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Abstract

Atomic congestion games are a classic topic in network de-
sign, routing, and algorithmic game theory, and are capable of
modeling congestion and flow optimization tasks in various
application areas. While both the price of anarchy for such
games as well as the computational complexity of computing
their Nash equilibria are by now well-understood, the com-
putational complexity of computing a system-optimal set of
strategies—that is, a centrally planned routing that minimizes
the average cost of agents—is severely understudied in the
literature. We close this gap by identifying the exact bound-
aries of tractability for the problem through the lens of the
parameterized complexity paradigm. After showing that the
problem remains highly intractable even on extremely simple
networks, we obtain a set of results which demonstrate that
the structural parameters which control the computational
(in)tractability of the problem are not vertex-separator based
in nature (such as, e.g., treewidth), but rather based on edge
separators. We conclude by extending our analysis towards
the (even more challenging) min-max variant of the problem.

1 Introduction

Congestion games are a by-now classic and widely studied
model of network resource sharing. Introduced by Rosen-
thal (1973), congestion games and their innumerable vari-
ants and extensions have been the focus of a vast body
of literature, spanning fields from algorithmic game the-
ory (Cominetti et al. 2019) over routing (Kunniyur and
Srikant 2003) and network design (Anshelevich et al. 2004),
to diverse contexts within artificial intelligence (Ashlagi,
Monderer, and Tennenholtz 2007; Meir et al. 2012; March-
esi, Castiglioni, and Gatti 2019; Harks et al. 2022), both ap-
plied and theoretical.

The basic setup of congestion games comprises a
network—modeled as a directed graph—and a set of agents
that each have an origin and a destination (the setting where
there is an infinite number of agents and single agents are in-
finitesimally small is called non-atomic while here we focus
on the classic, atomic case, where agents are individual enti-
ties). The agents need to decide which routes to take in order
to reach their destination in a way that minimizes the cost of
their route, where the cost can capture, e.g., the amount of
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time or resources required. The eponymous congestion en-
ters the scene as follows: the cost accrued by a single agent
when traversing a link in the network depends on the number
of agents using that link, as described by the link’s latency
function. In essence, the latency function captures how the
cost of using each link changes depending on the number of
agents using it; depending on the context, more agents us-
ing a link could lead to each of them paying a greater cost
(e.g., when dealing with traffic congestion) or a lower cost
(e.g., when dealing with logistical supply chains), up to a
maximum capacity for that link.

It is well-known that selfish strategies in congestion
games may not lead to optimal outcomes for all agents, let
alone a system-optimal outcome' (that is, one achieving the
minimum average cost) (Sharon et al. 2018). In fact, the
existence of Nash equilibria for these games was the sem-
inal question investigated by Rosenthal (1973), and is still
of interest in economics and game theory today. Notably,
the price of anarchy for these games has by now been de-
termined (Christodoulou and Koutsoupias 2005; Awerbuch,
Azar, and Epstein 2005). The price of anarchy in this context
is defined as the ratio

. cost(S)
Ps cost(Ssys)’

where the supremum ranges over all Nash equilibria,
cost(S) is the cost of a set of strategies S for the agents,
and Sy is a system optimum, minimizing the average cost
over all agents. In addition, the computational complexity of
computing Nash equilibria is equally well-studied (Acker-
mann, Réglin, and Vocking 2006; Fabrikant, Papadimitriou,
and Talwar 2004); see also the many recent works on the
problem (Harks et al. 2022; Wang et al. 2022).

While the price of anarchy defined in (PoA) as well as the
cost of Nash equilibria cost(S) (i.e., the numerator in (PoA))
have been extensively treated in the literature on conges-
tion games, it may come as a surprise that, to the best of
our knowledge, almost nothing is known about the computa-
tional complexity of computing the denominator cost(Ssys)
of (PoA), that is, determining a system-optimal set of strate-
gies for the players. Far from just an intellectual curios-
ity, applications, e.g., in road or internet traffic routing and

(PoA)

'In the literature, such outcomes are sometimes called the (so-
cial or collective) optimum.
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planning, make this a pressing question, especially given
the rapid developments in autonomous driving systems and
the widely adopted political strategy of emphasizing public
transportation for its lower environmental impact, which is
usually centrally planned and routed, as opposed to individ-
ual transport (Sharon et al. 2017a,b; Chen et al. 2020; Sharon
2021; Jalota et al. 2023).

One possible reason for this gap may lie in the fact that
even the most restricted instances of centrally routing a set
of agents across a network in a socially optimal manner be-
come hopelessly hard from the perspective of classical com-
putational complexity theory. To illustrate the severity of this
phenomenon, several of these basic classes of intractable in-
stances are described in Section 3. Another explanation for
this blind spot in the literature can possibly be found in the
fact that, as far as the price of anarchy is concerned, the net-
work structure itself does not appear to play a significant
role, whereas this changes drastically when it comes to ac-
tually computing a system-optimal set of strategies.

A particular approach that has proven immensely useful
for computationally intractable problems lies in employing
the rich toolset offered by parameterized complexity the-
ory (Downey and Fellows 2013; Cygan et al. 2015) in or-
der to obtain a rigorous, more fine-grained and detailed de-
scription of the computational complexity of a problem. The
central aim of such an endeavour is to identify the struc-
tural properties of the input—captured via numerical pa-
rameters—which give rise to fixed-parameter algorithms for
the problem (see Section 2). Some examples where the pa-
rameterized complexity toolset has been successfully ap-
plied in the context of Artificial Intelligence research in-
clude the series of works on Hedonic Games (Boehmer
and Elkind 2020a,b; Ganian et al. 2022a), Integer Pro-
gramming (Ganian and Ordyniak 2018; Eiben et al. 2019;
Dvorik et al. 2021; Chan et al. 2022), Data Completion (Ga-
nian et al. 2018; Dahiya et al. 2021; Ganian et al. 2022b;
Koana, Froese, and Niedermeier 2023), and Bayesian Net-
work Learning (Ordyniak and Szeider 2013; Griittemeier,
Komusiewicz, and Morawietz 2021; Ganian and Korchemna
2021; Griittemeier and Komusiewicz 2022).

Our Contributions. As mentioned above, the problem
of computing system-optimal strategies in atomic conges-
tion games (SOAC) is extremely hard in terms of classi-
cal complexity theory. The core approach of parameterized
complexity analysis is to identify those structural proper-
ties that a problem instance should have that, even though
exceedingly hard in the general case, give rise to its fixed-
parameter tractability. Since the network is modeled as a
graph, a natural first choice would be to parameterize by
the well-established treewidth (of the underlying undirected
graph) (Robertson and Seymour 1986). Unfortunately, as
our first result, we show that the problem remains NP-hard
not only on networks which have treewidth 2, but even on
networks consisting of a star plus an additional vertex (The-
orem 1). This result rules out not only the use of treewidth,
but also of virtually all other reasonable graph measures, as
a single parameter to solve the problem in full generality.
The above lower bound essentially means that, in order to
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achieve progress, one needs to combine structural parame-
ters with some auxiliary parameterization of the problem in-
stances. In the context of congestion games, it would seem
tempting to consider the number of agents as such an aux-
iliary parameter, however that would severely restrict any
obtained algorithms: while one could reasonably expect that
networks of interest may be well-structured, the number of
agents in relevant instances of congestion games is typically
large, and hence, does not constitute a well-applicable pa-
rameter. Instead, here we consider the maximum capacity
Cmax Of a link in the network as an auxiliary parameter—a
value which is never larger, but could be much lower, than
the total number of agents in the whole network.

It is important to note that SOAC remains extremely chal-
lenging even when parameterized by cyax. In fact, even if
Cnax 18 fixed to a small constant, the problem is NP-hard
when restricted to networks of constant treewidth (Theo-
rem 2); the same reduction also rules out the use of other net-
work parameters based on decompositions along small ver-
tex separators (such as treedepth (Nesetril and de Mendez
2012)). However, as we show in our main algorithmic result
(Theorem 5), SOAC is fixed-parameter tractable when pa-
rameterized by cy.y plus a suitable measure that guarantees
the network’s decomposability along small edge cuts.

Basic examples of such measures include the treewidth
plus the maximum degree of the network (Ordyniak and
Szeider 2013; Goziipek et al. 2017), or the feedback edge
number (i.e., the edge deletion distance to acyclic net-
works) (Koana et al. 2021; Fiichsle et al. 2022). In our con-
tribution, we build on the recently introduced spanning tree
decompositions (Ganian and Korchemna 2021, 2022) to pro-
vide a significantly more general result—in particular, we
develop a highly non-trivial dynamic programming algo-
rithm to establish fixed-parameter tractability with respect
to the recently introduced slim variant of treecut width. We
complement Theorem 5 with lower bounds (Theorems 3, 4,
and 6) that show the result to be an essentially tight delimi-
tation of the exact boundaries of tractability for SOAC.

In the final section of this article, we focus on a more
general variant of SOAC, where instead of requiring all
agents to be routed to their destinations, we ask to min-
imize the system optimum while routing as many agents
as possible (or, equivalently, when at most « agents may
be left unrouted). This problem, motivated in part by sim-
ilar lines of investigation conducted for, e.g., multi-agent
path finding (Huang et al. 2022) and vehicle routing (Pham
et al. 2022; Abu-Monshar and Al-Bazi 2022), can be seen
as a “min-max” variant of SOAC, and hence, we denote
it MSOAC. Crucially, MSOAC is even more challenging
than SOAC: it remains NP-hard on bidirected trees even for
Cmax = 1 (Erlebach and Jansen 2001), and, perhaps even
more surprisingly, is left open on very simple network struc-
tures, such as bounded-capacity star networks, when param-
eterized by a. Be that as it may, as our final result, we show
that on bounded-degree networks, the spanning-tree based
algorithm obtained for SOAC can be lifted to also solve
MSOAC via a fixed-parameter algorithm when parameter-
ized by the treewidth of the network, along with o and cyay.

A mind-map of our results is provided in Figure 1.
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Figure 1: A mind map of our results on computing system-
optimal strategies in congestion games. The formal problem
definition as well as a discussion of the considered parame-
ters is provided in Section 2; here, tw stands for treewidth,
deg stands for maximum degree, td stands for treedepth,
(s)tew stands for (slim) treecut width, and DAGs stands for
directed acyclic graphs.

NP-hard for
td<15 (Thm. 2)

directed
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DAGs (Thm. 3)

W[ 1]-hard
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2 Preliminaries

For a positive integer ¢ € N, we let [i] = {1,2,...,i}. We
refer to the book by Diestel (2012) for standard graph termi-
nology. While the networks are modeled as directed graphs
(i.e., digraphs), many of our results use the skeletons (i.e.,
the underlying undirected graphs) of these digraphs. The
skeleton G of a directed graph G is the simple undirected
graph obtained by replacing each arc in GG by an undirected
edge. The graph class K; v = {K; ; | j € N} is the class of
all complete bipartite graphs where one side has size .

Formal Problem Definition. Given a digraph G
(V,E), let P be the set of all directed paths in G. Given
aset A = {ai1,...,an} of agents where each agent a; is
associated with a tuple (s;,t;) € V2, a flow assignment
F is a mapping from A to P such that each agent a; is
mapped to a directed path from s; to ¢;. For an arc e € F,
let fr(e) = [{a|a € AAe € F(a)}| be the number of
agents whose flow passes through e; when F' is clear from
the context, we omit it and simply use f(e) instead.

Intuitively, our primary problem of interest asks to com-
pute a flow assignment of all the agents that minimizes the
total cost. However, in order to formalize the algorithmic
lower bounds obtained for the problem, we follow the stan-
dard practice of formulating the problem as an equivalent
decision problem (see below). To avoid any doubts, we re-
mark that all our algorithmic results are constructive and can
also immediately output the minimum cost of a flow assign-
ment with the required properties.

20046

System Optimum Atomic Congestion (SOAC)

Input: A digraph G = (V| E), a positive integer A, a
set A = {aj,...,a,} of agents where each agent a; is
associated with a tuple (s;,t;) € V2, and for each arc
e € E, alatency function £, : [m] — R>o U {oo}.
Question: Does there exist a flow assignment F' such that

Yoecr JF(€) - Le(fr(e)) < A?

In specific settings studied in the literature, the latency
function is sometimes required to satisfy certain additional
conditions, such as being non-decreasing. As illustrative ex-
amples, observe that when agents represent individual vehi-
cles in a traffic network, the latency function will typically
be increasing (the cost of 100 agents using a single link is
greater than 100 times the cost of that link when it is used
by a single agent), but if agents represent individual parcels
or shipments in a logistics network, one would expect it to
be decreasing (the cost of 100 agents using a single link
would be lower than 100 times the cost of that link when
it is used by a single agent). In order to capture as wide a
range of scenarios as possible—including, e.g., buffered or
batch-wise processing at network nodes leading to decreas-
ing or even oscillating latencies, respectively—our study tar-
gets the problem with arbitrary latency functions.

Given a latency function £, : [m] — R>q U {oo} for an
arc e, let the capacity c. of e be defined as the maximum ad-
missible value of the latency function, i.e., max{z | £.(z) #
oo}. Let the maximum capacity of a network be defined as
Cmax ‘= Maxec g ¢(e). Crucially, while the maximum capac-
ity can never exceed the number m of agents in the network,
one can reasonably expect it to be much smaller than m in
more complex networks.

Parameterized Complexity Theory. In parameterized al-
gorithmics (Cygan et al. 2015; Downey and Fellows 2013;
Niedermeier 2006), the running-time of an algorithm is stud-
ied with respect to a parameter £ € N and input size n.
The basic idea is to find a parameter that describes the
structure of the instance such that the combinatorial explo-
sion can be confined to this parameter. In this respect, the
most favorable complexity class is FPT (fixed-parameter
tractable), which contains all problems that can be decided
by an algorithm running in time f(k) - n®1), where f is a
computable function. Algorithms with this running-time are
called fixed-parameter algorithms. A basic way of exclud-
ing fixed-parameter tractability for a parameterized problem
is to show that it is W[1]-hard or that it remains NP-hard
even when the parameter value is fixed.

In this work, we identify the exact boundaries of tractabil-
ity for SOAC in the context of fundamental graph parame-
ters, as depicted in Figure 2. For two of these parameters—
notably treewidth (Robertson and Seymour 1986) and
treedepth (Nesetril and de Mendez 2012)—we do not need
to provide explicit definitions since the respective lower
bounds we obtain for SOAC construct instances whose
skeletons are well-known to have bounded treewidth and
treedepth. The feedback edge number (Koana et al. 2021;
Fiichsle et al. 2022) is simply the minimum number of edges
that need to be removed from an undirected graph in order
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Figure 2: A pictorial view of the tractability of SOAC when
capacities are bounded. An arc from a parameter x to a pa-
rameter y indicates that x is dominated by , i.e., a bound on
2 implies a bound on y but the opposite does not hold.

to obtain a forest. The freecut width is an edge-cut based
analog of treewidth (Wollan 2015; Wollan and Marx 2014).
The term “directed graph parameters” here broadly refers
to all parameters that achieve constant values on directed
acyclic graphs; this includes directed treewidth (Johnson
et al. 2001), Kelly-width (Hunter and Kreutzer 2008), and
DAG-width (Berwanger et al. 2012), to name a few.

The proofs of our algorithmic results require the def-
inition of the spanning-tree decompositions recently in-
troduced for edge-cut based parameterizations (Ganian
and Korchemna 2021, 2022). For a graph G and a
tree T over V(G), let the local feedback edge num-

ber at v € V(G) be ES(’:T(’U) = {uw € E(G)\
E(T) | the path between u and w in T contains v}. The
edge-cut width of the pair (G,T) is ecw(G,T) 1+
maxyey |E&T(v)|. This allows us to characterize both the
slim treecut width parameter used in Theorem 5 and the
combined parameter of treewidth plus maximum degree
used in Theorem 7 in a way which is well-suited for dy-

namic programming.

Lemma 1 (Prop. 27 and Thm. 30, Ganian and Korchemna
2022). Every graph G with slim treecut width k admits a
spanning tree T over some supergraph G' of G such that
(G, T) has edge-cut width at most 3(k-+1)2. Moreover, such

a pair (G',T) can be computed in time P IV (G)|~

Lemma 2 (Prop. 22, Prop. 26, and Thm. 30, Ganian and Ko-
rchemna 2022). Every graph G with maximum degree d and
treewidth w admits a spanning tree T" over some supergraph
G’ of G such that both the edge-cut width of (G',T) and
the maximum degree of T are upper-bounded by O(d*w?).
Moreover, such a pair (G',T) can be computed in time

2wy (@)L

3 The Surprising Difficulty of Solving
Atomic Congestion Games

Before initializing our more fine-grained parameterized
analysis of SOAC, we first consider the computational com-
plexity of the problem from the classical point of view, that
is, with respect to NP-hardness. In fact, we show that even
surprisingly simple input instances turn out to be intractable.
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To begin, we show that SOAC is NP-hard even when the
underlying undirected graph of the input digraph is restricted
to the class K5 . We prove this result (as well as Theorem 4
later on) via a reduction from the following variant of the
classical SUBSET SUM problem over d-dimensional vectors:

Multidimensional Uniform 0/1 Knapsack (MUKS)
Input: A set S = {#y,...,7,} € N? of d-dimensional
vectors containing natural numbers, a positive integer k,

and a target vector T € N,
Question: Is there a subset S’ C S of at least k vectors

such that "¢, & < T holds?

Lemma 3. MUKS is NP-hard and also W[1]-hard param-
eterized by d, even if all numbers are encoded in unary.

Before proceeding to the reduction, let us briefly re-
mark on the significance of the result in the context of
this article. Essentially, establishing NP-hardness on K> n
rules out not only fixed-parameter tractability under almost
all commonly considered graph parameterizations (includ-
ing not only the classical treewidth (Robertson and Sey-
mour 1986), but also the treedepth (Nesetril and de Mendez
2012), the vertex cover number (Korhonen and Parviainen
2015), and the more recently introduced edge-cut variants of
treewidth (Marx and Wollan 2014; Ganian and Korchemna
2021, 2022)), but even polynomial-time algorithms for in-
stances where such parameters are bounded by a constant.

Theorem 1. SOAC is NP-hard even when restricted to net-
works whose skeletons belong to the class Ko .

Proof Sketch. We provide a polynomial-time reduction
from MUKS where numbers are encoded in unary to
SOAC. Recall that MUKS is NP-hard by Lemma 3. The
reduction is as follows. For every input v; € S in the MUKS
instance, there is a source vertex si.qFor each of the d en-
tries 11, ..., Ty in the target vector 7', there is a target ver-
tex t;. There are also two vertices hg and h;. Each of the n
source vertices s; is connected by outgoing arcs to both hg
and h;. The latencies are defined as ¢, , = O for all arcs
(Siyho), and as £y, p, (x) = 1/x for all arcs (s;, hy). Both
ho and h; have outgoing arcs to all the target vertices ¢;.
For arcs (ho,t;), £ny,t,(x) = 0if 2 < T}, and otherwise,
Cho,t; (x) = oo. That 1s, the capacity of the arc (ho,t;) is
equal to T}, for each j € [d]. Forarcs (hy,t;), lp, ¢, (x) = 0.

For the i-th input vector ¥;, let v; ; be its j-th entry. For
all ¢ € [n] and j € [d], we want to route v; ; agents from
s; to t;. That is, there are v; ; copies of the pair (s;, ;) for
all i € [n] and j € [d]. To complete the proof, it suffices to
show that the constructed instance admits a solution of cost
at most n — k if and only if the original instance of MUKS
has a solution comprised of at least & vectors. [

Since Theorem 1 essentially rules out fixed-parameter al-
gorithms based on structural network parameters alone, we
turn our attention to parameterizing by the maximum capac-
ity Cpax. As our first result in this direction, we show that
SOAC remains NP-hard on networks of constant treewidth,
even if the maximum capacity of a link is just 1. This is done
via a reduction from the following classical graph problem.
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Figure 3: The arc gadget replacing each undirected edge uv
in the reductions from the proofs of Thms. 2 and 6 (left), and
the digraph constructed in the proof of Thm. 3 (right).

Edge-Disjoint Paths (EDP)

Input: A graph G and a set P of terminal pairs, that is, a
set of subsets of V' (G) of size two.

Question: Is there a set of pairwise edge-disjoint paths
connecting each set of terminal pairs in P?

Theorem 2. SOAC is NP-hard even when restricted to net-
works with cgay = 1 and whose skeletons have treewidth or
treedepth at most 15.

Proof Sketch. 1t is known that EDP is NP-hard when re-
stricted to the class K3 n (Fleszar, Mnich, and Spoerhase
2018). The reduction takes an instance Z of EDP on K3
and replaces each edge uv in Z with the gadget depicted in
Figure 3 (left). It uses agents to represent the paths in Z, and
sets the latency functions in a way that each arc can only
support a single path. To complete the proof, it suffices to
show that the reduction is correct and that the constructed
instances have the claimed properties. O

Theorem 2 rules out using classic vertex-separator based
parameters like treewidth, pathwidth or treedepth to solve
SOAC, even when cy,; = 1. All of these parameters are tied
to the skeleton of the network and do not account for the
orientations of the arcs. One could wonder whether struc-
tural parameters introduced specifically for directed graphs
would be better suited for the task. The unifying feature
of the most widely studied of these parameters (Johnson
et al. 2001; Hunter and Kreutzer 2008; Berwanger et al.
2012) is that they achieve constant values—typically 1—
on directed acyclic graphs (DAGs). Below, we show that
bounded-capacity SOAC is NP-hard even on simple DAGs,
ruling out the use of these directed network parameters.

Theorem 3. SOAC is NP-hard even when restricted to net-
works which are DAGs, have cp.x = 3, and whose skeletons
have maximum degree 4.

Proof Sketch. We reduce from a variant of SAT known as
monotone cubic exact 1-in-3 SAT, which is known to be NP-
hard (Porschen et al. 2014; Schmidt 2010). Here, clauses
have size three and must be satisfied by a single literal, each
variable appears in three clauses, and all literals are positive.

Suppose we are given such an n-variate m-clause posi-
tive cubic 3-CNF formula ¢. The instance of SOAC is con-
structed as follows. It contains the sets of vertices X =
{z1,...,2,} and C = {ec1,...,¢y} that are identified
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Figure 4: The digraph constructed in the proof of Thm. 4.

with the variables and clauses appearing in ¢, respec-
tively. We also add two more copies of X, namely X' =
{of,.. 2T} and X = {2F,... 2L}, and, similarly, two
more copies CT and CF of C. Now, x; has an arc to iL’lT and
one to ", both with latency £(1) = £(2) = 1 and £(3) = 0,
and capacity 3. Whenever x; appears in the j-th clause of ¢,
then 2! has an arc to CJT and z!" has an arc to cf , both of la-

tency 0. Further, ¢/ has an arc to ¢; of capacity 1 and ¢!” has
an arc to ¢; of capacity 2, for all ¢ € [m], and latency 0 oth-
erwise. If x; appears in the j-th clause of ¢, then there is an
agent with origin x; and destination c;. An illustration of the
construction is provided in Figure 3 (right). To complete the
proof, it suffices to show that the constructed instance has a
solution of cost 0 if and only if ¢ is 1-in-3-satisfiable. [

In fact, we can also show that our problem of interest re-
mains intractable even on extremely simple networks which
are DAGs (complementing Theorem 1).

Theorem 4. SOAC is NP-hard even when restricted to
DAGs whose skeletons are planar graphs with treewidth and
maximum degree both upper-bounded by 3.

Proof Sketch. The proof is based on a reduction from
MUKS. An illustration of the reduction is provided in Fig-
ure 4. Intuitively, for each vector v;, we add a vertex s;, and
if the j-th coordinate of ¥j is -y, then we route v many agents
from s; to the vertex t; representing the j-th coordinate of
the target vector. The construction allows all the agents start-
ing in s; to reach their destinations via either h,, 11 or h],_ ;:
the former route imposes a constraint which ensures that the
sum of the agents passing through it does not exceed the
restrictions imposed on 7°, while the latter route imposes a
constraint which ensures that the agents originating from at
least k vectors must be routed through the former route. [

4 A Fixed-Parameter Algorithm for SOAC

Recapitulating the results so far, in view of Theorem 1,
we are focusing our efforts on identifying structural prop-
erties of networks which would allow us to solve SOAC on
bounded-capacity networks. Theorem 2 rules out tractability
via standard vertex-separator based graph parameters, while
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Theorem 3 excludes the use of commonly studied directed
variants of network parameters. A notable class of structural
measures that has not been addressed yet by the obtained
lower bounds are parameters that are tied to the existence of
edge cuts as opposed to vertex separators.

Two “baseline” graph measures which allow for a struc-
tural decomposition along bounded-sized edge cuts are the
feedback edge number (fen) (Koana et al. 2021; Fiichsle
et al. 2022), and the combined parameter of treewidth
plus maximum degree (twd) (Ordyniak and Szeider 2013;
Goziipek et al. 2017). Unfortunately, both of these measures
place very strong restrictions on the network: the former
is only small on networks whose skeletons are trees plus
a small number of arcs, while the latter cannot be used on
networks with high-degree nodes.

As our main algorithmic contribution, we establish fixed-
parameter tractability of bounded-capacity SOAC with re-
spect to a recently introduced edge-cut based parameter
called slim treecut width (stcw) (Ganian and Korchemna
2022). Crucially, this result immediately implies and gen-
eralizes fixed-parameter tractability with respect to either
fen or twd, while also circumventing both of the aforemen-
tioned shortcomings: networks with skeletons of bounded
slim treecut width can have high degree as well as be signif-
icantly more complex than just a tree.

Theorem 5. SOAC is fixed-parameter tractable when pa-
rameterized by the slim treecut width of the skeleton G of the
input digraph G plus the maximum capacity Cyayx.

Proof Sketch. We begin by invoking Lemma 1 to compute a
pair (H,T) such that H is a supergraph of G and (H,T') has
edge-cut width k < 3 - (k + 1)2, where & is the slim treecut
width of G. Our algorithm is based on a leaf-to-root dynamic
programming procedure that traverses 7' while storing cer-
tain (carefully defined and bounded-sized) records about the
part of 7' that has been processed so far. To this end, it will
be useful to assume that 7" is rooted, and thus, we mark an
arbitrary leaf of T as the root and denote it r.

Before we define the records used in the dynamic pro-
gram, we will need some terminology. For a vertex v €
V(H) with a child w € V(H), we say that w is a simple
child of v if v and w belong to different connected compo-
nents of H —vw; otherwise, we say that w is a complex child
of v. Observe that, while the number of simple children of
v is not bounded by & (none of the subtrees rooted at sim-

ple children contain any edges in Ellj (’:T(v)), the number of
complex children of v is upper-bounded by 2k (each subtree

rooted at a complex child contains an endpoint of at least
one edge in Ellg - (v)). Furthermore, we use G, to denote
the subdigraph of GG induced on the vertices that are descen-
dants of v (including v itself), and 0, to denote those arcs
of G which have precisely one endpoint in G,; recall that
|0y < 2(k + 1). An agent qa; is outgoing for v if s; € G,
and, at the same time, ¢; € G,. Similarly, an agent a; is in-
coming for v if s; ¢ G, and, at the same time, t; € G,,.

We are now ready to formalize the dynamic programming
records used in our algorithm. A snapshot at a vertex v is a
tuple of the form (S,,, Sin, D, R), where:
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Sour 18 @ mapping from the set of all outgoing agents for
v to arcs in 9, which are outgoing from G,;

Sin is a mapping from the set of all incoming agents for
v to arcs in d,, which are incoming to G,;

D is a multiset of pairs (e, f) such that e is an incoming
arc into G,, f is an outgoing arc from G,, and ef is not a
2-cycle;

R is a multiset of pairs (e, f) such that e is an outgoing
arc from G,,, f is an incoming arc into G,, and ef is not
a 2-cycle;

each arc in O(v) may only appear in at most cyay tuples
over all of the entries in S,;, Sin, D, R.

As the number of outgoing and incoming agents for v can-
not exceed cpay- (2k+2) in a positive instance, the number of
snapshots at v can be upper-bounded by (cpay + k)o(cmaxk2);
let Snap(v) denote the set of all possible snapshots at v.

We can now formalize the syntax of the record at v, de-
noted Record(v), as a mapping from Snap(v) to R>oU{oo}.
As for the semantics, Record(v) will capture the minimum
cost required to (1) route the outgoing and incoming agents
to the designated arcs in S,,; and S;,, while assuming that
(2) some (unidentified and arbitrary) agents will use arcs of
0, to enter and then exit G, via the arcs designated in D, and
that (3) some (unidentified and arbitrary) agents will use arcs
of 9, to exit and then return to G, via the arcs designated
in R.

If no flow with these properties exists, we simply set
Record(v)(T) := oo. This completes the formal definition
of the records Record(v). Observe that, since G, = G and
0, = 0, the only snapshot at r is T,. = ({0}, {0}, 0, () and
T, is precisely the input instance to our problem. Hence, if
we successfully compute the record Record(r) for the root
vertex 7, then Record(r)(Y,.) must be equal to the minimum
cost of a flow assignment F' in the input instance. Thus, to
conclude the proof it remains to show how to compute the
records at each vertex in a leaf-to-root fashion.

The computation of the records for the leaves can be done
via brute-force enumeration. The core of the dynamic pro-
gram lies in the computation of Record(v) for a non-leaf
vertex v. We do so by considering each snapshot T =
(Souty Siny D, R) at v independently, and computing the min-
imum cost of a flow assignment F' in the subinstance Z~ as
follows. For each simple child w of v, we observe that there
is only a single snapshot ¥,, = (8¥,,S¥,{0},{0}) of w
where S, maps all outgoing agents for w and S}’ maps
all incoming agents for w to the respective unique arcs in
Oy - This corresponds to the fact that since a flow assign-
ment is inherently loopless, there is only a unique way it
may pass through the arcs in 0,,. Let us define the base cost
of v, denoted b(U), as Zu} is a simple child of v Record(w) (\Ilw);
intuitively, b(v) captures the minimum cost required by a
flow assignment in all simple children of v.

Next, we construct the instance Zy for which we need
to compute the minimum cost of a flow assignment. Essen-
tially, our aim is to compute this cost via brute-forcing over
all possible flow assignments, but at first glance this seems
infeasible since the size of Zy is not bounded by our param-
eters. The core insight we use to overcome this is that even
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though Z~y could be large, all but only a parameter-bounded
number of interactions have already been taken into account
in the records of the children of v. Formally, we make use
of this by constructing a “kernelized” instance Ifrr where
each flow assignment in Zy can be mapped to a flow in Z,
but the number of flow assignments in the latter is upper-
bounded by our parameters, and hence, can be efficiently
enumerated. The overall running time of the algorithm can

be upper-bounded by cmax"o(~4) P 0

We observe that the parameterization by cy,y cannot be
dropped from Theorem 5 in view of the lower bound in
Theorem 4; indeed, every network of bounded treewidth
and maximum degree also has bounded slim treecut width
(Lemma 2). We conclude by turning our attention to whether
Theorem 5 could be generalized to use the better-known
treecut width parameter instead of the slim variant used in
that algorithm. Treecut width is a structural graph parame-
ter that also guarantees the decomposability of instances via
bounded-sized edge cuts, and has previously been used to
establish tractability for several NP-hard problems (Ganian,
Kim, and Szeider 2022). Crucially, it forms an intermedi-
ary between the slim treecut width (which suffices for fixed-
parameter tractability) and treewidth (for which SOAC re-
mains intractable, even when restricted to bounded-capacity
instances). We show that Theorem 5 is tight in the sense that
fixed-parameter tractability cannot be lifted to treecut width.

Theorem 6. SOAC is W[1]-hard when parameterized by
the treecut width of the skeleton of the input network, even
when restricted to networks with cpa, = 1.

5 The Min-Max Atomic Congestion Problem

In this section, we turn our attention to the more general set-
ting where instead of requiring all agents to be routed to their
destinations, we allow for some agents to remain unrouted.
In essence, this asks for a flow assignment that counterbal-
ances the number of agents that reach their destinations with
the total cost. As is usual in complexity-theoretic analysis,
we state this task as a decision problem where we consider
specific bounds on both the cost and the number of agents
which need not be routed. For the purposes of this section,
we formally extend the notion of flow assignment (defined
in Section 2) to a mapping from a subset of agents to paths.

Min-Max System Opt. Atomic Congestion (MSOAC)
Input: A digraph G = (V, E), positive integers A and «,
aset A = {aj,...,a,} of agents where each agent a;
is associated with a tuple (s;,¢;) € V2, and for each arc
e € E, alatency function ¢, : [m] — Rx>o U {oc}.
Question: Is there a flow assignment F' routing at least
m — o agents such that . fr(e) - Le(fr(e)) < A?

We begin by noting that, in spite of the seemingly mi-
nor difference between the two problems, MSOAC is much
more challenging than SOAC from a structural point of
view. Indeed, on one hand, if we set « 0, the min-max
variant becomes equivalent to SOAC. On the other hand,
without this restriction, it can be observed that MSOAC re-
mains NP-hard even on networks with a maximum capacity
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of 1 whose skeletons are trees. This follows by an immediate
reduction from the MAXIMUM ARC DISJOINT PATHS prob-
lem, which has been shown to be NP-hard in precisely this
setting (Erlebach and Jansen 2001); the reduction simply re-
places each path with an agent and sets the latency function
for each arc in the same way as in the proof of Theorem 2.

As the final contribution of this article, we show that
MSOAC is fixed-parameter tractable when parameterized
simultaneously by cpax, @, and the combined parameter of
treewidth and maximum degree.

Theorem 7. MSOAC is fixed-parameter tractable when pa-
rameterized by the treewidth and maximum degree of the
skeleton G of the input digraph G plus the maximum ca-
pacity Cupay and a.

Proof Sketch. On a high level, the algorithm follows the
same overall approach as the one employed in the proof of
Theorem 5; however, the dynamic programming steps and
records required here are different (and significantly more
involved), and the spanning tree 7' has bounded degree as
per Lemma 2. The crucial difference is that in our snapshots,
we need to additionally take into account (1) which of the
outgoing and incoming agents are not being routed by the
captured flow, and (2) how many agents have already been
left unrouted in the part of the network processed so far. In
our dynamic programming step at each vertex v, this addi-
tional tracked information then requires us to perform sup-
plementary branching subroutines to ensure that the flows
computed on the kernelized subinstance I}r can be mapped
to specific snapshots of the children of v.

6 Concluding Remarks

Our results provide an essentially comprehensive complex-
ity landscape for the problem of computing system-optimal
flow assignments in atomic congestion games, closing a gap
in the literature that contrasts with the significant attention
other aspects of congestion games have received to date. We
remark that our tractability results only require the input net-
work to have the necessary structural properties and do not
impose any restrictions on the possible origins and destina-
tions of the agents. Moreover, all of the obtained algorithms
can also be used to compute Nash-equilibria in atomic con-
gestion games as long as an upper-bound on the cost of the
flow is provided in the input. Future work could also con-
sider the recently proposed setting of having some agents
follow a greedily computed route (Sharon et al. 2018).

Another interesting avenue for future work would be to re-
solve the complexity of the min-max variant of the problem
(i.e., MSOAC) on well-structured networks of unbounded
degree. This problem is left open even on stars when param-
eterized by cpa.x + @, and we believe novel ideas will be re-
quired to breach this barrier; in particular, the techniques for
solving the maximization variant of the related ARC DIis-
JOINT PATHS problem on stars (Erlebach and Jansen 2001)
do not generalize to MSOAC. As a longer-term goal, one
would be interested in settling whether Theorem 7 could be
lifted towards an analog of Theorem 5 that relies on the same
structural measures of the network.
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