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The Unification Problem for Confluent Semi-Constructor TRSs*

Ichiro MITSUHASHI'®, Nonmember, Michio OYAMAGUCHI'", Member,

SUMMARY  The unification problem for term rewriting systems
(TRSs) is the problem of deciding, for a TRS R and two terms s and ¢,
whether s and ¢ are unifiable modulo R. We have shown that the problem is
decidable for confluent simple TRSs. Here, a simple TRS means one where
the right-hand side of every rewrite rule is a ground term or a variable. In
this paper, we extend this result and show that the unification problem for
confluent semi-constructor TRSs is decidable. Here, a semi-constructor
TRS means one where all defined symbols appearing in the right-hand side
of each rewrite rule occur only in its ground subterms.
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1. Introduction

The unification problem for term rewriting systems (TRSs)
is the problem of deciding, for a TRS R and two terms s
and ¢, whether s and ¢ are unifiable modulo R. This prob-
lem is undecidable in general, even if we restrict ourselves
to either right-ground TRSs [13] or terminating, confluent,
monadic, and linear TRSs [9]. Here, a TRS is monadic if the
height of the right-hand side of every rewrite rule is at most
one [15]. On the other hand, it is known that unification
is decidable for shallow TRSs[2], canonical right-ground
TRSs [5], semi-linear TRSs [6], linear standard TRSs[12],
and confluent right-ground TRSs [14]. We have shown that
the unification problem is decidable for confluent simple
TRSs [9]. Here, a TRS is simple if the right-hand side of ev-
ery rewrite rule is a ground term or a variable. For the class
of simple TRSs which may not be confluent, it is known that
the unification problem is undecidable, because unification
is undecidable for non-confluent TRSs, even if we restrict
ourselves to right-ground TRSs [13]. In this paper, we ex-
tend the result of [9] and show that unification for confluent
semi-constructor TRSs is decidable. Here, a TRS is semi-
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constructor if all defined symbols appearing in the right-
hand side of each rewrite rule occur only in its ground sub-
terms. The class of semi-constructor TRSs was introduced
by the authors in order to explore the border between decid-
able and undecidable classes of the decision problems and
in particular to find nontrivial non-right-linear subclasses of
TRSs which possess the decidability of unification. This
class properly includes the class of simple TRSs. Thus, con-
fluence is a necessary condition to investigate the decidabil-
ity of unification for semi-constructor TRSs.

In this paper, we use a new unification algorithm ob-
tained by refining those of [9], [14] to show the decidabil-
ity of the unification problem for confluent semi-constructor
TRSs. The main difference between the algorithms of the
present paper and of the previous works [9], [14] is that the
previous ones were constructed using decision algorithms
of joinability and reachability, but the present approach uses
only a decision algorithm of joinability for confluent semi-
constructor TRSs [10], since the reachability problem is un-
decidable [11]. Besides, complex typed pairs of terms used
in the previous ones are changed to simplified typed pairs
which are used in the present one. Moreover, using this
new result we give a sufficient condition for ensuring the
decidability of the unification problem for a new subclass
of nonlinear TRSs that are different from semi-constructor
TRSs. As other known results for non-right-linear TRSs,
the unification problem is decidable for shallow TRSs [2]
and semi-linear TRSs [6].

2. Preliminaries

We assume that the reader is familiar with standard defini-
tions of rewrite systems (see [1], [16]) and we just recall here
main notations used in this paper.

We use ¢ to denote the empty string and () to denote the
empty set. For a Set A, let £(A) be the set of all subsets of
A, and let |A| be the cardinality of A. Let N be the set of
nonnegative integers. For any elements a,b € A, mapping
¢ : A — B, and partial or proper order > on B, we write
a>y bif ¢(a) > ¢(b) and a =4 b if ¢p(a) = ¢(b).

Let X be a set of variables, F a finite set of function
symbols graded by an arity function ar: F — N, F,, = {f €
F | ar(f) = n} and T the set of terms constructed from X and
F. We use x, y, z as variables, ¢, d as constant symbols, f,
g as function symbols of non-zero arity, and r, s, ¢ as terms.
Let Leaf = X U Fy. Each element in Leaf is called a leaf
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symbol. A term is ground if it has no variable. Let G be the
set of ground terms, and let S = T\ (G U X). Let V(s) be the
set of variables occurring in s. The root symbol is defined as
root(a) = a if a is a leaf symbol and root(f(¢1,...,1,)) = f.

A position in a term is expressed by a sequence of pos-
itive integers. Let O(s) be the set of positions of 5. We use
u, v as positions. Positions are partially ordered by the pre-
fix ordering <. To denote that positions u and v are disjoint,
we use ulv. For a set of positions W, the set of all minimal
positions (w.r.t. <) of W is denoted by Min(W).

Let sp, be the subterm of s at position u#. Let Psub(s)
be the set of proper subterms of s: Psub(s) = {s, | u €
O(s) \ {€}}. The domain T of Psub is extended to P(T),
i.e., Psub(T”) = U Psub(s). We use s[t], to denote
the term obtained from s by replacing the subterm s, by
t. For a sequence (uy,- - - , u,) of pairwise disjoint positions
and terms ry,- - , 1y, We use S[ry,- -, Fnluw...u,) 0o denote
the term obtained from s by replacing each subterm s),, by
ri (1 <i<n).

A rewrite rule is defined as a directed equation @ — 8
such that « ¢ X and V(o) 2 V(B). A TRS R is a finite

set of rewrite rules. We write s —u>R t when there exist r,
a substitution oo and @ — B € R that satisfy s = rlac],
and t = r[Bo],. Position u is called a redex position. If u
and R are clear from the context, we can drop them. Let «
be the inverse of -, & = > U« and | = =" - «*. Let
YioS) & Sy i s, be a rewrite sequence. This sequence
is abbreviated to y: s; ©* s, and R(y) = {uy, -+ ,u,_1}is
the set of the redex positions of y. For v € O(sy), if u > v or
ulv for all u € R(y), then vy is called v-invariant. For a set of
positions W, if u > v or u|v for all u € R(y) and v € W then
v is called W-frontier. For any sequence y and position set

W, R(y) = W if for any v € R(y) there exists a u € W such
>W
that v > u. If R(y) = W, we write y: s; &% s,.

Let Og(s) be the set of positions of s at which the sub-
terms are ground: Og(s) = {u € O(s) | s, € G}. For any
set A C X UF, let Ox(s) = {u € O(s) | root(s,) € A}. Let
O,(s) = Oy(s). The set Dy of defined symbols for a TRS R
is defined as Dg = {root(a) | @ — B € R}. If R is clear from
the context, we can drop R. A term s is semi-constructor if
for each defined symbol occurring in s all the occurrences
occur in ground subterms of s.

Definition 2.1: A rule « — B is ground if @ € G,
right-ground if B € G, and semi-constructor if B is semi-
constructor. A TRS R is right-ground if every rule in R
is right-ground, and semi-constructor if every rule in R is
semi-constructor. A TRS R is confluent if <3, - =3Clgr. A
TRS Ris CRif &3C|g. Itis known that confluence and CR
are equivalent.

Example 2.2: Let R, = {nand(x, x) — —=(A(x, x)),
nand(=(A(x, x)), x) = t, t = nand(f,f), f » nand(t, t)}.
Note that the set of defined symbols Dg, is {nand, t, f}. R is
semi-constructor, non-terminating and confluent [4].

Definition 2.3: We use s ~ ¢ to denote the pair of terms
sand t. s =~ t1is joinable fora TRS Rif s [gp t. s = tis
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unifiable modulo a TRS R (or simply R-unifiable) if there
exist a substitution 6 and a rewrite sequence y such that y :
56 < t0. Such 0 and vy are called an R-unifier and a proof
of s =~ t, respectively. This notion is extended to sets of term
pairs: forI' € T X T, 0 is an R-unifier of I" if 6 is an R-unifier
of every pair s ~ ¢ of I'. In this case, I' is R-unifiable. As
a special case of R-unifiability, s ~ ¢ is 0-unifiable if there
exists a substitution 6 such that s6 = 10, i.e., O-unifiability
coincides with usual unifiability.

We use {- - -}, to denote a multiset. Let < be the mul-
tiset extension of usual relation < on N, and < be < U =.
We use LI to denote multiset union.

Definition 2.4:
follows.

ey

For a term ¢, we define the height of ¢ as

1 + max{height(;,) | 1 <i < n}

height(r) = { (ift = f(t;,--- ,t,),n > 0)
0 (if € Leaf)

(2) For B € {F(, G}, we define hDp(¢) as follows.

wy +maxthDg(;) | 1 <i < n}
(ift=f(t,-- . ta),n>0)
0(fre XUB)

Here, wy = 1 + 2max{height(8) | « — B € R} if f
is a defined symbol for TRS R, otherwise wy = 1. In
this function, every subterm belonging to X U B is not
counted.

(3) For B € {Fy,G}, we define HDp(t) = {hDp(#},) | u €
O(1) \ Og(t)}m, which is the multiset of the hDg-values
of all subterms of ¢ except elements of B.

Example 2.5: For TRS M(R.) of Example Appendix
B.3 in Appendix B, hDgp(x) = hDg(x) = 0,
hDp,(nand(x,—(1))) = 6, hDg(nand(x, () =
HDf(x) = HDg(x) = {O}m, HDg(nand(x, =(1))
{0, 1, 6}y, and HDg(nand(x, —=(1))) = {0, 5}n.

For the measure HDp, the following lemma holds.

hDp(1) =

W

)

Lemma 2.6: For any s, ¢, the following conditions hold.

(1) Ifs <hDg t then s <Hpy L.

@) Ifs <HD, t then s <hDy

(3) For any r and u € O(r), if s <up, t then r[s], <np,
rltly.

Proof

(1) For any subterm s” of 5, 8" <pp, 5. By s <np, t, § <Hp,
t holds.

(2) To the contrary, we assume that s >up, f. By (1),
§ >Hp, t, a contradiction.

(3) Let § = f(ri, -+, ric1, S Fist,-++ ,1y) and T =
f@ri, o Fict, 4, Tig1, - ,1y) where f € F, and i €
{1,---,n}. It suffices to show that {hDg($)}, U

HDg(s) < {hDp(f)}m L HDp(#). By (2), s <np, f, SO
§ <np, 7 holds. If § <up, 7 then § <yp, f holds by (1).
If s =hDy f then § <¥HD, 7 holds by s <Hp, 1. O
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3. Basic Results

In order to show the decidability of unification for conflu-
ent semi-constructor TRSs, we need the algorithm decid-
ing the joinability problem in [10] and some definitions and
lemmata in [10]. We describe these definitions and results
(without the proofs) in this section.

3.1 Standard Semi-Constructor TRSs

We use Ry, and Ry, to denote the sets of right-ground and
non-right-ground rewrite rules in TRS R, respectively. That
is, R = Ry U Rpyy.

Definition 3.1: [10] A TRS R is standard if for every @ —
B € R, either @ € Fy and height(8) < 1 or @ ¢ Fy and
O:c(B) € OF,(B) holds. Note that for any right ground rule
a — fin a standard TRS, @ € F( and height(8) < 1 or
a ¢ Fpand 8 € Fy hold.

Let R be a confluent semi-constructor TRS. We have
introduced an effectively computable function S which takes
TRS R and produces standard TRS S(R) in [10].T We have
shown that S(R) is standard, confluent and semi-constructor.
The following lemma also holds.

Lemma 3.2: For any confluent semi-constructor TRS R
and terms s, f which do not contain any new constant gener-
ated by S, s = t is R-unifiable iff s ~ ¢ is S(R)-unifiable.

We can assume that a given confluent semi-constructor TRS
is standardized, hereafter.

3.2 Shortcut Rules and Quasi-Standard Semi-Constructor
TRSs

We add new ground rules called shortcut rules to standard
TRS R, and obtain TRS R’ satisfying that two constants are
joinable in R iff they are joinable by only right-ground rules
of R’. Right-hand sides of added shortcut rules may have
height greater than 1. These rules are called type C rules
and defined as follows.

Definition 3.3: [10]

(1) For TRS R, arule « — B € R has type C if @ € Fy,
B ¢ Fy, and Op,(B) C OF,(B). Let Rc be the set of type
C rules in R.

(2) A TRS R is quasi-standard if R \ R is standard.

Henceforth, we assume that R is confluent, quasi-standard,
and semi-constructor. To describe how to produce shortcut
rules, we need some preliminaries.

Definition 3.4: [10] Let Bud(R¢c) = Fo U Psub({8 | @ —
B € Rc}).

Lemma 3.5: [10] For any rewrite sequence y : s —>;“g t
and u € O(t), if there exists v € R(y) such that v < u,

then there exists s’ € Bud(Rc) such that s —% #[s], and
rg

’ 3
s _>Rrv l‘u.

g
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Definition 3.6: [10]

(1) The function linearize(s) linearizes non-linear term s
as follows. For each variable occurring more than once
in s, the first occurrence is not renamed, and the other
ones are replaced by new pairwise distinct variables.
For example, linearize(nand(x, x)) = nand(x, x;). If
function linearize replaces x by x; then we use x = x;
to denote the replacement relation.

(2) A substitution o is joinability preserving under relation
= for TRS Ry, if xo lR,_g x’o- whenever x = x'.

(3) A substitution o : V(') — Psub(s) U Bud(Rc) is a
bud substitution for s and t, where ¢ = linearize(r),
if s > o and o is joinability preserving under re-
lation = for Ry. Note that if s is ground then #'o is
ground. Let BudMapg(s, #) be the set of such bud sub-
stitutions.

Lemma3.7: [10] Leta — B € Rygandy : s —>;,m ab
for some #. Then, there exists oo € BudMapy(s, @) such
that s —>;rg a’'oc -5 af and Bo —>;rg B6 where o =
linearize(a).

*

Rig

By Lemma 3.7, for any constant d and rewrite sequence
d -5 af —pg, p0, there exists &’c such that d —
g

Reg
@0 =y af and fo =5 PO where o’ = linearize(a).
So, we have d —% B0 for R = R, U{d — Bo}. Thus,
by adding shortcut rules such as d — So, we can remove
applications of the non-right-ground rule « — S. Note that
confluence and joinability properties are preserved even if
we add d — Bo since d | Bo. However, shortcut rules may
be added infinitely in this procedure. To avoid this, we ap-
ply a procedure which bounds the number of shortcut rules.
We have introduced an effectively computable function M to
implement this procedure in [10] 7" and shown that M(R) is
confluent, quasi-standard and semi-constructor. Moreover,
we have shown that the following lemma holds for M(R).

Lemma 3.8: [10]

(1) Forany d and s,if d =y s thend —y, .
(2) »mw € Lk

3.3 Auxiliary Terms

Let s be a ground term.

function Aux(s)
A = {s};
for each p € Op\r, (),
a — € M(R)pr, and
o € BudMapy,(s)p, @) do
A = AU Aux(s[Bo],);
return A

Example 3.9: For TRS M(R.) of Example Appendix B.3,
Aux(=(nand(t, 1))) = {=(nand(t, 1)), =(=(A(t, D))}

"This function S is given in Appendix A of this paper.
""This function M is given in Appendix B of this paper.
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We have shown that Aux(s) is finite and computable.
Lemma 3.10: [10] For any ground term s,

(1) For any s” € Aux(s), s" is a ground term and s’ [m) S.
(2) If s — t then there exists s* € Aux(s) such that
’ %
N '_9M(Rxg r.
We call s’ in Lemma 3.10 (2) an auxiliary term of (s, 1).
Using this term, we can transform non-right-ground rewrite
sequences to right-ground rewrite sequences.

Example 3.11:  For the rewrite sequence
=(nand(t, t)) —>;m —(nand(nand(f, f), nand(f, f)))
—g, “(=(A(nand(, f), nand(f, f)))), we can choose
=(=(A(, 1)) € Aux(=(nand(t, t))) and

~(=(At D)) =M., ~(=(A(nand(f, f), nand(, f)))).

Lemma 3.12: For any confluent standard semi-constructor
TRS R, s ~ t is R-unifiable iff s ~ ¢ is M(R)-unifiable.
Proof Only if part: Since R is confluent, there exists
6 such that s6 |g 9. W.lo.g., we can assume that s6
and t6 are ground terms. By Lemma 3.10(2), there ex-
ist s € Aux(sf),r € Aux(16) such that s |mw), 7. By
Lemma 3.10(1), s6 HKA(R) 10.

If part: There exists 6 such that s6 <y, 1. By
Lemma 3.8 (2), s6 < 16. O

In this paper, we give an R-unification algorithm for
confluent semi-constructor TRSs. By Lemma 3.12, we
assume that confluent semi-constructor TRS R is quasi-
standard and an output of Algorithm M, that is, M(R) = R
holds.

4. Locally Minimum Unifiers and Typed Pairs of
Terms

In this section, we introduce the notions of locally minimum
unifiers and typed pairs of terms for our unification algo-
rithm.

Definition 4.1:

(1) Let #(t) = (HDp,(9), ord()), where ord : T — N is an
injective mapping. We use lexicographic ordering >4
to compare any pair of terms. We assume that if s >4 ¢
then r[s], > r[t], for any r, s, t. The existence of
such an effectively computable function ord is shown in
Appendix A.2 of [10] for ground terms. We can easily
extend this function to one for non-ground terms [8].

(2) Let L(t) = {s| s & t}. Note that it is decidable for any
terms s and s’, whether s” € £(s) holds or not [10].

(3) sp is minimum if so is minimum in £(sg) on >4.

Lemma 4.2: For any minimum term, its subterm is mini-
mum.

This proof is obvious, since if s >4 ¢ then r[s], >4 r[¢], for
any r, s, t, so that if r is minimum then r), must be minimum.

Lemma 4.3: Let sy be minimum and y: so —* ¢. Then,
R(y) = Orear(so). (That is, only leaf symbols of sy are
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rewritten in y.)

Proof We show by induction on HDg (sp). It is trivial in
case of HDp,(sp) = 0 or {0},. So, we consider the case
HDf,(s0) > {O}y. If ¥ is e-invariant then this lemma holds
by the induction hypothesis. Thus, it is sufficient to show

>e
that y is e-invariant. We assume to the contrary that s —*

ad S B0 for some rule @ — S and substitution 8. Then,
the following conditions (a)—(c) hold: (a) root(sg) € D and
a ¢ Fo,(b)B¢G,ie,a— B € Ry, () so —>;rg «0. The
proof of (a) is obvious by HD g, (sp) > {O}. (b) holds, since
if B € G then we have § € F by quasi-standardness, which

>,
contradicts that sy is minimum. To show (c), let § : s¢ —f*
af. By the induction hypothesis, R(6) = Opeqr(s0), so that
S0 —>;}rg af by Lemma 3.8 (1) and M(R) = R. Thus, (c)
holds. By (b), (c) and Lemma 3.7, there exists a substitution
o € BudMapy(so, @) such that sy —>;{g ado —>;W af and
Bo —>;rg B0 where @’ = linearize(a). Hence, 5o | ﬂDO' holds.
Since root(sp) € D and B is semi-constructor, hDg,(so) =
1 + 2max{height(8) | « = B € R} + max{hDg,(s;) | 1 <i <
ar(root(sp))} > hDp,(Bo). By Lemma 2.6 (1) s >Hpy, Bo
holds. This contradicts that sy is minimum. O

Example 4.4: Terms t and nand(t,x) are minimum.
Opreas(nand(t, x)) = {1,2}. Only leaf symbols of nand(t, x)

1

are rewritten in a rewrite sequence such as nand(t, x) —
11 11

nand(nand(f, f), x) — nand(nand(nand(t, ), f), x) &

Lemma 4.5: The minimum term in £(s) is computable.

Proof Let sy be the minimum term in £L(s). First we show
that V(sg) € V(s). By confluence of R, there exists some
term r such that s9 —»* r and s =" r. By Lemma 4.3, only
leaf symbols of sy are rewritten, so that V(sg) = V(7). Thus,
V(sg) C V(s) as claimed. The set {s" | s’ <a 5,V(s') C V(s)}
is finite. Since joinability is decidable, sy is computable. O

Definition 4.6:

(1) A substitution 6 is a locally minimum substitution if x6
is minimum for every x € Dom(6).

(2) LetI' € T x T. A locally minimum substitution 8 is a
locally minimum R-unifier of T if 8 is an R-unifier of '

Our unification algorithm takes a pair s = ¢ as input
and produces a locally minimum unifier 6 of s = tiff s = ¢
is R-unifiable. Different types of pairs are distinguished by
using the notation s > ¢ and s = #, which are said to be of
type > and of type vf, respectively. These definitions are
similar to those of [14]. Type >y was used in [14], but the
parameter U is not essential, so omitted.

Definition 4.7: Let Ey = {s ~ t,s~ytfail | s, €
TYU{s>t| s e T,t € S}. Here, fail is introduced as a
special symbol and we assume that there exists no R-unifier
of fail [14]. For I' C E, and substitution 6, let ' = {s6 ~
t0|s~telors>trelandd ¢ S}U{sO>10 | s>t €
TFand 10 € S} U {s0 ~y 10 | s ~y¢ t € T'} U {fail | fail € T'}.

R-unifiers of these new pairs are required to satisfy ad-
ditional conditions derived from these types.
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Definition 4.8: A substitution 8 is a (locally minimum) R-

unifier of s > ¢ if 6 is a (locally minimum) R-unifier of s = ¢
20x(1)
and there exists a rewrite sequence y: s6 —* r <* 10

for some term r. A substitution 6 is a (locally minimum)
R-unifier of s =y ¢ if 8 is a (locally minimum) R-unifier of
s ~ t and there exists y: s6 < t0, where vy is Ox(¢)-frontier.

Note that if € G then 0 is an R-unifier of s ~ ¢ iff 0
is that of s ~ 1.

Example 4.9:
pendix B.3.

1. nand(f, =(nand(, t))) > nand(y, =(y)) is M(R.)-unifia-
ble, since any substitution 6 satisfying y6 = f is an
M(R, )-unifier: nand(f, =(nand(t, t)))  nand(f, =(f)).

2. nand(t, nand(t, t)) =y nand(nand(f, f), y) is M(R)-uni-
fiable, since any substitution 6 satisfying y8 = f is an
M(R.)-unifier: nand(t, nand(t, t)) AN nand(nand(f, f),
nand(t, t)) & nand(nand(f, ), f).

Let M(R.) be the TRS of Example Ap-

To convert typed pairs into the untyped ones, we define
the following function Core.

Definition 4.10: [14]ForI' C Ey,letCore(I') = {s ~ t| s ~
telTors>trel ors~ytel}u{fail |fail € I'}.

The following definition and technical lemma is needed
to show the validity of TT transformation of Stage I of our
unification algorithm described in Sect. 5.

Definition 4.11: A substitution o : V() — Psub(s) U
Bud(Rc) U V(') is an abstract one of 0 € BudMapy(s0, ?) if
the following condition holds: xo = x if xo” € Psub(y6) U
{y8}, xo = s, if x0’ = s}, for some v € O(s), xo = x0’
if xo’ € Psub(s) U Bud(Rc). Here, ¢ = linearize(r). Let
BudMapg(s, 1) be the set of such substitutions.

Lemma4.12: Lets e S and U = Ox(s) U Min(Og(s)).

>U

(1) Lety : s6 =" t, 0 is a locally minimum substitution,
and s, _>;€,g fi» holds for every w € Min(Og(s)). Then,

for any u € O(¢), there exists 5" € {s,,0} U Bud(Rc) U

>U
{x6, | x € V(s),v € O(x6)} such that s6 —* t[s'], and
s =" ty.
>U

2) Leta —» B € Rand y : s —* ao for some o
¢ is a locally minimum substitution and s, —% 1,
holds for every v € Min(Og(s)). Then, there ex-
ist p € BudMapg(s, @) and a locally minimum sub-

stitution & : V(s) U V(a’) — Psub(s8) such that
>U >Ox (') >0x(B)

s - &dpfd —-* «ao and Bpd —* Lo where

' = linearize(a).

Proof

(1) Since x6 is minimum for every x € V(s) and
>U’
Lemma 4.3, there exists a sequence y : s6 —* ¢, where

U’ = (Oreas(s6) \ OF,(5)) UMIN(Og(s)). Thus, u > v or
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u < v for some v € U’ holds.

(a) Case of u > v for some v € Opeup(s0) \ O, (s):
s6, —* t, holds. If u = v then we can choose s6,
as s’. Otherwise, by s6, € Fy and Lemma 3.8 (1),
56, —>}}rg t, holds. By Lemma 3.5, there exists s” €

Bud(Rc) such that s, —>;}Ig (t)[s” 1w where u = vi/’
and s”’ —>;§rg fl.- Thus, we can choose s” as s’
(b) Case of u > v for some v € Min(Og(s)): s, —>;rg ty

>u’
holds. If u = v or s, =" #,, where u = vu’ then we

can choose 56, as s’. Otherwise, by Lemma 3.5, there
exists s € Bud(Rc) such that s, —% (t,)[s”].,» where
-
u=vu' and s” =3 1,. Thus, we can choose s as s’.
g

(c) Case of u < v for some v € U’: s, —" 1, holds.
If u € O(s) then 56, = 5,0 holds, so we can choose
su0 as s’. Otherwise, there exists x € V(s) such that
56, = x6),, for some u’, so we can choose x,, as s".
(2) Let {uy,--- ,u,} be Ox(a@). For u, there exists 5| €
{s,0} U Bud(Rc) U {x6), | x € V(s),v € O(x6)}

>U >{uy }
such that s6 —* aols{ly, —* ao by (1). Let

>U
v s - 010'[s’1],,,. By similar arguments, there

exists ), € {s,0} U BUd(Rc) U {x, | x € V(s),v €

>U
O(x6)} such that s6 —* ac[s|],[s5], and s;, —~

(@o[s]u), Tor y1 by (1). By uiluz, ao[sly, [s5]u, =

>U
ac[s|, 8w and (@o[8])u ), = a@o,. Thus, s§ —~

>{uy,u
ao’ s}, 85w ) _(—I>*2] ao. By repeating similar ar-
guments to the above, there exist s, ,s; such that
>U >Ox(a’)

560 =" als], -, s, w,~uy —" ao where for each
iefl,---,n}, s; = 5,0, s; € Bud(Rc), or 57 = x6, for
some x € V(s),v € O(x0). Let p’ = {a/"m - si|1<
i < n}. Then, p’ € BudMapg(s6, @). We define p as
follows: ypo = yif yp € {x6, | x € V(s),v € O(x0)},
o = s if yp' = sp,0 and y = &'|u;, yp = yp’ oth-
erwise. Then, p € BudMapg(s, @) and p’ = p6’ hold
for substitution 8 : V(s) U V(@) — Psub(sf) sat-
isfying that if x € V(s) then x8' = x0, otherwise if
x =« then x¢" = s;. Note that if s} = x6), for some
x € V(s),v € O(x6), then s is minimum since x6 is
minimum by Lemma 4.2. Hence, ¢’ is a locally mini-
mum substitution. Thus, (2) of this lemma holds. O

5. R-Unification Algorithm

We now give our R-unification algorithm for confluent semi-
constructor TRSs which is based on the unification algo-
rithm in [14] applicable to confluent right-ground TRSs.
The algorithm in [14] is constructed by using algorithms
of deciding joinability and reachability for right-ground
TRSs, but only joinability is decidable for confluent semi-
constructor TRSs [10]. (Undecidability of the reachability
has been shown in [11].) Thus, our unification algorithm
can be considered as a refined version of that of [14] in
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the sense that no algorithm of deciding reachability of semi-
constructor TRSs is needed, (though a decision algorithm of
reachability for right-ground TRSs is used) and some prim-
itive operations are unified or simplified.

Each primitive operation @ of our algorithm takes a
finite set of pairs I' € E( and produces some [ C Ey, de-
noted by I' =¢ I. This operation is called a transforma-
tion. Such a transformation is made nondeterministically:
I' =¢ I',I =¢ Iy,---, I =¢ I are allowed for some
I'y,--- T C Ey. In this case, we write ®(I') = {I'y,--- , [}
regarding @ as a function. Let =y, be the reflexive transitive
closure of =¢. Our algorithm starts from Iy = {so =~ 7y}
and makes primitive transformations repeatedly. We will
prove that there exists a sequence Iy = I" such that T is
(-unifiable iff T’y is R-unifiable.

Our algorithm is divided into three stages. Stage I re-
peatedly decomposes a set of term pairs I" into another one
I" by guessing a rewrite rule applied at the root position of a
non-variable subterm of some term appearing in I'. Finally,
Stage I transforms I into a set of type vf pairs ['f, which be-
comes an input of the next Stage II. Stage II is similar to a
usual @-unification algorithm and stops when a set of type vf
pairs I' is in solved form as explained later. The Final Stage
only checks 0-unifiability of I in solved form.

We give the definition related to validity of the algo-
rithm.

Definition 5.1:  Substitutions 8 and 6 are consistent if
x60 = x@ for any x € Dom(6) N Dom(#").

Definition 5.2: [14] Let ®: P(Ey) — P(P(Ey)) be a trans-
formation. Then, @ is valid if the following validity con-
ditions (V1) and (V2) hold. For any I' € Ey, let &) =
{Fl’ e srn}

(V1) If 6 is a locally minimum R-unifier of I', then there

exists i € {1,--- ,n} and a substitution § such that ¢
is consistent with 6 and ¢’ is a locally minimum R-
unifier of I';.

(V2) If there exists i € {1,---,n} such that Core(I’;) is R-
unifiable, then Core(T') is R-unifiable.

5.1 Stagel

The transformation ®; of Stage I takes as input a finite
subset of pairs I' € Ej and has a finite number of non-
deterministic choices I' =¢, I'j,---,I =g, I’k for some
Iy,---, Iy € Ep. We consider all possibilities in order to
ensure the correctness of the algorithm.

We begin with the initial ' = {so = f} and repeat-
edly apply the transformation @; until the current I becomes
a set of type vf pairs with or without fail. This condi-
tion is called the stop condition of Stage I and defined as
I' C {fail, s ~ t| s, € T}. If T satisfies this condition, then
I' becomes an input of the next stage.

To describe the transformations used in Stage I, we
need the following auxiliary function.
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Dec(f(s1,- -+, sn), f(t1, -+ s 1))
={s;>t;|1<i<nteS}
Ulsi=t|1<i<n,s;¢G,t;¢S}
Ul ~ysi|l 1 <i<n,s;€G,1; ¢S}

In Stage I, we nondeterministically apply Conversion
or choose an element p in '\ (GU X)X (G U X) and apply one
of the following transformations (TT, VT) to I" according to
form of the chosen p = s ~ for s> .

If no transformation is possible, I =¢, {fail}. We write
s~tif s~ tort~ s. We say that p = s ~ ¢ satisfies the TT
condition if 5,7 ¢ X and either s ¢ G ort ¢ G, and the VT
condition if s € X and r € §. Similarly, we say that p = s> ¢
satisfies the TT condition if s ¢ X, and the VT condition if
s€ X. Note thatif p=s>tthenteS.

Let I = '\ {p}. In the following explanations, we
assume that 6 is a locally minimum unifier of p and we list
the conditions that are assumed on a proof y of p. When
applying the transformations we of course lack this infor-
mation and so we just have to check that the conditions of
the transformations are satisfied.

5.1.1 Conversion

If every s = f,5s >t € I" does not satisfy the TT condition,
then

I' =4, Conv(I')

where Conv(l) = {x ~y¢ s|x~seTors~xel orx>se
Forx=ysellU{sasteGXG|sxtelorsyte
I'} U {fail | fail € I'}. Note that Conv(I') satisfies the stop
condition of Stage I.

In the following examples, we use the TRS M(R.) of
Example Appendix B.3.

Example 5.3:
xrxxtrstxxtx~x,txx
S, (X Lty L x ryr tx myp X, x 2 B
{x ~ nand(t, x), x = f,f ~ t}
=, {x =y nand(t, X), X Ryt f,f = t}

TT Transformation

1. If p = s =~ ¢ satisfies the TT condition, we choose one
of the following three cases. Let k = ar(root(s)). We
guess that 6 is a locally minimum R-unifier of p and
that there exists a joinable sequence y: s6 | t6.

a. If root(s) = root(), then
I"Uip) =e, I"Ulsp~ 1| 1 <i<k)

In this transformation, we guess that y: s6 | 70 is
e-invariant.
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b. If s ¢ G, then we choose a fresh variant of a rule
a — 3 € R that satisfies root(s) = root(a) and

I U{p} =¢, I UDec(s,a) U {B ~ t}

In this transformation, we guess that ao — Bo is
the leftmost e-reduction step in y: s —* aoc —
Bo | t6 for some substitution o (where the subse-
quence s6 —* a0 is e-invariant).

c. If s € G, then we choose a term s € Aux(s) and

i. If root(s”) = root(s),
"U{pt=e, I"Uls; ~ ;| 1 <i<k}

ii. We choose a rule @ — S € Ry, that satisfies
s" =% Band

' U{p) =o, I U(B~1)

and then do a single TT transformation on
t~fasinl.aor 1.b.

In this transformation, we guess an auxiliary
term s’ satisfying that s | ¢ —>;§,rg<—* t6 by
Lemma 3.10. Moreover, we guess that y’

s —>;}rg<—* t0is e-invariant or o — S s the right-
most e-reduction in the subsequence 5" —p r of

’ ’ * *
18— " 16.
Yo R, T 10

2. If p = s>t satisfies the TT condition, we choose one

of the following three cases. We guess that there exists
20x(1)
asequence y: s =" r & 0 for some term r.

a. If root(s) = root(z), then
I U{p} =¢, I" U Dec(s, 1)

In this transformation, we guess that y: s§ —*
2000
r <% t0is e-invariant.

b. If s ¢ G, we choose a position v € O(s) such that
sp € S, and terms sy - - - 5, where Min(Og(s),)) =
{ug,--- ,u,} and s; € Aux(sy,,) for i € {1---n}.
Let s’ = spls1---, Snlw.~u,)- Then, we choose a
fresh variant of a rule @ — B € R with root(s’) =
root(a), a substitution p € BudMapy(s’, @), and

I U {p}

=¢, [' UDec(s, a'p)

Ufxp ~ x'p| xeV(a),x=x}
U {s[Bel, >t}

Here, o’ = linearize(a). In this transformation,
we guess the sequence y’: s[s'],0 =" sOlac], —
20x(1)

sO[Bo], —* r et for some o where
sOlac], — sO[Bo], is the first reduction at
non-ground and non-variable position of s, i.e.,
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the subsequence s[s'],60 —* sOlac], is Ox(s)-
frontier. By Lemma 4.12(2), there exist a sub-

stitution p € BudMapg(s’, @) and a locally mini-
20x(s")UMIN(OG(s"))
mum substitution & such that s’ —*
20x(a) 20x(B)
apd —* aocandBpd - Bo.
c. If s € G, then we choose a term s” € Aux(s) and

i. If root(s”) = root(r),
I U{p} =¢, I" UDec(s', 1)

ii. We choose a rule @ — f € Ry, that satisfies
s —>;;|_g B and root(B) = root(r), and

I U{p} =o, I" U{B>1)

Then, we do a single TT transformation on
Br>tasin2.a.

In this transformation, we guess that ao- —
B is the rightmost e-reduction step in

>0x(1)
v —>;{g ac - B 5% r o 10 for
some substitution o~. Thus, the subsequence
>Ox(t
Y (ofy): B-"r 7<—}>(£*) 16 is e-invariant. This
ensures that case 2.a of the TT transforma-
tion is applicable to S>> ¢.
Example 5.4:

(1) By choosing auxiliary term t € Aux(t) and rule t —
nand(f, f) and applying case 1.c, we get
I U {t ~ nand(x, t)}
=g, I U {nand(f, f) ~ nand(x, t)}

Then, we apply case 1.a of the TT transformation to
nand(x, t) ~ nand(t,t) and get

I'u{x=ffxt}
(2) By applying case 2.a repeatedly, we get

" U A=A, X)) > (A, X))
=S¢, [ U{AX", x") > A(X, X))
=g, ["U{xX" = x'}

(3) Let p be nand(x,t) > =(A(x’, x")). We apply case 2.b.
First, we choose v = &. Here, Min(Og(nand(x, t))) =
{2}, so we choose auxiliary term t as s;. Next,
we choose rule nand(x”, x”) — —(A(X",x”)). Let
linearize(nand(x”, x””)) be nand(x”, x{’), so that x” =
x{. Moreover, we choose p = {x” — x”, x{" — t}, and
we get

I U {nand(x, 1) > =(A(x', X))}

=9, I" U Dec(nand(x, t), nand(x”, 1))
U{x” ~ 1} U {=(AX", X)) > =(A(X, X))}
=T"U{x~x"trst, X" =t

(A, X)) > (A, X))}
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VT transformation

1. If p = x = s satisfies the VT condition, we choose a
position v € O(s) such that s, € S and apply one of the
following two cases.

a. We choose a fresh variant of arule « — 8 € R that
satisfies root(sy,) = root(«) and

I" U {p} =¢, I" UDec(s, @) U {s[B], = x}

In this transformation, we guess that s6[ac], —
s6[Bo], is the leftmost v-reduction step in
y: 88 —* sOlac], — sO[Bo], | x0 for some
o and v € Min(R(y)) (where the subsequence
s6 —* sOlao], is v-invariant).

b. We choose a constant ¢ and

I"U{p} =¢, I"U{x = s[cl,,c~ s}

where if s[c], € G, then x = s[c], is replaced by
x =~y S[c],. In this transformation, we guess that
there exists y : x6 —* r «* s6 for some r, and
v € Min(R(y)) N Min(R(y")) where v’ : x0 —*
r is the subsequence of y. Note that since x6 is
minimum, only leaf symbols of xf are rewritten
in ' by Lemma 4.3. That is, we guess x6), = ¢
and c | s6),.

2. If p = x> s satisfies the VT condition, we choose a
constant ¢ and a position v € O(s) such that s|, € S.
Then

' U {p} =o, I U{xr slcly, c > sp)

If s[cl, € G, then x > s[c], is replaced by x =~y s[c],.

In this transformation, we guess that there exists y :
>0x(s)

x0 =% r < s for some r, and v € Min(R(y)) N

Min(R(y")) where 7' : x6 —* r. Note that since x6 is
minimum, only leaf symbols of x6 are rewritten in y’

by Lemma 4.3. That is, we guess x6), = c and ¢ —"
>Ox(sp)
my ©° s6).

Example 5.5:
(1) By choosing v = £ and rule
nand(=(A(x’, x')), x’) — t and applying case 1.a, we
get
I'" U {nand(nand(x, t), x) ~ x}
=g, [" U Dec(nand(nand(x, t), x),
nand(—(A(x’, X)), x")) U {t = x}
=I" U {nand(x,t) > ~(A(X', X)), x = X',
t ~ x}
(2) By choosing v = 1 and constant t and applying case 1.b,
we get
I U {nand(nand(x, 1), x) ~ x}
=g, I' U {x ~ nand(t, x), t  nand(x, t)}
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5.2 StageII

Below we define the one step transformation @, of Stage II.
We write T =¢, Tif ®2(T) > T.

We begin with I which is {fail} or produced by Con-
version of Stage 1. Hence, I' C {fail, s =yt | (s,7) €
(X X T) U (G x G)} holds. Then, we repeatedly apply the
transformation @, until the current I satisfies the stop con-
dition of Stage II defined below. In Stage II, any pair s =~y ¢
in I satisfies s ¢ S. We consider all possibilities in order
to ensure the correctness of the algorithm. If I satisfies the
stop condition, then we check the @-unifiability of T in the
Final Stage.

Definition 5.6: T is in solved form if for any x =~ s and
x=~y tinI, 5,1 ¢ X and s = ¢ hold.

The stop condition of Stage II is that I satisfies one of
the following two conditions.

(1) For any s =~y t € I', we have s € X and I is in solved
form.
(2) T = {fail}.

(Note. ' = 0 satisfies condition (1).)
Definition 5.7:

(1) For any ¢ and set of pairwise disjoint positions U,
gmin(t, U) = tt1,- -, tylwy. u,)» Where U N Og(f) =
{uy,- -+ ,u,} and t; be the minimum term in £(t,,) for
i € {1,---,n}. Note that Ox(t) = Ox(gmin(t, U)) and
Min(Og(1)) = Min(Og(gmin(z, U))).

(2) For s,t ¢ X, we define predicate common(s,?) as
follows. Predicate common(s,?) is true if O(s) N
O(f) 2 Mln(Ox(S) U Ox(l)) and S[C,' .. ,C](ul’...!u”) =
tle, -, clw.uy, Where Min(Ox(s) U Ox(?)) =
{uy,--- ,u,}. For example, let s = f(s',x,s”) and
t = f(s',t",y), where s € G. In this example,
Min(OX(S) U Ox(1) = {2,3}). Since S[C,C](2,3) =
f(s',c,c) = tlc, cl2.3), common(s, ¢) holds.

In Stage II, we first choose an element p in I nondeter-
ministically and then apply one of the following transforma-
tions to I" according to the type of the chosen p. If " does not

satisfy the stop condition of Stage II and no transformation
is possible, I =¢, {fail}. LetI" =T\ {p}.

Decomposition

If p = x =y swith s € § and there exists apairg = x =y t €
I' such that s # rand ¢t € S, and common(s’, t’), where s’ =
gmin(s, UUYV), ¢ = gmin(t, UUV), U = Min(Ox(s)UOx (1)),
V = Min(Og(s) N Og(1)), then

I U{p.q}

=q, I U {¢}

U {sl’u Rt tl’u | u e U and sl’u € X}

U {tl’” yf sl'u | u e U and sl’u ¢ X}
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where I =17\ {¢} and ¢’ = x =t ¢’. Here, we assume that

s’zHDgt’.

Example 5.8: LetI = {p,q} with p =

x =y nand(nand(=(y), nand(f, f)),t) and ¢ =

x =~y nand(nand(x, t), x). Then, p’ = nand(nand(—(y), 1), 1)

and ¢’ = ¢, and common(nand(nand(—(y), 1), 1),

nand(nand(x, t), x)), because

nand(nand(-(y), t), V)¢, cli1,2) = nand(nand(c, 1), ¢) =

nand(nand(x, t), x)[c, cl(1,2) holds. Moreover,

HDg(nand(nand(=(y),1),t)) = {0, 1,6, 11}, > {0,0,5, 10},
= HDg(nand(nand(x, t), x)) holds. So, we can make the

following Decomposition:

(9,9} =0, (¢, x = 2(3), x =y 1)

Substitution

If p=x =y sors =y xwith s ¢ S, then

I'Uip}=e, o
where oo = {x — s’} and s’ is the minimum term in £(s).
Note that if s € X then s is the minimum term in £(s).
Example 5.9:

{tar " o 6 X7 2 X, x g X, X 2r )

Ufx o X7} 20, {taye b X7 =t X7 2y ')

{t=ve t,x” =y XU X 2y t) =0,

{t =t it~y X'}

GT Transformation

If p=s=ytwiths e G, t ¢ X, and common(s’,?) where
s =gmin(s, UU V), ¢ =gmin(t, UU V), U = Ox(1), V =
Min(Og(1)), then

MU {p} =e, I"U{t), ~ s, lue U}

Note that if both s and ¢ are ground then common(s’, ') iff
s’ =1 iff s | 1. GG transformation of [14] is integrated with
GT transformation in our new algorithm.

Example 5.10:
U {=(ALD) =y (A, X))} =0, T7 U X =y t)
I U {t ~ t} =, I

5.3 Final Stage

Let I" be the output of Stage II. If ' is @-unifiable, then
our algorithm answers ‘R-unifiable’, otherwise I' =¢ {fail}.
(Note that our algorithm is a nondeterministic one.)

Since Q-unifiability is equal to usual unifiability, any
unification algorithm can be used [3], [7]. In fact, if " sat-
isfies (1) of the stop condition of Stage II then I is in
solved form, so that it is known that I" is unifiable iff I is
not cyclic [7]. The definition of cyclicity is given as follows
(this definition is similar to that of [14]).
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Definition 5.11: For I, a relation > over X is defined as
follows: x >t y iff there exists s € S such that x =y s € I’
and y € V(s) hold. Let |—>1J: be the transitive closure of +r-.

Then, I is cyclic if there exists x such that x |—>I’E X.

We will prove later that I is not cyclic if there exists a
locally minimum R-unifier of T'.
Correctness condition of ®:

(1) =3, - =4, is terminating and finite branching, and

2) Iy = {Mo Ny} is R-unifiable iff there exist I'; and
[t such that Ty =g 'y =3 T, I satisfies the stop
condition of Stage I It sat1sﬁes the one of Stage I, and
It is Q-unifiable (i.e., it is not cyclic and I'y # {fail}).

Note that since ® is a nondeterministic algorithm, we
need an exhaustive search of all the transformation se-
quences =><1> . =>(D from I'y, but it is ensured that we can
decide whether I’y is R-unifiable or not within finite time by
(1) and (2) above.

Our algorithm can be easily transformed into one
which produces a locally minimum R-unifier of Ty iff [y
is R-unifiable, since the information can be obtained when
Substitution in Stage II is made.

5.4 Example

Let 'y = {nand(nand(x, 1), x) ~ x}. Our algorithm ® can do
the following transformations:
Iy =vyr{nand(x,t) > =(A(X, X)), x = X', t ~ x}
by Example 5.5 (1)
Srrix~ X tre t X7 =,
(A, X)) > (AKX, X)), x = Xt = x)
by Example 5.4 (3)
Srr{ix X tap L7 2 LAY, X)) > AW, X)),
x~x,t=x}
by Example 5.4 (2)
Srrixx X trst, X =t x
by Example 5.4 (2)

’’ 17 /7 / /
ScomdX 2y X7 e 47 = X7 = X x = X,

17 / ’

X 2y 1)
by Example 5.3
Ssuplt 2y 6, X7 2y X7 2y X'}
by Example 5.9
=gupit =yr tt 2y X'}
by Example 5.9
= sublt =yt t}
=¢r0 by Example 5.10
Obviously, 0 satisfies the stop condition of Stage II and is
(-unifiable. Hence, our algorithm decides that I’y is M(R,)-
unifiable. By =g, in this example, we obtain a substitution

{x - X, x" - t,x - t}, thatis, {x — t} is an M(R.)-
unifier.
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Note that @ can also do the following transformations:

I'o =vy7r{x ~ nand(t, x),t ~ nand(x, t)}
by Example 5.5 (2)
=7r{x ~ nand(t, x), x ~ f,f ~ t}

by Example 5.4 (1)

= comix &y NANA(, x), x =y f,f ~yr t}
by Example 5.3

=suplf =y nand(t, f), f =y t}

={fail}

Let us consider another example.
{=(0) = Alx, )} =0, {fail}

Since no transformation is possible in Stage I, our algorithm
produces {fail}.

6. Correctness of Algorithm @

In this section, we prove the lemmata needed to conclude
the correctness of Algorithm @ and the main theorem.

6.1 Correctness of Stage |

In order to prove the termination of Stage I, we define
size(I') = (#;(I'), #,(I")). Here

#1(I') = Usxrer(HDg(s) L HDg (7))
U (UgsrerHDG(s))
#(I') = UgorerHDG (7).

We use the lexicographic ordering >sjze to compare any
I,I" C Ey.

We explain the reason why we use the sizeI')) =
(#,(I'), #,(I")). For each pair pin T, if p = s ~ ¢ then
HDg(s) U HDg(?) is included in #;(I'), and if p = s > ¢ then
HDg(s) and HDg(7) are included in #,(I') and #,(I"), respec-
tively. That is, we give the weight HD(#) a lower priority
than the other weights. The reason is that when the TT trans-
formation introduces new terms which are subterms of a for
some rule @ — B in order to create new pairs added to I,
the weight of these new terms are included in #,(I'), that is,
they are given a lower priority, so that it becomes possible
to avoid an increase of size(I'). Note that s ~¢ ¢ is counted
neither for #; nor for #,. Moreover, for the measures HDg
and #;, the following lemma holds.

Lemma 6.1:

(1) s >np, s forany s € S and v € O(s) \ {&}.

(2) s >np, sltl, for any t € G and any v € O(s) such that
S\V ¢ G.

3) §2p,, SO for any s and o = {x — ¢} such that x € V(s)
andr ¢ S.

(4) s >np, sIBp], for any @ — B € R, substitution p :
V(B) — Psub(s,,) UBud(Rc) U X, and v € Op(s) such
as s, €§.
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(5) Let p = s = tor s>t where s € S, then {p} >4,
Dec(s, r) holds for any r such as root(s) = root(r).

Proof

(1) Since HDg(s) = HDg(sp,) LS i for some non-empty set
S m» the proposition holds.

(2) By the definition of HDg, HDg(s),) # 0 and HDg(r) =
0. By Lemma 2.6 (3), this proposition holds.

(3) If s € G then this proposition holds obviously. Other-
wise, if t € G then s >yp, so holds by (2). If r € X
then s =yp,, so holds obviously.

(4) By Lemma 2.6 (3), it suffices to show that s}, >up,, Bp.
Since B is a semi-constructor, hDs(B8p) < height(8) +
max{hDg(r) | r € Psub(s,) UBUd(Rc)UX}. By s, € S
and v € Op(s), hDg(sp,) > height(8) + hDg(r) for any
r € Psub(s,) U Bud(Rc) U X. Thus, this proposition
holds.

(5) Let k = ar(root(s)). Note that #;(Dec(s, )<

Ui<ickames HDG(sp) U #1({s; = rill <@ < k, 5 ¢
G,ri € §}). By (1), s >up, s; holds. By s € §, if
ri ¢ S then s >p,, r; holds, since |[HDg(s)| > 0. Thus,
this proposition holds. O

We are ready to prove the termination of Stage I.

Lemma 6.2: Stage I is terminating and finite-branching.

Proof For every transformation @ (') = {I'y,---,I} in
Stage I, we prove that I >4, I; forevery i € {1,--- ,k} by
showing the following table.

| # #
cases 1 and 2.b of TT >
cases 2.aand 2.cof TT | > >
case 1 of VT >
case 20of VT > >

LetT' =4, Tand I =T\ {p}.
TT Transformation

1. Let p = s = ¢t satisfy the TT condition.

a. Without loss of generality, we can assume that s €
S. By Lemma 6.1(1), we have {p} >4 {s; =
ti | 1 < i< ar(root(s))}, so that T >y, T.

b. By Lemma 6.1(5), {p} >4 Dec(s,@) holds.
Since B is a semi-constructor, hDg(8) <
height(8). By s € S and root(s) € D, hDg(s) >
height(B). Thus, {p} >4, {8 = 1} holds.

c. We replace {p} by {s’ =~ ¢} for some term s €
Aux(s), and {s’ ~ t} is replaced by either {s"i ~
i | 1 <i < ar(root(s’))}, where root(s’) = root(z),
or {8 ~ t} for some right-ground rule « — . And
do a transformation on ¢t ~ 8 by case l.a or 1.b
of the TT transformation, i.e., {t = 8} is replaced
by either {f; =~ B; | 1 < i < ar(root(t))}, where
root(r) = root(B), or Dec(t,a’) U {8’ =~ t} for some
rule @’ — . In either case, the #,-value strictly
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decreases by the arguments of case 1.a and 1.b
since t € §. Note that {p} =gize {8 = 1} =size
{8 ~ t} since s’,5 € G.

2. Let p = s> t satisfy the TT condition.

a. If s € S, then the #,-value strictly decreases by
Lemma 6.1(5). Otherwise, s € G holds and
Dec(s,t) = {s > t; | 1 <i < ar(root(s)),f; € S} U
{l‘|i Ryt S)i |1 <i< al’(l’OOt(S)),l“ o2 S,S” e G},
so that {p} =4 Dec(s,?) since s € G. Byt € §,
{p} >4, Dec(s, ) holds by the definition of #, and
Lemma 6.1 (1).

b. {p} =e, Dec(s’,a’'p) U{xp =~ X'p | x € V(a),x =
x'yU{s[Bpl, > t}. Here, v € O(s) such that s, € S,

s = splsi-, Salw -, Where Min(Og(s),)) =
{uy,--- ,u,} and s; € Aux(slvu,-) fori e {l,---,n},
o’ = linearize(a) where « — B € R, and

p € BudMapg(s’,@). Note that s>, s" holds.
By Lemma 6.1(5), {p} >4 Dec(s’,a’p). By
Lemma 6.1 (4), {p} >4, {xp = X'p | x e V(a),x =
X'} U {slBply > 1}

c. We replace {p} by {s’ > 1} for some term s’ €
Aux(s), and {s’ 1} is replaced by either Dec(s’, 1),
where root(r) = root(B), or {5 > ¢} for some right-
ground rule @ — S. And transform >t by case 2.a
of the TT transformation, i.e., if root(s’) = root(r)
then {8 > t} is replaced by Dec(B,f). In either
case, the size strictly decreases by the same ar-
guments as those of case 2.a. Note that {p} =gz

{s" > 1} =size 16> 1}.

VT Transformation

I. Letp=x=swithseS.

a. {p} =, Dec(s, ) U {s[B], = x} where a — B €
R,v € O(s) and s, € §. By Lemma 6.1 (4), (5),
we have {s = x} >y Dec(sy,a) U {s[B], = x}.
Thus, the #;-value strictly decreases.

b. If s[c], ¢ G then {p} =¢, {x = slcly,c = s}
where ¢ € Fo,v € O(s) and 5, € S. By
Lemma 6.1(2), we have {x = s} >4 {x =
slcly}. By Lemma 6.1(1) and x >pp, ¢, we
have {x = s} >4 {c = s,). Thus, the #;-value
strictly decreases. If s[c], € G, then {p} =g,
{x ~y¢ slcly, ¢ = s} where v € O(s) and s, € S.
Since #;({x =yt slcly, ¢ = s,}) = HDg(s},), the #;-
value strictly decreases.

2. Letp =x>sand s, € S. If s[c], ¢ G then {p} =,
{x > s[cl,,c > sp). Then, {p} =4 {x> slcly,c> s}
by the definition of #;. By Lemma 6.1 (2), we have
{p} >4, {x>s[cl,} By Lemma 6.1 (1) and x >np, c, we
have {p} >4, {c>s),}. Thus, the #,-value is unchanged,
but the #,-value strictly decreases. If s[c], € G, then
{p} =0, {x = slcly,c > s} where v € O(s). Since
#1({p) = {O}m and # ({x =yt s[cly,c > s,}) = 0, the
#-value strictly decreases.
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Moreover, if I is a finite set, then k is finite, i.e., Stage |
is finite-branching. Thus, this lemma holds. O

Lemma 6.3:

(1) Stage Iis valid.
(2) IfT" € Ej is R-unifiable and does not satisfy the stop
condition of Stage I, then ®(I') # 0.

Proof To show that @, satisfies the validity condition (V1)
and Lemma 6.3 (2), let 8 be a locally minimum R-unifier
of I We first show thatif p = s ~ torp = s>tinl
satisfies the TT condition, then ®; can do a TT transfor-
mation T’ =¢, T such that there exists a locally minimum
R-unifier & of T consistent with 8. Next, we show that in the
remaining case, i.e., if there exists no p in I' satisfying the
TT condition, ®; can do a VT transformation or Conversion
I =g, [ such that there exists a locally minimum R-unifier
¢ of T’ consistent with 6. It follows that @, satisfies (V1)
and Lemma 6.3 (2). It remains that @, satisfies (V2). The
proof is straightforward as explained below. Now we prove
this lemma. We assume that p € T

TT Transformation

Let p = s ~ ¢ satisfy the TT condition, i.e., s, ¢ X and
either s ¢ Gort ¢ G. Let k = ar(root(s)). Then, since
0 is a locally minimum unifier of p and R is confluent, we
have a sequence y: s6 | t6. There are two cases: (1) y is
g-invariant and (2) € € R(y).

In case (1), we have root(s) = root(r) and for any i €
{1,---,k}, 50 | 1;0. Thus, ®; can do a transformation by
case 1.a of the TT transformation:

[(=TU{p) = "Ulsi~t |1 <i<ki(=T)

Hence, I satisfies the required condition: locally minimum
6 is also an R-unifier of I". Thus, the validity condition (V1)
holds.

Conversely, if ¢’ is an R-unifier of Core(f), then there
exist sequences y;: s’ <" ;0" forany i € {1,--- ,k}. Since
root(s) = root(z), there exists a sequence s6' <* 10, i.e., &
is an R-unifier of Core({p}). So, (V2) holds.

In case (2), we first consider the case of s ¢ G. In this
case, without loss of generality, we assume that

v: 80 > ao — Bo | 10

for some rule @ — S and substitution o. (For the other case,
exchange s and t.) Let the above e-reduction o — So
be leftmost, i.e., the subsequence y’ (of y): s —* ao
is e-invariant. Hence, root(s) = root(a) and for any i €
{1,---,k}, 5@ =" o holds. Thus, @, can do a transfor-
mation by case 1.b:

I'(=T" U {p}) =q, I’ UDec(s,a) U {B ~ t}(=T)

If o is not locally minimum, then let o’ be locally minimum
such that xo’ &* xo for every x € Dom(o). The exis-
tence of ¢’ is obvious by the definition of local minimum
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property: let xo” be the minimum term in £(xo"). Here, we
assume that Dom(6) N Dom(c’) = 0. So, let @ = 6 U o,
i.e., Dom(6") = Dom(8) U Dom(c”) and x6’ = x0 for every
x € Dom(6) and y&’ = yo’ for every y € Dom(c”). Note that
>e >Ox(a

s@ —* ao <—X>(*) afd — BO’ | t¢. It is obvious that & is
locally minimum and ¢’ is an R-unifier of T" by the definition
of Dec(s, @). Hence, the validity condition (V1) holds.

Conversely, if 6 is an R-unifier of Core(f), then
there exist sequences 7y;: s’ <" a0 for any i €
{1,--- ,ar(root(s))} and y': B¢’ <* t8’. Since root(s) =
root(a), there exists a sequence s¢’ «<* af’. So there exists
a sequence s¢' & 1@, i.e., & is an R-unifier of Core({p}).
So, (V2) holds.

The remaining case is that s € G. In this case, t € S.
There exists s € Aux(s) such that y’: s’ —>;rg&* 10, by
Lemma 3.10(2). If 9’ is e-invariant, we can do a transfor-
mation by case 1.c.i. The proof is similar to that of case 1.a
since s &* s’ by Lemma 3.10 (1). Otherwise, we have

vy —g, @0 B L 10

for some right-ground rule @ — S and substitution 0. Let
the above e-reduction wo- — 3 be rightmost, i.e., in the sub-
sequence y”’ (of y): B | 10 there is no e-reduction from left
to right. Note that s’ _>1J§,g B. Thus, @ can do a transforma-

tion by case 1.c.ii:
I(=T"U(p) = I'UB~(=T)

Obviously, 6 is a locally minimum R-unifier of T. It follows
that @, can transform ¢ = S by case l.a or 1.b of the TT
transformation (i.e., @ can do a transformation by case 1.a
if y”: 10 | B is e-invariant, otherwise case 1.b). In either
case, (V1) holds.

Conversely, if 8 is an R-unifier of Core(f"), then there
exists a sequence y': B «* t6'. Since s | s’ and s’ —* B,
there exists a sequence s < ¢, i.e., § is an R-unifier of
Core({p}). So, (V2) holds.

Let p = s > ¢t satisfy the TT condition, i.e., s ¢ X and

t € §. Let k = ar(root(s)). Since @ is a locally minimum
>Ox (1)
R-unifier of p, there exists a sequence y: s6 —* r &* 10

for some term r. There are two cases: (1) vy is e-invariant

and (2) € € R(y).
In case (1), we have root(s) = root(¢) and for any
>0x ()
ie{l,---,k}, 50 =" r; ©* 16, Thus, ®; can do a

transformation by case 2.a of the TT transformation:
[(=T" U{p}) =¢, I" UDec(s, t)(=T)

It is obvious that 6 is also a locally minimum R-unifier of T.
Thus, (V1) holds.

Conversely, if @ is an R-unifier of Core(T"), then there
exist sequences y;: 50’ <" ;6" foranyi € {1,--- ,k}. Since
root(s) = root(z), there exists a sequence s’ «* 10, i.e., &
is an R-unifier of Core({p}). So, (V2) holds.

In case (2), we first consider the case of s ¢ G. we can
assume that
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20x(t)
v: 50 5" sOlac], — sO[Bc], > r o 10

for some rule @ — B, substitution o, and some v € O(s)
such as s, € S. Let the above v-reduction sf[ac], —
5[], be first reduction at non-ground and non-variable
position of s, i.e., s8 —* sOlac], is Ox(s)-frontier. Let
Min(Og(sy)) = {u1, -+ ,u,}. By Lemma 3.10(2), for ev-
ery i € {1,---,n}, if s, —" aoy, then there exists
s; € Aux(spy,) such that s; —>;{g aoy,. So, let s’ =
SwlSt, 5 Sl u,)- By Lemma 4.12(2), there exist p €
BudMapg(s’, @) and a locally minimum substitution 6’ such

20x(s")UMIN(Og(s")) 20x(a) >O0x(B)

that 5’6 —* a’'pd —* ao and Bpd -
20x(a’)

Bo, where o = linearize(a). Since o/pd —* ao,

*

xp —* xo «* x'p@ holds for every x € V(a) and
x = x’. Since 5’80 —* &/p@’ is Ox(s')-frontier and 5" € S,
root(s’) = root(a’p) and for any i € {1,---,ar(root(s")},
S|'i9 —" @'p;;¢ holds. Thus, ®@; can do a transformation by
case 2.b:

I'=T"U{p}

=¢, [' U Dec(s’, a'p)

Ulxp = x'p | x € V(a), x = X'}
UslBpl, > 1}(=T)

@’ is a locally minimum R-unifier of . Thus, (V1) holds.

Conversely, if ¢ is an R-unifier of Core(f), then
there exist sequences y;: s;¢’ <" o'pp0 for any i €
{1,--- ,ar(root(s"))}, v : s[Bpl,0 <" 16, and y, : xpd <*
X' p@’ for any x € V(@) and x = x’. Since root(s”) = root(a),
there exists a sequence s[s'],6/ «<* s'[a’p], 0. Since R is
confluent and xpf &* x'pd holds for any x € V(o) and
x = X, there exists a substitution o’ : V(a) — T such
that s[a’pl,0 <" s8'[ac’], — s6'[Bo’], and s6'[Bp], <*
s&'[Bo’],. Since s8' <* s[s’],6, there exists a sequence
s¢ o* 10, ie., @ is an R-unifier of Core({p}). So, (V2)
holds.

The remaining case is that s € G. There exists s’ €

20x (1)
Aux(s) such that y’: s’ —>j‘.‘,m r <" 10, by Lemma 3.10(2).
If y’ is e-invariant, we can do a transformation by case 2.c.i.
The proof is similar to that of case 1.a since s «<* s’ by

Lemma 3.10 (1). Otherwise, we assume that

20x(t)
’.o S * * %
Vs —>Rrgoza'—>ﬁ—>re> 16

for some right-ground rule @ — £ and substitution o-. In this

case, let the e-reduction @o- — f in the above sequence y be
20x(1)
rightmost, i.e., in the subsequence ¥’ (of y): B8 —=* r &

16 there is no e-reduction. Since s’ —} S holds by y, @,
g
can do a transformation by case 2.c:

[(=T"U{p) =o, 'V {B> (=)

Obviously, 6 is a locally minimum R-unifier of I. Moreover
@, can transform B>t by case 2.a of the TT transformation,
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20x(t)
since y"’': B =% r &* 16 1is g-invariant. Thus, (V1) holds.

Conversely, if @ is an R-unifier of Core(T"), then there
exists a sequence y': B «* t6'. Since s | s’ and s’ —* 8,
there exists a sequence s «* ¢, i.e., § is an R-unifier of
Core({p}). So, (V2) holds.

By the above arguments, if 8 is a locally minimum R-
unifier of I' and there exists p € T satisfying the TT con-
dition, then we can perform a TT transformation I' =, r
such that there exists a locally minimum R-unifier ¢ of T
consistent with 6.

Thus, this lemma holds in this case.

VT Transformation and Conversion

Let every s = t,s >t € I' do not satisfy the TT condition,
ie,every s~ t, s>t e\ (GUX)X(GU X) satisfies the
VT condition. Since 6 is a locally minimum R-unifier of T,
forevery x @ sand x> sin T, y: x6 «* s6 holds. For every
such vy, if vlu or u < v for every v € R(y) and u € Ox(s) (i.e.,
Ox(s) is a frontier in vy, so that x ~s s is R-unifiable), then
@, can do a Conversion

I' =4, Conv(I')

and 6 is a locally minimum R-unifier of Conv(I'). Thus,
(V1) holds. Conversely, since Core(I'’) = Core(Conv(I)),
(V2) holds.

Otherwise, i.e., there exists p = x ~ s (or p = x> )

>Ox(s

in I' such that y: x6 <* s8 (or y: x8 —* r <—>£‘) 56
for some r) and v < u for some v € Min(R(y)) and
u € Ox(s). So, s, € S. We first consider the case of
p = x =~ s. Then, there exist sequences y’ : s —* ¢
and y” : x6 —* t for some 7. There are two cases
(@v € R®’) and (b)yv € R(y") \ R(®Y). If v € R(Y'), we
must have y: s6 =" sflao], — sO[Bo], | x6 for some rule
a — B and some substitution o. Let the above v-reduction
sOlao], — s6[Bo], be leftmost, i.e., the subsequence 6(of
v) 1 s6 =" sOlac], is v-invariant. Hence, root(s),) = root(a)
and for any i € {I,---,ar(root(s))}, spi6 —" ;o holds.
Thus, @, can do a transformation

I(=T" U {p}) =a, I" U Dec(s, @) U {s[Bl, ~ x}(= T)

If o is not locally minimum, then let o’ be a locally mini-
mum R-unifier such that for any y € Dom(o), yo' < yo
holds as in the proof concerning the TT transformation. Let
@ = 68U ¢’. Then & is a locally minimum R-unifier of
>Ox(a;

Dec(sy,, @), since s,,0' =" o <—>(*‘) a;;0”. Substitution
@’ is also a locally minimum R-unifier of s[8], = x, since
s[B1,6° | x6'. Hence, & is a locally minimum R-unifier of
I. Thus, (V1) holds. Conversely, if ¢ is an R-unifier of
Core(I), then there exist sequences 7;: s & o for
any i € {1,---,ar(root(s))} and y": s[B],0' <* x0. Since
root(s;,) = root(a), there exists a sequence s¢’ <~ s[a],¢’,
so that there exists a sequence s¢’ <* x€', i.e., 8’ is an R-
unifier of Core({p}). So, (V2) holds.
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The remaining case is that v ¢ R(y), i.e., v € R(y").
By v € Min(R(y)), we must have 56, —* f;,. By minimum
of xf and Lemma 4.3, there exists ¢ such that x6, = ¢ and
¢ =" t, so that @ can do a transformation

[(=T"U{ph) =o, I"U{x % slcly,c~ spl(=T)
(or if s[c], € G then
[(=T"U{p) =0, I U{x ~y slcly,c ~ spl(=1))

and @ is also a locally minimum R-unifier of I'. Thus, (V1)
holds.

Conversely, if ¢ is an R-unifier of Core(f), then
x0" &* s[c],@ and ¢ &* 5,0, So there exists a sequence
x0 & 56, ie., 8 is an R-unifier of Core({p}). So, (V2)
holds.

Next, we consider the case of p = x> s. Since y :

>O0x(s)
x0 —»* r <" 56 and there exists v € Min(y) such thatv < u
>O0x(s)
for some u € Ox(s), there exist sequences y’ : s —* ¢

>Ox(s)
andy” : x8 —»* r —* tfor some ¢ such that v € Min(y”).
By minimum of x8 and Lemma 4.3, there exists ¢ such that
ZOX(S\v)
X0, =candc =" r, —F
ZOX(S\V)
s —" 1, so that @ can do a transformation

[(=T"U{p}) =o, I" U{xp s[cl,co s,)(=TD)

t,. By v and s, € S, we have

(or if s[c], € G then
[(=T"U{p}) =a, I U{x ~y slcly,c & s )(= D))

and @ is also a locally minimum R-unifier of [. Thus, (V1)
holds.

Conversely, if 6 is an R-unifier of Core(f"), then there
exist sequences y': x8" <™ s[c],0’ and y": ¢ & 5,0, So
there exists a sequence x§’ <* s¢’, i.e., § is an R-unifier of
Core({p}). So, (V2) holds.

We have proved this lemma for all the cases of I, so
this lemma holds. O

6.2 Correctness of Stage II

Let E, = {s=~yt| s ¢ S}. Note that for the Conversion
I' =¢, Conv(I') in Stage I, we have Conv(I') C E», and for
every transformation I' =¢, I in Stage I, ' C E, implies
[ C E;. The proof is straightforward, so omitted.

Lemma 6.4:

Proof ForI' C E,, we define size(I') = ($;(I), $>(I)).
Here

$1(I) = Uy, er(HDG(s) U HDG (1))

$(I) =T
We use the lexicographic ordering >gjze to compare any
I,I” CE,.

For every transformation ®,(I') = {I'y,- - - , I} in Stage
II, we prove that I' >, I; for every i € {1,--- ,k} by veri-
fying the following table.

Stage II is terminating and finite-branching.
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[ $1 %
Decomposition, Substitution | >
GT > >

LetT =4, Tand T =T\ {p}.
Decomposition

Let p = x~y sand g = x =y t be such that s # t,s,1 €
S,common(s’,t’), and s’zHDGt’, where s* = gmin(s, UUV),
Y = gmin(t,U U V), U = Min(Ox(s) U Ox(®)), V =
Min(Og(s) N Og(t)). Then Decomposition replaces {p} by
{s"u Ryf t"u | u € U and sl’u € X}U{t"u Ryt s"u | u € U and sl'u ¢
X} and {g} by {x =yt t'}(= {q’}), respectively. Here, t =pp,, ¢
and s =pp, s hold, since only ground subterms are re-
placed by other ground terms. Since s’ >up, s, and
s’zHDGt’ >HD, tl'u holds for every u € U by Lemma 6.1 (1),

the $;-value strictly decreases.
Substitution

If p = x =y sor s =y xis such that s ¢ S, then Substitution
replaces [ U {p} by "o such that o = {x — s’} and s’ is the
minimum term in £(s). By Lemma 6.1 (3), F’2$IF’0' holds.
Thus, $;(T” U {p}) = $:(I") L HDg(x) U HDG(s")>$,(I" o)
holds, so that the $;-value strictly decreases.

GT Transformation

Let p = s =y tbe such that s € G, ¢ X and common(s’, t’),
where s = gmin(s, U U V), ¢ = gmin(t, U UV), U = Ox(?),
V = Min(Og(?)). Then the GT transformation replaces
{p} by {tl’u Ryt s"u | u € UL If¢ € S then $;({p}) =
HDg(?) > HD(;(tl’u) = $1({tl’u Nyt sl’u}) for every u € Ox(t")
by Lemma 6.1 (1) and HDG(s"u) = (, so that the $;-value
strictly decreases. If ¥ € G then {t"u Ryt sl’u |ue U} =0,
so that the $;-value is unchanged and the $,-value strictly
decreases.

Moreover, if " is a finite set, then k is finite, i.e., Stage II
is finite branching. Thus, this lemma holds. O

Lemma 6.5:

(1) Stage II is valid.
(ii)) If ' € E; is R-unifiable and does not satisfy the stop
condition of Stage II, then @,(I") # 0.

Proof We first show that @, satisfies (ii) of Lemma 6.5. For
I' C E,, if ' contains p = x =y s 0r s~y x with s ¢ §
then we can obviously do Substitution, and if [" contains
p = s~y t with s € G,1 ¢ X, then we can do the GT trans-
formation since common(s’, t') where s’ = gmin(s, U U V),
Y = gmin(t, U UV), U = Ox(t), V = Min(Os(?)) by R-
unifiability of I'. Thus, the remaining case is that I' C
{x=yt |t e S} Inthis case, if I' does not satisfy the
stop condition of Stage II, i.e., I is not in solved form,
we can do Decomposition since common(s’, ') where s =
gmin(s, UUV), ¢ = gmin(t, UUV), U = Min(Ox(s)UOx(?)),
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V = Min(Og(s) NOg(1)) by the R-unifiability of " as we will
prove later. Thus, (ii) of Lemma 6.5 holds.

Next we show that every transformation in Stage II sat-
isfies the validity conditions (V1) and (V2). To show (V1),
we assume that 6 is a locally minimum R-unifier of I' and

T o, I.
Decomposition

Letp,gel,p=x~y sand g = x ~y tbesuchthats,t € S
and s # ¢. Since 6 is a locally minimum R-unifier of p, there
exist sequences y,;: x0 «* s6, where vy, is Ox(s)-frontier.
Let s* = gmin(s, U U V), where U = Min(Ox(s) U Ox(t)),
V = Min(Og(s) N Og(t)), then there exists a sequence
vss o 88 o 8’0, where Y,y is Ox(s)(= Ox(s"))-frontier.
Thus, x6,, <~ sl’w for any w € Min(Og(s”)). By Lemma 4.2
and the definition of s’, x6),, and sl’w are minimum, so x6,, =

>O0x(s")
s! . Thus, x8 <* §’6. Since 6 is also a locally minimum

e
! 20x(t")
R-unifier of ¢, x6 &* 6 where ' = gmin(¢z, U U V). So,

>U
5’6 <* 1’6 holds. Thus, common(s’,t) and ®, can do a
Decomposition transformation

I'=T"U{p.q})
=0, I"U {q'}
U {sl’u Rof tl’u | u e U and sl’u € X}

U, = s, | u€ Uand s, & X}(= i)

20x(s;,) 20x(;,)

where ¢’ = x =~y t'. For any u € U, sl’ue o' Xl oF
t|IL 0. By Lemma 4.2, x6), is minimum. If sl’u € X then
sl'uﬁ = x6), since sl’ue is minimum. Thus, 8 is also a lo-
cally minimum R-unifier of sl’u Ryf tl'u. Similarly, if s"u ¢ X
then @ is a locally minimum R-unifier of tl’u Riyf sl'u. Thus, the
validity condition (V1) holds.

Conversely, let & be an R-unifier of Core(f). It suffices
to prove that & is an R-unifier of x ~ 5. Since ¢ is an R-
unifier of Core(D"), for any u € U, s"ue’ <"t ¢ holds, and
common(s’,t’) so that 5’0’ <* 1’6’ and x¢ <* t0’. Thus,
X0 &t oYY oF 5’0 oF 8. So, & is an R-unifier of
x =~ §. Thus, (V2) holds.

Substitution

Let p = x =y 5, where s ¢ S. Let s’ be the minimum term
in L(s). Since 6 is a locally minimum R-unifier of x ~s s,
x8 = s’0 holds. Thus, ®; can do a transformation

I(=T"U{p}) =e, I'o(=T)

where o = {x — §'}. For any ¢ = r € I”, there exists a
sequence y : tof «* rof, where y is Ox(r)-frontier, so that
0 is a locally minimum R-unifier of o ~,¢ ro-. Thus, (V1)
holds.

Conversely, let & be an R-unifier of Core(I” o), and 6
be a substitution such that x6” = 5’6’ and for any y € X\ {x},
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y8” = y¢'. For any t = r € Core(I"), 18" = to@ &* rotf =
r8” holds. Since s € L(s), x0”" = 5’8" <" 56’ holds. Thus,
@” is an R-unifier of Core(I"” U {p}). So, (V2) holds.

GT Transformation

Let p = s~y t €I, where s € G and ¢ ¢ X. Note that
since 6 is a locally minimum R-unifier of p, there exists a
sequence y: s ™ t6, where vy is U-frontier and U = Ox ().
Let s* = gmin(s,U U V) and ' = gmin(¢, U U V), where
V = Min(Og(?)), then there exist sequences yyy: 5 ©* s
and vy, : 10 & 10, where v,y is U(= Ox(t'))-frontier. Thus,

s, ©" 1 forany v € V. By the definition of 5" and 7', 5|,

>U
and ¢ are minimum, so s; = f/. Then, s’ <" ¢'6. Thus,
common(s’,t") and @, can do a GT transformation

(=T U{p)) =0, I Ut~y s, | u€ UY=T)

and 6 is also a locally minimum R-unifier of [. So, the va-
lidity condition (V1) holds.

Conversely, if 8 is an R-unifier of Core(f"), then there
exist sequences ,: s, ©* £,6 forany u € U. Since
common(s’,t’), there exists a sequence s «* 6. By
s ©* s and 1§’ < '@, ¢ is an R-unifier of Core({p}).
So, (V2) holds.

O

6.3 Correctness of Final Stage

Lemma 6.6: Assume that I satisfies the stop condition
of Stage II. Then I is not cyclic if there exists a locally
minimum R-unifier 6 of T'.

Proof Let 6 be a locally minimum R-unifier of I'. We first
show that for any x = s € ['and y € V(s), if s ¢ X then
X0 >height ¥0. Lety = s, for some u # £. Then x6), <* y@
holds, since @ is an R-unifier of I'. The local minimum of 8
ensures that X6, >neight ¥0. Hence, x6 >neignt ¥0. It follows
that for any x,y € X, if x +>r y, then x0 >peignt ¥0 holds.
Therefore, it is impossible that we have x |—>1J: x. Hence I' is
not cyclic. O

Lemma 6.7: If T satisfies the stop condition of Stage II
and there exists a locally minimum R-unifier of I, then I is
(-unifiable.

Proof Obviously, I' # {fail}, so that I' is in solved form. By
Lemma 6.6, I is not cyclic and hence I is 0-unifiable. O

6.4 Main Theorem

Now, we can deduce our main theorem.

Theorem 6.8: The unification problem for confluent
semi-constructor TRSs is decidable.

Proof By Lemmata 6.2 and 6.4, part (1) of the correctness
condition of ® holds and by Lemmata 6.3 and 6.5, Stages
I and II are valid, so that if Iy = {sy = f¢} is R-unifiable,
then there exist I'; and I't such that Iy :%1 I =>fp2 Iy, Iy
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satisfies the stop condition of Stage I, I'; satisfies the one
of Stage II, and there exists a locally minimum R-unifier of
I't. Hence, by Lemma 6.7, the only-if-part of part (2) of
the correctness condition of @ holds. Conversely, the if-
part is ensured by validity of the transformations of ®@; and
@,. Thus, part (2) of the correctness condition of @ holds.
Therefore, the theorem follows from the decidability of 0-
unifiability. O

7. Application of Main Theorem

In this section, we give a sufficient condition for ensuring
the decidability of the unification problem for a new sub-
class of nonlinear TRSs using our main theorem in the pre-
vious section. For example, R = {¢c — g(c,c), g(x,x) —
f(x, g(x, h(x))), f(x,x) — a} is not a semi-constructor TRS
since the second rule is not. Furthermore, R is not shal-
low, semi-linear, or linear standard. Here, we introduce
a new function symbol f; and divide the rule as follows:
R = {c - g(c,c), g(x,x) = fi(x), f(x,g9(x,h(x) —
fi(x), f(x, x) — a}. TRS R’ is a semi-constructor and we can
show that R’ is confluent, so that the unification problem is
decidable for R’. Moreover, we can show that two terms are
R’-unifiable iff they are R-unifiable. Now, we formalize this
approach.

Definition 7.1: Let R be a non-semi-constructor TRS and
Rise = {@ > B € R | @ — Bisnot semi—constructor} =
{a; = B; | 1 <i < m}. Foreach a; — B; € Ry, let U; =
Min{u € OB;) \ Oc(B:) | root(By,) € Dr} = {uir, -+, uig,}.
Note that U; # 0. Let F] = {fi1, -, fu, | ki = |Uil} and
F" = Ujcigm I}, where F N F" = 0. Let t;; = fi;(x1,--+ , x1),
fij € F! where V(ﬁilu,-,-) = {x1,---,x}. Then, TRS W(R) is
constructed as follows:

Y(R) = (R\ Ryse) U
U {ai = Biltin, -, tikg dwiy - un s

1<i<m

ﬁﬁu,-, - tij | ki = |Ul|71 < j < kl}

Note that D = Dy(g) and Dygy N F’' = 0, so that ¥(R) is a
semi-constructor TRS.

We define ¢ : T — T as follows.

IBi\ttfja-ij

(ifr= fij(t1,- 1), fij € F')
f(@@), -+, o)
(ift=f(t,---,1),feF)
t(ifreX)

P(1) =

Here, Bi,, — fij(x1,---,x) € ¥(R) and o7 = {xx — ¢(0) |
1<k<I).
For TRSs R and W¥(R), the following lemmata hold.

Lemma 7.2: If s -y t then ¢(s) —% ¢(¢) for every s, ¢.
Proof By induction on the structure of s.

Basis: Since s € X, s —wyg) ¢ is impossible, so that this
lemma holds.
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Induction step: Let s ﬁhy(R) L.

Case of p > & Lets = f(s1,---,s), then t =
f(t1,--- 1) and either sy —wg) # or sx = t; for every k €
{1,---,1}. By the induction hypothesis, ¢(si) —% ¢(%) for
every k € {1,--- ,1}. Thus, if f € F then ¢(s) —% ¢(?) holds.
Otherwise, since f = f;; for some Biw, = fij(x1,--- . x) €
W(R), ¢(s) = By, 0 and §(1) = B, 0 where o = {x —
dsp) |1 <k<lando’ ={xx = ¢@y) | 1 <k < 1}. Thus,
#(s) =% ¢(¢) holds.

Case of p = &: Let s = afl -y B0 = t where o — 8
is a rewrite rule. Obviously, a8’ —yg) 6’ holds for & =
(x > ¢(r) | x > red. Ifa - B € R then ¢(s)
at —g B’ = ¢(t) holds. Otherwise, if @ = «; for some
iefl,---,n} thenﬁ = Bilti, -+~ ’tik](u,-l,---,u,-k)~ Here, ¢(t) =
OBiltin, -+ 5ty @) = Bi0 by the definition of ¢, so
that ¢(s) = ;0" —g B0’ = ¢(¢) holds. If a = ﬁilu,-,- for some
i€ef{l,---,m}and je€{l,--- ,k} then 8 = f;;(x1,---,x), 50
that ¢(s) = .Bi|u,»,»9' = ¢(¢) holds. O
Lemma 7.3: For any s, which do not contain function
symbols in F’, s and ¢ are unifiable for R iff s and ¢ are
unifiable for W(R).

Proof If part: By Lemma 7.2. Only if part: Obvious. O

By Lemma 7.3, we can deduce the following theorem.

Theorem 7.4: Let C = {R | TRS W(R) is confluent}. Then,
the unification problem for C is decidable.

It is known that strongly weight-preserving and non-
E-overlapping (or root-E-closed) TRSs are confluent [4].
We can easily show that every semi-constructor TRS is
strongly weight-preserving, so that we can obtain the fol-
lowing corollary.

Corollary 7.5: Let ¢’ = {R | TRS ¥(R) isnon — E —
overlapping or root—E—closed}. Then, the unification prob-
lem for C’ is decidable.

8. Conclusion

In this paper, we have shown that the unification problem is
decidable for semi-constructor TRSs by assuming the con-
fluence as our main theorem. Moreover, we give a suffi-
cient condition for ensuring the decidability of the unifica-
tion problem for a new subclass of nonlinear TRSs using our
main theorem.
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Appendix A: Function S

Let Ry be a confluent semi-constructor TRS. The corre-
sponding standard TRS is constructed as follows. The con-
struction has a loop structure. We use k as the loop counter.
First, we choose @ — B € Ri(k > 0) that does not satisfy the
standardness condition. If @ € F then let {uy,--- ,u,} be
{1,--- ,ar(root(B))} \ OF,(B). Otherwise, let {u;,-- - ,u,} be
Min(Oc(B) \ OF,(B). Let Ryr1 = (R \ {a — BhH U {e —
Bldi, - dwlwupt Uidi = By, | 1 < i < m} where
di,--- ,d, are new pairwise distinct constants which do not
appear in Ry or T. This procedure is applied repeatedly un-
til the TRS satisfies the condition of standardness. Let S be
this construction procedure and S(R) be the output of S for
input Rp. It is obvious that S is terminating.

Example Appendix A.1: Let Ry = {fi(x) = g(x, g(a,b)),
fa(x) — fa(g(c,d))}. Since either fi(x) and fo(x) are
not constant symbols, R; = f{f;(x) — g(x,dy), di —
g(a,b), fa(x) — do, do — fa(g(c,d)}), where dy and do
are new constant symbols. Since dy is a constant symbol,
Ry = {f1(x) = g(x,d1), dy — g(a,b), f2(x) — dz, d2 —
f2(d3), d3 — g(c,d)}, where d3 is a new constant symbol.
Since R; is standard, S(Ry) returns R;.
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Appendix B: Function M

Definition Appendix B.1:

(1) For aterm a, let Rhs(a,R) = {f|a — B € R}.
(2) For A C G, let Cut(A) = {(u,d) | u € Min(U;eaOF,(5))
and d <qoq ) for every s € A}. (The mea-

sure ord is defined in Definition 4.1) For example,

Cut({=(=(1), =(h}) = {(1,H}.

Definition Appendix B.2: Let

Rhs(d,Rc) = {s1,---,sn} and Cut(Rhs(d,Rc))
{(l/l],dl), T (umdn)}

Then we define Normalize(d, Rc) =

{d = sildi,-- dplw,upt Vid; = sy, |1 <0 <
m,1 < j<nd; # si|u]_}. For example, Normalize(t, {t —
=(=®),t = =(hHh = {t > =), f - (b}

Each of the following functions takes as input a quasi-
standard confluent and semi-constructor TRS R. Note that if
R’ = Determinize(R) then |[Rhs(d, R.)| < 1 for any d by the
termination condition of Determinize. Henceforth, we use
(A o B)(x) to denote A(B(x)) for functions A, B.

function M(R)
R’ := (Determinize o AddShortcut)(R);
ifR=FR
then return R
else return M(R")

function AddShortcut(R)
R =R,
for eachd € Fyand & — 8 € R, do
R =R U
{d — Bo | o € BudMapg(d, a)};
return R’

function Determinize(R)
if Ad € F; such that |Rhs(d, Rc)| > 1
then return Determinize(
(R\{d — s|d— s €Rc})
U Normalize(d, Rc))
else return R

Example Appendix B.3: For TRS R. of Example 2.2,
M(R.) is computed as follows. AddShortcut(R,) is first
called and a new shortcut rule t — =(A(f,f)) is added
to R, since t — nand(f,f), nand(x,x) — —(A(x,x)) €
R.. By f — nand(t,t) € R, f — =(A@,1) is also
added. Thus, AddShortcut(R.) = R’ where R = R. U
{t - (A, D), f > (A, 1)}. Next, Determinize(R’) is
called and returns the same R’ as output. Since R’ # R.,
(Determinize o AddShortcut)(R") is computed. Note that
R = {t - =(A(f,), f — =(A1)}. AddShortcut(R’)
returns the same R’ and so Determinize(R’). Thus, this al-
gorithm halts. M(R.) returns R’ as output. That is, M(R,) =
R. U {t —» =(A(f, 1), f - =(AG, D)}

Note that M(R) = (Determinize o AddShortcut)/(R) for
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some [ > 1, Ryy = M(R)nre, and M(M(R)) = M(R) when
M(R) halts. In the produced TRS M(R), the heights of some
right-hand side terms of type C rules may become greater
than 1.
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