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A Formulation of Composition for Cellular Automata on Groups

Shuichi INOKUCHI'®, Takahiro ITO'?, Mitsuhiko FUJIO''", Nonmembers,

SUMMARY  We introduce the notion of *Composition’, *Union’ and
’Division’ of cellular automata on groups. A kind of notions of composi-
tions was investigated by Sato[10] and Manzini [6] for linear cellular au-
tomata, we extend the notion to general cellular automata on groups and
investigated their properties. We observe the all unions and compositions
generated by one-dimensional 2-neighborhood cellular automata over Z,
including non-linear cellular automata. Next we prove that the composi-
tion is right-distributive over union, but is not left-distributive. Finally, we
conclude by showing reformulation of our definition of cellular automata
on group which admit more than three states. We also show our formula-
tion contains the representation using formal power series for linear cellular
automata in Manzini [6].
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1. Introduction

The study of cellular automata was initiated by [11] and
have been developed by many researchers as a good com-
putational model for physical systems simulation. Recently
cellular automata have been investigated in various fields in-
cluding computer science, biology, physics, since they pro-
vide simple and powerful models for parallel computation
and natural phenomena.

In this paper, we investigate cellular automata on
groups as a formal model of computation. To compose
simple cellular automata into a complex cellular automa-
ton, we introduce the notion of Composition’ of cellular
automata on groups. The notion of automata on groups was
first treated as a special case for automata on graphs (Caley
graphs) which represent groups in [8],[9]. Watanabe and
Noguchi investigated the decomposition of finite automata
from the view point of spatial networks using groups [12].
Pries et al. investigated cellular automata as a tool for imple-
menting hardware algorithms in VLSI[7]. They considered
configurations decided by a cellular automaton as a group
and divided configurations into simple configurations using
group properties. Sato introduced group structured linear
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cellular automata and the star operation of local transition
rules [10]. The star operation is a kind of composition of cel-
lular automata but the definition of it is different from ours.
Manzini also investigated the linear cellular automata using
the formal power series and their product to find inverse lo-
cal transition functions [6]. The product of formal power
series are equal to our composition of cellular automata for
linear cases. An abstract collision system in [5] is consid-
ered as an extension of a cellular automaton, the notion of
"composition’ for an abstract collision system on G-sets is
investigated in [4]. Further investigation about collision sets
related to the set of all connected subsets of a topological
space are studied in [3].

This paper follows on from [2]. He introduced the com-
position of cellular automata on groups in order to reduce a
complex behaved dynamics into simpler ones. We introduce
a formal definition of cellular automata on group over Zj.
In our framework, operations on cellular automata *Union’,
"Division’ and *Composition’ are introduced. Unions of all
2-neighborhood cellular automata are investigated. Com-
positions of all 2-neighborhood cellular automata are also
investigated and determined the subset of 3-neighborhood
cellular automata which are generated by composing two
2-neighborhood cellular automata. Next we prove that the
composition is right-distributive over union, but is not left-
distributive. Finally, we conclude by showing reformulation
of our definition of cellular automata on group which admit
more than three states. We also show our formulation con-
tains the representation using formal power series for linear
cellular automata in [6].

2. Notion of Cellular Automata on Groups and Their
Basic Properties

In this section we introduce a notion of cellular automata on
groups and show some examples. First we define cellular
automata on a group.

Definition 1: Let G be a group with operator - and iden-
tity element e. A cellular automaton on G is a triple C =
(G, V,R) of a group G, subsets V € G and £ c 2". An ele-
ment of 2¢ is called a configuration and 2 is the configura-
tion space of C. V is the neighborhood of C and we define a
local transition function Iy : 2V — {¢, {e}} by £ c 2v:

(6 Xg9
lﬁ(X)‘{{e} (X € 0),
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and the global transition function F¢ : 2¢ — 26 by

Fe©) = Jgleg™env).

geG

Note that x - Y = {x-y|y € Y}forx €e Gand Y C G.
The equation F¢, = F¢, means that F¢, (¢) = F¢,(c) for any
¢ € 29, In the following proposition we show a necessary
and sufficient condition for F¢, = F¢,.

Proposition 2: Let C; = (G, V), %)) and C; = (G, V,, %)
be cellular automata. The equation F¢, = F¢, holds if and
only if

e€Fc(c) & ec€Fe(e) (forany ¢ € 29).

Proof. Since Fc¢,(¢) = {g € Gllgl(g’lc NV ={el}=1{g €
Glg'lenV; € ¢ },wehave g € F¢,(c) © g lenV; € £
secFegleyoec Foglooeglen, e , o
g € F¢,(c). O

Lemma 3: Let C = (G, V, ) be a cellular automaton. For
VX c V the followings are equivalent;

1. Xeg
2. VY e20if X =YNV,thene € Fo(Y).

Proof. (1. = 2.) We assume that X € £ and for any Y’ €
20W weletY = XUY’. Trivially X = YNV and lo(YNV) =
{e}. Then

Fe) = Jaleg™' Y 0 )
geG
Selg(e”'YNV)
= ele}

= {e}

Hence we have e € F¢(Y).
(1. & 2.)For Vg € G and YY € 26 we have glo(g~'Y NV) €

{¢,{g}} by definition /¢ and e ¢ U glg(g_lY NV). Now

9€G\{e}
welet X = YNVande € Fe(Y), and assume that X ¢ £.

Then

Fe) = Jglutg™' Y nv)
9eG

U gle(g™'Y N V) Uelg(e™'Y NV)
geG\{e}

| gletg™ Y nV)U LX)
geG\{e}

| glutgrnvyue

geG\{e}

| gtetg v v
geG\{e}
? e.

This is contradiction. O
In the followings, we consider the set of all integers Z
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as an additive group Z = (Z,+,0). So usual one dimen-
sional cellular automata with 2-states are represented as cel-
lular automata on the group Z. We define 2-neighborhood
and 3-neighborhood 2-states cellular automata in the next
definition and introduce some examples.

Definition 4: Fork > 1andn € {0, 1, - -,22k — 1}, we de-
fine cellular automata CA(k,n) on Z by CA(k,n) = (Z,V, &,)
where V = {0, 1,---,k— 1}, and £, is the subset of 2V which
satisfies n = Y yeq, 22ex 2.

We note CA(1,0) = (Z, {0}, ¢) and CA(1,2) = (Z, {0}, {{0}}).

Example 5: Since 6 = 2 + 22 = 22 + 22" we have
CA(2,6) = (Z, {0,1}, {{0}, {1}}). Since 90 = 2 + 23 +
24 420 = 22 4 22420 £ 92" 1 2242 we have CA(3,90) =
(Z,{0,1,2},{{0},{2},{0, 1},{1,2}}). The elements X in £,
represents the state of neighborhood which induce the next
states *1’. For a rule number 90, we have the following ta-
ble:

Neighborhood 111 110 101 100
Xeg, {0,1,2} | {1,2} | {0,2} | {2}
Lo(X) ¢ {e} ¢ {e}
Neighborhood 011 010 001 | 000
Xeg, {0,1} {1 {0} ¢
ly(X) {e} ¢ {e} ¢

The configuration ¢ C Z represents places where the
stateis 1. Sincen € Fo(e) © le(n'enV) = {e} @ n~lenV €
Lo cnnV e nk, the nextstate at nis 1 if eNnV € n&. For
3-neighborhood case we are choosing V = {0, 1, 2}, the left-
hand side of the state is changing. It seems to be better that
we choose V = {—1,0, 1} but it is not convenient for even-
neighborhood case. Our numbered 3-neighborhood cellular
automata CA(3,n) is a shifted version of usual numbered
elementary cellular automata. Later, we define a cellular
automaton SHIFT which represent a shift operation and an
operator ‘composition’ (&) of two cellular automata. After
that the usual numbered elementary cellular automata are
represented as SHIFTOCA(3, n).

Example 6: SHIFT = (Z,{-1,0},{{—1},{—1,0}}) is a cel-
lular automata on group Z.

772 is also considered as a group, so it is easy to rep-
resent a multi dimensional cellular automata such as The
Game of Life ([1]) as a cellular automata on a group.

Example 7: LIFE = (Z2, Vire, Qure) is a cellular au-
tomata on group Z*, where

e ()60
+1\ (-1 0 +1
(DM o

Cre=ve2' | =3)V#=4A (8) €v)).

We note that #v is the number of elements in a set v.

One dimensional cellular automaton on Z is embedded
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into the two dimensional cellular automaton on Z%. We de-
fine two natural embeddings EX and EY in the following.

(Z,V,2), we
by EX(C) =

Definition 8: For a cellular automata C =
define a cellular automata EX(C) on Z?
(22, Vex(c)» LEx(ca)) Where

VEX(C) = {(g) |X (S V}, and

8mwyﬂ(@|x€XﬂXeﬁL

We also define a cellular automata EY(C) on Z2 by
EY(C) = (Z*, Veyc), LEv(c)) Where

0
Veve) = {(x) |x € V}, and

QEY(C) = {{(2) |)C c X}lX (S ﬁ}

Definition9: Let 1 < k < kK, 0 < x < k' — k and
CA(k,n) = (Z,V,Q). CA(k,n)X is defined by CA(k,n)X =
(Z2,{0,1,---, k' — 1}, 2’) where

={sU(x+0v)Usr|s1 €S, €Sy,veE L},

s _F@ (x=0)
1= 2{0""‘)‘_1}()6 N 0) 5
k+x=k)

52=¥@

2l KUk 4 x < k)

We note that FCA(k,n)g/
SHIFTOF cagn)-

= Fcagn and F CAtn) =

3. Operations for Cellular Automata on Groups

In this section we introduce operations, union and compo-
sition, for cellular automata on groups. First we define the
operation of union and show some examples for union of
2-neighborhood cellular automata.

Definition 10 (Union): Let C; = (G,V}, %)) and C, =
(G, V5, ) be cellular automata on G. The union C; U C»
of Cy and C, is defined by C; U C, = (G, V] U V,, €1 U ).

Definition 11 (Division): Let C = (G,V,2) be a cellular
automaton on G. If there exist C; = (G, V;, &) and C, =
(G, V3, L) be cellular automata on G such that V =V, UV,
and € = £, U &,, then we call C; and C, are division of C
and C is dividable by C; and C,.

Example 12: The class of all 2-neighborhood cellular au-
tomata {CA(2,n) | n = 0,..,15} is generated by {CA(2,0),
CA(2,1), CA(2,2), CA(2,4), CA(2,8)} using ‘union’ oper-
ations. For example, CA(2, 13) is dividable by CA(2, 1),
CA(2,4), and CA(2,8). Fig.1 is the table of unions for
CAQ2,n) (n=0,..,15).

For a cellular automaton C = (G, V, L) we define two
cellular automata for expansion and restriction of V.

Definition 13: Let C = (G, V, 2) be a cellular automaton

IEICE TRANS. INE. & SYST., VOL.E97-D, NO.3 MARCH 2014

[mm JT 0 T 1 [ 273 45T 61 7]
0 0 1 2 3 4 5 6 7
1 1 1 3 3 5 5 7 7
2 2 3 2 3 6 7 6 7
3 3 3 3 3 7 7 7 7
4 4 5 6 7 4 5 6 7
5 5 5 7 7 5 5 7 7
6 6 7 6 7 6 7 6 7
7 7 7 7 7 7 7 7 7
3 3 9 10 11 2 3 14 15
9 9 9 11 [ 13 3 15 15
10 10 11 10 11 14 15 14 15
11 11 11 11 11 15 15 15 15
12 12 13 14 15 12 13 14 15
3 3 13 15 15 13 3 15 15
14 4 15 14 15 14 [ 14 15
15 15 15 15 15 15 15 15 15

[wm T 8 T 9 T 10 [ 11 [ 12 [ 1314 [15]
0 B 9 10 11 12 3 14 15
1 9 9 11 11 13 13 15 15
2 10 11 10 11 14 15 14 15
3 11 11 11 [ 15 15 15 15
4 2 13 14 15 2 3 14 15
5 13 13 15 15 13 13 15 15
6 14 15 4 15 14 15 14 15
7 15 15 15 15 15 15 15 15
3 3 9 10 11 12 13 14 15
9 9 9 11 11 13 3 15 15
10 10 11 10 [ 14 [ 14 15
11 11 11 11 11 15 15 15 15
12 2 13 4 15 12 3 14 15
13 3 13 15 15 3 3 15 15
14 14 15 14 15 14 15 14 15
15 15 15 15 15 15 15 15 15

Fig.1  Table of unions: CA(2,n) U CA(2, m).

on G and W C G. We define two cellular automata Cyy =
(G, W, 8y) and CV = (G, W, &%) where &y = (X N W|X €
Qland ¥ ={Y e2"|Y NV e &}

Next we prove the following proposition for expansion
and restriction of V to show a necessary and sufficient con-
dition for F¢, = Fc, using the operation of union in theorem
15.

Proposition 14: Let C = (G, V, L) be a cellular automaton
onG, WcV,Cy=(G,W,ZLy) and (Cy)" = (G, V,(&w)").
Then, F¢ = Fc,, if and only if € = (2y)".

Proof. We assume £ = (2y)". For ¢ € 2°, we have e €
Fee)ecenVe =) eenVnWe Ly o
cNWely eeelFc,(c). Sowehave Fe = F,,.
Conversely, we assume F¢ = F¢,,. We have

={ve2'|Veg
={cnV|ce2%andenV € g}
={cnNV]|ce2%ande e Fc(c)}
={cnV|ce2%ande € F,(c)}
={cNV|ce2andenV e Ly}
= (ew).

O
Theorem 15: Let C; = (G, V1, L) and C; = (G, V,, £,) be
cellular automata on G. We have F¢, = F¢, if and only if
the following conditions hold.

L. (0Dviav, = @2)viav,,
2.2 = (L))"
3. 2 = (L))"

Proof. First, we assume that F¢,
in the statement of Theorem,

= F¢,. For the first equality
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EDviv,
={XNnVinVy|X € &}
={XNnV,NV|
Y e2°st. X=YNV,ande € F¢,(Y)}
={YNViNnV,|Y€2%and e € F¢,(Y)}
(by Lemma 3)
={YNnVinV,|Ye€2%and e € Fe,(Y)}

= (QZ)V10VQ'

For the second equality, the inclusion relationship £; C
((£1)v,n,)"" holds a-priorily. For the converse inclusion
((LDv,av)"' € €1, assume X € ((£1)y,nv,)"". Then X € 2%
and XN (VinVy)=YnNn(V;NV,) for some Y € £,. Since
bothof Xand Y are in 2V, X N (Vi N V,) = Y N (V; N V)
means X NV, = Y N V,. Then by the locality of F¢, on
V, at e, we have F¢,(X) N {e} = F¢,(Y) N {e}. But by the
assumption F¢, = F¢,, Fe,(X) N{e} = F¢,(Y) N {e} = {e}.
This means that e € F¢,(X). Hence we have X € £;.

Conversely, let us assume that the three equalities hold. It
follows form the second and third equalities that F¢, =
Fcyy,, and Fc, = F(c,), ., using Proposition. 14. Fur-
ther, from the first equality we have (Cy)y,ny, = (G, Vi N
Vo, @Dvinv,) = (G, V1 N Vo, (82)yian) = (Co)vny, and
F(Cl)vmvz = F(Cz)vmvz . Hence we have FC1 = FC2' [m]

Colorally 16: For a cellular automaton C = (G, V, 2), we
have F¢c =idifand only ife € V and £ = {(Xe2V|eec Q).

Next we introduce composition of cellular automata on
a group by defining the operation ¢ for £, and we show that
the composition C;OC,of cellular automata C, and C; is
equivalent to the cellular automaton defined by the compo-
sition of the transition functions F¢, and F,.

Definition 17 (Composition): Let C; = (G,V;, %) and
Cy = (G, V,,2,) be cellular automata on G. The compo-
sition C10C, of Cy and C; is defined by C;0C, = (G, V] -
V5, £10L,) where
Vi-Vo={vjr, € Glv; € Vy,v € Vo} and
QoL ={Xe2" " eV v XNV, e &) e ).
Example 18: We calculate CA(2,6)0CA(2,6). Let V =
{0,1}, & = {{0},{1}} then CA(2,6) = (Z,V,2). We have
V+V=1{0,1,2}. Welet X = {0, 1} € 2V*V then
A"+ X)nv=1"+{0,1})Nn{0,1}
={-1+0,-1+1}n{0, 1}
={-1,0} n{0, 1}
= {0}
e

and

O'"+X)Nnv=(0"+1{0,1})N{0,1}
={0+0,0+1}n{0,1}
={0,1} N {0, 1}
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( [ o L [ 2 [T 3T 4T 5T 617 ]

0 0 0 0 0 0 0 0 0

1 255 236 209 192 139 136 129 128
2 0 16 34 8 68 68 66 64
3 255 252 243 240 207 204 195 192
4 0 2 2 2 3 34 24 3

5 255 238 221 204 187 170 153 136
6 0 13 16 60 116 102 90 72
7 255 254 | 255 252 255 238 219 200
3 0 1 0 3 0 17 36 55
9 255 237 209 195 139 153 165 183
10 0 17 34 51 68 85 102 119
11 255 253 243 243 207 | 221 231 247
12 0 3 12 15 [ 51 60 63
3 255 239 221 207 187 187 189 191
4 0 9 16 63 116 119 126 127
15 255 255 255 255 255 255 255 255

[ [ 8 [ 9 [ 1o [ 1 [ 12 [ 1B ] 14 [ 15]

0 0 0 0 0 0 0 0 0

1 55 36 17 0 3 0 1 0

2 8 24 34 18 2 2 2 0

3 63 60 51 8 [ 2 3 0

4 64 66 68 68 13 34 16 0

5 119 102 85 68 51 34 17 0

6 72 90 102 116 60 16 13 0

7 127 126 119 116 63 16 19 0

3 128 129 136 139 192 200 | 236 | 255
9 183 165 153 139 195 200 | 237 | 255
10 136 153 170 187 204 21 238 255
11 191 189 187 187 207 | 221 239 | 255
2 192 195 204 207 240 243 252 255
3 247 231 221 207 243 | 243 253 255
14 200 | 219 238 255 252 255 254 255
15 255 255 255 255 255 255 255 255

Fig.2  Table of compositions: CA(2,n)OCA(2, m).

={0,1}
g L.

Sofve V]v!'XNVeg ={0}e g, thatis, X = (0,1} €
€62, Similarly we can calculate for other elements of 2V
and we have LO8 = {{0},{2},{0,1},{1,2}}. So we have
CA(2,6)0CA(2,6) = (Z,{0,1,2},{{0},{2},{0, 1},{1,2}}),
that is, CA(2,6)OCA(2,6) = CA(3,90).

Example 19: The rule numbers of the 3-neighborhood cel-
lular automata generated by composing 2-neighborhood
cellular automata is {0, 1,2, 3,8,12, 15,16,17, 18,19, 24,
34,36,46, 48,51,55, 60,63,64, 66,68,72, 85,90,102,
116,119, 126, 127,128,129, 136, 139, 153, 165, 170, 183,
187,189,191, 192, 195, 200, 204,207,209, 219,221,231,
236,237,238, 239,240,243, 247,252, 253, 254,255}
There are 62 kinds of 3-neighborhood cellular automata.
Figure 2 is the table of compositions for CA(2,n) (n =
0,..,15).

Lemma 20: Let C = (G, V, ) be a cellular automaton and
Vo € G. For any ¢ € 26

Fce)nVy=Fclen(Vo-V)NVy

Proof. We have Fc(e) N'Vy = {vg € V0|valc NV e g}
={vg € Vo leNugV € vp&} = {vg € Vo |(eNVy- V)NV € 1oL}
=Fclen(Vy-V))NV,. O

The composition of cellular automata corresponds to
find a cellular automaton which global transition function
is the composition of global transition functions of original
cellular automata.

Theorem 21 (Fujio [2]): Let C; = (G,V,,%)) and C, =
(G, V,, ) be cellular automata on G. Then
Fc

1OFC2:FC1<>C2
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holds.

Proof. By virtue of Proposition 2, it is sufficient to show that
e€Fc oFc(c) © e€Feoc,(c) (Vee?29).

Let ¢ € 2°. Then we have

e € Fe,(Fc,(0)
© Fe,(e)NVy € & (by Lemma 3)
@FCZ(C NV -Vy)ynV, ey (by Lemma 20)
On the other hand, since F¢,(¢')NV; ={v eV, vl NV, e
LR
FCZ(C NV -Vy)nVv,;
=weVivenV,- V)NV, € &)

Hence by the definition of composition (Definition 17),

Fe,(enVi-Vo)nVy e g
ScnNVi-V, e 0L
S e € Feoc,(0)
which establishes the assertion. O

We prove that the right distributive law holds for union
and composition of cellular automata on groups.

Theorem 22: Let C; = (G,V,2)), C; = (G,V,%,) and
C3 = (G, V3, £3) be cellular automata on a group G. Then,

(C1UC)OC; = (C10C3) U (C20C3)
Proof. First, we note
(C1UC)OC; = (G, V- V3, (£ U Lr)0Ls),
and
(C1OC3)U(C20C3)=(G, V - V3, (£1043)U(L,0483)).
Next, we have
(21 U )03
={Xe2" |fveV|v'XNV;el}e UL,
={Xe2" fveV|iv'XNnV3e 83} € 2}
UX e ueVviXnVs e &) e )
= (£10¢3) U (£2043)
|
We note that C;O(C, U C3) = (Ci0Cy) U
(C1©C3) does not always holds for cellular automata
Cy, C; and C;. For example CA(2,6)0(CA(2,2) U
CAQ2,4) = CAR,6)0CA2,6) = CA(3,90), and

(CA(2,6)0CA(2,2)) U (CA(2,6)0CA(2,4)) = CA(3,46) U
CA(3,116) = CA(3, 126).

Proposition 23: Let CA(l,n)fC', CA(kp,n) and CA(ky, n3)
be cellular automata on Z, where 0 < x < kj, and n = 0, 1.
Then,
CA(1,n)8 O(CA(ka, n2) U CA(ka, 13))
= (CA(L, ) OCA(kz, 1)) U (CA(L, )" OCA(ky, 13)).

IEICE TRANS. INF. & SYST., VOL.E97-D, NO.3 MARCH 2014
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. -.'.'|'I'|.|.|.|.|.

Fig.3 A configuration of CA(3, 3).

Proof. Let Vi = {0,--,ky — 1}, & = (X €
2V1x € XL, € = {X € 2¥|x ¢ X}, CAtko,mp) =
(Z,V,, %), and CA(Z(z,VB) = (Z,V,,%3). First, we note
CA(1,0)" = (Z,V,, €1), CA(1, DY = (Z, vy, 2)), CA(1,0)"
& (CA(kz, I’lz) UCA(kz, n3)) = (Z, Vi-Va, 310(32 UQ3)), and
(CA(L,n)y O CA(ka, m2)) U (CA(1,n)§ & CA(ka, n3)) = (Z,
Vi Vo, (£,0%8,) U (£,04%3)). Since
21022 U &)
={Xe2" | weV|v XNV, € (L UL e L)
={(Xe2"V2|x XNV, e (g ULy,

and

(2108 U (£,0%)
={(Xe2"" eV XnV,e &} e g}
UX e [ue V!X nV, e &) e 2}
={Xe2" | xXNV, e &)
UX €2V 1x71X NV, € 85),
we have £,0(2, U €3) = (2,02,)U(2,023), and CA(1, DY
& (CA(ky,ny) U CA(ky,n3)) = (CA(L, DY & CA(ky, ny))
U (CA(1, l)];' & CA(ky,n3)).  Similarly, we can prove
CA(1,0)" & (CA(ka, n2) U CA(ka, n3)) =
(CA(1,0)§' O CA(ka,m2)) U (CA(1,0)% © CA(kz,n3)). O

Example 24: We note CA(3,3) = (Z,{0,1,2},{¢,{0}}),
CA(3,102) = (Z,{0,1,2},{{0},{1},{0,2},{1,2}}) and
CA(3, 18) = (Z,{0, 1,2}, {{0}, {2}}). The composition of cel-
lular automata CA(3, 3) and CA(3,102) is
CA@3,3)0CA(3,102)
=(Z,{0,1,2,3,4},
{{11,{0, 1},{1,4},{0, 1,4},{3},{0, 3}, {3, 4},{0, 3, 4}}).

Since CA(3,18)] = (Z,1{0,1,2,3,4},¢) and

L={s;U(l+0v)Us»
|51 €29 5, €2 pe (o}, 21
= {{1},{0,1},{1,4},{0,1,4},{3},{0,3},{3,4},{0,3,4}}),

we have CA(3,3) © CA(3,102) = CA(3, 18)].
(cf. Fig. 3, Fig. 4, Fig.5)

Example 25: We can consider a 2-neighborhood cellular
automaton as a 3-neighborhood cellular automaton and also
a 3-neighborhood cellular automaton as a 5-neighborhood
cellular automaton. The followings is an observation of the
embeddings and compositions.
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pr:

Fig.4 A configuration of CA(3, 102).

e

Fig.5 An example of configurations of CA(3, 18) =
CA(3,3)0CA(3,102).

CAQ2,1) = (Z,{0, 1}, {¢})

CAQ2, 1)} = (Z,10,1,2}, (¢, (2}}) = CA(3, 17)
CA(2, )OCA(2, 1)

= (Z,10, 1,2}, {0, 1},{0,2}, {1, 2}, {1}}) = CA(3,236)
CA(3,17)0CA(3,17) = (Z,10,1,2,3,4,5}, ©)

= CA(5,3974950124) = CA(3,236)]

2= Ulls, s U {3}, s U4}, s U{3,4}}| s € CA(3,236)}

4. Generalization

A subset V of G is considered as a characteristic function
V : G — 2 where 2 = {0, 1}. That is V is a function which
values are

_J0 (geV)
V(g)_{l (ge V).

Sometimes V is represented as an injection iy :
where iy(g) = g.

Extending our 2-states cellular automata on groups to
many-states cellular automata on groups, we replace the set
2 ={0, 1} to a finite set S.

Definition 26: Let G be a group, S a finite set. A general-
ized cellular automaton on G is a four-tuple C = (G, S, iy, &)
of the group G, an injection i, : V — G, and a function
€ : SV — § where S" is the set of all functions from
V to S. A configuration ¢ : G — S is a function. The
global transition function F¢c : §¢ — S§¢ is defined by
Fe(e)(g) = Leogoiy).

Proposition 27: Let G be a group, V € G, and S =2 =
{0,1}. And let Fc : 2 — 2% and F}. : 2 — 2 be the
global transition functions of a generalized cellular automa-
ton C = (G, S, iy, L) and a cellular automaton C’ = (G, V, L)
on G. Then F. coincides Fc.

Proof. We will show that for Yc¢ € 2¢
Fc(e)={g e G|L(cogoiy) =1}
=g lutg™ - env)

geG

V- G
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= Fi(c).
For g € G, we have
geFo(o)
egel Jglgenv)
9eG
e lg™ -enV)={e)
egl-enveg
eglixlex)=1}nVel
e{glxle)=1)nVeg
o {vlelgy) = 11NV e L (cf. (x = gv))
o {v|e(gy) = lL,ve Vie g
< {vlcogoiy(v)=1}e g
o Lcogoiy)=1
& ge Fe(e).
O

Example28: Let G = Z, S = Z,, and V = {-r,—r +

+r
1,---,0,---,+r}. For a polynomial f(X) = ZaiXi, (a; €

Z,,), we define the function &y, : Z,‘fl — Z,, by

+r
Q('x—ﬁ Xepalsmm 5 X050 x+r): Z a—jXi,

i=—r

((Xps X—pi1s =+ 2 X0s - X4p) € Zm"). A configuration ¢ €

ZZ is represented as a formal power series Z ciX' where
¢; = ¢(i) (cf. [6],[10]). Since c o joiy(i) = ¢(j + i) = cjui,
andco joiy = (Cjr,Cjops1,°**,Cjs**,Cjer), WE have
O eX)f(X)
= (| eXHf(X)

=] ciXi)(i aX")

i'=-r

= P Y] )

i'=-r

= Z( i ciay X)

'==r

= Z((i a_pcii)X)) (cf. j=i—1i')

= D Qs Crats 2 €)X
= D (Lo joinXx).
= > [(Fe@()X)),
The transition of the cellular automaton C = (Z,Z,,,iv, % rx))

is corresponding to the product of polynomials (the formal
power series).
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