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Abstract

Deep Evidential Regression (DER) places a prior on the orig-
inal Gaussian likelihood and treats learning as an evidence
acquisition process to quantify uncertainty. For the valid-
ity of the evidence theory, DER requires specialized acti-
vation functions to ensure that the prior parameters remain
non-negative. However, such constraints will trigger evidence
contraction, causing sub-optimal performance. In this paper,
we analyse DER theoretically, revealing the intrinsic limita-
tions for sub-optimal performance: the non-negativity con-
straints on the Normal Inverse-Gamma (/N I G) prior parame-
ter trigger the evidence contraction under the specialized ac-
tivation function, which hinders the optimization of DER per-
formance. On this basis, we design a Non-saturating Uncer-
tainty Regularization term, which effectively ensures that the
performance is further optimized in the right direction. Ex-
periments on real-world datasets show that our proposed ap-
proach improves the performance of DER while maintaining
the ability to quantify uncertainty.

Introduction

Deep Learning has been highly successful for a decade and
is widely applied in various research areas such as Data Min-
ing (Xu et al. 2023), Natural Language Processing (Zhang
et al. 2023), and Computer Vision (Kirillov et al. 2023). De-
spite the attractiveness of Deep Learning, their deployment
in high-risk domains such as Weather Prediction (Bi et al.
2023), Vehicle Control (Choi et al. 2019) and Medical Di-
agnostics (Seebock et al. 2020) is still limited, which is at-
tributed to the fact that Deep Learning models are subject to
uncertainty.

Due to the powerful fitting capability, Deep Learning
might lead to over-confident predictions. If the failure to
provide reliable uncertainty quantification for prediction, it
has catastrophic consequences (Amini et al. 2020). There-
fore, Uncertainty Quantification has received widespread
attention and is considered as one of the foundations for
building safe and reliable Deep Learning systems(Guo et al.
2017a; Lakshminarayanan, Pritzel, and Blundell 2017; Gal
and Ghahramani 2015).
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Figure 1: Performance Comparison on seven real-world
datasets from UCI Regression benchmark. Both RMSE and
MAE, smaller is better. It is evident that, in contrast to stan-
dard regression methods, DER exhibits noticeably poor per-
formance across several datasets.

In recent years, significant progress has been made in un-
certainty quantification, such as Bayesian methods (Kendall
and Gal 2017) and Deep Ensemble(Lakshminarayanan,
Pritzel, and Blundell 2017; Zaidi et al. 2021). However,
these methods are limited by the difficulties in approximat-
ing posterior computation or the high cost of sampling, and
cannot achieve fine-grained uncertainty quantification (Ma-
linin and Gales 2018; Amini et al. 2020). To address these
issues, (Amini et al. 2020) proposed the Deep Evidential Re-
gression (DER). The DER places Normal Inverse-Gamma
(NIG) priors on the likelihood function and formulates
learning as an evidence acquisition process. Due to only
minor modifications to neural networks without the sam-
pling and the ability to quantify both epistemic and aleatoric
uncertainties in a single forward pass, DER have gained
widespread adoption (Liu et al. 2021; Chen, Bromuri, and
van Eekelen 2021; Singh et al. 2022; Petek et al. 2022; Li
and Liu 2022; Amini et al. 2020; Ma et al. 2021; Charpen-
tier et al. 2022; Oh and Shin 2022; Pandey and Yu 2023a).
Despite the attractive ability for uncertainty quantification,
the DER'’s error is noticeably bigger than standard regres-
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sion methods, even in generic scenarios, as shown in Fig. 1.
This misalignment with the pursuit of lower error in regres-
sion task poses a challenge for DER’s deployment.

In this paper, we theoretically analyse Deep Evidential
Regression (DER) to explore the intrinsic hindrances in its
performance gap compared to standard regression. Specif-
ically, to ensure the validity of the evidence theory, the
DER require specialized activation functions to guarantee
the non-negativity of the NIG prior parameters. However,
such constraints could potentially result in evidence con-
traction, i.e., evidence from the data is insufficient to sup-
port the prediction. On this basis, we further elucidate how
DER'’s performance is hindered when the evidence contrac-
tion occurs, analysing the role of different NIG parameters.
Finally, we design a Non-saturating Uncertainty Regulariza-
tion term, which effectively ensures that the gradient is fur-
ther optimized in reducing the error. Experiments on sev-
eral real-world datasets show that our method is effective in
the prediction error of DER, while barely compromising the
ability to quantify uncertainty.

The main contributions of this paper are as follows:

* We theoretically show that ensuring non-negativity of
NIG prior parameter triggers evidence contraction. Next,
we prove that evidence contraction hinders performance
and is largely attributable to virtual observation v.

We design a Non-saturated Uncertainty Regularization
term, which effectively ensures that the gradient is fur-
ther optimized in the right direction and improves the
performance of DER.

Experiments on several real-world datasets demonstrate
the effectiveness of our method.

Related Wok

Uncertainty Quantification in Deep Learning. The un-
certainty quantification is essential for reliable Deep Learn-
ing systems. Bayesian Neural Network (BNN) place pri-
ors on model weights, explicitly modeling network parame-
ters as random variables and quantify uncertainty by learn-
ing the posterior over parameters (Abdar et al. 2021). But,
with a large number of parameters, it’s posterior probabil-
ity of Bayesian networks is intractable. Therefore, several
Bayesian approximation methods have been proposed, such
as Markov Chain Monte Carlo (MCMC) (Karras et al. 2022)
and Stochastic Gradient MCMC (SG-MCMC) (Welling and
Teh 2011). But those methods heavily rely on sampling
from the posterior distribution, which leads to increased
computational costs. Another well-known Bayesian approx-
imation method is Monte Carlo Dropout (MC dropout)
(Gal and Ghahramani 2016). It treats dropout layers as
Bernoulli-distributed random variables, and training the net-
work with Dropout layer can be interpreted as the approx-
imation to variational inference. However, MC dropout re-
quires significant modifications to the training process and
come with high computational costs. Additionally, they are
unable to distinguish between epistemic and aleatoric un-
certainty. Unlike the Bayesian perspective, frequentist re-
searchers have a unique insight to uncertainty quantifica-
tion and have proposed deep ensemble (Pearce, Leibfried,
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and Brintrup 2020; Lakshminarayanan, Pritzel, and Blun-
dell 2017). This method builds an ensemble of neural net-
works and uses the inconsistency among ensemble mem-
bers to quantify uncertainty. However, ensemble-based ap-
proaches significantly increase the number of model param-
eters, resulting in inevitable computational overhead.

Evidential Neural Network. The Evidential Neural Net-
work (ENN) are based on the Dempster-Shafer evidence the-
ory (DST) (Sentz and Ferson 2002), which formulates the
learning process as an evidence acquisition from data. The
Evidential Neural Network can be classified into two cate-
gories: Dirichlet-based Evidence Network (Dirichlet-based
EN) for classification (Sensoy, Kaplan, and Kandemir 2018;
Bao, Yu, and Kong 2021; Zhao et al. 2020), and Normal-
Inverse Gamma-based Evidence Network (NIG-based EN)
for regression (Amini et al. 2020; Pandey and Yu 2022).
The Dirichlet-based EN introduces Dirichlet priors on the
evidence classification multinomial likelihood, which can
quantify both aleatoric and epistemic uncertainty without the
need for out-of-distribution (OOD) auxiliary data. Deep Ev-
idence Regression (Amini et al. 2020) is a exemple for NIG-
bsed EN, which introduces the Normal-Inverse Gamma
(NIG) evidence prior on the original Gaussian likelihood
function to quantify uncertainty. The NIG evidence prior is
considered as a higher-order evidence distribution over un-
known lower-order likelihood distributions, from which ob-
served results can be inferred.

Theoretical Analysis of Evidential Models. Despite the
popularity of ENN, some studies have raised theoreti-
cal shortcomings. According to (Bengs, Hiillermeier, and
Waegeman 2022), they argue that classical Dirichlet-based
EN fails to incentivize learners to faithfully predict their
epistemic uncertainty due to its sensitivity to regularization
parameters. Addressing above issue, (Bengs, Hiillermeier,
and Waegeman 2023) introduces second-order scoring rules
to assess the credibility of the cognitive uncertainty in ev-
idence models. Similar issues also exist in NIG-based EN,
as highlighted by (Meinert, Gawlikowski, and Lavin 2023),
which investigates the problem of excessive parameteriza-
tion in uncertainty representation and explores its unreason-
able effectiveness. Meanwhile, (Pandey and Yu 2023b) sug-
gests that the non-negativity constraint on Dirichlet prior
parameters may lead to poor predictive performance and
proposes the concept of ’zero-evidence regions” to explain
this phenomenon. Unlike the Dirichlet prior, the NIG prior
has four parameters, and the impact of non-negativity con-
straints on performance is more complex, which is also one
of the challenges of this paper. On the other hand, (Oh and
Shin 2021) proposes that high uncertainty can cause high
errors and attempts to alleviate this issue from a multi-task
learning perspective. However, it falls short in providing ad-
ditional insights from the evidence model’s perspective.

In this paper, we focus on Deep Evidential Regression
(DER) and investigate how the non-negativity prior con-
straint in NIG hinders model prediction () optimization.
Building on theoretical analysis, we propose a novel regu-
larization term to facilitate the broader applicability of Deep
Evidential Regression in real-world practical scenarios.
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Figure 2: Deep Evidential Regression. Among them, A rep-
resents the four parameters of the NIG distribution, three of
which, «, 5, v, need to pass through the activation function
to ensure the reasonableness of the NIG. It is imperative:
yeR,v>0,a>1,8>0

Preliminary
Problem Definition

In this paper, we shall look into supervised regression learn-
ing: given a dataset, D = {z;,y;}} ., we aim to learn a
model f with a set of weights, 6, that can be formalized as
follows:

. RS
arg min J(0) = N ;ﬁi(a) (1)

where £;(-) denotes a loss function, N denotes the dataset
size. In this paper, we aim to learn a model to infer @ that
maximize the likelihood of observing our targets value, y,

given by p(y;|0).

Deep Evidential Regression

The research foundation of this paper builds on Deep Evi-
dential Regression (DER) (Amini et al. 2020). We assume
that the target values, y;, is drawn from a Gaussian distri-
bution and obeys i.i.d, but its variance (¢?) and mean (1)
are unknown. Our intention is to quantify uncertainty by
estimating the variance and mean of the target value. DER
model this by placing a prior distribution on (p, o). Thanks
to existing statistical knowledge, the Gaussian prior can be
employed as a conjugate prior for the unknown mean, while
the Inverse-Gamma prior is for the unknown variance:

(1, yn) ~ N(p, 0%)
p~ Ny, o?v) o> ~T 7 Ha,B). (@)
where I'(+) is the gamma function.

Our intention is to estimate a posterior distribution of vari-
ance (%) and mean (u): q(p,02) = p(p,o?|y1,...,yn)-

The Normal Inverse-Gamma (NIG) prior can be obtained:
p(p, 0 |y, v,0,8) =
T N——
m
BV (1)“*wp{pﬂ+VW—uf}
L(a)V2r02 \ 0?2 202

where T'(+) is the gamma function, note m = (v, v, «, ),
and satisfyy e R,v > 0,a> 1,3 > 0.

3)
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Prediction and Uncertainty Estimation Aleatoric uncer-
tainty, also known as data uncertainty, arises from the com-
plexity inherent in the data itself, such as label noise. Epis-
temic uncertainty, also known as model uncertainty, arises
from the model’s lack of knowledge (Gawlikowski et al.
2021). DER can output four parameters of NIG, m =
(v, v, a, B). Utilizing these parameters, we can compute the
prediction, aleatoric uncertainty, and epistemic uncertainty
as:

By =7 Elo’)= 25, Varly = 221 @)
——

prediction aleatoric

epistemic

Evidence and Virtual Observation (Amini et al. 2020)
define the total evidence: ® = 2v + «, which is based
on a heuristic Bayesian interpretation of the NIG prior pa-
rameters. (Amini et al. 2020; Jordan 2009; Meinert, Gaw-
likowski, and Lavin 2023) interprets the parameters of the
NIG distribution as the count of virtual observation that pro-
vide support for the given attributes. For instance, NIG’s
mean can be intuitively understood as an estimation derived
from v virtual observation samples, where the sample mean
of these virtual observations is . The more such virtual
observations are available, the more reliable the estimation
of the NIG mean becomes. Following from this interpre-
tation, evidence is composed of virtual observations, and
the quantity of virtual observations directly determines the
magnitude of the evidence. As a result, the total evidence,
® = 2v + a, holds a physical interpretation, representing
the sum of all virtual observation counts.

Learning the Evidential Distribution

Deep Evidential Regression estimates the variance o2 and
mean g of the target value y by learning a higher-order ev-
idence distribution, m = {~v, «, v, 8}, which can be ex-
pressed as the marginal likelihood:

o =00 pu=oco
p(y|m) = / / p(ylp, o®)p(p, o*|m)dpdo?
02=0 m

- 5)
An analytical solution exists for this marginal likelihood:
1+wv
p(ys|m) = St (%;’Y; %, 2a) . (6)

where St (y; [, s, n) is the Student-t distribution evaluated at
y with location [, scale s, and n degrees of freedom. Deep
Evidential Regression denote the loss, LY L (w), as the neg-
ative logarithm of model evidence:

Lypr(y,m) = 2log(Z) — alog A
+ (a+ 3)log((y —7)*v + A) + log(

L(a) ) (N
F(aJr%)

where Q@ = 208(1 + v). This loss objective can drive the
model to output the parameters of the N /G by maximising
the evidence to fit the observations.
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Theoretical Analysis of Learning Deficiency in
Deep Evidential Regression

In this section, we conduct a theoretical analysis of Deep
Evidential Regression (DER) and reveal inherent limitations
that result in sub-optimal performance: with the specialized
activation function, the NIG prior parameter would be zero,
which triggers evidence contraction. And then the evidence
contraction leads to a zero gradient of the N LL loss to pre-
diction and stops the optimization.

Ensuring Non-Negativity of NIG Parameters
Triggers Evidence Contraction

Deep Evidential Regression places a higher-order evidence
prior, the Normal-Inverse Gaussian (NIG), on the original
likelihood function. Due to strict mathematical definitions,
the three parameters of NIG need to satisfy non-negativity:
{v > 0,a > 1, 8 > 0}. In this subsection, we reveal that
such non-negativity constraints on the parameters trigger ev-
idence contraction.

Definition 1. Evidence Contraction For Deep Evidential
Regression, total evidence is comprised of virtual observa-
tions. When the virtual observations decreases, it causes the
total evidence to get smaller. Smaller total evidence implies
that the model derives less support for the prediction from
the data. We define this phenomenon as Evidence Contrac-
tion.

Theorem 1. Given a training sample x, the logits of
the Deep Evidential Regression is denoted as o =
{04,04,0,,08}, and m = {~, o, v, B} is the final output
after activation function. The virtual observation counts are
denoted as o, v, and together they form the total evidence. If
the evidence network outputs zero virtual observations and
the gradient of the N LL loss with respect to virtual obser-
vations is zero, it indicates that evidence contraction is oc-
curring.

Proof. Considering inputs o with target y. Let o =
{04,04,0,,03} represent original logits before activate
function, and m = {~, «a, v, S} is the final output after ac-
tivation function, and «, v represent the virtual observation
counts, and ® = 2v + « denotes total evidence supporting
the prediction.

a = Act(on) + 1, v = Act(o,), B = Act(og) (8)

In Deep Evidential Regression, the loss objective is given by
Eq. 7. Now, compute gradients of the NLL loss with respect
to both o and v:

aLNLL - (y 7,7)21/ 1
o ol togn iy t @ - Yats) O

oL o ly )"+ 25
8]\;LL _ 757 ] +(Oé+%)(y_7)2u+25(1+”>
(10)

where W(-) represents the digamma function, ¥(z) =

d“;l;(g”) =5 ((j)). Next, we take gradients with respect to
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the original output for o,, 0,:

OLnrr _ OLnpr Oo (11
do,  Oa Do,
OLNr, OLnpp Ov
= 12
do,, ov  0Oo, (12)
Consider the activation function to be the softplus:
e 1
= log (1 + e° — = 13
a=log(1+e ):>60a T (13)
0 1
v =1log(l+e%) = — (14)

67%: 1+ e ov

When o, (or 0,) — —o0, the virtual observation v (or «)
are also zero, and the gradient of virtual observation v (or «)
becomes zero:

lim log(1+¢e°)=0 (15)

0, ——00

. 1
lim — =0 (16)
op,——00 1 4+ e 9v
The same result applies to «, and further elaboration is un-
necessary. The conclusion is the same when considering the
activation function as an exponential function.

Mark: Does zero virtual observation exist ? It is crucial
to understand the practical scenarios of evidence contraction
(EC). EC might arise when facing hard samples, such as un-
seen samples. For hard samples, the NLL loss would proba-
bly be larger, and in EDR, such loss will backward to jointly
optimize uncertainty and prediction performance. Accord-
ing to Eq.4 and the fact that EDR model being trained is
uncertain on hard samples, this backward process will re-
duce the o, value. When o, is continuously reduced, then v
= act(0,) and its gradient will approach zero. As a result, v
will make the model stops optimizing performance, includ-
ing the error term (y — 7)? based on Eq. 17. Therefore, the
error information cannot be used to adaptively balance the
parameter learning. This means that NLL cannot avoid ev-
idential contraction on their own. In a more intuitive way,
when facing many hard samples, EDR model will tend to
slack off (since o, is optimized to be reduced), and blaming
all inaccuracies on uncertainty.

Evidence Contraction Hinders Optimal
Performance

Based on the Bayesian interpretation of virtual observation
and the theoretical foundation presented earlier, we believe
that the virtual observation v is related to the mean esti-
mation of the NIG prior. Therefore, evidence contraction
caused by v will primarily affect the precision prediction,
leading to sub-optimal performance.

Theorem 2. For Deep Evidential Regression, when evi-
dence contraction occurs, it leads to sub-optimal perfor-
mance. That is primarily attributed to the virtual observa-
tion v associated with the NIG mean ().
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Proof. Calculate the gradient of the N L L loss with respect
to v:

OLnLL
oy

(y — v
(y—7)2+28(1+v)

Next, we analyse the impact of virtual observations o and v
on the aforementioned gradients:

=—2a+1)

7)

. OLnLL
1 - 1
S0t Dy 0 (18)
. OLnpp _ (y—v
e N N G Y e B

Eq. 18 indicates that as v tends to zero, the limit of the gra-
dient of the N LL loss with respect to -y degenerates to zero.
At this point, evidence model will stop optimization with
regard to vy, even for sub-optimal performance. Unlike the
behaviour of v, Eq. 19 shows that there is a non-degenerate
relationship between o and the gradient of the NLL loss
with respect to . Therefore, we can conclude that evidence
contraction leads to sub-optimal performance, which is pri-
marily attributed to the virtual observed v related to estima-
tion of NIG mean (u).

Continuing Optimization through
Non-saturating Uncertainty Regularization

Due to the intrinsic properties of the NIG prior, it is neces-
sary to satisfy non-negativity, {v > 0, « > 1, 8 > 0},
when running Deep Evidential Regression. However, under
certain conditions, the parameters passed through the acti-
vate function tend to approach zero, causing the virtual ob-
served to approach zero, resulting in evidence contraction.
This implies that the model is no longer deriving knowledge
from the data. An inevitable consequence is that the model is
underfitting, reducing performance. Furthermore, we reveal
that the impact of the virtual observed v on performance is
more severe. Therefore, mitigating the influence of evidence
contraction on performance can be done in one ways: ensur-
ing gradients during evidence contraction is non-zero.

In this paper, we consider an evidence model with the ex-
ponential activation function to transform logits into NIG
parameters o and v. We propose a novel Non-saturating Un-
certainty Regularization term:

viae—1)
Ly=(y—~)?=—~=~ 20
Where % is the inverse of total uncertainty.

Theorem 3. Non-saturating Uncertainty Regularization
term ensures that there is a gradient to the prediction ev-
erywhere in the domain of definition, thus improving perfor-
mance.

Proof. We calculate the gradient of Ly with respect to ~y
as:
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v(a—1)

9Ly )
v(a—1)

oy {/3(v+1)

Ly freezes the gradient of the total uncertainty, so «, 8, v
will not be updated by L;. This means that we heuristically
set a lower bound to ensure that the gradient of the NLL
loss with respect to v dose not degenerates to zero. There-
fore, during the training process, the Non-saturated Uncer-
tainty Regularization can ensure that there is a gradient to
the prediction everywhere and optimized in the direction of
the correct gradient.

We formulate an overall objective used to train Deep Ev-
idential Regression. In our proposed methodology, the ev-
idential model is trained to maximize the correct evidence
and avoid the Evidence Contraction during training. The
overall loss is:

L(z,y) = Lnoe(2,y) + mLr + 2Ly (22)
Where L1 is defined by Eq. 7. The Lp is the evidence
misdirection regularization term proposed by (Amini et al.
2020), defined as: Lr = |y—~|- (2v+«), the ability to min-
imize evidence on errors. And the L is the non-saturating
uncertainty regularization term introduced in this paper to
prevent evidence contraction.

ify >~y 21

ify <«

Experiments

We first demonstrate the limitations of existing Deep Evi-
dential Regression to confirm our theoretical findings. Then,
we evaluated the proposed Non-saturating Uncertainty Reg-
ularization term to show its effectiveness. Finally, we con-
duct additional empirical analyses to provide more insights
about our method.

Dataset and Setup We consider the regression problem
with UCI regression benchmark !, Drug-target affinity re-
gression (Shin et al. 2019) and Sentiment Analysis task.
Specifically, we use two classical datasets: Davis (Davis
et al. 2011) and Kiba (Tang et al. 2014). For the UCI re-
gression dataset, our model setup is kept consistent with ex-
isting works (Amini et al. 2020; Oh and Shin 2022). For
the Drug-target affinity regression, our experimental setup
remained consistent with DeepDTA (Oztﬁrk, ()Zgﬁr, and
Ozkirimli 2018). For the Sentiment Analysis task, we use
Stanford Sentiment Treebank (SST-5)% and we choose the
BERT-based sentiment regression (Munikar, Shakya, and
Shrestha 2019) as the backbone. Our code is available here:
github.com/yuelfei/evi_con.

Evaluation Metric For UCI Benchmark regression
datasets, our evaluation metrics include RMSE (Root Mean
Squared Error), NLL (Negative Log-Likelihood). For Drug-
target affinity regression dataset and Sentiment Analysis task
dataset, the MSE (Mean-Square Error), NLL (Negative Log-
Likelihood), ECE (Expected Calibration Error) (Guo et al.
2017b), and CI (Concordance Index) (Yu et al. 2011) are
adopted, which is aligned with existing paper (Amini et al.
2020; Oh and Shin 2022).

'UCT: https://archive.ics.uci.edu/
2SST-5: https://nlp.stanford.edu/sentiment/
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RMSE|

Dataset MC dropout Vanilla DER  MT-DER Ours

Boston 297 (0.19) 3.06(0.16) 3.04(0.21) 2.67(0.17)
Concrete 5.23(0.12) 5.85(0.15) 5.60(0.17) 5.82(0.21)
Energy  1.66 (0.04) 2.06(0.10) 2.04(0.07) 1.83(0.06)
Kin8nm 0.10 (0.00) 0.09 (0.00) 0.08(0.00) 0.06(0.00)
Naval 0.01 (0.00) 0.00 (0.00) 0.00(0.00) 0.00(0.00)
Power 4.02 (0.04) 4.23(0.09) 4.03(0.07) 3.02(0.00)
Protein  4.36 (0.01) 4.64 (0.03) 4.73(0.07) 4.18(0.02)
Wine 0.62 (0.01) 0.61(0.02) 0.63(0.01) 0.56(0.01)
Yacht 1.11(0.09) 1.57(0.56) 1.03(0.08) 1.49(0.13)

NLL]

Dataset MC dropout Vanilla DER  MT-DER Ours

Boston  2.46(0.06) 2.35(0.06) 2.31(0.04) 2.31(0.06)
Concrete  3.04 (0.02) 3.01(0.02) 2.97(0.02) 3.11(0.03)
Energy  1.99 (0.02) 1.39(0.06) 1.17(0.05) 1.36(0.03)
Kin8nm -0.95(0.01) -1.24(0.01) -1.19(0.01) -1.27(0.02)
Naval -3.80(0.01) -5.73(0.07) -5.96(0.03) -5.87(0.04)
Power 2.80 (0.01) 2.81(0.07) 2.75(0.01) 2.58(0.01)
Protein ~ 2.89(0.00) 2.63(0.00) 2.64(0.01) 2.69(0.05)
Wine 0.93 (0.01) 0.89(0.05) 0.86(0.02) 0.89(0.08)
Yacht 1.55(0.03) 1.03(0.19) 0.78(0.06) 0.94(0.15)

Table 1: UCI Benchmark regression datasets. The perfor-
mance on RMSE and NLL. We bold the top two best results,
n = 20 for sampling baselines.

Learning Deficiency of Evidential Models

We conduct an empirical study on a real-world Senti-
ment Analysis dataset (SST-5), instead of building a toy
dataset. Consider the baseline model is (Munikar, Shakya,
and Shrestha 2019), and the training loss is the same as the
Vanilla DER. As shown in Fig. 3, we compare three meth-
ods: ReLU-DER, Exp-DER, and Standard Regression. For
the ReLU-DER, when the model’s logits is negative, it is
compressed directly to zero through ReLU activation, in-
dicating the severe evidence contraction. Although in Exp-
DER, evidence contraction also occurs, but compared with
ReLU, the function image of Exp is more gentle and ev-
idence contraction is less severe. From Fig. 3, it can be
observed that standard regression achieves the best MSE
score, followed by Exp-DER, while ReLU-DER fares the
worst. We find that more severe evidence contraction leads
to poorer performance, confirming our theoretical claim that
evidence contraction hampers model performance.

Effectiveness of the Our Methods

UCI Regression Benchmark As shown in Table 1,
we perform a comparison with Mc dropout (Gal and
Ghahramani 2016), Deep Evidential Regression (Vanilla
DER) (Amini et al. 2020) and Multi-task Deep Evidential
Regression (MT-DER) (Oh and Shin 2022) on UCI regres-
sion benchmark datasets. The experimental setup remains
consistent with (Amini et al. 2020; Oh and Shin 2022).
Our method attains the best or comparable RMSE across all
datasets and achieves the best NLL on several datasets, thus
demonstrating the effectiveness of our method. Compared
with Vanilla DER, our method achieves superior RMSE val-
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Figure 3: We compare three methods: the ReLU-DER, the
Exp-DER and the Standard Regression.The ReLU-DER is
the DER that uses ReLU as the activation function, as does
the Exp-DER.

Davis
MSE | Clt ECE | NLL |
MC dropout  0.25(0.01) 0.89(0.00) 0.22(0.01) 0.63(0.02)
Vanilla DER 0.28(0.00) 0.86(0.02) 0.15(0.02) -2.34(0.42)
MT-DER 0.27(0.01) 0.86(0.01) 0.16(0.03) -2.42(0.07)
Ours 0.26(0.01) 0.87(0.03) 0.14(0.10) -2.37(0.08)
Kiba
MSE | CIt ECE | NLL |
MC dropout  0.18(0.00) 0.87(0.00) 0.16(0.01) 0.47(0.01)
Vanilla DER 0.19(0.00) 0.89(0.00) 0.08(0.03) -1.54(0.05)
MT-DER 0.18(0.00) 0.89(0.00) 0.07(0.01) -1.43(0.07)
Ours 0.18(0.01) 0.89(0.03) 0.05(0.02) -1.44(0.05)

Table 2: The performance evaluation results on the DTA
benchmark datasets.‘{” denotes the higher the better, ‘]’ de-
notes the lower the better. We bold the top two best results.

ues across all datasets, and better or competitive NLL on
all datasets. Even for MT-DER, our method achieves bet-
ter RMSE and NLL on several datasets. This demonstrates
that our method improves the prediction performance while
maintaining the ability for uncertainty quantification.

Drug-target affinity regression As shown in Table 2, we
evaluate the performance on two datasets: Davis and Kiba.
For Davis, our method achieves better performance on all
four metrics compared to Vanilla DER. The results demon-
strates that our method can improve the predictive perfor-
mance of the model while maintaining the ability of DER for
uncertainty quantification. And, our method achieved bet-
ter MSR, CI and ECE scores compared to MT-DER. De-
spite the decrease in NLL scores, our method is superior as
far as model calibration capability (depends on CI) is con-
cerned. For Kiba, we outperform Vanilla DER and MT DER
on MSE, CI, and ECE. The NLL scores outperform MT-
DER but underperform Vanilla DER, which we attribute to
insufficient evidence due to the sparsity of the Kiba dataset.
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SST-5
MSE|  CI?t ECE | NLL |
Vanilla DER  0.54(0.02) 0.78(0.01) 0.09(0.02) 1.09(0.02)
MT-DER  0.54(0.01) 0.78(0.00) 0.09(0.02) 1.09(0.02)
Ours 0.52(0.01) 0.79(0.00) 0.11(0.02) 1.07(0.03)

Table 3: The performance evaluation results on the SST-5
benchmark datasets.“f” denotes the higher the better, ‘| de-
notes the lower the better. We bold the top two best results.
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Figure 4: Compared the Vanilla DER with different activa-
tion functions (Exp, Softplus and ReL.U) and our method to
ablate the variables of the activation function.

Sentiment Regression Dataset As shown in Table 3, we
conducted experiments on the Sentiment Analysis dataset.
The results show that our method almost outperforms
Vanilla DER and MT-DER on MSE, CI and NLL. On ECE,
our method also achieves scores close to Vanilla DER and
MT-DER. The results indicate our method can improve pre-
dictive performance while also enhancing or maintaining
uncertainty quantification.

Empirical Analyses

Different activation functions. As shown in Fig. 4, we
conduct ablation experiments on the different activation
function. SST-5 is used here. The comparison with our
method when Vanilla is paired with different activation func-
tions (Exp, Softplus and ReLU). As can be seen from the
figure, the Exp activation shows better performance because
it has lighter evidence contraction.

Visualisation of total evidence and total uncertainty. As
shown in Fig. 5, we visualise the trends in total evidence and
total uncertainty on the Davis dataset. Total evidence is de-
fined as: & = 2v+ . And the total uncertainty is defined as:

Total Evi = Var[u|+ E[0?] = f((gﬂg . The top sub-figure
in Fig. 5 shows that during training, our method acquires evi-
dence greater than or equal to Vanilla DER, and at the end of
training the two are comparable. This shows that our method
increases the model’s prediction performance without com-

promising the model’s ability to obtain evidence from the
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Figure 5: Trends in total evidence and total uncertainty on
the Davis dataset.

data. This conclusion is also demonstrated on the trend of
total uncertainty, as shown in the bottom sub-figure in Fig. 5.
As the model iterates, the uncertainty derived by our method
drops quickly to a smaller value and stabilises, whereas the
Vanilla DER only drops to the same level after almost 30K
iterations, although the two are comparable at the end of the
training, suggesting that our method learns enough evidence
faster.

Conclusion

In this paper, we delved into evidence contraction in DER:
the non-negativity constraint on Normal Inverse-Gamma
(N IQG) prior parameter triggers evidence contraction under
specialized activation functions, thereby hindering the per-
formance. On this basis, we designed a Non-saturating Un-
certainty Regularization that effectively ensures the gradi-
ent in the right direction, consequently enhancing predic-
tive performance. We conducted extensive experiments on
real-world datasets: first, we confirmed the limitations of
the DER; second, we evaluated the proposed Non-saturated
Uncertainty Regularization to show its effectiveness; finally,
we conducted empirical analyses to reveal more properties
of our method. For future work, we will design an inverse
gamma loss with normalization properties to ensure the non-
saturation property of the DER.

Acknowledgments

This research was partially supported by the National
Key Research and Development Project of China No.
2021ZD0110700, the Key Research and Development
Project in Shaanxi Province No. 2023GXLH-024, the Na-
tional Science Foundation of China under Grant Nos.
62002282, 62250009 and 6219278.



The Thirty-Eighth AAAI Conference on Artificial Intelligence (AAAI-24)

References

Abdar, M.; Pourpanah, F.; Hussain, S.; Rezazadegan, D.;
Liu, L.; Ghavamzadeh, M.; Fieguth, P.; Cao, X.; Khosravi,
A.; Acharya, U. R.; et al. 2021. A review of uncertainty
quantification in deep learning: Techniques, applications and
challenges. Information fusion, 76: 243-297.

Amini, A.; Schwarting, W.; Soleimany, A.; and Rus, D.
2020. Deep evidential regression. Advances in Neural In-
formation Processing Systems, 33: 14927-14937.

Bao, W.; Yu, Q.; and Kong, Y. 2021. Evidential deep learn-
ing for open set action recognition. In Proceedings of the
IEEE/CVF International Conference on Computer Vision,
13349-13358.

Bengs, V.; Hiillermeier, E.; and Waegeman, W. 2022. Pitfalls
of epistemic uncertainty quantification through loss minimi-
sation. Advances in Neural Information Processing Systems,

35:29205-29216.

Bengs, V.; Hiillermeier, E.; and Waegeman, W. 2023. On
Second-Order Scoring Rules for Epistemic Uncertainty
Quantification. In International Conference on Machine
Learning.

Bi, K.; Xie, L.; Zhang, H.; Chen, X.; Gu, X.; and Tian, Q.
2023. Accurate medium-range global weather forecasting
with 3D neural networks. Nature, 1-6.

Charpentier, B.; Borchert, O.; Zugner, D.; Geisler, S.; and
Giinnemann, S. 2022. Natural Posterior Network: Deep
Bayesian Predictive Uncertainty for Exponential Family
Distributions. In International Conference on Learning Rep-
resentations.

Chen, X.; Bromuri, S.; and van Eekelen, M. 2021. Neural
Machine Translation for Harmonized System Codes Predic-
tion. Association for Computing Machinery. ISBN 978-1-
450-38940-2.

Choi, J.; Chun, D.; Kim, H.; and Lee, H.-J. 2019. Gaus-
sian yolov3: An accurate and fast object detector using local-
ization uncertainty for autonomous driving. In Proceedings
of the IEEE International Conference on Computer Vision,
502-511.

Davis, M. L.; Hunt, J. P.; Herrgard, S.; Ciceri, P.; Wod-
icka, L. M.; Pallares, G.; Hocker, M.; Treiber, D. K.; and
Zarrinkar, P. P. 2011. Comprehensive analysis of kinase
inhibitor selectivity. Nature biotechnology, 29(11): 1046—
1051.

Gal, Y.; and Ghahramani, Z. 2015. Dropout as a Bayesian
Approximation: Representing Model Uncertainty in Deep
Learning. In International Conference on Machine Learn-
ing.

Gal, Y.; and Ghahramani, Z. 2016. Dropout as a bayesian ap-
proximation: Representing model uncertainty in deep learn-
ing. In international conference on machine learning, 1050—

1059. PMLR.

Gawlikowski, J.; Tassi, C. R. N.; Ali, M.; Lee, J.; Humt,
M.; Feng, J.; Kruspe, A. M.; Triebel, R.; Jung, P.; Roscher,
R.; Shahzad, M.; Yang, W.; Bamler, R.; and Zhu, X. 2021.
A Survey of Uncertainty in Deep Neural Networks. ArXiv,
abs/2107.03342.

21733

Guo, C.; Pleiss, G.; Sun, Y.; and Weinberger, K. Q. 2017a.
On Calibration of Modern Neural Networks. In Interna-
tional Conference on Machine Learning.

Guo, C.; Pleiss, G.; Sun, Y.; and Weinberger, K. Q. 2017b.
On calibration of modern neural networks. In International
Conference on Machine Learning, 1321-1330. PMLR.

Jordan, M. I. 2009. The exponential family: Conjugate pri-
ors.

Karras, C.; Karras, A.; Avlonitis, M.; and Sioutas, S. 2022.
An overview of mcmc methods: From theory to applications.
In IFIP International Conference on Artificial Intelligence
Applications and Innovations, 319-332. Springer.

Kendall, A.; and Gal, Y. 2017. What uncertainties do we
need in bayesian deep learning for computer vision? Ad-
vances in neural information processing systems, 30.

Kirillov, A.; Mintun, E.; Ravi, N.; Mao, H.; Rolland, C.;
Gustafson, L.; Xiao, T.; Whitehead, S.; Berg, A. C.; Lo, W.-
Y.; Dollér, P.; and Girshick, R. 2023. Segment Anything.
arXiv:2304.02643.

Lakshminarayanan, B.; Pritzel, A.; and Blundell, C. 2017.
Simple and scalable predictive uncertainty estimation using
deep ensembles. In Advances in neural information process-
ing systems, volume 30.

Li, H.; and Liu, J. 2022. 3D High-Quality Magnetic Reso-
nance Image Restoration in Clinics Using Deep Learning.
Liu, Z.; Amini, A.; Zhu, S.; Karaman, S.; Han, S.; and Rus,
D. 2021. Efficient and Robust LiDAR-Based End-to-End
Navigation. IEEE International Conference on Robotics and
Automation.

Ma, H.; Han, Z.; Zhang, C.; Fu, H.; Zhou, J. T.; and Hu, Q.
2021. Trustworthy Multimodal Regression with Mixture of
Normal-inverse Gamma Distributions. In Neural Informa-
tion Processing Systems.

Malinin, A.; and Gales, M. 2018. Predictive uncertainty es-
timation via prior networks. Advances in neural information
processing systems, 31.

Meinert, N.; Gawlikowski, J.; and Lavin, A. 2023. The un-
reasonable effectiveness of deep evidential regression. In
Proceedings of the AAAI Conference on Artificial Intelli-
gence, 8,9134-9142.

Munikar, M.; Shakya, S.; and Shrestha, A. 2019. Fine-
grained sentiment classification using BERT. In 2019 Ar-
tificial Intelligence for Transforming Business and Society
(AITB), volume 1, 1-5. IEEE.

Oh, D.; and Shin, B. 2021. Improving evidential deep learn-
ing via multi-task learning. In AAAI Conference on Artificial
Intelligence.

Oh, D.; and Shin, B. 2022. Improving Evidential Deep
Learning via Multi-Task Learning. Proceedings of the AAAI
Conference on Artificial Intelligence, 36(7): 7895-7903.
Oztiirk, H.; Ozgiir, A.; and Ozkirimli, E. 2018. DeepDTA:
deep drug—target binding affinity prediction. Bioinformatics,
34(17): 1821-i829.

Pandey, D. S.; and Yu, Q. 2022. Evidential Conditional Neu-
ral Processes. arXiv preprint arXiv:2212.00131.



The Thirty-Eighth AAAI Conference on Artificial Intelligence (AAAI-24)

Pandey, D. S.; and Yu, Q. 2023a. Evidential conditional neu-
ral processes. In Proceedings of the AAAI Conference on
Artificial Intelligence, volume 37, 9389-9397.

Pandey, D. S.; and Yu, Q. 2023b. Learn to Accumulate
Evidence from All Training Samples: Theory and Practice.
In International Conference on Machine Learning, 26963—
26989. PMLR.

Pearce, T.; Leibfried, F.; and Brintrup, A. 2020. Uncertainty
in neural networks: Approximately bayesian ensembling. In
International conference on artificial intelligence and statis-
tics, 234-244. PMLR.

Petek, K.; Sirohi, K.; Biischer, D.; and Burgard, W. 2022.
Robust Monocular Localization in Sparse HD Maps Lever-
aging Multi-Task Uncertainty Estimation.

Seebock, P.; Orlando, J. I.; Schlegl, T.; Waldstein, S. M.; Bo-
gunovic, H.; Klimscha, S.; Langs, G.; and Schmidt-Erfurth,
U. 2020. Exploiting Epistemic Uncertainty of Anatomy Seg-
mentation for Anomaly Detection in Retinal OCT. [EEE
Transactions on Medical Imaging, 39: 87-98.

Sensoy, M.; Kaplan, L.; and Kandemir, M. 2018. Eviden-
tial deep learning to quantify classification uncertainty. In
Proceedings of the 32nd International Conference on Neu-
ral Information Processing Systems, 3183-3193.

Sentz, K.; and Ferson, S. 2002. Combination of evidence in
Dempster-Shafer theory. US Department of Energy.

Shin, B.; Park, S.; Kang, K.; and Ho, J. C. 2019. Self-
attention based molecule representation for predicting drug-
target interaction. In Machine Learning for Healthcare Con-
ference, 230-248. PMLR.

Singh, S. K.; Fowdur, J. S.; Gawlikowski, J.; and Medina, D.
2022. Leveraging Evidential Deep Learning Uncertainties
with Graph-based Clustering to Detect Anomalies. [IEEE
Transactions on Intelligent Transportation Systems, 25.

Tang, J.; Szwajda, A.; Shakyawar, S.; Xu, T.; Hintsanen, P.;
Wennerberg, K.; and Aittokallio, T. 2014. Making sense of
large-scale kinase inhibitor bioactivity data sets: a compara-
tive and integrative analysis. Journal of Chemical Informa-
tion and Modeling, 54(3): 735-743.

Welling, M.; and Teh, Y. W. 2011. Bayesian learning via
stochastic gradient langevin dynamics. International Con-
ference on Machine Learning, 28.

Xu, Y.; Shi, B.; Ma, T.; Dong, B.; Zhou, H.; and Zheng, Q.
2023. CLDG: Contrastive Learning on Dynamic Graphs.
In 2023 IEEE 39th International Conference on Data Engi-
neering (ICDE), 696-707. IEEE.

Yu, C.-N.; Greiner, R.; Lin, H.-C.; and Baracos, V. 2011.
Learning patient-specific cancer survival distributions as a
sequence of dependent regressors. Advances in Neural In-
formation Processing Systems, 24: 1845-1853.

Zaidi, S.; Zela, A.; Elsken, T.; Holmes, C. C.; Hutter, F,;
and Teh, Y. 2021. Neural ensemble search for uncertainty
estimation and dataset shift. Advances in Neural Information
Processing Systems, 34: 7898-7911.

Zhang, Y.; Li, P; Sun, M.; and Liu, Y. 2023. Contin-
ual Knowledge Distillation for Neural Machine Translation.

21734

In Proceedings of the 61st Annual Meeting of the Associ-
ation for Computational Linguistics (Volume 1: Long Pa-
pers), 71978=7996. Toronto, Canada: Association for Com-
putational Linguistics.

Zhao, X.; Chen, F.; Hu, S.; and Cho, J.-H. 2020. Uncertainty
aware semi-supervised learning on graph data. Advances in
Neural Information Processing Systems, 33: 12827-12836.



