as a part of the base layer bit stream of a low-
definition video, and W,(,z) can be regarded as a part of an
enhancement layer bit stream, and so on. In this example,
W,(,”) can be regarded as a part of a bit stream of a high-
definition video using layers up to the /-th layer.

For K €e Nand M € R,, as shown in Fig. 2, we consider
the situation that the server has all files Wy, ---, Wy, and K
users are connected to the server through an error-free shared
link. We assume that each of K users has a local memory of
size | M F | bits.

For R e R, (I € [1: L]), we denote (R, Ry,---,Ry)
as R. Now, we describe an (M, R) caching scheme for the
placement and the delivery phases. This scheme consists
of following K caching functions, L sets of NX encoding
functions, and L sets of K NX decoding functions.

The K caching functions

g : | 112N 1 2tME

L
=1

map the N files into the cache content
Zi = pp (Wi, Wa, -, Wy)

for each user k € [1 : K]. The cache content Z; is stored in
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Fig.3  Placement phase.
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Fig.4 Delivery phase.

the local memory of user k during the placement phase (see
Fig. 3).

During the delivery phase, the server employs one of L
sets of NX encoding functions:

(1) l_[[l ZFI]N

where d = (dy,da, - -+ ,dg) € [1 : NIX, di represents the
requested file number of k-th user, and R; represents the
rate. The [-th set {l//(l)} of functions is employed to transmit

[1 :2LR1FJ]’

requested sequences of layers in Wl(”), Wz(”), - ,WI(V”).
For a given users’ requests d € [1 : N1X, the encoding
function maps the N files into the codeword

X2 yP W, W),

Then, the server transmits X él) to all users by using the shared
link (see Fig. 4).

Depending on the index / € [1 : L] of the encoding
function, users employ one of L sets of KNX decoding
functions with the same index:

pi s 2R 2LMFJ]—>1_[[1 2fi).
i=1

For user k, the function maps the codeword X ((ll) and the
cache content Z; to the estimate

1:1 l 1
WD 2 40 (x, z

2631

of the sequence of layers Wg(llk:l) of the requested file (see Fig.
4).

For the (M, R) caching scheme, we define L types of
error probabilities as follows:

g) max  max Pr{W(1 Doy W(1 l)}.
de[1:N1K ke[1:K]

Now, we define achievability and the achievable rate
region.

Definition 1: A pair (M, R) is achievable if and only if for
every € > 0 and every large enough file size F, there exists an
(M, R) caching scheme such that s;{) <eforalll e[1:L].

Definition 2: We define the achievable rate region Ry, (M)
as

R (M) £ cl{R : (M,R) is achievable},

where cl{-} denotes the closure of the set.

Remark 1: Note that each user needs to know the actual
request d and the index / of the layer to decode the sequence
of layers. Hence, the server needs to send these information
to all users. In practice, this can be realized by adding a
header of size [K log, N1 + [log, L] bits representing the
request d € [1 : N1X and the index [ € [1 : L] to the
codeword. Since this header does not depend on the file size
F, it does not affect the achievable rate region. Hence, we
omit the header in this study.

When files have only a single layer, ie., L = 1,
the server can use all users’ memories to transmit files
Wi, .-+, Wy of size F. This case is the same as the previous
caching system [2], [3]. Hence, the memory-rate tradeoff
R*(M) introduced in [2] can be defined as

R*(M) 2 inf R, (M).

In this single layer case, according to [2], the line connect-
ing any two achievable points (M, R;) and (M’, R}) is also
achievable. Thus, it is easy to see that R*(M) is a convex
and continuous function.

For this memory-rate tradeoff R* (M), Maddah-Ali and
Niesen [2] gave the next upper bound using coded caching
scheme.

Theorem 1: For N files and K users, it holds that
R*(M) < sup {f(M) : f is any real convex function
- - 1 N
st. f(M) < K(1-M/N)minq ————, — ¢,
F() < K(1=M/N) {1+KM/N K}
VM € {0,N/K,2N/K,---,N}}.
They also clarified a closed-form expression of R*(M) in
the case where N = K = 2 as the next theorem, which can

be achieved by the coded caching scheme and a specially
designed caching scheme (see [2, Appendix]).

Theorem 2: For N = 2 files and K = 2 users, it holds that
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R*(M) = max{2 — 2M, 1 — M/2,3/2 - M, 0}.

3. Main Result

In this section, we give an inner bound and outer bounds
on the achievable rate region. Proofs of these bounds are
presented in Sects. 4 and 5.

The next theorem shows the inner bound.

Theorem 3: Let R(M) be an arbitrary upper bound on
R*(M) (including R*(M) itself). Then, for N files with
L layers, and K users with a local memory each of size M,
we have

RL(M) 2 g

(q1.g2.-++-qL) €[0, 115
Z,L Lai=1

Rl>2pl ( )\/le[l L]}
=1

The next theorem shows the outer bound for multilayer
cases.

{ReRf:

Theorem 4: For N files with L layers, and K users with a
local memory each of size M, we have

RL(M)

1
c ﬂ R eRE: ZR1> max =~ max = =
te[l:N] s€[0:K]: t

LC[1:L)] st<N,|L]|s<a

x (st (Z Zp) + (min{N, | L]st} - s1) (Z pl)

leLi

[ Lls) . o5
+T|mm{N,at}—|£|5t| Zpi
i=1

- |~£|SM) s

where L = max £, |x|* = max{0,x}, ¢« = min{K, [N/t]},
and [-] denotes the ceiling function.

When L = 1, according to Theorem 4, it holds that
Ri(M)C{Ri €Ry: R =2 R'(M)},
where

R'(M) = max max
te[l1:N] se€[0:K]:
st<N,s<a

s s
X (s + — |min{N, at} — st|" - —M) )
at 1

This gives a lower bound on the memory-rate tradeoff:
R*(M) = R'(M).

On the other hand, we have

R'(M) > max max (S - —M)
s€[0:K] te[l:N]:
st<N,s<min{K,[N/t]}

IEICE TRANS. FUNDAMENTALS, VOL.E100-A, NO.12 DECEMBER 2017

>

S
LN/s] M) ' M

Since (1) is the lower bound on R*(M) by Maddah-Ali and
Niesen [2, Theorem 2], our bound gives a tighter bound
compared with their bound. Especially, when N = K = 2,
our lower bound coincides with the memory-rate tradeoff.
In fact, when N = K = 2, we have

max (S
s€[l:min{N,K}]

R'(M) = max max (s

—(2
re[1:2] se[0:2]: [2/t]t
st<2

= max{2 - 2M, 1 - M/2,3/2 — M, 0}.

N
S)—;M)

For the 2-layer case, we can give the next outer bound
which is tighter than the above bound.

Theorem 5: LetL =2, p; = p,and p, = 1 —p for a certain
constant p € [0, 1]. Then, for N files with 2 layers, and K
users with a local memory each of size M, we have

Ro(M) C {(R1,Ry) €R} : Ry > r1(p, K, M, N),
Ry > ry(p, K, M, N, Ry)}, 2)

where

ri(p,K,M,N)
1
= max max —
ne[l:N] s1€[0:K] 11
s111EN,s1<B

X (S1I1P+ s—ﬂl |min{N, Bt} —S1t1|+P—S1M),

r2(p9K9M’N’R1)
1
= max max —
T HEl0:NTLhel1:N] 51,52 €[0:K |:514+52 <71, T2
1151 <N,tpsp <N

X (Sztz + sit1p + Imin{N, y2} — max{sit1, s2t2}|" p

+ |min{N, 212 + 5112} — s2121" (1 — p)
S+ 852 .
o (Imin{N, y3} = y2|" p

+ [min{N, y112} — 5212 — s112|* (1 = p))

= (81 +52)M—I1R1),

B =min{K, [N/t1}, 3)
min (K, [N/t,]} ifty #0,

Y= { . ) 4
min{K, [N/t;]} ift, =0,

v2 = max{syty + s1t2, S111} + $211, (5)

vz = max{yitz, y2} + (y1 — 51 — $2)t1. (6)

When L = 2 and p = 1, due to the definition of the
memory-rate tradeoff, one can easily check that
R*(M) = inf{R; : A(R1, Ry) € Ro(M)}.

Then, according to Theorem 5, we have
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Fig.6 p=0.5, K=2, M=0.5, N=2.

R*(M) = inf{R; : ARy, Ry) € Ro(M)}
> inf{R; : A(Ry, R2) € R2, Ry = r1(1,K, M, N),
Ry > ro(1,K, M, N, R))}
ri(1,K, M, N)
max max

t€[1:N] s1€[0:K]
S1H <N,s1<B

S S
X (S] + L |min{N, ﬂtl} - S]l‘1|+ - —IM
Bt 3

R'(M).

Hence, Theorem 5 gives the same lower bound on R*(M) as
Theorem 4.

Remark 2: Since we prove Theorems 4 and 5 by referring
to the argument by Sengupta et al. [7] using Han’s inequality,
the lower bound R’(M) is very similar to their lower bound
[7, Theorem 1]. However, since our proof is not exactly
the same as their proof (also in the sense that we deal with
the multilayer case), the form of R’(M) does not coincide
with their bound. Nevertheless, according to our numeri-
cal calculation, R’(M) gives the same lower bound as their
bound.

Figures 5-8 show numerical examples of our bounds in
the case where L = 2. Solid curves are inner bounds obtained
by Theorem 3. In Figs. 5 and 6, we employ Theorem 2
which is the memory-rate tradeoff for N = K = 2 as R(M)
in Theorem 3. On the other hand, in Figs. 7 and 8, we
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employ Theorem 1 which is the upper bound using the coded
caching scheme as R(M) in Theorem 3. Dotted curves are
outer bounds of Theorem 4. Dashed curves are outer bounds
of Theorem 5.

In Figs. 5 and 6, our inner and two outer bounds coin-
cide. Hence, there exist some cases where our bounds are
optimal. However, as shown in Figs. 7 and 8, our bounds
need to be improved.

Figure 5 shows that there exists a case where we
can simultaneously achieve the pair of optimal rates (i.e.,
(R1,Ry) = (0.5,1.5)). This means that cache contents
are optimal to transmit both first layer W,(,l) and all layers
W,(,lzz). As shown in the next section, this case is achieved
by the memory dividing scheme. Interestingly, Figs. 6 and 7
show that we cannot always achieve the pair of optimal rates.
Hence, in general, it is impossible to make cache contents
to be useful to transmit the both a part and the whole of the
files. Note that this fact can be seen from a slightly loose
outer bound of Theorem 4 only in Fig. 6.

4. Inner Bound

In this section, we prove Theorem 3 and give a practical
construction method of a caching scheme.

4.1 Proof of Theorem 3

In order to prove Theorem 3, we employ a memory divid-
ing scheme. For an arbitrarily fixed sequence of constants
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(q1,-++.qr) € [0, 11" satisfying 32, ¢ = 1, we divide
each local memory into L parts, each with |g M F] bits
(I € [1 : L]). We do not use remaining bits. Then, /-th
layers W(l) . W](é) of size F; will be transmitted by using
local memories of the size | ;M F].

We show functions employing these divided memo-
ries to transmit layers. For an arbitrarily fixed § > 0, and
M eR,,let R =R (M) + 8. Then, from the definition of
the memory-rate tradeoff, for every € > 0, and every large
enough file size F, there exist functions

i [1:28 1Y — [1: 27, )

a:[1:2F 1N - [1:21RF)), ®)

pak s (1 2WRF 1 2PNy 12 2F] ©)
such that

max  max Pr{W(Lk * de} <e€
de[1:N]K ke[1:K]

where

War = paxWa(Wi, -+, Wa), o (Wh, - -+, Wa)),

and Wy, ---, Wy are N independent random variables each
uniformly distributed over [1 : 2F]. For convenience, we
call these functions (M, R, €, F')-functions. We will use these
functions (7)—(9) to transmit layers.

Now, for an arbitrarily fixed 6 > 0, let

RO =r (- _pm)+s. (ell:L)).
(p1+5 +0, (el D

Then, for every € > 0, and every large enough file size F,
there exist( q’ =M, R, €, Fy)-functions. On the other hand,

since £ < pl + 6 for every large enough file size F, we have

qi
——MF; < gsMF.
it 1= 4q
This means that the memory size used by (!%M, RO ¢, F))-
functions is smaller than the size |g;MF] of the divided
: q Bl
memories. Hence, we can employ (p,_iéM’ RD, ¢, Fy)-
functions to transmit /-th layers W(l), . ,Wj(\i) of size F;.
Then, from the definition of (I%M, RW_ ¢, Fy)-functions,
the probability that /-th layers cannot be transmitted is less
than or equal to € for any / € [1 : L]. Hence, by using this
caching scheme, we have

sg) <le.

We note that this scheme totally uses Z =1 | -4 » + =M Fy] bits
of a local memory, and it satisfies the memory size:

L L
D va T 5MF’J < ;quMFJ

I=1

< |MF].
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On the other hand, the length Zle LRDF;] of a code-

word for transmitting sequences of layers Wl(”), o, Wz(vl:l )
satisfies

LROF]

M~

I
o
~ 0 MN

L(pl +8) RVF]

% qi
(pi +6) (R (p—i i 5M) +5) FJ

= IM- 1

< [(piR* (LM)erm{N K}6+p,6+62)FJ
pit+o
< |RF, (10)
where
R = Zp, R* (—M) + Lmin{N, K}6 + & + L%,

and the second inequality comes from the fact that R*(M) <
min{N, K} for any M € R, because the server transmits at
most min{N, K} files to users (it also immediately follows
from Theorem 1).

Hence, by letting R = (Rl, Ry -+, RL), a pair (M, R)
is achievable for any sequence of constants (g1, -, qr) €
[0, 11% satisfying ZlL: L@ = 1. Since 6 > 0 is arbitrary, and
R*(M) is a continuous function such that R*(M) < R(M)
for any M € R, we have Theorem 3.

Remark 3: In this caching scheme, when the server trans-
mits sequences of layers Wl(”), e ,WI(V”), it only uses the
same sequences of layers. Hence, the inner bound does
not change even if we define encoding functions { t,bfil)} as

w T [ 28N — (1 2LRF,

42 A Caching Scheme Using the Memory Dividing
Scheme

We end this section by giving a practical construction method
of a caching scheme using the memory dividing scheme.

(M, R, €, F)-functions in the proof of Theorem 3 are
equivalent to a caching scheme for the single layer case (e.g.,
coded-caching schemes in [2] and [3]). This implies that,
once a caching scheme for the single layer case is given, we
can construct an (M, R) caching scheme for finite file size F
as follows:

1. Divide each local memory into L parts, each with
LggMF| bits (I € [1: L]).

2. Let6fF = LT_I Then, by using a caching scheme for the
single layer case and noting that
can generate a cache content Z; of size |

LgtM F|) bits for [-th layers Wl(l), e

pl+6 F, the server
SH—MF (<

,ng) of size Fj.




MATSUTA and UYEMATSU: ACHIEVABLE RATE REGIONS OF CACHE-AIDED BROADCAST NETWORKS FOR DELIVERING CONTENT

Repeat this generation for each [ € [1 : L] and store
generated cache contents (Zx,1, Zi 2, -+, Z, 1) in the
divided local memory of the user k € [1 : K].

3. By using the same caching scheme, the server can gen-
erate a codeword Xgq ; for i-th layers. Repeat this gener-
ation for each i € [1 : [] up to a desired /-th layer. Then,
the server transmits codewords (Xq,1, Xa,2,* - - , Xq,1) to
all users.

4. By using the same caching scheme, each user k € [1 :
K1 can recover the i-th layer Wa(zik) of the requested file
from the codeword Xgq; and the cache content Z; ;. By
repeating this recovery for each i € [1 : [] up to the
desired /-th layer, each user k can recover layers W‘(il:l)
up to the /-th layer.

We note that since Maddah-Ali and Niesen [2], [3]
give concrete algorithms of several caching schemes, the
above procedure using the memory-dividing scheme can be
constructed quite explicitly when we employ their caching
schemes.

Let R (p or

) be the rate of a given caching scheme
for the single layer case for the memory size L MF;].
Then, the length of a codeword Xg; is I_R( +6F )FJ
Hence, in the same way as (10), it is sufﬁc1ent to set the
rate R; for transmitting codewords (Xq,1, Xa,2, - -, Xa,1) to
satisfy

i
5 qi
RI=Z(PL'+5F)R( M),
e Pi+90F

where 6y — 0 as F — oo. Hence, by employing the coded
caching scheme [2] that achieves the upper bound in Theorem
1, we can explicitly construct an (M, R) caching scheme that
achieves any tuple of rates in the inner bound of Theorem 3 in
which we employ the upper bound in Theorem 1. Especially,
by employing the specially designed caching scheme in [2]
that achieves the memory-rate tradeoff when K = N = 2 (see
Theorem 2), we can construct an (M, R) caching scheme that
achieves any pair of rates arbitrarily close to the boundary
shown in Figs. 5 and 6.

5. Outer Bound

In this section, we prove Theorems 4 and 5.

In what follows, for a subset K C [1 : K] of users,
let Zg be a tuple of cache contents of users in K, i.e.,
Zy = (Zx : k € K). For example, Z124) = (Z1, Z3, Z4).
For a set D C [1 : NJX of K-tuples of requests, let X;l))
be a tuple of codewords for requests in D of sequences of
layers Wl(l:l), W(1 D ,i.e., X(l) (X(l) de Z)), where
d=(d, - .,dg) €[1: N]X. For example, X

0 (l)

(L.} =

5.1 Proof of Theorem 4: Multilayer Cases

In order to show Theorem 4 which is an outer bound for
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multilayer cases, we use the next lemma.

Lemma 1: For asubset K of users, and a set D of requests,
let

A={dy€[l:N]:deD, keK} an

Then, for any subset 8 C [1 : N] of file numbers, € > 0,
[ € [1: L], and caching scheme such that sg) < €, we have

H(X3. ZyIWy™)

l
> | AN B| Y. Fi+ HX, Zy Wil
i=1
— €O(F) - O(1), (12)

where W<l D = (W(1 Dpe $) and O(x) denotes the big
theta notatlon i.e., it is bounded asymptotically both above
and below by x.

Proof. According to the assumption of this lemma, for any
ke[l:K]andanyd € [1: N1X, we have

Pripy) (X, Z) # W) < e,

where dy is the file number in d of user k. Hence, we have
HWR " 1X3) Zye Wig™)

<D, 2 HWL XD, 7z
deD keK
< |DIKI(1 + €F)

= e®(F) + 0(1), (13)
where the first inequality comes from (11), and the second

inequality comes from Fano’s inequality [13]. Then, for any
B C [1: N], we have

H(XY), ZgWG™)

=HWGIWED) = HWGD1XY), Zge, W)
+ HXY, ZgewGD, wi™)

> HWGP WSy + HXD, Zge WGP, wi™)
— €O(F) - 0(1)

1
= |A\B| ) Fr+ HXY), Zy WG )
i=1
—€B(F) —0(1),

where the inequality comes from (13). L]

As we will see later, the coeflicient of Zf.zl F; in (12)
should be large in order to effectively employ this lemma.
Since this coefficient depends on assignments of the subset
of users and the set of requests, we should properly define
these sets.

Tothisend, for L C[1:L]andfr €[0: N],lets € [0 :
K] satisfy st < N and | L|s < @, where @ = min{K, [N/t]}.
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Table 1  An example of Assignment 1.
|k | ke | ks
d; 1 2 N
d, s+1 s+2 e 2s
d; s-D+1 | st-1)+2 | --- st
Table2  An example of Assignment 2.
kx+1 ‘ ks+2 ‘ c ‘ kl[ls ‘
d st+1 st+2 st=1)+|L|s
dy | s¢-1D+|Lls+1 s(t-2)+2|Lls
d; | s+|LIs@-D+1 | - [ L]st

Then, for a subset X C [1 : al](C [1 : K]) of users with
cardinality | L]|s, we divide it into subsets K; (I € L) with
the same size without overlap, i.e.,

7%=U7(,,

|G =5, VYleL,
KiNnKy=0, V,LI'e Lst.l+]!.

By using subset Kj, we assign integers (i.e., requesting file
numbers) to all elements in set D; C [1 : NIX of requests
satisfying |9;| = ¢ and all the following three conditions
(Assignments 1-3):

* Assignment 1: The following assignments tighten later
inequalities (17) and (18).

{dp €[1:N]:de Dy, kek)=[1:st],
Vie L. (14)

This assignment is valid because |D;||%;| = st(< N),
and hence we can assign integers to d € 9; without
overlap. Table 1 gives an example of this assignment,
where Dl = {d],dz, s ,dt} and 7(1 = {k], kz, e, ks}.
The i-th column and the j-th row of the table denotes
a requesting file number of a user k; in a request d;
Gell:sl,jell:z].

* Assignment 2: The following assignment tightens the
later inequality (19).

{di €[1:N]:de D, k€Upep K}
= [st + 1 : min{N, | L]st}], (15)

where L = max £. This is valid because I‘I?IIZ)L-I =
|L]st. Table 2 gives an example of this assign-
ment when |L|st < N, where D = {d,dp,---,d,},
Wi = {ki,ky,- -, ks} and Ule.[j\{l:}(](l =K\ Wi =
{ks+1, ks, -+, kj£)s}. We note that integers are al-
ready assigned for D; and K; by Assignment 1.

» Assignment 3: The following assignment tightens the
later inequality (22).

{dye[1:N]:deDj, kell:a\K}
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Table 3  An example of Assignment 3.

Kig)s+1 | kgse2 | oo ] ko \
d; [L]st +1 | L]st +2 [Lls(t-1)+a
d> | Lls(t—-1D+a+1 .. | L|s(t =2) + 2
d; [ Lls+a(t-1)+1 at

=[|L]st + 1 : min{N, at}]. (16)

This is valid because |[1 : a]||Dj| = «t. Table 3
gives an example of this assignment when at < N,
where D = {d1.da, -, d;}, K = {ki, ko, -+, k),
and [1: a]\ K = {k|£|s+1, k|£|s+2, <o kgt We_note
that integers are already assigned for D; and K by

Assignments 1 and 2.

‘We now turn to the derivation of the outer bound. For
any £ C[1:L],any ¢t € [0 : N], and any s € [0 : K] such
that | L|s < @ and st < N, achievable pair (M, R), and large
enough file size F' € N, we have

(ZIRIF) +|L|IsMF

leL

> Z H(XY), Z1)
leL

1
> st ZZF, + ZH(X(” Zyg W)

ieL i=1 1L
- €O(F) -0(1) (17)

> st ZZI:E + ZH(X(D Zxq| [(11sLt))

lel i=1 leL
— €®(F) - 0(1)

1 _
> SI(ZZF[ +H(X$£,Z7(|W(11S€]))
le L i=1

- €O(F) -06(1) (18)

> sr(ZZF)+ (min{N, | L]t} = s1) (i )

leli

(L) (1:L)
+HX s ZgWiawin(, £1se )

- e®(F) - O(1), (19)

where (17) comes from Assignment 1 and Lemma 1, and
(19) comes from Assignment 2 and Lemma 1.

We give a more precise explanation for Assignments 1
and 2. In Assignment 1, consecutive positive integers are
assigned without duplication for each of sets in (14). This
tightens the inequality (17) because this makes the coefficient
of 25:1 F; in (12) large. Further, these integers are assigned
so as to overlap among these sets. This avoids the loss of the
inequality (18) because the entropy does not greatly increase
by the conditioning due to this overlapping. In Assignment
2, positive integers are assigned for the set (15) without
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overlapping with the set (14). This is to avoid overlapping

with the indices of layers W(1 I;]) in the condition of the
entropy of (18). This tlghtens the inequality (19) because
this makes the coefficient of 3 i1 Fiin (12) large.

The above inequality holds for any subset K C [1 : a]
such that |K| = | L]s. By combining all these inequalities,

we have

ZtRlF +|LIsMF

leL
> st Z ZF + (min{N, | L]|st} — st) ZF
lel i= i=1
1
(1:L)
aadiDY (H<Z7(|W1mmuv,|./:|stn)
(ILIS) Kcll:al:
[K1=1Lls
(L) (1:L)
+ H(X 5 121100 Wiiomin( v, £1s7) ]))
- €®(F) - 0(1) (20)
L
> st ZZF + (min{N, | £]st} — st) Z
le L i= i=1
[L]s 1
+
o ( a ) _Z
| Lls Kcll:al:
[K1=1Lls
(L) (1:L)
H(XZ),:’ Z[M]IW] ‘min{N, ILlst}])
- €O(F) - 0(1) (21
l L
> st| Y- 3 |+ (min{N, | LIst) = s0) [ Y F
leL i=1 i=1
L
+ |LJlmin{N, at} — IJSISI‘)+ (Z Fi)
@ i=1
—€O(F) - O(1), (22)
where (20) comes from the fact that
(L) (1:L)
H(X ZWIWImm NILIY[}])
(1:L)
2 H(Z7<|W1m1n N,|L|st}] )
(L) (1:L)
+ H(X gy 121100 Wimingv, 1 215001

(21) comes from the fact that % <
[12] (or see [13, Theorem 17.6.1]):

1 and Han’s inequality

(1:L)
1 Z H(Z7(|W[1 :min{N, I.Clst}])
( a ) |-£|S
| L]s Cll:al:|K|=ILls
(1:L)
H(Z L] |W[1 min(N.| £]st)])
- a ’

and (22) comes from Assignment 3 and Lemma 1. Here, for
the same reason as the assignment of (15), positive integers
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are assigned for the set (16) in Assignment 3.
Since limp_ e % = p; and € > 0 can be arbitrarily
small, we have for any achievable pair (M, R),

Z IR, + | L|sM
leLl
L
> st(z Zp,) + (min{N, | L]st} — st) (Z )
lel i
%|min{N, at) - 1 Llst| (Z; p,»). (23)

Thus, for any £ C [1 : L], any ¢+ € [1 : N], and any
s € [0: K] such that | L]s < a and st < N, we have

W

leL

> %( (Z Zpl)+(m1n{N |L|st} — st)
leLl i

[Lls) . v
+_a/ |m1n{N, at} — |£|Sf| § pi
i=1

o

- |.£|SM).

This completes the proof of Theorem 4.

The left-hand side of the inequality (23) implies the
total size of | L|t codewords and |L|s cache contents. On
the other hand, the right-hand side of the inequality (23)
implies a lower bound on the total size of layers that can be
recovered by these multiple codewords and cache contents.
These facts justify the inequality (23) because the size of
these codewords and cache contents transmitted by the server
must be larger than the total size of the recovered layers.
This approach is basically the same as the cut-set bound in
[2]. Here we extend their approach to multilayer cases by
considering a set £ of indices of layers.

Remark 4: In the inequality (23), we do not restrict L to
one layer, i.e., £ = {l} for [ € [1 : L]. If we only consider
one layer £ = {/}, we only have a lower bound on the rate R;

independently of other rates. Hence, for example, we cannot
give a lower bound on R; + Rp. Then, we cannot draw the
sloping line in Fig. 6. This means that considering a set of
indices of layers is quite important in multilayer cases.

5.2 Proof of Theorem 5: The 2-Layer Case

In this section, suppose that L = 2, and hence it holds that
W = Wi and Wi = (w0, W) = w,

In the previous section, the number s of requests and
the number ¢ of cache contents are the same for any given
L, respectively. Instead of using the same parameters s and
t, we will use different parameters in the 2-layer case. This
causes rather difficult assignments but gives a tighter bound.
Although the following argument for the outer bound of the
2-layer case is similar to that in the previous section, we give
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it precisely because it is rather complicated.
First of all, we show the next key lemma for our outer
bound.

Lemma 2: For a subset K of users, and subsets D¢ and D,
of requests, let

Ap={dr €[1:N]:d €Dy, ke K}, (I €{1,2}).
24)

Then, for any subsets 8,8, C [l : N] of file numbers,
€ > 0, and caching scheme such that sg,l) < € and 8;;2) <e€,
we have

1 2 1
H(XY), X)), Zic|Wy), Wa,)
> (A1 U ANB1 U B} |F1 + [ANB | P2
1 2 1 1
+ H(Xp), X)), Zyc WSy, W, W), s, )
- €O(F) — O(1). (25)

where Wg]) = (W,(ll) :n€By)and Wg, = (W, : n € By).

Proof. According to the assumption of this lemma, for any
ke[l:K]andanyd € [1 : N1X, we have

Priug) (X, Z) # Wiy <€ VIe(1,2).

Hence by recalling that W,(,m) = W,(,l) and W,(,l:z) = W,, we
have

HWy, Wa,|X5), X5, Zyc)

<HWQIXp), Zic) + HWa, | X ), Zic)

< DK (1 + €F) + | Ds||K| (1 +€F)

= €O(F) + O(1), (26)

where the second inequality comes from Fano’s inequality
[13] and (24). Then, forany 8; € [1 : N]and B, C [1 : N],
we have

H(XY), X3, Zac|\Wy), Wa,)
1 1
= HW), Wa,IWg), Ws,)
—HWY), Wa,|X0), X5, Zic, Wyg), Ws,)
1 2 1 1
+ H(Xp), X0, Zyc| W), W, Wig), Was,)
> HWy W, lWg), Wa,)
+ H(Xp), X)), Zye W), W, W), g, )
—€O(F) - 0(1)
— (1) @)y 2)
- H(Wﬂluﬂz’ Wﬂz |WB[U82’ WBQ )
+H(Xp), X0, Zyc| W), W, Wyg), Was,)
- €O(F)-0(1)
= {FAL UALINB) U Bo}|F1 + [ AN\ B | F2
+ H(Xp), X0, Zyc| W), W, Wig), Wis,)
- €0(F) - 0(1),
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where the inequality comes from (26). [

As in the previous section, coefficients of F| and F>
in (25) should be large in order to effectively employ this
lemma. To this end, for #1,#, € [0 : N], let 51,52 € [0 : K]
satisfy s#; < N, sotp < N and s; + s < 7y, where y; is
the constant of (4). For a subset K c[l: yil(€ [1: K])
of users with cardinality s + s, we divide it into K and
XK, without overlap such that [Kj| = s; and |K;| = s».
By using these subsets K and K, we assign integers (i.e.,
requesting file numbers) to all elements in sets Dy C [1 :
N1¥ and D, C [1 : N]¥ of requests satisfying |D;| = #;
and |Ds| = t,. Integers are assigned to satisfy the following
three conditions (Assignments 1-3). Tables 1 —3 would also
be helpful in the following conditions.

* Assignment 1: The following assignments tighten the
later inequalities (33) and (34).

{dp €[1:N]:d e Dy, keFo}=1]1: s8],
(27

{dp €[1:N]:deDy, ke K} =[1:s111].
(28)

» Assignment 2: The following assignments tighten the
later inequality (35).

{di €[1:N]:de D, keKi}
= [s2t2 + 1 : min{N, sa2t2 + s112}], 29)
{di €[1:N]:de Dy, k €Fo}
= [max{szty + s1t2, s1£1} + 1 : min{N, y»}],
(30)

where we note that y, = max{sxt; + s1t2, s171} + $211.
* Assignment 3: The following assignments tighten the
later inequality (38).

{de e[1:Nl:de Dy kell:y\K}

= [S2t2 + s + 1: min{N, }/ll‘z}], (31)
{de e[1:N]:de Dy, kell:y\K}
= [max{yit2, 2} + 1 : min{N, y3}], (32)

where we note that y3 = max{y 2, y2}+(y1 —s1—52)t1.

The assignment (32) is valid because |[[1 : 71]\7?| =

Y1 — 81— 82.

We now turn to the derivation of the outer bound. For
any t1,1; € [0 : NJ, any 51,52 € [0 : K] such that s1¢; < N,
s2tp < N and s + 57 < 1, achievable pair (M, R), and large
enough file size F € N, we have

t1R\F + s{MF + RoF + 52 M F

> H(Xy), Zx,) + H(XD), Zx,)

> sitiFy+ H(Xp), Zog W)
+ 520F + H(XD), Zg6,|Witson1)

- €e®(F) -0(1) (33)
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1 vQ2) ~ (D
2 H(Xz)[’ Xz)z’ Z7( |W[1:S2t2]’ W[A‘zl2+l:S1t1])

+ 5212 F + 510, F) — €O(F) — O(1) (34)
> sotr F + 5111 Fy

+ |min{N, y2} — max{sit1, s2t2}|" Fy

+ |min{N, s2t2 + 5112} — s2t2|* F>

+H(XY), X ), Zg|W) - €@(F) - 0(1), (35)
where

7 1
W = (W[l:min{N,szt2+slt2}]9 W( ) )»

[s2t2+s1t+1:min{N,y; }]

(33) comes from Assignment 1 and Lemma 2, and (35)
comes from Assignment 2 and Lemma 2

We give a more precise explanation for Assignments 1
and 2. In Assignment 1, consecutive positive integers are
assigned without duplication for each of two sets (28) and
(27). This tightens the inequality (33), because this makes
coefficients of F; and F; in (25) large. Further, these integers
are assigned so as to overlap among these two sets. This
avoids the loss of the inequality (34), because the entropy
does not greatly increase by the conditioning due to this
overlapping. In Assignment 2, positive integers are assigned
for the set (29) without overlapping with the set (28). This
is to avoid overlapping with the indices of layers Wii.s,s)
in the condition of the entropy of (34). This tightens the
inequality (35), because this makes coeflicients of F| and F;
in (25) large. For a similar reason as the assignment of (29),
positive integers are assigned for the set (30).

The above inequality holds for any subset K C [1 : y]
such that || = s| +s,. By combining all these inequalities,
we have

HRIF+s\MF +tRyF +soMF
> ot + 5111 Fy
+ [min{N, y2} — max{s;ty, s2t2}|" Fi
+ |min{N, s2t2 + 5112} — S2t2|" P>
1 -
+ > (H(Z7€|W)

( 7 ) _
S1+52 (K_Q[lzyl]:
|'7<‘|:S1+S2

+ HOX) X0\ 7010, W)

2

—€O(F) - 0O(1) (36)
> ot F + 5111 Fy

+ |min{N, y2} — max{sy, s202}|" F}

+ |min{N, 5215 + s112} — s212|" >

sits2 | M) @ =

* b4 ( Y1 ) B Z H(XDl’Xﬂz’ Ziiyn W)
si+s2/) K<[ly]:
\7€|=S1+S2

— €O(F) - O(1) (37
> ot F + 5111 Fy

+ |min{N, y2} — max{s1, s202}|" F}

+ |min{N, 52t + s112} — 212" B>
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S1+ S22

(Imin{N, y3} = y2|" Fy

+|min{N, yi12} — s2t2 — s102|" F») — €@(F) — ©(1),
(33)

where (36) comes from the fact that
H(Xp), X, ZcIW)
- D v .
> H(Zi|W) + H(XY), X 51 Z{15,1, W),

(37) comes from the fact that 31«/# < 1 and Han’s inequality
[12] (or see [13, Theorem 17.6.1]):

(2 ke

S1+52 '7%2[1:7]]:|7€|=s1+sz

H(Zg|W) S H(Zp1:1IW)
si+sy Y1 ’

and (38) comes from Assignment 3 and Lemma 2. Here, for
a similar reason as the assignment of (29), positive integers
are assigned for sets (31) and (32) in Assignment 3.

Since limg_, % =p,limp_ % =(1-p),ande >0
can be arbitrarily small, we have for any achievable pair
(M,R),

HR +siM + 1Ry + soM
> 5oty + sit1p + |min{N, y2} — max{sit1, s2t2}|" p
+min{N, so12 + sit2} — 212" (1 = p)
St + 52 .
+ BT (Imin{N, y3} = y2|" p
+|min{N, yi12} — 5212 = s112|" (1 = p)) .
Thus, for any #; € [0: N], #; € [1 : N], and any sy, s € [0 :
K]suchthatt;s; < N, tys0 < N, and s1 + 52 < 1, we have
1 . n
Ry > t—(sztz + sit1p + |min{N, y2} — max{st, s2t2}|" p
2
+ Imin{N, so12 + sit2} — s212|" (1 = p)
S1 + S2 .
+ T (Imin{N, y3} = y2|" p
+|min{N, yi12} — s212 — s182|" (1 = p))

—(s1+s)M — thl).
This implies that
Ry > ry(p, K, M, N, Ry). (39)
On the other hand, when #, = 0 and s, = 0, we have
y1 = B, y2 = sit1, and y3 = Bt. Hence, for any ¢ € [1, N]

and any s; € [0 : K] such that s;7; < N and 51 < B, we
have

1
R > . (Slflp + % Imin{N, Bt} — s111|" p — SlM) .
1

This implies that

Ry >2ri(p.K,M,N). (40)
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According to (39) and (40), the achievable rate region
must satisfy (2). This completes the proof of Theorem 5.

6. Conclusion

In this paper, we have dealt with the caching system for
content with a multilayer structure. We gave an inner bound
(Theorem 3) and outer bounds (Theorems 4 and 5) on the
achievable rate region. The inner bound was derived by
employing the memory dividing scheme. Outer bounds were
derived by employing the detailed assignments of parameters
and Han’s inequality [12]. We gave numerical examples of
our bounds and showed that our bounds are optimal for some
cases. We also showed that the server cannot always achieve
the optimal rates of the region simultaneously in Figs. 5-7.
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