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|PAPER Special Section on Information Theory and Its Applications

A General Formula of the Capacity Region for Multiple-Access
Channels with Deterministic Feedback

Tetsunao MATSUTA "9, Student Member and Tomohiko UYEMATSU™, Senior Member

SUMMARY  The multiple-access channel (MAC) becomes very popu-
lar in various communication systems, because multi-terminal communi-
cation systems have been widely used in practical systems, e.g., mobile
phones and P2P, etc. For some MACs, it is known that feedback can en-
large the capacity region, where the capacity region is the set of rate pairs
such that the error probability can be made arbitrarily small for sufficiently
large block length. The capacity region for general MACs, which are not
required to satisfy ergodicity and stationarity with perfect feedback was
first shown by Tatikonda and Mitter without the proof, where perfect feed-
back means that the channel output is perfectly fed back to senders. In this
paper, we generalize Tatikonda and Mitter’s result to the case of determin-
istic feedback, where the values of deterministic functions of past channel
outputs is fed back to senders. We show that the capacity region for general
MACs with deterministic feedback can be represented by the information-
spectrum formula introduced by Han and Verdd, and directed information
introduced by Massey. We also investigate the compound MAC problem,
the e-coding problem, the strong converse property and the cost constraint
problem for general MACs with deterministic feedback.

key words: capacity region, directed information, feedback, information
spectrum, multiple-access channel

1. Introduction

Multi-terminal communication systems have been widely
used in practical systems, e.g., mobile phones, P2P, etc., and
this makes the multi-terminal information theory more im-
portant than ever. The multiple-access channel (MAC) is
one of basic models in the multi-terminal information the-
ory. For some MAGC:s, it is known that feedback can enlarge
the capacity region, where the capacity region is the set of
rate pairs such that the error probability can be made arbi-
trarily small for sufficiently large block length. This result
was first shown by Gaarder and Wolf [1]. They showed an
example of a stationary memoryless MAC of which capacity
region is enlarged by using perfect feedback, where perfect
feedback means that the channel output is perfectly fed back
to the senders. Later, Cover and Leung [2] derived an single-
letterized inner region of the capacity region for stationary
memoryless MACs with perfect feedback. Although this in-
ner region is optimal for some MACs, it is not optimal in
general.

The single-letterized capacity region for stationary
memoryless MACs with feedback has not yet been clarified,
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although the single-letterized inner region and outer region
have been clarified. On the other hand, Kramer [3] showed
a multi-letterized capacity region for stationary memoryless
MAC:s with perfect feedback by using directed information.
Directed information is a causal version of mutual informa-
tion, and was introduced by Massey [4]. In general, the
multi-letterized capacity region is not computable. How-
ever, by using the multi-letterized capacity region, we can
find the point which lies outside of the Cover-Leung inner
region for some stationary memoryless MACs [5]. Recently,
by using directed information, Permuter et al. [6] derived
the capacity region for some finite-state MACs with time-
invariant deterministic feedback, where time-invariant de-
terministic feedback means that the values of time-invariant
deterministic functions of the channel output is fed back to
the senders.

The capacity region for general MACs, which are not
required to satisfy ergodicity and stationarity, without feed-
back was shown by Han [7], and the capacity region for gen-
eral MACs with perfect feedback was shown by Tatikonda
and Mitter [8] although they did not show the proof. In
this paper, we generalize the result of Tatikonda and Mitter
to the case of deterministic feedback, where deterministic
feedback means that the values of deterministic functions
of past channel outputs is fed back to the senders. The de-
terministic feedback includes the case of perfect feedback,
time-invariant deterministic feedback, quantized feedback,
arbitrarily delayed feedback, etc. Hence, the case we con-
sider may be reviewed as a generalization of Permuter et
al.’s case [6] we mentioned earlier.

One of contributions of this paper is clarifying the ca-
pacity region for general MACs with deterministic feed-
back. Then, we show that the information-spectrum formula
introduced by Han and Verdu [9] and directed-information
play an important role to characterize the capacity region.
The proof of this result is based on Tatikonda and Mitter’s
method [8], [10], [11] which was used to clarify the chan-
nel capacity for general one-to-one channels with feedback.
The key idea of their method is to consider a channel from
code-functions to a receiver instead of a channel from code-
words to a receiver, where the code-function is a function
that maps a message and feedback into codewords. In or-
der to demonstrate the availability of our capacity region
for general MACs with deterministic feedback, we investi-
gate some important classes of MACs, and clarify the capac-
ity regions for these MACs when there exists deterministic
feedback. For the class of binary additive noise MACs, we
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Fig.1 MAC with deterministic feedback.

show that the capacity region cannot be enlarged by using
deterministic feedback. For the class of stationary memo-
ryless MACs, our capacity region is equal to the region ob-
tained by Kramer [3], [5] when perfect feedback is available
at the senders. For classes of mixed MACs and compound
MAC:s, we clarify a relation between these two capacity re-
gions. We also clarify the capacity region for the e-coding
problem and the cost constraint problem of general MACs
with deterministic feedback. Furthermore, we investigate
the strong converse property for general MACs with deter-
ministic feedback, and show the relation between the strong
converse property and directed information.

This paper is organized as follows. In Sect. 2, we pro-
vide a precise formulation of the deterministic feedback
MAC problem. In Sect.3, we define directed information
and information-spectrum formula of directed information.
In Sect. 4, we show the capacity region for general MACs
with deterministic feedback. In Sect.5, we give the proof
of the capacity region for general MACs with determinis-
tic feedback. In Sect.6, we show the capacity region for
some important classes of MACs with deterministic feed-
back. In Sect.7, we investigate some coding problems re-
lated to MACs with deterministic feedback. In Sect. 8, we
conclude the paper.

2. General MACs with Deterministic Feedback

In this chapter, we provide some notations and a precise for-
mulation of the deterministic feedback MAC coding prob-
lem.

We will denote random variables by capital letters
X,Y,Z,---, the values they can take by lowercase letters
x,v,z,--+, and the set of these values by calligraphic let-
ters 2, %, % ,---. The probability distribution of a random
variable X taking values in 2~ will be denoted by Py. In
a similar manner, the probability distribution of a pair of
random variables (X,Y) taking values in 2~ x % will be
denoted by Pyy. The conditional distribution for X given Y
will be denoted by Px|y. In what follows, all logarithms and
exponentials are taken to the base of natural logarithm.

Let 21, 232, %, 21 and 25 be arbitrary finite sets.
Let .%); and .%; be a set of all maps fi; : 3”{;1 — 21
and f5 : 0@”2"’1 — %5, respectively. We call these maps
code functions. Let F| 25" | Z); and T LN P
denote the Cartesian product of .#|; and .%,;, respec-

tively, where .71, £ 27 and F £ 25. We will use
notations  f{(z,") = (fir, fiz(zn): fis(2)s--- fu(2 1)
and fi(&5 1) = (for, f2(221), 3(2),- - fi(5 1)), where
27V = (22120 20m1)s 5 = (221,202, ,22-1), and
f11 and f7; are fixed elements of 27 and 27, respectively.
Now, we formulate the MAC with deterministic feed-
back. We illustrate the MAC with deterministic feedback
in Fig. 1. We are given a pair of deterministic functions
W= {(y],97) },=1> where Y = (Y11, 912, , YP1n), Y5 =
(Yo1, 922, ,Yon), Y10 ¥ — 24 and yn; : @' — 2.
We consider the situation that sender 1 and sender 2 in-
dependently send a message m; € ///nl and a message
my € ///,1(2) to a receiver, where the massage sets are de-
fined as .2 2 {1, ,M,Sl)} and 2% & {1, ,M,(f)}.
Sender 1 has encoder 1 and sender 2 has encoder 2. Encoder
1 outputs an n-length codeword X1, X2, , X1, (X1; € Z1)
corresponding to the message m; to the MAC. Similarly,
encoder 2 outputs an n-length codeword X»1,X2,---, X0,
(Xpi € Z3) corresponding to the message m; to the MAC.
Then, for each time i (1 <i < n), the MAC outputs Y; € %,
and the value of a deterministic function of channel outputs
Z1; = y1;(Y') is fed back to encoder 1 with unit delay. Sim-
ilarly, Zp; = yn;(Y") is fed back to encoder 2 with unit de-
lay. Hence, past values of deterministic functions Zi_l =
(Zi,Z12,+,Z1-1) and Z5' = (Za1, 200, 1 Zni1) are
available at encoders. Thus, encoder 1 is defined by a

set of M. code functions {fi'lmi1] € ﬁl”}m and en-

(1)
leﬁfln
coder 2 is defined by a set of M? code functions {f3ma] €
F3} (2. We define their rates as

my E,///n

1 1
RSLI) £ ;logM,(,l) and RS,z) £ p logM,Ez).

When the receiver observes all the channel outputs Y”,
one reconstructs the messages by using a decoder. The de-
coder decides that (m;,m;) € ,///n“) X ///,1(2) is transmitted
from senders 1 and 2 if Y" € 9, in,, Where D, m, is a
disjoint partition of %" determined in advance. Thus, the
decoder is defined by a map ¢, : " — //41(1) X ///,52).

Next, we provide a precise formulation of general
MACs. When there is feedback, the time ordering of chan-
nel inputs and channel outputs is

X11,X21,Y1,X12,X00, Y2, - -+, X1, Xon, Y.
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This is because encoders must wait till values of determinis-
tic functions are fed back. Hence, at time i, the channel out-
put Y; only depends on past channel inputs Xf_l and Xé‘l,
past channel outputs Y*~!, and current channel inputs X,
and Xp;. Thus, a MAC at each time i is characterized by a
conditional distribution W, Xixiyil Xix Xix =t —
% . Then, a MAC until the time n is characterized by
Wyn||xnxs 2174, Wy, xixiyi-1» where Wyn|xnyy is called the
causally conditioned distribution of which we will give a
precise definition in the next chapter. This represents the
conditional distribution for channel outputs Y” given chan-
nel inputs X{' and XJ' when there exists feedback. Thus,
we define a sequence {WynHXInXZn b, as a general MAC
W. Note that when a MAC is stationary memoryless, we
can simply express a MAC W as a conditional distribution
W .21 x % —%.

We define an (n,M,(,l),M,sz),sn)-code as sets of M,(,l)
and M,52> code functions, a decoder ¢,, and the error proba-
bility

a2

my 6/!,51) mze///,fz)
“Pr((my,my) # @u(Y")|my,my).

According to the definition of a MAC W, we have

Pr((my,mz) # @u(Y") |1, m2) = ;
Y'€D5ny my

Wy O A T (i~ 077 1) A Tma] (51 0771),

(1
where Z,, ,,, denotes the complement of Py m,. Se-

quences /7 [m1](w} ' ("~")) and f3[ma) (w5~ (")) rep-
resent n-length codewords determined by massages m
and mp, and deterministic feedbacks ¥} '(y"~!) and
W ),

Now, define achievability and capacity region for a
MAC W with deterministic feedback as follows:

Definition 1. A pair (R;,R;) is called achievable if there

exists a sequence of (n,M,(,I),M,<,2>,£n)-codes such that
lim, &, =0,

liminfR}" > R and liminfR\” > R,.
n—o n—o
The set of all achievable rates is called the capacity region
for a pair of deterministic functions ¥ and a MAC W with
deterministic feedback, and denoted by ¥ (W).

3. Causality and Directed Information

To represent the capacity region for general MACs with
deterministic feedback, we use directed information in-
troduced by Massey [4]. Here, we generalize Massey’s
notion [4] of directed information, and Kramer’s notion
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[3], [5] of causally conditional directed information to the
information-spectrum formula.

First, we introduce the causally conditioned distribu-
tion (cf. [3], [6], [12]).

Definition 2 (Causally conditioned distribution). For a non-
negative integer dy € {0,1,2,---}, we denote the causally
conditioned distribution for X" given Y"~% as Pyujyn—dy
which is defined as

n
PX"HYnfdy (x”|‘y"7dy) N r][PXiIX"*lyi*dy (xi‘xlilaylidy)
=

(V)/Z € 2" and Vy"*dy e @"7‘1"),
2

where we use the convention PXiIX,-,lyi,dy = Py, xi-1 When
i—dy <0.

According to this definition, we have
Pxnyn (xn,yn) = PX”HY"_I (Xn ||yn_1)Pyonn (yonn) (3)

Since we define the causally conditioned distribution as a
product of conditional distributions, whenever we use the
notation PX”H yn—dy » WE implicitly assume that there exists a
sequence of conditional distribution {PXZ,‘X,-_ly,-_dY }r, that
satisfies (2). Note that a causally conditioned distribution
PX"H yn—dy determines a sequence of conditional distributions
{Pxi|xi*lyi—dy }izy such that Pynjyn-dy = [Tiz1 Py, xi-1yi-ay
(see [12, Lemma 3]). Thus, we can identify a causally con-
ditioned distribution PX"H yn-dy a8 a sequence of conditional
distributions {Px,-| i-lyi-dy Yieq-

By using the notion of causally conditioning, we can
define directed information and causally conditioned di-
rected information as follows:

Definition 3 (Directed information).

PY)LX}'z(Yn|Xn):| 1

I(X"—Y")2E| =N Ixiyyh.
R e BT

Definition 4 (Causally conditioned directed information).

Pynjjynm (Y| X", Z"
I(Xn—)Yn”Zn) éE |:10g yn||xnz ( ” ; ):|

Pyn|jzn (Y| Z)

=

=NI1xiy|y1z).
1

Next, we introduce the limit superior in probability and
limit inferior in probability [13]. For an arbitrary sequence
of real-valued random variables {Z, }_,, we define the fol-
lowing notion.

Definition 5 (Limit superior in probability).

p-limsupZ, £ inf{a : lim Pr{Z, > a} = O}.

n—o n—o

Definition 6 (Limit inferior in probability).
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p-liminfZ, £ sup {ﬁ :limPr{Z, < B} = O} -

Now, we define the information-spectrum formula of
directed information and causally conditioned directed in-
formation [8].

Definition 7. For a given sequence of random variables

XY, Z) ={(x"y",z" , we define
n=1
_ 1 PY"IIX"(Y"HX”)
I(X—Y limsup = log -YIX" 127)
( ) £ p- msup ~ log = "y
1 PY"HX”(YnHX")
(X—)Y) p- hrrlrig}fn] gW,
_ . 1 PY”IIX"Z" (Y””Xl’l’zn)
I(X—Y|Z) ép'thUpflog
( n—ow N PY"HZ”(Y’ZHZ”)
1 Pynjjynm(Y" Xn7zn
(X —Y|Z)=p- liminf - log yoxnzn (V"] )
no= o Bz (Y27

4. The Capacity Region for General MACs with Deter-
ministic Feedback

In this chapter, we show a general formula of the capacity
region for general MACs with deterministic feedback.

Let Px, v = {Pypyn-1 17y and P,y = {Peyjyn1 1
be a sequence of causally conditioned distributions. These
represent channel input distributions. The set of all pairs
(Px, v, Px,|y) is denoted by .. Let Y C .7 be the set
of all pairs (P, |y, Px,|y) such that

PX;HYH(%H)’% )= xn Iz (gl

where ' (1) = (Y (01), W2 (07), -+ Y1 ")),
The condition (4) means, for a given z; ! 3‘2”71, all
channel input probabilities causally conditioned on y*~! €
{yte =ty (=) = 21~} are the same probabil-
ity. Then, we have the next theorem.

Theorem 1. For a general MAC W and a pair of determin-
istic functions W, we have

V(W) = U

(Px, v Px, |v)€ST

Zw(Px, |y, Px,|y), (5

where

Zw(Px, |y, Px,v) = {(R1,R2) : 0 < Ry < I(X; — Y[[Xa),
0<R <IXy—=Y|X)), Ri+R <I(X1,Xo —Y)}.
Here, Z(Xl — Y||X2), l(Xz — YHX]) and l(Xl,Xz — Y)
are calculated by (X,X,,Y) = {(X]',X},Y")}_, subject

to the joint probablhty distribution {Pxn Xnyn} __; such that,
foralln=1,2,-
Pxpxgyn (X,25,Y") = Pynjynt (x'11||Y"71)ngHyH By

Wy xnxn (5 [|X1, %) (6)

IEICE TRANS. FUNDAMENTALS, VOL.E94-A, NO.11 NOVEMBER 2011

Note that the right-hand side of (5) is a closed set (see
[13, Remark 7.7.1]).

When a pair of deterministic functions W satisfies
Y1i(y') = yi—a,+1 and Y (') = yi_gy41 forall i = 1,2,---,
we call this case (dj,d,)-delayed feedback, where d; and
d, are positive integers which represent delays. We use
the convention that Y, (y’) = yo for some yo € # when
i—dr+1<0 (k=1,2). Then, we have the next corollary.

Corollary 1. For a general MAC W with (d;,d>)-delayed
feedback, we have

T (W) = U

Py jy=ai Py

Aw Py, y-a- Py y-a2),
6:7‘11 Jdy

A A
Where PX] HY—dl = {P leynfdl }, PXZHY—dz = {P gHYnfdz} and

44 s the set of all pairs <PX1HY“’1 Py v ).

Note that when d; = d» = 1, i.e., perfect feedback is
available at encoders, .42 = . Hence, in the case of
perfect feedback, we denote €’ (W) by %' (W) for the sake
of convenience. We also note that the capacity region for
the perfect feedback case is shown by Tatikonda and Mitter

without the proof [8].
5. Proof of Theorem 1

In this chapter, we prove Theorem 1. To this end, we follow
the Tatikonda and Mitter’s [8], [10], [11] method which was
used to clarify the channel capacity for general one-to-one
channels with feedback.

5.1 Interconnection of Code Functions to the MAC

In a general MAC with deterministic feedback, the chan-
nel from .#]' and %} to % can be considered as a gen-
eral MAC without deterministic feedback (this channel is
framed by a dotted line in Fig. 1). Hence, any coding prob-
lem for the general MAC with deterministic feedback can be
reduced to the coding problem for the general MAC without
deterministic feedback. This is a key idea to prove The-
orem 1, because this idea allows us to use Han’s method
[7] which was used to clarify the capacity region for gen-
eral MACs without feedback. This key idea is an extension
of Tatikonda and Mitter’s idea [11]. In order to clarify the
capacity region for general MACs without feedback, Han
used the random-coding method, and introduced a probabil-
ity distribution on the set of channel inputs. For the channel
from .| and .7} to %", i.e., the channel framed by the
dotted line in Fig. 1, the channel inputs are code functions.
Hence, to apply the random-coding method for the system of
the MAC with deterministic feedback, we have to introduce
the code-function distribution, i.e., a probability distribution
on the set of code functions. We will denote this distribu-
tions on .7 and .7} as PF{‘ and PFz”’ respectively. Then, we
consider the following situation. Code functions F}' and Fy'
are independently selected with the code-function distribu-
tions PFln and PFz'" For each time i, Xj; and X»;, which are
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determined by functions F{* and F;', and past values of de-
terministic functions of channel outputs Zi ' = yi~!(y’~1)
and 2! = i (Y=, are fed into a MAC W. Under this
situation, let QFI” FIXUXBYnZI 70 be a joint probability distribu-
tion of code functions F* and F3', channel inputs X" and X7',
channel outputs Y", and values of deterministic functions Z
and Z3, i.e., QFI” FIXIXEYnZIZ! is the probability distribution
of the overall system of the MAC with deterministic feed-
back when we use the random code. Then, the distribution
QFl" FXixyynzize can be represented by

Orprpxpxgynzize (f15.02,51,%5,5",21,23)
= PF{’(fln)PFz”(fzn)l{fln(g]l*l)}(xjf)l{ff(zgfl)}(xg)
Wynjxpxg O 1167,52) Ly oy (Z1) L yg oy (22), (D)

where 1 9 (x) denotes the indicator function defined as

| a )1 ifxe2,

2O=N0 itxg 2
We call QF]'I FyXIXYnZi 72 the consistent distribution. When
there is no confusion, we shall simply write Q, for
Orrppxpxpynznzs-

The consistent distribution Q,, is useful to deal with
input-output relations in the system of the MAC with de-
terministic feedback. By using consistent distribution Q,,
the channel from .Z|' and Z] to %" in the system of the
general MAC with deterministic feedback can be denoted
as {Qyn| FPEy 1> Where Qyn| FpEp 18 written as

Oynirpry V' 17)

= Wynps 0" A (0~ O 1), A (w5 07)
®)

according to (7). Since the channel from 7" and .7} to %"
is independent of code-function distributions, it is natural
that Qyn FIEp is independent of code-function distributions.
Hence, we use Han’s random-coding method to the general
MAC {Qyanlann +o_, without deterministic feedback, and
then prove Theorem 1. To this end, we use some proper-
ties of the consistent distribution which will be shown in the
next section.

5.2 Some Properties of Consistent Distribution

In this section, we show some useful properties of the con-
sistent distribution.

In order to apply the random-coding method, we use a
code-function distribution, and we assume that a codeword
is randomly selected depending on a code-function distri-
bution even if channel outputs are given. In other words,
a channel input is induced by a given code-function distri-
bution. By using the consistent distribution Q,, for given
channel outputs, the probability distribution of channel in-
puts can be represented by QXl:tHyn—l (k=1,2). The reason
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that this probability distribution has causality is that a chan-
nel input for each time depends on past channel outputs. In
what follows, we call QX,?HY”" (k = 1,2) induced channel
input distributions. In the following Lemma 1 - Lemma 4,
we discuss some properties of induced channel input distri-

bution. To this end, we int;oduce follow_ing deﬁnitions. For
each k = 1,2, define Yk,-(zj:l ,Xy;) and Y}c(zfl,x}{) as

Yii(zh ') 2 {fii € Tt fu(@ ) =x} (i>2),
Yi(z ' xd) & Y () XZij(Ziilaxkj) C 7 (i>2),
J:
while Y (1) £ {1} and Y (xe1) £ Yig (1)
We show that induced channel input distributions only

depend on code-function distributions, and show a property
of the product of induced channel input distributions.

Lemma 1. For a given consistent distribution Q,,, we have
Oxypyn1 (Y1) = Pep (i (yp ' 0" 1) x0) (k= 1,2),
Oxoxy 1 (¥, 25 y"™1)

= Qxl"HYn—l (x?Hyn_l)sznuyn—l (Xg”yn_l)' )
Proof. By following the proof of [11, Lemma 5.1], for all
i=1,2---, the marginal distribution QX{YH is given by

Qxfyifl (xilayiil)
= Py OV ) ) Y (20720 71)
'Qxfilyi—l (xilil’yiil)

Thus, according to the definition (2) of the causally condi-
tioned distribution, we have

ety e Oxiyic (¥, )
QXleynfl(‘xlilHy ) = i—1 _i—1
= Qxll’*lyi—l (xl Y )

— Pe (V11 7). ).
Similarly, we also have
Oxayn1 (B ™1) = Pep (Y3(95~ (" 1),3)),
and
Qxf‘x;\\)"lfl(x'f»xg||yn71) = PF;“(Y?(U’{HI(YW])J?))
Prp (V3 (w5~ 0" 1).).
These identities imply the lemma. U

The following lemma shows that induced channel in-
put distributions always satisfy the condition (4). Hence, in
Theorem 1, we can restrict a channel input distribution to an
element of .77

Lemma 2. For a given consistent distribution Q,,, we have

O 1 (™) = Qo (0 071) (k= 1.2).
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Proof. The proof can be done in a similar manner to the
proof of Lemma 1. For alli = 1,2,---, we have

Oy (69 0F1))
= P O 0 ) D (0 20072) 04)
Qi (7w ).
Thus, we have
Qo (LWL 0771) = P O™ 07 1),20)
= Oyt (1Y),
where the last equality comes from Lemma 1. U

Now, we introduce the following notion. This notion
was first introduced by Tatikonda [10].

Definition 8. For each k = 1,2, we call a code-function dis-
tribution Py good with respect to the channel input distri-
bution Pxnjyn-1 if

Pep (Vi (7))

xpez2l and y" ! ¢ 1,

—1
= PX,:’||Y"*1 (e ly"™)
for all

Then, we have the following two lemmas similar to
[11, Lemma 5.3 and 5.4]. Note that our lemmas use a
causally conditioned distribution instead of a sequence of
conditional distributions used in [11, Lemma 5.3 and 5.4].
However, since a causally conditioned distribution can be
identified as a sequence of conditional distributions as we
mentioned in Chapter 3, we can prove following lemmas in
a similar way to the proofs of [11, Lemma 5.3 and 5.4].

Lemma 3. For each £k = 1,2, and a given channel input
distribution PX]? |y»-1 the induced channel input distribution
satisfies

Oxpyn1 (") =

if and only if the code-function distribution Ppn is good with
respect to PX;LH yn1-

PXk"HY"—l(XZ||yn_1) 10)

Lemma 4. For each k = 1,2, given a deterministic function
1[)1?71, and any channel input distribution Pan |y»-1 such that

PX,?HYH(%HY"A):nguz;gfl(XZHw/:H(y"*l)), (11)

there exists a code-function distribution Py that is good
with respect to PX;? yn—1-

According to Lemma 3 and Lemma 4, for any channel
input distribution PanHY"fl satisfying the condition (4), we
have an induced channel input distribution Qynyn-1 which
is equal to PX]?HY’1—1 by a proper choice of a code-function

distribution Ppn. This result of the induced channel input
distribution plays an important role in order to prove the di-
rect part of Theorem 1.
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The next lemma is fundamental in this paper.

Lemma 5. For any (f},f),x,x5,y".2],25) satisfying
On(f1, 13, X1, x5,y", 21 ,25) > 0, we have

Qyniprry 1T 03)  Qymxpxy O'[1X1, %)

7 ; (12)
Oyniry (V"|13) Oynxy (v [|x5)
Oyrirprg (115 07)  Qympxpxg (0'[1%,x3) (13)
Qynrp (V' ST) Oy ("I
and
Oynirprp OIS 13)  Oynxpxg (0|12, 23) a4

Qyn (y") Qyn (y")

The relation (14) in this lemma is analogous to [11,
Lemma 5.2], and can be proved in a similar way to the proof
of [11, Lemma 5.2]. However, relations (12) and (13) do
not appear in the one-to-one channel, and hence we give the
proof of these relations. To this end, we use the next lemma.

Lemma 6. For a given consistent distribution Q,,, we have

ZZPFz U g1ty 32)
Wy xen (5" [|X1,43),
QY"||X"(Y llx3) = Pn (fil (= o 1))}(x1)

Wy xen (5°[|X1,43),

Oynxr (v"[|x1)

and
Oyn)jxmxy (7" [|X1,%3) =Wynxnxp (" [[x7,%3). (15)
Proof. We have
Oxpyn (¥, ")
= 3 3 PPy U1 gty (1)
il
Lyt 02 Wy 07127, 23)
= P (Y7 (1™ 1( ")
22})‘” iy 1om1y (02)
'quxrx;(y [[},22), (16)
Oxgyn (43,)")
= Py (V3(w; ' ("1),23))
2 2 P U g oy (1)
fl 1
Wy (|17, 43), (17)
and

Oxrxpyn (X],%3,5")

- ZZPFI )Py (f2)1 WAL

( n— 1))}()‘]11)
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{fn( 11y l))}(XS)WYH||fo§(yon’11axg)
= P (V™ 0", Py (Y3 (= 0", 4%))
Wyn g (V" [167,%3). (18)

Thus, by combining (3), Lemma 1 and (16)—(18), we have
the lemma. 1

According to (3), (9) and (15), we have
Oxpxgyn (x7,%3,5")
= Oxpxg |y 1Y) Qs (14, 5)
= Oxpjyn-1 (x'f||yn71)QX;HYH (Bl
Wynxnn (5 [|X1,43). (19)

This justifies that the joint probability distribution of chan-
nel inputs and outputs can be denoted as (6) in Theorem 1.
Now, we prove Lemma 5.

Proof of Lemma 5. Q,(f{., f5,x},x5,y",2},25) > 0 implies
T ") =2 and (w3 ")) =5 (20)

Hence, we have

Oymprry (V' fT 7f2)

WY"||X1"X2 2 (" [l41,x7)
u Qynuxfxg (" 17, x2), 2D

where (a) comes from (8), and (b) comes from Lemma 6.
On the other hand, we have

Orpyn(f3:Y")

- ZZZZPH () Pep (N o 1)y (R1)

5 52495
Ly pman)y (52) W (517, %2)
Ly om (G s w)}(Zﬁ)

= PFZ"(fzn)EZPFI

Z Lt oy (F2) W g (7191, 2)

{fn )l 1( n— 1))}(.55?)

—
N

i PF" f2 ZPF1 fl f” n 1( n— 1))}(i7)
fl X1

Wynxenxn (0" [|%1,%2),

where (c¢) follows from (20). Hence, we obtain
433G e D
'WY'lHXfxg O"[1%7,x3)

Oy 07 143), 22)

where (d) comes from the fact that Qz» = Prr» which can be
obtained by (7), and (e) comes from Lemma 6. Similarly,
we also have

Oynipy (V" \fz

2111

Qymipr (/1) = Qynxr (V" [I41)- (23)
By combining (21), (22) and (23), we obtain the lemma. [

5.3 The Proof of Theorem 1

First, we prove the direct part. To this end, we employ the
following lemma.

Lemma 7. We are given a pair of deterministic functions
Y. For each k = 1,2, let meyn—l satisfy

-1 11
Pypnt (R 1Y) = Py (Il =1 0771),

for some PX"H
n= 1’2’...

exists an (n,M,(,l) ,M,(l

z Then, for a general MAC W, any y > 0,

and any positive integers M,(,l) and M,(,z), there

2), €n)-code satisfying

Pynxmy (Y"|XT, X5')
Pynjjxp (Y| X3)

1, Py (YIXT, X5)
or —log P ara
n o (V1 XT)

1, Ponpxpxgp (Y'IXT,X5)
or —log
n PY)L(Y”)

1
&n <Pynynyn (E log <RV 4y

R,S2> +y

IN

IN

<RV +RY )+y>

+3e M,

Where Pxilxznyn = PXInHYn—l . PXZnHYn—l . Wyn”XInXZn.

Proof. Let Py and Prp be code-function distributions good
with respect to the channel input distribution Pynyn-1 and
Pynjyn-1s respectively. The existence of such code-function
distributions Pn and Ppp are guaranteed by Lemma 4. Let
Q,, be the consistent distribution determined by Prp, Prp and
the MAC W. As we mentioned in Sect. 5.1, the sequence of
conditional distributions of code functions to channel out-
puts {QOyn| FIEy }»_, can be considered as a MAC without

feedback. Then, by following the proof of [7, Lemma 3], for
the MAC without feedback {Qyn| FIEy }o_, and any y > 0,

we can show the existence of an (n,M,(,l) ,M,<,2>, €n)-code that
satisfies

1 QY}’!‘FILFH (Yn|Fln,F2n) (1>
<Qpnpnyn | —1 12 <R
&n <QFnFry (n og Oy (VED) = +v
1 Oymppep(Y"|F' F')

(2)
or —log ; <Ry +vy
n Qynipp (Y"|FY") "
1 Oynprpp(Y"|F]' F) | 2
_1 172 <R( ) R,< )
or . og Oy (V) SRy +Ry+y
+3e7M, (24)

According to Lemma 5, (24) implies

Oynxrxy (Y[ XT,X3)
Oyn|xg (Y*(|1X3)

1 1
&n <QOxuxnyn (; log <RV +y
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1. Oynpxexy (Y[IXT,X35)

2)
or —log ~— <Ry’ +v
n Qynjxp (Y*[|IXT)
1 Oynxpxy (Y"[|X7,X37) (1) | 2
21 172 <R R
orn og Oy (V) SRy +Ry+vy
+3e7.
On the other hand, according to the assumption of
the lemma, Lemma 3 shows Oxpjyn-1 = Pyxnjyn-1 and
QX;HYV!—I = PX;’HY"’I' Hence, by noting (19), we have
Qfll xpyr = Pynxayn. This completes the proof. [l
Theorem 2.
¢¥(W) 2 U Zw (Px, )y, Px,|v)-

(Px, |y Px,v)es”

Proof. By using Lemma 7, we can prove the theorem in a
similar way to the proof of the direct part of [7, Theorem
1]. O

Next, we prove the converse part.

Lemma 8. For any y > 0 and all n = 1,2,---, every
(n, M,(,l) ,M,<,2) ,€n)-code satisfies

Oynxpxy (V" [[X7,X3)

(1)
S Rn -
Oyn|xg (Y*[|1X3)

1
&n 2 Qxnxpyn (; log

1 Q n nyn Yn Xrl7Xn
or Llog & g ( l\ & 7) <RD_,

n Qynjxp (Y"[|IXT)

1 Qv (YUIXTXT) 4y o

-1 172 <R, +R;, —
or . og Oyn (V) SRy +Ry—v
3¢, (25)

where Q, is the consistent distribution defined by a gen-

eral MAC W, and uniform distributions Prp and Py over

MY code functions {1 [ml]}m v and M code func-
1<4n

tions { f3 [m>)] }m26 PIoE respectively.

Proof. By following the proof of [7, Lemma 4], for the
MAC without feedback {Qyn Fp an}“’ we can show that

n=1>

any (n,M,SU,M,(lz) , €n)-code satisfies

Qynrpryp (YU FY', FY')
Oyniry (Y"|F3)
1, Qynprep (Y"|F,F)

or —log
n Oy (Y"|FY')

1. Oynrrp (Y'|F' FY)
~ log 1 g S RY+RY —y

<RV —y

1
&n 2Qprppyn (; log

R —y

IN

or

—3e7M.

Thus, by using Lemma 5, we have (25). O
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Theorem 3.

¢V (W) C U

(Px, |y Px,y)es"

Zw (Px, v, Px, |v)-

Proof. Suppose that a rate pair (Rj,R;) is achievable. Ac-
cording to the definition of the achievability, there exists a
sequence of (n,M,sl>,M,(12)7£n)—codes such that lim,, .« &, =
0, liminf, R\ > R, and liminf, .R" > R,. For all
n=1,2,---, and the sequence of (n,M,(,l),M,(,z),sn)-codes,
let O, be the consistent distribution defined by W and uni-

form distributions Prp and Ppp over M,(,l) code functions
{1 [ml]}mle//ln(l) and M\?) code functions {3 [mg]}mze///r@,
respectively. Then, by using Lemma 8, we can show that
R <IX; —=Y|X2), R <I(Xy = Y|X1),and Ry + Ry <
I[(X1,X; — Y), in a similar way to the proof of the con-
verse part of [7, Theorem 1], where [(X; — Y| X2), (X, —
Y||X;) and 1(X;,X; — Y) are calculated by (X;,X,,Y) =
{(X],X},Y™")}>_, subject to the sequence of consistent dis-
tributions {Qxf Xgyn }_,. Note that

Oxrxpyn (X],%3,)")
1 _
= Oxppynt (") Qxppyn-1 (")
Wynxnxy (0 [1%1,53),

where the equality comes from Lemma | and Lemma 6.
Since, according to Lemma 2,

QX,;’HYH—I (XZHyn_l) = QXk"HZZ" (xll:”w]?—l(yn—1))7

we have ({QXInHY'n—l}rzl,{sznllyn—l}le) € .7, Thus, the
achievable rate pair (R, R,) must satisfies

(Ri,Ry) € Zw({Qxpjyn1 bn=1:{Qxpyn-11n=1)

C U Zw(Px, v, Px,|y) O
(Px, |y Px, v)es"

6. Some Examples of Capacity Regions for Some
MACs

In this chapter, we show the capacity regions for some inter-
esting MACs.

6.1 Binary Additive Noise MACs

In this section, we show a special case of general MACs
for which the capacity region cannot be enlarged by using
deterministic feedback.

Let 27 = 2>, =% ={0,1}, and let V = {V" =
(V1<"),V2<">, e ,V,f">)};'f:1 be an arbitrary nonstationary and
nonergodic noise, where V" is subject to the probability dis-
tribution Py» over ¥ = {0,1}". For each time i, the output
of the MAC Yi<"> is given by Yi(") = Xl(?) EBXZ@ S) Vi<n> , where
x" and X" are channel inputs and V") is independent
from X 1(:1) and Xz(f) Then, the MAC W can be represented
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by {Wynxnxy = [Tim1 Wy, Xixiyi-! }_, such that

C i
me{xﬁ'yi—l(yi|xllaxlzayl )
= P\/iIVi’l (xll- D xo; EBy,-\x’-fl @)671 @yiil), (26)
foreachi=1,2,--- ,nandn=1,2,---, where

x’f] @xé’l oy = (X11 ®x21 DY1,X12Bx02 D2, -,
X1,i—1 Bx2,i—1 BYi-1).

We call this type of MAC the binary additive noise MAC.
We can show the following result in a similar way to the
proof of [7, Example 1].

€Y (W) = {(R1,R2) : 0 <Ry,0 <Ry,
Ry + Ry <log2 —H(V)} 27

1
Pyn (V1)

Note that the capacity region for the binary additive
noise MAC without feedback is equal to (27) (see [7, Exam-
ple 1]). Thus, this example shows that the feedback cannot
enlarge the capacity region for binary additive noise MACs.
We also mention that the capacity region for the additive
noise MAC with time-invariant feedback was shown in [6,
p-2462] with the entropy rate of the noise V. Their result
relies on the time-sharing principle. However, since the
time-sharing may not always work when the noise V is non-
stationary, their argument cannot directly be applied to the
general noise V.

where H(V) = p-limsup L log 5t
n—oo

6.2 Stationary Memoryless MACs

In this section, we show that for stationary memoryless
MACs with perfect feedback, the capacity region in The-
orem 1 is equal to the region derived by Kramer [3], [5].

We begin with giving some definitions and notations
for the capacity region of stationary memoryless MACs
with deterministic feedback. We denote a pair of deter-
ministic function (y{,y5) by y". The set of all pairs
(P yn-1:Pygjyn-1) is denoted by .7, Let SV C .7, be
the set of all pairs (PXInHYnf ! ,PXZV,”y,,fl) such that

Pt (1) = Pyt (2 (7))
(k=1,2).

For a stationary memoryless MAC W and a deterministic
function ", we define the set Zy (W) by

R (W) £ U

(PX?HY”71 ’PXSHY"’I )gljﬂl.“”
%W,n(PX;lHYH ’PX2”||Y"*1 )
where

%W,n(PX{zuyn—l ,PXiz”yn—l) = {(Rl ,Rz) :
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—_—

0<R <-IX]—=Y"|X3),

— 3

0<Ry < I(X3 —Y"|IX),

S
—

Ri+Ry < —I(X], X3 — Y™},
n

and the triple of random variable (X', X}, Y") is drawn ac-
cording to the probability distribution

Pypxgyn (X1,X5,Y") =Pynjyn-1 (x’1’||y”*1)PX;HY,171 (B
WY, x3).

Here, W"(y"|x},x5) = [Ti=; W (yi|x1i,x2;). For the sake of

convenience, in the case of perfect feedback, we denote
744 (W) by Z,(W), where

%n(w) = U

o
(PXIVlH}/n—l -,Pxi'tuyn—l )6/71

%W,H (PXil“Yn71 ,sznHynfl )

We now show the Kramer’s capacity region.

Theorem 4 ([3, Theorem 3],[5, Theorem 5.1]). We are
given a memoryless MAC W and a pair of determinis-
tic functions W such that yy;(y) = y; (k = 1,2) for all
i=1,2,---, ie., perfect feedback is available at encoders.
Let lim conv (%,(W)) be the set of limit points of conver-

gent sequences whose n-th term is in conv (%n(W)), where
conv(-) denotes the convex hull of the region. Then, we have
¢ (W) = lim conv(Z,(W)).

The next lemma implies another expression of the
channel capacity.

Lemma 9. For a stationary memoryless MAC W, we have

lim conv (%, (W)) = c1< U %(W)) , (28)

neN

where N denotes the set of all natural numbers and cl(-) de-
notes closure of the region.

Proof. The proof appeared in the proof of [3, Theorem
3]. This lemma can also be proved by the sup-additivity
of conv(Z%,(W)) and %,(W) (see the proof of [6, Lemma
27)). O

We show that for stationary memoryless MACs with
perfect feedback, the region in Theorem 1 is equal to the
right-hand side of (28). First, the next theorem shows the
region in Theorem 1 includes the right-hand side of (28).

Theorem 5. For any stationary memoryless channel W and
any pair of deterministic functions W,

U Pw (Px, v, Px, |y) 2 Cl( U %’#’"(W))

(Px, |v-Px, y)e" neN
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Proof. For any fixed m € N and causally conditioned distri-
butions lem”ym—l and PxénHym—l such that

71(ym71))’
(29)

71(ym71>)7
(30)

PX{"HY”’*1 (flnl‘qu) = Px{ﬂ”z’l"*l (xTHUJin

Pypyn-1 (5 [[y" 1) = Penjzn-1 (2 [y

we define the channel input distribution Py |y
{PX]"HY"_] }20:1 as

L) X
HPX'"HY'" l(x1 (i— 1m+1||ylr," 1 m+1)

melHym 1(')a11 \_ m+1||y er])
(€29)

PX{lHYH (o] ||yn

where x{i = (%14,%1,i11,* ,x1;) and m' = n— L2 |m.
Py, |y = {Pxélnynq }o_, is defined in a similar way. Accord-
ing to (29), (30) and (31), we have

-1
Py (41"

|~I‘)1J
1 im—1
= HP m)|zn- 1(xk (i— 1m+1leimz D1 VG m1))

PXm,”Zm (.kaIl m+1Hka Jm+1(yT%jm+1))v

foF each k = 1,2. This implies .(P;.(] HY_’PXzHY) c.7%. By
using this pair of channel input distributions (Px, |y, Px,|y)
(X1,X>,Y) in Theorem 1 can be represented as the sequence
of random variables {(X[", X}, Y")}> | subject to
Pxpxnyn (x7,X3,)")
= Py |y (¥7[Y"
L) |
= H (Pt G tyma )
1=

PX’”||Y’” 1("2 (i— 1m+1||yl, 1m+1)

I)szuynfl(xgHy )Wn(y ¥, x5)

'Wm(yl(’i'—l)m+1|x1 i—1)m+1’x2,(i—1)m+1)>

PX’”/HY"’ l(xjf,tﬂ m+1Hy "Jm+1)

me’”ym 1 (), L2 m+1Hy %Jmﬂ)
wr (y[ Jm1 ¥ L2 142, L2 Jmt1)-
. LnJ
This implies that {(X”"l l)m+l’X”’Zl D1 Y i) it

are mutually 1ndependent and are subject to the 1dentlcal
distribution. Thus, by noting that Pynxgyn-1 = Pxnjyn-1 -
PX;HYﬂ—l, we have

]1 1)m+1 PY’”’ (yf%]m+l)’ (32)
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Ponpxep 161) = | | Brmpixy O 1yt I (= 1yma 1)

PY'"’||X'" (y["ij”an Jm+1) 33)

L)

Pyn|xz O llxT) = H Pymxp (yl{t!il)m+1 ||xén,1(i—1)m+1)
Y’” [|x3 (y["jm-&-l ”xﬂ Jm+1) (34

We define
Pynxoxy (3|7, x3)
Pyn(y") ’
Pynxoey (3], x3)
Pynyxp (5" [1%5)
Pynjjxnxs ("I, x3)
Py (0" [x7)

Then, according to (32)-(34), we have

in(x], x5 —y") £ log

in(X] — ¥"||) £ 1

in(¥5 — y'||I¥}) = log

Elin(X]. X35 —¥")] =| | 10x",x3" — ")

XY X3 =), (35)
Elin(X}' = Y"|X3)] =| = | 1(x{" — Y"1 3")

X — Y X5, (36)
Elin(X3 — Y"|X{)] =| 2 106" — ¥ |x)

I3 — "X}, (37)

On the other hand, according to Chebyshev’s inequality, for
any € > 0, we have

1 1
Pr{’ i (X, X3 — Y")——E[in(Xl”,Xz”—>Y")]’ zs}
n

1 1
< V| g — v
Y
=1

(2o ez

where o2 and 031, is the variance of i, (X[",X})" — Y™)
and b (XT" /,Xml — Y’”’), respectively, and we have o2,
02, < 8|%|"/e* in the similar way to [13, Remark 3.1.1].

Similarly, we also obtain

1
(= YR~ L E(X] — VI e}

1
Pr{
n

1 (1n 87" 8z
< —
_£2n2<th 2 tTa ) 39)
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1 1
prf [ 20,083 - v71x0) - 2l — v > e}

1 (1n 87" 8z
< — .
~ e2n? (lmJ 2 t7a (“40)

According to (35)-(37), we have

1 1
lim ~ E[i, (X}, X} — ¥")] = —I(X]".X§' — "),
m

n—on

. 1 . n n n 1 m m m
lim —E[i, (X' — Y"||X3)] = —1(X{" — Y"||X3"),
n—en m

. 1 . n n n 1 m m m
Jim -~ Efin (X — YIX7)] = —106G" — Y"||X{"),

and by using (38)-(40), sequences {%i,, (XX} —Y")} o,
[Li(Xp — Y7X9) Y, and {Li, (X3 — Y7[X7)}7, con-
verge to Lr(Xm Xy — y™), Llpxm — y™||Xy") and
Li(xsm — y™|X/") in probability, respectively. Conse-
quently, we have I(X|,X; — Y) = %I(Xl’”,sz —Ym),
(X1 = Y[Xo) = 11(x;" — y™||x5") and I(Xo — Y| X;) =
Ly(xym — y™|Xx;"). This implies that for any m €
N and (Pynjyn-1, Pypjyn-1) € V", there exists a pair
(Px, v, Px,|v) € Y satisfying

Fw (Px, v, Px,|)v) = Zwm (P ym-1, Py jjym-1)-

By noting that the right-hand side of (5) is closed set, we
have the lemma. O

In order to show the opposite relation, we need the next
lemma which can be proved in a similar way to [7, Lemma
1].

Lemma 10. For any sequence of random variables

(X1,X0,Y) = {(X",X},Y")}_,, we have

n=1>

1
1(X;, X, — Y) < liminf ~I(X]', X} — Y"),
n

n—x

1

[(X) — Y[[X5) < liminf ~I(X] — Y"||X2),
n—o n
1

[(Xz — Y[X,) < liminf —I(X} — Y"||XD).
n—o n

By using this lemma, we have the next theorem.

Theorem 6. For any stationary memoryless MAC W and
any pair of deterministic functions W,

U Zw (Px, v, Px,|v) C Cl( Uz (W))

(Px, |v-Px, jv)es" neN

Proof. According to Lemma 10, for any triple of ran-
dom variables (X;,X,,Y) defined by a stationary mem-
oryless MAC W and a pair of channel input distribution
(Px, v, Px,|y) € %, we have

1
1(X;,X; — Y) < liminf ~I(X], X} — Y"),
n

n—ow
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1

[(X; — Y|[X5) < liminf —I(X]' — Y"||X}),
n—owo n
1

[(Xy — Y|[X;) < liminf —1(X} — Y"||X}).
n—ow n

Thus, for any y > 0 and all sufficiently large n, we obtain

—

l(XhXZ - Y) S 7I(X1n7X51 - Yn) +Y7

—_3

I[(X] — Y|[Xo) < ~I(X]" = Y"||I X))+,

—_3

l(Xz ~>Y||X1) S —I(X2n — YnHXIn) +)/.

N

Since y > 0 can be arbitrary small and
Pa 1 (1Y) = P s (0" 0771) (k=1,2),

we have

Zw(Px, |y, Px,|y) C Cl( U %W,n)

neN
for any (Px, |y, Px,|y) € Y O

By combining the Theorem 5 and Theorem 6, we have
the following theorem and corollary.

Theorem 7. For any stationary memoryless channel W and
any pair of deterministic functions W,

U Iw (Px, v, Px, ) = Cl( U e%’}f"(W))

(Px, v P, y) €™ nelN

Corollary 2. For any stationary memoryless channel W
with perfect feedback, we have

U Zw®x v Pxyy) = Cl( U %(W)>-

(Px, v -Px,v)es neN

6.3 Mixed MACs

In this section, we characterize the capacity region for mixed
MACs with deterministic feedback. ‘
For a given m MACs (m may be infinite) w) =

{W<i;>HXFXéL};°:1 (i=1,2,---,m), we define a MAC W =

Wonxpxy by as
< )
WY"HX;’X;‘ (yn”ﬂllvlﬂz) = E aiWynHXlﬂxél (yn”ﬂllvlﬂz)’ (41)
=1

where «ap,0p,--- are nonnegative constants satisfying
S a; = 1. We call this MAC as the mixed MAC of a
MAC family {q,-zw<f>};'; I W<.3 can ver?fy that Wynxnxs
is causally conditioned distribution by using a sequence of
conditional distributions {WY, xixdyict }_y such that

oo
WYj‘X{XZJ.Yj*I(yj|x{7xévy/ )
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Sy, earn s iy W s O711,23)

Ey;’-e?y"*fﬂ it aiWéln)Hx;lxg (]|, x3)

This type of MAC is useful to characterize the capacity re-
gion of the compound MAC problem which we will discuss
in the next section. To characterize the channel capacity re-
gion for mixed MACs, we use the following lemma.

Lemma 11. Let W be the mixed MAC of a MAC family
{a;, W@} Then, for any pair of deterministic function ¥
and any pair of channel input distribution (Px, |y, Px,|y) €
Y we have

(X1, Xy = Y) = inf [(X1,X; — Y,

io;>0

[(Xi = Y[Xz) = inf [(X;— Y|X,),

1(Xy = Y|Xy) = inf (X — Y@ X)),

where (X1,X2,Y) = {(X,X5,Y")}>_, and (X;,X5,Y?) =
{(xp,xg,v®

)m)}e_, are defined by a random variables sub-
ject to the probability distribution Pynypyn = PXnHY” 1

PXnHyn 1 WynHXan and X"X"Y = PX"HY” 1 PX”HY" 1 -

)
WY” IXnxge respectively.

Proof. We use some properties of the consistent distribu-
tion. Let PF{‘ and Pan be a code-function distribution good
with respect to the channel input distribution Py .1 and

PX;HYn—l , respectively. Let O, be the consistent distribution

determined by Ppln, Pan and the mixed MAC W. Then, for
alln=1,2,---, we have

n

On(f1: 12x1,22, 5" 21, 23)

=§de%&%%M%%) (“2)
where

O (11, 13,2, 5", 21, 28)

= Prp(f1)Prp (1)L g1y () L gy (2)

() ] "
Wyasgeg O 150,23 Ly )y () Lpug o)y (5)-

Thus, Qﬁf) is consistent distribution for PFI’l, PFz" and W),
According to (42), for each n,
T no N\ < . (l> n ' n 43
QF{’FZ”Y”(fl J2sy ) = E alQFIannyn(fl S35y ) (43)
=1
We define (Fy,F»,Y) and (Fy,F,, Y) as a sequence of ran-
dom variables subject to the sequence of probability dis-
tributions {QFln Epyn b, and {QF{' Fay(im }_ |, respectively.
Then, according to (43) and [13, Lemma 7.9.2], we have
I(F|,F,;Y) = inf I(Fl,Fz,Y<>)

ira; >0
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[(F;Y|Fy) = inf [(F;Y?[F),
ira;>0

[(F:Y[Fy) = inf [(Fy;YY|Fy),
iro; >0

where I(F1,F2;Y), I(F1;Y|F2) and I(Fa;Y|F) are spec-
tral (conditional) inf-mutual information rates [13, (7.7.1)-
(7.7.3)] of (Fi,F»,Y), and I(Fy,F2; YY), I(F;;YY|F,)
and I(F»; Y |Fy) are spectral (conditional) inf-mutual in-
formation rates of (FI,FZ,Y(i)). On the other hand, ac-
cording to Lemma 5, we have I(F|,F,;Y) = I(X;,X; —
Y), I(Fi;Y[F2) = I(X) — Y[X2), I(F; Y|F,) = [(X; —
Y|X)), ! (FI,FZ,YU) =I1(X, X2—>Y()) [(F1; YV |F,) =
1(X; — YO[X,) and I(Fo; YOF)) = [(Xs — Y| X)).
Hence, we obtain

[(X;,X, = Y) = inf 1()(1,X2 — YW,

o>

l(X] —>Y||X2) = inf l(X] —>Y HXz)7
ira;>0

1(X; — Y|[X) = inf I(X; — YV|X)).
i:a; >0

Since Pgp and Ppp is good with respect to the channel in-
put distribution Pynjyn-1 and Pynjyn-1 respectively, we have

Oxpxyyn = Pxpxgyn and Qyunyn = Pynyay(. This com-
pletes the proof. O

The next theorem shows the capacity region for mixed
MAGC:s.

Theorem 8. For the mixed MAC W of a MAC famil

X y
{ai,W(’)}T: , and a pair of deterministic functions W, we
have

(W) = U

(Px, |y Px,v)es"

Ziwioyn (Px, v P, )v);

where

«%{w(i)},r_n:1 (Px, v Px,|v)
£ {(R1,Ry) ORI < 1nf I(XIHY JIXa),

0<R, < ,'Hlf I(X; = YO |X)),

Ri+Ry < inf (X, Xy — Yyl

o>

Proof. We can easily prove the theorem by combining The-
orem | and Lemma 11. O

6.4 Compound MACs with Deterministic Feedback

In this section, we characterize the capacity region for the
compound MAC problem when there exists deterministic
feedback.

First, we formulate the compound MAC problem.

Suppose that general MACs W() = { Y"HX"X"} (i =

1,2,---,m) are given. Let ///n ={1,2,--- .M, n } and
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M2 = {1,2,--- ,M,(lz)} be a message set and fix encoders

2
{f,gl)[ml]}mle///rp) and {f,g )[mz]}mze,///,§2>’ and a decoder
Qn X" — M x M. Note that encoders may use feed-
back. For each MAC W) the error probability is repre-
sented by

o_ 1
En YOy Em 2 ;

my EMy mge//ln(z)y €7y my
'W;fz)Hxlnxél(yanf[ml](wilil
") A ma (wy T ). (44)

We define an (n,M,SU,M,(lz), (s,si));"zl)-code as sets of M,gl)

and M,S” code functions, a decoder ¢, and the error prob-
abilities s,gl) (i=1,2,---,m). Now, we define achievability
and capacity region for the compound MAC problem.

Definition 9. A pair (R;,R;) is called achievable if there

exists a sequence of (n,Mf,l) ,My(,z), (s,gi>)§”:1 )-codes such that

lime =0 (Yi=1,2,--,m)

n—o
liminfR\" > R, and liminfR? > R,.
n—oo n—

The set of all achievable rates is called the capacity re-
gion of a pair of deterministic functions W and a com-
pound MAC with deterministic feedback, and denoted by
TYAWIL).

Our purpose in this section is to characterize the capac-
ity region for the compound MAC with deterministic feed-
back. To this end, we show a relation between the capacity
region for the compound MAC with deterministic feedback
and the capacity region for the mixed MAC with determin-
istic feedback.

Theorem 9. We are given a pair of deterministic functions
W. Then, the capacity region 4" (W) for a mixed MAC
W of a MAC family {ai,W(i)}l*": , is equal to the capacity
region €"¥ ({W} ) for the compound MAC {W()}7 .
Since the proof is very similar to the proof of [13, The-
orem 3.3.5], we omit the proof.
By combining Theorem 8 and Theorem 9, we have the

next corollary which clarifies the capacity region for com-
pound MACs with deterministic feedback.

Corollary 3. We are given a pair of deterministic functions
W. Then, the capacity region €% ({W@}” ) for the com-
pound MAC {W)} s given by

%W({WO) im1) = U ‘%{W(l’)};ﬂ:l(PX1HY7PX2HY)'
(Px, v Px, y) e
7. Some Coding Problems Related to MACs with De-

terministic Feedback

In this chapter, we investigate the e-coding problem, the
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strong converse property, and the cost constraint problem
for general MACs with deterministic feedback.

7.1 &-Coding for MACs with Deterministic Feedback

In this section, we show the capacity region for the £-coding
problem of general MACs with deterministic feedback.

We first define the capacity region for the e-coding
problem.

Definition 10. For a MAC W and a pair of deterministic
functions W, a rate pair (Ry,R;) is called e-achievable if
there exists a sequence of (n,M,sU,M,(ll),en)-codes satisfy-
ing

limsupe, <e, liminfR,(ll) >R, and liminfR,(lz) >R;.
n—o

n— 00 n—o

The set of all e-achievable rates is called the e-capacity re-
gion of a pair of deterministic functions ¥ and a MAC W
with deterministic feedback, and denoted by € (¢|W).

We also define Jw (R1, Rz |Px, )y, Px, |y) by
Jw(R1,R2|Px, |y, Px, |y)

e 1 Ponpxey (Y"|XT, X5)
=lim SupPXInXZYlyn — 10 " 7 ~
n—oo Pynllxéz (Y ||X2 )

1, Py (YIXT, X5)

1

or —log <R,
n Py (Y| X7)
l PYn Xan Yn Xn7Xn

or —log ixpxg (X7, X5) <Ri+R |,
n A7)

where (X[',X7,Y") is the random variable subject to the
joint probability distribution Pxilxgtyn such that PXleélyn =
PX{’HY'H 'PXQ'HY'H “Wyn|xnxy. Then, we have the following
theorem.

Theorem 10. The ¢-capacity region ¢’ (¢|W) of a pair of

deterministic functions W and a MAC W with deterministic
feedback is given by

€V (e|W) = U
(Px, v Px, y) €7

Jw(Ri, R Py, 1y, Px, ) < €}).

Proof. By using Lemma 2, 7 and 8, we can prove the the-
orem by following the similar argument in [13, Theorem
7.11.1]. O

cl({(R,R2) : R >0, R, >0,

7.2 Strong Converse Theorem for MACs with Determin-
istic Feedback

In this section, we discuss the strong converse property of
general MACs with deterministic feedback.

First, we define the strong converse property of MACs
with deterministic feedback.
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Definition 11. Let €' (W) be the capacity region of ¥ and
a MAC W with deterministic feedback. If for any (R,R»)

satisfying (Ry,Ry) & €Y(W), all the (n, M, M, ,)-
codes with

liminfR, > R, and liminfR'> > R,
n—o

n—o

satisfy lim, . &, = 1, the MAC W is said to satisfy the
strong converse property.

Next, we define Jyy (R1, R2|Px, |y, Px,|y) by

Jw(R1, R2|Px iy, Px, y)

Pynxnxy (Y| X7, X3)
Ponixp (Y"1 X3)

1 Py (Y"1XT,X5)

1
£ liminf Pynynyn <10g 1
n—oo 192 n

or —log - SR

n Pynjjxn (Y7[IXT)

1. Pyopxnxr (Y"|XT,X7)

-1 172 <R +R|. 45
or —log (v <RI +R (45)

We also define the region Zy, (P, |y, Px,|v) by

%éVa)XlHYvPXzHY) éCl({(R],Rz) :R1>0,R, >0,

Jw(R1, R [Py, v, Px,|y) < 1}).
(46)

Then, we have the following theorem and corollary on the
strong converse property by using Theorem 1, Lemma 2, 7
and 8, and following the proof of [13, Theorem 7.12.1 and
Corollary 7.12.1].

Theorem 11. We are given a pair of deterministic functions
W. Then, a MAC W satisfies the strong converse property if
and only if

U Zw(Px, |y, Px,|v)
(Px, v Px, y) €™

- U

(Px, |y Px, y)esY

P (Px, v Px, | v)- (47)

The next corollary shows the relation between the
strong converse property and limit superior in probability
of directed information.

Corollary 4. If

U Zw(Px, |y, Px,|y)

(Px, v Px, v)eY

= U ZwEx v Px,y) (48)

(Px, |y Px, y)esY

for a MAC W and W, then W satisfies the strong converse
property, where Zw (Px, |y, Px,|y) is the region defined in
Theorem 1 and

Zw(Px, |y, Px,v) = {(R1,R) : 0 < Ry <T(X; — Y|[Xa),
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0<R ST(Xz —>Y||X1)7 Ri+Ry < T(Xl,Xz —>Y)}

7.3 MACs with Cost Constraint and Deterministic Feed-
back

In this section, we consider the coding of MACs with in-
put cost constraint when there exists deterministic feed-
back. First, we define cost functions c(ln) : 27" — R and

an) : 23" — R for encoders 1 and 2, where R denotes the

set of all real numbers. If encoders { f]'[m;] € ﬁ{'}m cn®
1 ‘n

and { f}[m>] € ﬁf}m . /> satisty the input cost constraints
SN/

n

1 _ _
e ()i ") <, (49)
L ), m nelon
;CE)(fz[mz](% ")) <1y (50)

(le c %n(l)» sz e %71(2>7 Vynfl c @nfl)’

then the pair of encoders is called the (I'y,T’)-encoder
for the pair of deterministic functions W. The set of all
rate pairs (Rj,R;) that are achievable by a sequence of

(n,M,gl), @, &n)-codes restricted to the class of (I'1,T)-
encoders for all n = 1,2--- is called the (T';,I;)-capacity
region of a pair of deterministic functions ¥ and a MAC W
with deterministic feedback, and denoted by (5131' I (W).

Let yrqu,rz be the set of all pairs (Px, |y, Px,|y) € /7
satisfying

Pyoynr (27 (D)) = Pggyo (231(T2) [y"1) = 1
(51)

foralln=1,2,---, where
1
pry2{ear <l
1 n
2(D) 2 {xg ey Ecg () < rz}.

Then, we have the following theorem.

Theorem 12. The (T'j,T;)-capacity region CK#: r, (W) fora
pair of deterministic functions ¥ and a MAC W with deter-
ministic feedback is given by

G 1, (W) = U

S
(Px, v Px, |Y) €T, 1

Zw (Px, v, Px,|v)-

Proof. When Ppn is good with respect to Py, y»-1 such that
Pyt (2 @0y~ =1 (k=1,2),
we have

Pra(fi)
f]? 65‘7]:’:

Ll (g =t (=1 <1y
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P (Ve (yp ™' 6"1).%)

W o3

ey

= Y Py (G =1 (k=12),
e LTy

where (a) follows because

Zi= U Yilw™ 0" and

ezl
Y (g O DY O ) =0 (o £ ).

Thus, any f;' such that Pry (f}) > 0 satisfies

1 n n n— n—
= (0" ) STk (k=1.2). (52)

By noting (52), the direct part is easily proved by fol-
lowing the proof of the direct part of Theorem 1 with
restricting channel input distributions (PX1HY’PX2HY) to
(P, v, Px,|v) € 7',

To prove the converse part, we use Lemma 8. In
Lemma 8, let Py and Ppp be uniform distributions over
(I'y,I2)-encoders {f}'[mi] € ﬁlﬂ}mle./f/}” and {f}[mo] €
ﬁz”}m cn®> respectively. Since (T'j,T;)-encoders satisfy
(49) and (50), induced channel input distributions QXmY,H
and QXZV,HYnfl satisfy

Qg1 (27 (D) 5"

W P "))
eI
= E Prr(fi) =1
ezt
L gyt n=1y)<ry

and Q| yn-1 (234(T2)[[y" ') =1foralln=1,2---, where
(a) comes from Lemma 1. Thus, by using Lemma 8 and
following the proof of the converse part of Theorem 1, we
can prove the converse part. O

8. Conclusion

We have shown that the capacity region for general MACs
with deterministic feedback can be represented by the
information-spectrum formula of directed information. We
also have investigated the compound MAC problem, the &-
coding problem, and the cost constraint problem for general
MACs with deterministic feedback, and showed the capac-
ity region for these problems. Furthermore, we have showed
the relation between the strong converse property and limit
superior in probability of directed information.

As directions of future works, it is important to inves-
tigate relations between a general MAC with deterministic
feedback and without deterministic feedback. For example,
it is important to find a general MAC of which capacity re-
gion is enlarged by using deterministic feedback, and to in-
vestigate a relation between the class of general MACs with
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deterministic feedback and without deterministic feedback
which satisfy the strong converse property. We are going to
investigate some of these relations.
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