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Abstract

We provide the first large-scale data collection of real-world
approval-based committee elections. These elections have
been conducted on the Polkadot blockchain as part of their
Nominated Proof-of-Stake mechanism and contain around
one thousand candidates and tens of thousands of (weighted)
voters each. We conduct an in-depth study of application-
relevant questions, including a quantitative and qualitative
analysis of the outcomes returned by different voting rules.
Besides considering proportionality measures that are stan-
dard in the multiwinner voting literature, we pay particular
attention to less-studied measures of overrepresentation, as
these are closely related to the security of the Polkadot net-
work. We also analyze how different design decisions such as
the committee size affect the examined measures.

1 Introduction
Approval-based committee (ABC) voting describes the task
of selecting a subset of candidates based on approval-style
preferences of voters over candidates. A central concern in
such elections is to ensure that voters’ opinions are “pro-
portionally” reflected in the selected set of candidates, i.e.,
in the committee. Formally capturing proportional represen-
tation in the form of axioms, and designing rules that are
guaranteed to satisfy these axioms, is a very active area of re-
search; see the book by Lackner and Skowron (2022). While
this effort has resulted in a good theoretical understanding of
the axiomatic aspects of different voting rules, there are only
very few studies that examine the actual behavior of such
rules on specific real-world or synthetically generated voting
instances (Elkind et al. 2017; Szufa et al. 2022; Faliszewski
et al. 2023b; Mehra, Sreenivas, and Larson 2023). Neverthe-
less, these few empirical works have already proved useful,
as they found that different voting rules often produce simi-
lar outcomes and that most voting rules tend to significantly
outperform their worst-case proportionality guarantees. This
motivated the development of new proportionality axioms
(Skowron and Górecki 2022; Brill and Peters 2023). Nev-
ertheless, as proportionality axioms seem to lose their dis-
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criminative power in practice, the problem arises of how to
measure the proportionality of outcomes and how to quan-
tify the differences between proportional rules in practice.

One reason for the shortage of empirical works might
be the lack of real-world data. Accordingly, previous em-
pirical works often either resorted to synthetically gener-
ated data or converted data from other voting applications
such as ordinal elections or participatory budgeting to fit
the ABC voting setting. Despite the fact that previous re-
search has named a multitude of potential applications of
ABC voting ranging from political elections (Brill, Laslier,
and Skowron 2018) to recommender systems (Streviniotis
and Chalkiadakis 2022a,b; Gawron and Faliszewski 2022)
to forest management (Pommerening et al. 2020), there
are only very few applications where ABC elections have
been implemented. A so-far mostly unexplored exception
are blockchain protocols that conduct ABC elections on
a day-to-day basis. Specifically, these elections occur in
blockchains using the Nominated Proof-of-Stake (NPoS)
protocol. In this system, a subset of stakeholders, called val-
idators, are elected to run the consensus protocol, which
is crucial for the integrity of the blockchain. The problem
of selecting the validators can be modeled as an ABC vot-
ing problem, and, indeed, on the Polkadot network (https:
//polkadot.network), a proportional ABC voting rule is used
(Burdges et al. 2020; Cevallos and Stewart 2021).1

Our Contributions. We complement the mostly theoret-
ical literature on ABC voting in various directions, thereby
contributing tools and insights for future empirical works.

• We compile the first collection of real-world ABC elec-
tions, consisting of 496 elections from the Polkadot
blockchain. These elections contain between 18 202 and
48 025 voters and between 920 and 1080 candidates.
• We conduct an empirical in-depth study of different vot-

ing rules, with a particular focus on their application in
Polkadot. We analyze the similarities between rules and
whether their outcomes under- or overrepresent voters.

1Polkadot currently uses Phragmén’s sequential rule but there
are considerations to switch to the Phragmms rule (Cevallos and
Stewart 2021).
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Notably, security concerns in Polkadot provide a novel
view on (and motivation for) the goal of preventing over-
representation. Our empirical findings, summarized in
Section 7, contribute to the ongoing discussion in voting
and blockchain research regarding the selection of voting
rules. These insights offer compelling justifications for
the use of more sophisticated, proportional voting rules,
similar to those implemented in Polkadot.
• As part of our analysis, we initiate the study of quantita-

tive measures for over- and underrepresentation that are
needed to distinguish and describe the behavior of voting
rules on real-world data. We do so by adapting known
proportionality axioms and by introducing a new mea-
sure regarding the prevention of overrepresentation.
• We consider design decisions concerning the chosen

committee size and the question whether (copies of) the
same candidate can be selected multiple times. We make
recommendations in light of our formulated desiderata.

A full version of the paper is available on arxiv.org
(Boehmer et al. 2023). All collected elections and the
code for our experiments are available at github.com/n-
boehmer/ABC-practice-Polkadot. Another blockchain net-
work that follows the NPoS protocol is Kusama (https://
kusama.network). In our full version, we present 1520 elec-
tions conducted in the Kusama network, with roughly 2000
candidates and 10 000 voters each, and verify that most of
our empirical findings also hold for the Kusama elections.

Related Work. There is a large literature developing (ax-
iomatic) measures to assess the proportionality of a com-
mittee (Aziz et al. 2017; Sánchez-Fernández et al. 2017;
Lackner and Skowron 2022; Brill and Peters 2023; Skowron
2021). Questions typically examined in empirical works on
ABC voting concern the similarity of outcomes returned
by different voting rules (Reichert and Elkind 2023; Fal-
iszewski et al. 2023b; Elkind et al. 2017), how often vot-
ing rules satisfy proportionality axioms (Faliszewski et al.
2023b; Mehra, Sreenivas, and Larson 2023), and how often
such axioms are satisfied by randomly selected committees
(Bredereck et al. 2019; Brill and Peters 2023). Complemen-
tary to our work, Szufa et al. (2022) provided tools for more
empirical studies of ABC rules by proposing several syn-
thetic models for generating data and a framework for vi-
sualizing the data and experimental results. On a more gen-
eral note, empirical works are more common in the context
of ordinal voting. In terms of methodological contributions,
the PrefLib (Mattei and Walsh 2013, 2017) and Pabulib (Fal-
iszewski et al. 2023a) databases, which contain large collec-
tions of real-world preference and participatory budgeting
data and the recently developed map of elections framework
(Szufa et al. 2020; Boehmer et al. 2021) are notable projects.

There are also some examples beyond Polkadot and
Kusama using voting in blockchains. However, most of them
use non-proportional voting rules. For instance, the EOS net-
work uses approval voting (Grigg 2017), where the candi-
dates with the highest number of approvals get selected. No-
tably, the usage of this rule has led to a series of complaints
regarding centralization issues (Chong 2019; Garg 2019)
(arguably related to the non-proportionality of this rule).

2 Preliminaries
In this section, we formally introduce approval-based com-
mittee (ABC) elections and describe Polkadot, a blockchain
network that carries out such elections every day and serves
as the main source of data for this paper.

2.1 Approval-Based Committee Voting
For any n ∈ N, we define [n] = {1, . . . , n}. A (weighted)
ABC election E = (C, V,A,w, k) is defined by a set
C = {c1, . . . , cm} of candidates, a set V = [n] of voters,
an approval profile A, a weight function w : V 7→ [0, 1]
that maps each voter to its voting weight, and the size k of
the committee to be selected, where a committee is a sub-
set of the candidates. The approval profile A consists of
a subset Av ⊆ C for every voter v ∈ V , containing all
candidates v approves of. We allow voters to have differ-
ent voting weights (as in Polkadot), which are captured by
the weight function w. Without loss of generality, we as-
sume that

∑
v∈V w(v) = 1. For a subset V ′ ⊆ V of vot-

ers, we let w(V ′) :=
∑
v∈V ′ w(v) denote the sum of their

voting weights. For a candidate c ∈ C, we let Vc be the
set of supporters of c, i.e., Vc = {v ∈ V : c ∈ Av}.
For a candidate c ∈ C, we define w(c) := w(Vc) to be
the approval weight of c. Extending this notation, for a set
C ′ ⊆ C of candidates their approval weight w(C ′) :=∑
v∈V :Av∩C′ 6=∅ w(v) is the summed voting weight of vot-

ers approving at least one candidate from C ′. The average
satisfaction of a voter group V ′ ⊆ V with a committee W is

1
w(V ′)

∑
v∈V ′ w(v) · |W ∩Av|. Given a committee W ⊆ C,

for each ` ∈ [k], and each non-selected candidate c ∈ C\W ,
an `-supporting group (of c) is a subset of c’s supporters
V ′ ⊆ Vc with w(V ′) ≥ `

k .
When discussing the legitimacy of a committee W ⊆ C,

we often use vote assignments α : V × W → [0, 1]. The
idea is that any candidate c ∈W needs to be backed by vot-
ers supporting them; however, voters should not be counted
multiple times across different candidates. This leads to the
following constraints on a vote assignment: (i) for any v ∈ V
and c ∈ W , α(v, c) > 0 implies that c ∈ Av , and (ii) for all
v ∈ V it holds that

∑
c∈Av∩W α(v, c) ≤ w(v). Regarding

the second constraint, we often additionally assume (implic-
itly or explicitly) that

∑
c∈Av∩W α(v, c) = w(v) as long as

Av ∩W 6= ∅. For a candidate c ∈ W , we are interested in
its backing weight (w.r.t. α), defined by

∑
v∈Vc

α(v, c).
An ABC voting rule takes as input an election E =

(C, V,A,w, k) and outputs a size-k committee. We intro-
duce six rules that we study in this paper; all of them were
originally proposed for unweighted elections, but their adap-
tation to weighted votes is straightforward. We use lexico-
graphic tie-breaking whenever necessary, i.e., if two candi-
dates can be added to the committee, we add the one with
the smaller index. Approval Voting (AV) selects k candi-
dates with highest approval weight. Satisfaction Approval
Voting (SAV) assigns a score of

∑
v∈Vc

w(v)
|Av| to each can-

didate c ∈ C and selects k candidates with the highest
score. The other four rules all aim to provide some form
of proportional representation, so we refer to them as pro-
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portional rules. The rules sequential PAV (seq-PAV), se-
quential Phragmén (seq-Phragmén), and Method of Equal
Shares (MES) with seq-Phragmén completion are standard;
see our full version (Boehmer et al. 2023) for their defini-
tions. Seq-PAV is a greedy heuristic for optimizing the PAV
score

∑
v∈V w(v) · (

∑|Av∩W |
i=1

1
i ) of a committee W . Our

final proportional rule is less common: The Phragmms rule
was introduced by Cevallos and Stewart (2021) for poten-
tial use in Polkadot. It combines aspects of seq-Phragmén
and the maximin support method (Sánchez-Fernández et al.
2022); we do not include the maximin support method in
our analysis due to its prohibitive computational complexity.
The goal of Phragmms is to select a committee W together
with a vote assignment α that guarantees a high backing
weight for all candidates in W . The rule repeats the follow-
ing steps iteratively: (i) Given (W,α), compute a score for
any candidate in c ∈ C \W that corresponds to the highest
backing weight t that can be given to c without decreasing
the backing weight of any candidate in W below t while
only doing local changes to the vote assignment. (ii) Add a
candidate with highest score to W . (iii) Compute a new vote
assignment for W that is “balanced”. For details, we refer to
the paper by Cevallos and Stewart (2021).

2.2 Application Background
The Polkadot blockchain (Wood 2016; Burdges et al. 2020)
implements a variation of Proof-of-Stake (PoS) as its con-
sensus mechanism to determine the addition of new blocks
to the blockchain. These systems rely on a restricted set of
validators who are granted the exclusive privilege to append
new blocks. This is different from Proof-of-Work (PoW)
blockchains such as Bitcoin (Nakamoto 2008), where ev-
eryone can propose new blocks. Thereby, PoS avoids the
reliance on energy-intensive computing power that charac-
terizes PoW systems, thus making it an environmentally
friendly alternative. For the integrity of PoS networks, it is
vital that validators adhere to established rules when cre-
ating new blocks. Crucially, the network remains secure as
long as fewer than one-third of the validators behave mali-
ciously (Lamport, Shostak, and Pease 2019).

Polkadot operates as a permissionless network, which
means that everyone can become a validator candidate. To
address the arising selection problem, the network allows
token holders to act as voters, referred to as nominators, and
screen and evaluate the available candidates, which is a gen-
erally quite challenging task (Gehrlein et al. 2023). In par-
ticular, each token holder can submit a ballot approving up
to 16 validator candidates. Aggregating these casted ballots,
a committee of 297 active validators is selected in each era
(day) by Polkadot’s Nominated Proof-of-Stake (NPoS) elec-
tion algorithm, which uses the seq-Phragmén rule.

Contrasting with other ABC elections, elections held on
the Polkadot network are characterized by three unique as-
pects: Firstly, a voter’s voting weight corresponds to their
stake, that is, the aggregate of tokens in their possession.
Secondly, if a voter endorses a candidate who subsequently
gets selected, the voter’s stake is held as collateral. If
this chosen candidate breaches protocol — for instance, by
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Figure 1: Number of candidates (blue) and voters (red) in
our 496 elections.

proposing blocks that are against the rules — the voter’s
stake may be seized, an action known as slashing (see Sec-
tion 5). Lastly, a voter continuously receives rewards (in the
form of network tokens) for approving candidates who are
elected and diligently perform their duties. The latter two
characteristics align the economic incentives of voters with
the network’s interests, ensuring that voters include only
candidates regarded as trustworthy on their ballot.

We discuss several desiderata that the Polkadot designers
formulated for their voting rule, including underrepresenta-
tion (Section 4) and overrepresentation (Section 5) concerns.
There are also several other desiderata that are beyond the
scope of the paper, such as the running time of the voting
rule and verification concerns (Cevallos and Stewart 2021).

3 A First View on Instances and Committees
We start by describing characteristics of our collected
dataset and analyzing the overlap between committees that
are selected by the voting rules mentioned in Section 2.1.

Description of the Data. In Polkadot, every day is viewed
as an era, and one election per era is conducted, imply-
ing that our 496 collected elections have a time-based or-
dering.2 In particular, the studied elections cover eras 398
(July 5, 2021) through 1078 (May 16, 2023) and are gener-
ated from openly accessible data maintained and distributed
by the Web3 Foundation. However, the data stream contains
some gaps, i.e., in 185 eras from the above interval, elec-
tions were not correctly stored. The committee size in the
elections is 300 and voters are only allowed to approve of
16 candidates, i.e., k = 300 and |Av| ≤ 16 for all v ∈ V .3
Notably, it is possible to map voters and candidates of dif-
ferent elections to each other, as they all provide unique IDs.

In Figure 1, we present the sizes of the elections. Each
election contains between 18 202 and 48 025 voters and be-
tween 920 and 1080 candidates. Thus, the number of voters
exhibited a stronger fluctuation than the number of candi-
dates. Nevertheless, we see here that neither of the two pa-
rameters changes too much from one era to the next (the few

2This also makes the data suitable for testing models that cover
collective decision making over time (Lackner 2020; Boehmer and
Niedermeier 2021). Currently, such data is very rare even in the
context of ordinal single-winner elections (Mattei and Walsh 2017;
Boehmer and Schaar 2023).

3The actual committee size currently used by Polkadot is 297.
We use k = 300 for easier readability of our results.
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AV SAV seq-PAV Phragmms seq-Phrag. MES

AV − 266.190 263.583 266.772 262.595 262.163
SAV 266.190 − 282.042 278.677 276.933 277.206
seq-PAV 263.583 282.042 − 286.562 288.317 288.119
Phragmms 266.772 278.677 286.562 − 288.091 286.887
seq-Phrag. 262.595 276.933 288.317 288.091 − 295.123
MES 262.163 277.206 288.119 286.887 295.123 −

Table 1: Average overlap between committees returned by
different voting rules. The committee size is 300.

“jumps” in the plots are mostly due to missing elections). In
terms of the average number of candidates a voter approves,
there is a monotonic decrease from around 9.7 to around 7.5
over time. Our full version (Boehmer et al. 2023) contains
additional analyses of the data. For instance, we observe
that elections typically only change little from one era to the
next, yet the first election in the dataset is indeed different
from the last.4 Moreover, we analyze the structural proper-
ties of our elections. E.g., we find that the weight of voters is
distributed unevenly: On average, the richest 31 voters com-
bined have more weight than all other voters together.

Overlap Between Committees. In Table 1, we show the
similarity between voting rules in terms of the average over-
lap of their computed committees. We observe a high con-
sensus of all rules, thereby confirming previous findings on
synthetic data (Reichert and Elkind 2023; Faliszewski et al.
2023b); in fact, across all elections, two rules never disagree
on more than 51 out of the k = 300 candidates. However,
there are some differences: The four considered proportional
rules have a particularly high agreement. This is most ex-
treme for seq-Phragmén and MES, which have an average
overlap of 295 and never produce outcomes that differ in
more than 11 candidates. AV returns committees that are
furthest away from the outcomes of the other rules, while
outcomes produced by SAV are in general slightly closer to
the ones returned by the proportional rules. Moreover, in our
full version (Boehmer et al. 2023), we analyze how much
winning committees change over time and observe that, with
respect to this aspect, all our rules behave remarkably sim-
ilarly to each other. In most cases, winning committees in
successive time steps differ by at most 20 candidates.

4 Preventing Underrepresentation
In Polkadot, voters are financially rewarded when (some of)
their approved candidates appear in the selected committee.
Thus, it is important to ensure that no voter groups are under-
represented in the selected committee, as otherwise voters
might feel disengaged and stop participating in the protocol.
In general, unrepresentative outcomes can also lead to power
centralization, which is very dangerous for the system. In
voting theory, underrepresentation is typically prevented by
requiring proportional representation. Intuitively, this means
that a group of voters with a summed voting weight of `

k
should be allowed to select ` of the committee members. In

4For the sake of readability, in our following analysis, we
mostly report average values, as the variance is usually quite low.

PAV score JR violations EJR+ violations

AV 2.502 28.347 32.343
SAV 2.547 25.143 32.321
seq-PAV 2.585 0 0
Phragmms 2.578 0 (Guarantee) 0
seq-Phrag. 2.578 0 (Guarantee) 0
MES 2.579 0 (Guarantee) 0 (Guarantee)

Table 2: Measures related to underrepresentation. Entries
marked with “(Guarantee)” are guaranteed to be zero.

this section, we consider different forms of measuring the
representation (and satisfaction) of voters.

We start with the PAV score of the computed committees
(see Table 2), which is usually regarded as a simple propor-
tionality measure. Unsurprisingly, seq-PAV, which greedily
optimizes this value in a sequential fashion, performs best.
The other three proportional rules all have a very similar per-
formance and perform only marginally worse than seq-PAV
(i.e., by about 0.2%), while still outperforming AV and SAV.

In addition, proportionality is typically judged in terms
of binary proportionality axioms, which are often defined in
terms of cohesive groups, i.e., subgroups of voters of a cer-
tain size that jointly approve some number of candidates.
However, because the respective notions tend to be compu-
tationally intractable to check, we follow the approach of
Brill and Peters (2023) and focus on notions regarding non-
selected candidates instead. The intuition here is as follows:
if a non-selected candidate is approved by “many” voters
who are currently “underrepresented” in the committee, then
the candidate should have been added to the committee. Two
axioms that implement this general intuition are JR (Aziz
et al. 2017) and EJR+ (Brill and Peters 2023).5

Definition 1. For a given election E = (C, V,A,w, k) and
committeeW ⊆ C, a non-selected candidate c ∈ C\W vio-
lates EJR+ if there is an `-supporting group V ′ of c such that
all voters from V ′ approve less than ` candidates from W .
If c violates EJR+ for ` = 1, c violates JR.

MES is guaranteed to output committees satisfying EJR+,
while committees returned by Phragmms and seq-Phragmén
always satisfy JR but may fail EJR+, and the other rules
fail even JR (Brill and Peters 2023; Cevallos and Stew-
art 2021; Lackner and Skowron 2022). However, in our in-
stances, the behavior of the rules is quite different: All four
proportional rules return committees satisfying EJR+ for all
tested instances. In contrast, AV violates JR and EJR+ in
all instances, while SAV violates JR in all but 36 instances
and EJR+ in all but 26 instances. To get a more differen-
tiated view, in Table 2 we present the average number of
non-selected candidates violating JR/EJR+ in our elections.
Given the reported numbers, one can conclude that the com-
mittees returned by AV and SAV are typically quite far away
from satisfying the two axioms. Moreover, as for both rules
the number of candidates violating JR and EJR+ are quite

5EJR+ implies JR as well as other established proportionality
notions such as EJR (Aziz et al. 2017), PJR (Sánchez-Fernández
et al. 2017), and IPSC (Aziz and Lee 2021).

The Thirty-Eighth AAAI Conference on Artificial Intelligence (AAAI-24)

9522



2 4 6 8 10 12

0

5

10

15

`-supporting groups

m
in

im
um

av
er

ag
e

sa
tis

fa
ct

io
n

AV seq-Phrag.
SAV Phragmms
seq-PAV MES

Figure 2: Minimum average satisfaction of `-supporting
groups. The dashed line is the function f(`) = `− 1. Lines
stop in case no `-supporting group of this size exists.

similar to each other, it follows that if a candidate violates
EJR+, then they often violate JR as well.

EJR+ and JR only check for `-supporting groups in which
all voters are unsatisfied. Weakening this approach, one can
also search for `-supporting groups with low average satis-
faction. This view is reflected in the notion of representative-
ness introduced by Brill and Peters (2023), which is related
to the proportionality degree (Skowron 2021). Brill and Pe-
ters (2023) proved that for each rule satisfying EJR+ (such
as MES), each `-supporting group is guaranteed to have an
average satisfaction of at least `−1

2 with the committee. In
each election, we compute for each ` ∈ [k], the `-supporting
group that has the lowest average weighed satisfaction. In
Figure 2, we show this value for varying ` ∈ [k] (aver-
aged over all elections where an `-supporting group exists).
On average, all four proportional rules produce outcomes
in which all `-supporting groups have an average satisfac-
tion clearly above `− 1. Thus, they outperform their known
worst-case guarantees from the literature and even consis-
tently outperform the best possible guarantee of `− 1 (Brill
and Peters 2023). Interestingly, seq-PAV performs slightly
better than the other proportional rules. SAV and AV per-
form substantially worse, yet still acceptable for ` ≥ 4.

In our full version (Boehmer et al. 2023) we propose a
quantitative measure based on the notion of priceability (Pe-
ters and Skowron 2020), which checks whether voters have
an equal influence on the outcome. It turns out that SAV
and AV return committees far away from being priceable,
highlighting that some voters had a much larger influence
on the outcome. For seq-PAV, the picture is mixed, whereas
all other rules are known to satisfy priceability.

5 Preventing Overrepresentation
One of the major concerns of blockchain designers is the
security of the chain: If a certain fraction of participants col-
lude and together execute some malicious action, they can
seize control over the chain and threaten the integrity of the
whole system. To protect against such attacks in Nominated
Proof-of-Stake, it is vital to ensure that groups of candidates

maximin
support
value

min. appr.
weight of
winner

cost of replacing `

` = 1 ` = k
3 ` = k

2

AV 0.0015 0.0110 0.0110 0.14 0.27
SAV 0.0018 0.0024 0.0015 0.24 0.40
seq-PAV 0.0024 0.0028 ? ? ?
Phragmms 0.00272 0.0028 0.0027 0.40 0.79
seq-Phrag. 0.00270 0.0028 0.0027 0.40 0.79
MES 0.00269 0.0028 ? ? ?

Table 3: Measures related to overrepresentation.

can only get selected if their joint set of supporters has a
sufficient stake. In other words, we want to prevent overrep-
resentation (Cevallos and Stewart 2021).6 In the following,
we explore three perspectives on overrepresentation.

The first measure we consider was introduced by Ceval-
los and Stewart (2021). In order to make it as difficult as
possible for an attacker to get ` committee members se-
lected, they propose to maximize minW ′⊆W :|W ′|=` w(W

′),
i.e., the minimum approval weight of a group of ` committee
members.7 Figure 3a depicts these values for a varying value
of `.8 For all examined rules, the values are generally quite
high and close to the dashed line (which corresponds to the
function 1

300x). This is reassuring, as it means that groups
of candidates in the selected committee are also backed by
an appropriate amount of stake. Considering the differences
between the rules, we see that the four proportional rules
perform best (for ` ≥ 15), with seq-PAV performing slightly
worse than the other three. AV performs worst; yet, the gen-
erally small difference between AV and the proportional
rules is quite remarkable given that we have seen in Sec-
tion 4 that AV tends to underrepresent voter groups (and thus
runs the risk of overrepresenting others).

As an aggregate version of this measure, Cevallos and
Stewart (2021) also proposed to consider the minimum
average approval weight of a committee member, where
the minimum is taken over groups of different sizes, i.e.,
minW ′⊆W

1
|W ′|w(W

′). Interestingly, Cevallos and Stewart
(2021) proved that this value is equivalent to the maximin
support (MMS) value, which was introduced in a different
context (see Definition 2 below). In Table 3, we see that,
on average, the four proportional rules achieve substantially
higher MMS values than AV and SAV. In particular, for the

6The critical threshold of elected malicious candidates depends
on the type of consensus and is k

3
in Byzantine fault-tolerant con-

sensus (Pease, Shostak, and Lamport 1980), as used in Polkadot,
and k

2
in Nakamoto consensus (Stifter et al. 2018). However, al-

ready a small number of malicious agents might pose certain in-
conveniences for the system (Cevallos and Stewart 2021).

7For ` = 1, this value is the minimum approval weight of a
selected candidate and is maximized by AV (see Table 3).

8Computing these values is NP-hard, which is why we resorted
to an ILP (see our full version (Boehmer et al. 2023) for details).
As solving a single instance of the ILP took sometimes more than
one day, in Figure 3a we only averaged over 15 instances, uni-
formly spaced over our dataset, and considered values of ` from
{1, 15, 30, 45, . . . , 300}.
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(a) Minimum approval weight of a group
of committee members.
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(b) Minimum stake lost in case ` commit-
tee members misbehave.
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(c) Stake needed to replace committee
members; y-axis is logarithmic.

Figure 3: Different figures for metrics to prevent overrepresentation. The dashed line is the function 1
300`.

four proportional rules, the MMS value is very close to the
minimum approval weight of a selected candidate (also in
Table 3), constituting a natural upper bound for it. Taking a
closer look at the four proportional rules, seq-PAV performs
slightly worse, while Phragmms, seq-Phragmén, and MES
all produce very similar values. Particularly interesting is
the comparison between seq-Phragmén and Phragmms: The
main argument in favor of a potential switch from the former
to the latter in Polkadot is the fact that the latter provides a
constant-factor approximation guarantee for the MMS value
(Cevallos and Stewart 2021). Among the 252 instances in
our dataset where seq-Phragmén and Phragmms select dif-
ferent committees, Phragmms outperforms seq-Phragmén
in 209 cases; in the remaining 43 instances, seq-Phragmén
wins. However, the difference between the two rules is al-
ways at most 0.0002 and thus negligible.

For our next measure, we take a closer look at how slash-
ing works in Polkadot. As explained in Section 2.2, when
committee members misbehave, some of their supporters
lose stake. To determine the amount of stake a voter loses
in this event, the election mechanism in Polkadot not only
outputs a committeeW , but also a vote assignment α, where
α(v, c) specifies how much of a voter v’s stake is assigned
to committee member c ∈ Av (see Section 2.1). Following
an approach proposed by Sánchez-Fernández et al. (2022),
this vote assignment is chosen so as to maximize the backing
weight of the least-backed committee member.
Definition 2. Given an election E = (C, V,A,w, k) and a
committee W , the maximin support value of W is given by
maxαminc∈W

∑
v∈Vc

α(v, c), where the maximum is taken
over all possible vote assignments forW . A vote assignment
maximizing this quantity is called a maximin assignment.

If a committee member c misbehaves in Polkadot, each
supporter v ∈ Vc loses (up to) α(v, c) stake (Burdges et al.
2020). Accordingly, the maximin support value expresses
the minimum amount of stake that is slashed if a single
member of the committee acts maliciously. For a given com-
mittee, a maximin assignment can be computed via an LP
(Sánchez-Fernández et al. 2022). Using this assignment, in

Figure 3b we plot the minimum amount of stake assigned to
a group of ` committee members, for ` ∈ [k]. This corre-
sponds to the minimum stake that will be slashed if ` com-
mittee members act maliciously.

Figure 3b is closely connected to Figure 3a; the main dif-
ference is that in Figure 3b we assume that there is a pre-
defined split of the stake of supporters onto their approved
candidates (as defined by the maximin assignment), whereas
in Figure 3a we consider the full stake of all voters approving
at least one candidate from the group. Accordingly, in Fig-
ure 3b, the dashed line is an upper bound (that is achieved if
all committee members have the same backing weight). The
difference between the rules is much more pronounced in
Figure 3b, with the proportional rules performing much bet-
ter than AV and SAV. In particular, for the critical thresholds
of k/3 and k/2, the difference is above 50%. The propor-
tional rules, in turn, are reasonably close to the ideal line.

For our final measure, we take an “exogenous” view and
reason about how much stake a malicious agent would need
to possess in order to replace a given number of commit-
tee members by newly added candidates (assuming that the
agent is allowed to add new votes and candidates, while the
remainder of the election remains unchanged). To the best of
our knowledge, this view has not been explored so far. We
show that, for most of our rules, the cost of replacing ` can-
didates can be computed in constant time, provided we have
access to data that is generated while computing the rules.
Theorem 1 (informal). For AV, SAV, seq-Phragmén, and
Phragmms, the minimum exogenous cost of replacing ` can-
didates can be computed inO(1) time, assuming we use data
from executions of the rules.

For details, we refer to our full version, where we also dis-
cuss the complexity of this problem for seq-PAV and MES.
Figure 3c shows the stake needed to replace ` committee
members, for ` ∈ [k] (the y-axis is logarithmic and the
pink line stands for AV where approval votes of unbounded
length are allowed). AV has the highest cost for ` = 1, since
AV maximizes the minimum approval weight of a selected
candidate (see Table 3). For larger `, replacements under AV
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become cheaper, as the same stake can be used to replace
multiple candidates. In contrast, for the other rules (except
seq-PAV and MES), there always exists an optimal replace-
ment in which every voter approves one candidate. However,
already for ` = 4 the cost of replacing starts to be more ex-
pensive for seq-Phragmén and Phragmms than for AV. No-
tably, external attacks for AV would be even cheaper if vot-
ers were allowed to approve an unbounded number of candi-
dates (see the pink line in Figure 3c). For larger `, the cost for
seq-Phragmén and Phragmms becomes substantially higher
than for AV and even SAV (see also Table 3). In particular,
for both seq-Phragmén and Phragmms, replacing one-third
of the committee would require 40% of the total stake of all
voters. This is roughly the total stake possessed by agents
not participating in the validator elections and thus makes
such an external attack highly unlikely.

6 Analyzing Design Decisions
In this section, we briefly summarize our findings regarding
the influence of various design decisions on our measures.
For the full analysis and relevant data, see our full version.

Choosing the Committee Size. Polkadot’s committee
size is determined by the network’s governance body and
is thus an adjustable design choice. This raises the question:
Based on the previously formulated desiderata, would it be
beneficial to increase or decrease the committee size?

We focus on k = 200 and k = 400 as two alterna-
tive committee sizes. Generally speaking, for k = 200 and
k = 400, the differences between the rules are similar as for
k = 300, so we only focus on the general trends in the re-
sults. Regarding underrepresentation, increasing k turns out
to be clearly favorable: For k = 400, the minimum average
satisfaction of `-supporting groups increases substantially.
Regarding overrepresentation, it turns out that the committee
size has only a marginal influence on attacks trying to take
over one-third or half of the committee: Intuitively speaking,
individual candidates in a committee with more candidates
are less backed; on the other hand, one-third/half of the com-
mittee corresponds to larger numbers of candidates. It turns
out that both effects approximately cancel out for the cost of
replacing. By contrast, the minimum approval weight values
slightly drop by around 15% when increasing k to 400.

Selecting Candidates Multiple Times. Brill et al. (2023)
initiated the study of ABC elections where multiple copies
of a candidate can be included in the committee. Here, we
analyze what impact this would have on our measures.9

Allowing for copies in the committee is favorable. Most
notably, it leads to a more uniform distribution of candi-
dates’ backing weights in the maximin assignment, leading
to a drop of their variance by around 80%. The only met-
rics where allowing copies leads to a worse performance re-
gard the satisfaction of `-supporting groups. This is to be

9While this is currently not possible in the Polkadot network, it
is very easy for candidates to create copies of themselves. Indeed,
entities that own a large amount of stake create multiple (up to 100)
candidates in the system and label them as copies. Thus, de facto
the same entity can already control multiple candidates.

expected, as allowing for copies implies that all candidates
count as “non-selected” and, thus, our measures range over
strictly more subgroups of voters. Nevertheless, the mini-
mum average satisfaction of `-supporting groups remains
quite high, suggesting that allowing for copies might be a
worthwhile consideration. Remarkably, this decision has a
stronger (positive) impact on several measures than chang-
ing the committee size to 200 or 400 (or choosing among
the proportional rules). In particular, this holds for the PAV
score, the cost of replacing candidates, and the minimum ap-
proval weight of groups of committee members.

7 Discussion and Conclusion
We conducted a thorough multi-criteria analysis of the be-
havior of different ABC voting rules in Polkadot elections.
Generally speaking, we found that the “proportional” rules
(seq-PAV, seq-Phragmén, MES, and Phragmms) behave very
similarly and that they outperform their axiomatic guaran-
tees.10 Only seq-PAV showed a slightly different behavior:
Our results suggest that the rule prioritizes the total weighted
satisfaction of voters slightly more, even if this means that
some voters have a greater influence on the outcome than
others. One reassuring observation for Polkadot developers
is that all four rules provide a good level of security. For in-
stance, for both seq-Phragmén and Phragmms, seizing con-
trol of the network by replacing one-third of the committee
with malicious candidates requires around 40% of the tokens
present in the election.

In contrast, SAV and the common AV rule tend to return
committees that are less similar to the ones produced by the
proportional rules. In particular, they frequently violate basic
representation axioms and return outcomes overrepresenting
certain voter groups. The most drastic difference is that seiz-
ing control over one-third of the committee only requires
14% of tokens for AV and 24% for SAV. Nevertheless, the
performance of both rules could still be viewed as acceptable
with regard to the other security measures.

We have also explored the impact of various design deci-
sions. Here, we observed that changing the committee size
only marginally influences our measures, whereas allowing
for selecting (copies of) candidates multiple times is a more
impactful and generally beneficial design decision.

For future work, it would be interesting to analyze the
connection between over- and underrepresentation in more
detail, both from a theoretical and an empirical perspective.
Moreover, this paper aims to provide motivation and new
perspectives for further empirical work. We hope that oth-
ers will (i) use the real-world election data presented here
for more empirical studies and (ii) come up with additional
quantitative measures to better understand and quantify the
differences between voting rules in practice.

10The fact that seq-PAV satisfies EJR+ on all our elections might
suggest that voters’ preferences in our elections are simple. How-
ever, in our full version (Boehmer et al. 2023), we argue that our
elections are far away from falling into the common simple class
of “party-list” elections and that our evidence rather suggests that
rules like seq-PAV only violate proportionality axioms on adver-
sarially constructed elections unlikely to occur in the real world.
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Ethics Statement
This paper acknowledges the significant negative environ-
mental impact associated with blockchain technology. How-
ever, the Polkadot network employs a Proof-of-Stake (PoS)
consensus mechanism that does not involve the problem-
atic energy-intensive mining activities that are common to
the more well-known Proof-of-Work (PoW) systems. This
results in an energy usage that is several orders of magni-
tude smaller. In fact, Polkadot has been acknowledged as
one of the PoS networks with the lowest carbon footprint
having an annual CO2 emission equivalent to that of five av-
erage American households (Crypto Carbon Ratings Insti-
tute 2023). This is partly because the number of validators
who participate in the consensus is limited in Polkadot, a re-
striction enabled by the election process that we study in the
paper.
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