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Abstract

In this work, we propose the model of timed partial or-
ders (TPOs) for specifying workflow schedules, especially for
modeling manufacturing processes. TPOs integrate partial or-
ders over events in a workflow, specifying “happens-before”
relations, with timing constraints specified using guards and
resets on clocks — an idea borrowed from timed-automata
specifications. TPOs naturally allow us to capture event or-
dering, along with a restricted but useful class of timing re-
lationships. Next, we consider the problem of mining TPO
schedules from workflow logs, which include events along
with their time stamps. We demonstrate a relationship be-
tween formulating TPOs and the graph-coloring problem, and
present an algorithm for learning TPOs with correctness guar-
antees. We demonstrate our approach on synthetic datasets,
including two datasets inspired by real-life applications of
aircraft turnaround and gameplay videos of the Overcooked
computer game. Our TPO mining algorithm can infer TPOs
involving hundreds of events from thousands of data-points
within a few seconds. We show that the resulting TPOs pro-
vide useful insights into the dependencies and timing con-
straints for workflows.

Introduction

Workflows appear in diverse areas, including business pro-
cesses (Agrawal, Gunopulos, and Leymann 1998; Datta
1998), software engineering (Cook and Wolf 1998), and fac-
tory pipelines (Choudhary, Harding, and Tiwari 2009). The
individual events in a workflow, such as the start/end of a
particular task or the achievement of an intermediate sub-
goal, are ordered according to a strict partial order that spec-
ifies that some event e; always happens before another event
e;. Such partial orders have been used to represent plans in
classic Al planning algorithms (Russell and Norvig 2010).
Beyond partial orders, we often have timing constraints be-
tween events in a workflow that place bounds on the time
when an individual event occurs or the time elapsed between
two events in the workflow. In this paper, we tackle the key
problems of specifying these timing constraints in a succinct
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manner and mining such schedules from data that consists
of sequences of time-stamped events, each representing an
execution of the workflow. Such a specification enables us
to implement workflow monitoring algorithms, understand
sources of timing uncertainties in workflows and optimize
the workflow in order to realize cost savings. Beyond moni-
toring, timing models enable optimal scheduling in real-time
by observing the timings of in-progress and completed tasks
in order to plan future tasks on-the-fly.

In this paper, we introduce a model called Timed Partial
Order (TPO), and propose an algorithm to infer a TPO from
timestamped event sequences. The TPO model integrates
partial orders with timing constraints that are expressed with
clocks, whose idea comes from timed automata specifica-
tions (Alur and Dill 1994). The clocks act as timers that ex-
press bounds on the time intervals between pairs of events.
We first introduce the TPO model and present an analysis of
its expressivity. We show that TPOs can succinctly capture
a complex set of timing constraints by checking assertions
over clocks and selectively resetting these clocks when cer-
tain events happen. In particular, we identify structural con-
straints that yield a restricted class called race-free TPOs.
We show that race-free TPOs correspond precisely to differ-
ence constraints involving time intervals between events. We
demonstrate an algorithm that translates a system of explicit
constraints on the timing between events into a race-free
TPO specification. Next, we solve the problem of mining
race-free TPOs from timestamped event sequences. Our ap-
proach first mines partial order specification and timing con-
straints from the data, translating these constraints into race-
free TPO specifications. In our TPO model, we allow set-
ting/resetting clocks to enforce the timing constraints just as
in the timed-automaton model (Alur and Dill 1994). This al-
lows a procedural approach to monitoring or enforcing these
constraints during task execution. To this end, it is desirable
to minimize the number of clocks used in order to control
for model complexity. However, finding the minimum num-
ber of clocks is NP-hard. We examine heuristic algorithms
for solving this problem.

We present an evaluation of our approach on a combina-
tion of synthetic benchmarks to show that our algorithm can
process large numbers of event sequences in a matter of sec-



e; Car Arrived
ez Add Glue Primer
’l b = es  Grip/Lift Window
° es Clean Dust
es Place Window
eg Release Grippers

Figure 1: Partial Order for a windshield installation task in
an automobile manufacturing facility. Events eq, . . . , e5 rep-
resent events such as “car arrived” (e;) or the commence-
ment of various tasks such as “clean dust” (e4).

onds, and provides succinct TPO specifications in terms of
the number of clocks needed. Next, we demonstrate our ap-
proach on two examples inspired by real-life applications:
a model of events involved in the workflow for commercial
aircraft turnaround and an analysis of the multiplayer com-
puter game Overcooked, as played by beginner and expert
players. In both of these examples, we use TPO mining to
produce specifications that can yield useful insights about
the nature of the workflows in question.

Example 1. Figure 1 shows the set of events that define the
(simplified) process of placing a windshield on a car in an
automobile manufacturing facility. The events are described
along with a directed graph that represents the partial order
between events. For instance, the edge from e to es speci-
fies that the event ex must always precede es for a (success-
ful) windshield installation. However, like many tasks in an
assembly line, there are timing constraints that must be re-
spected. Some of the timing constraints for the windshield
installation task are summarized in the table below:

ID Interval  Cons. Remark

Ci: es—e; <40s Glue appl. to place window
Cy: es—eg >30s  Min. glue setting time

Cs: e —es <b5s Max. time to start cleaning
Cy: e1 —eg <100s Max. end-to-end time.

C enforces that once the glue primer is applied to the win-
dow (esz), the window must be placed on the car (es5) within
40 seconds. Similarly, Co states that once the window is
placed on the car, a wait of at least 30 seconds is required
for the glue to set before releasing the grippers.

In this paper, we first describe the model of timed partial
orders, which combines partial orders between events with
ideas from timed automata to represent timing constraints.
Next, we show how, given a dataset of time-stamped events,
we can mine the timed partial order specification.

Related Work

Learning a task from log data is known as Workflow Min-
ing or Process Mining. Most approaches to process min-
ing focus on modeling the order in which tasks are per-
formed, but do not capture timing constraints. As such, pro-
cess mining has been widely used in the industry (Van der
Aalst 2013). It is supported by commercial tools such as
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Disco, Celonis, and Process Gold; and open source tools
such as ProM, Apromore and pm4py (Berti, Van Zelst, and
van der Aalst 2019). Under the hood, these tools implement
algorithms such as the a-algorithm that outputs a Petri Net
(Petri 1962), o+ algorithm that can handle loops (Van der
Aalst, Weijters, and Maruster 2004), and an algorithm that
can handle duplicate events (Herbst 2000). Various types
of a-algorithm were introduced (Van Dongen, Alves de
Medeiros, and Wen 2009) to overcome some of its limita-
tions. Other approaches are also introduced such as region-
based approaches (Van der Aalst et al. 2010; Carmona, Cor-
tadella, and Kishinevsky 2008) that can express more com-
plex control-flow structures and heuristic mining (Weijters
and Van der Aalst 2003), fuzzy mining (Gilinther and Van
Der Aalst 2007), query-based mining (Esparza, Leucker,
and Schlund 2010) that can handle incomplete data and ge-
netic process mining (de Medeiros, Weijters, and van der
Aalst 2007) that can handle noise. The problem of learn-
ing timing constraints has been studied, as well. Berlin-
gerio et al. (2009) focuses on inferring “typical transition
time” between two events by counting the number of steps
between them. Sciavicco, Zavatteri, and Villa (2021) mine
Conditional Simple Temporal Network with Uncertainty and
Decisions (CSTNUD) models from log data. CSTNUD are
temporal networks (Cf. (Dechter, Meiri, and Pearl 1991)),
wherein timing differences between events are represented
as “durations”. These durations can also be viewed as a sin-
gle clock that resets at every transition. This representation
is frequently used in works such as Verwer, de Weerdt, and
Witteveen (2012). However, their expression is limited to a
single clock, whereas our approach uses multiple clocks that
need not be reset at each transition. Multiple clocks are nec-
essary in order to capture more complex timing constraints
that are frequently seen in our examples and case-studies.
Moreover, their method assumes that dependencies between
events are manually provided in the log, e.g., event E hap-
pens 5 seconds after A, and only depends on one event. In
contrast, our method can mine the structure at the same time
and allows events to depend on multiple events. Moreover,
we enforce timing constraints with “clocks” for easier inter-
pretations and faster computation when planning.

Automata such as timed-automata (Alur and Dill 1994)
can be used to model workflow schedules. Researchers have
extended automata learning techniques to learn timed au-
tomata that can capture timing constraints. For instance,
Verwer, de Weerdt, and Witteveen (2012) extended the
Evidence-Driven State Merging (EDSM)-based algorithms
originally proposed by Gold (1978) to learn from data with
timestamps and estimate a real-time timed automaton whose
edges are labeled with time duration. Although the algo-
rithm is fast, it can only infer simple time constraints. An
et al. (2020) also extended the L*-based approach of An-
gluin (1987), and Tappler, Aichernig, and Lorber (2022) for-
mulated the problem such that it can be solved by Satisfiabil-
ity Modulo Theories (SMT). However, the former assumes
a perfect oracle, and the latter is often very slow due to the
nature of the SMT solver, which often leads to exponential
time. The genetic algorithm-based approach (Tappler et al.
2019) is fast and gives a good solution if it finds one, but has



no optimality guarantees. All these approaches can estimate
some types of Timed Automata, which are very expressive
models, but are disadvantageous due to the fundamental dif-
ficulty of learning timed automata from trace data.

Timed Partial Orders

In this section, we first define the preliminary concepts of
a timed partial order and show how it can specify timing
constraints between events in a manufacturing workflow.

We model workflows as a timed sequence involving
a fixed number of events. These events may include the
start/finish of a given task, or the achievement of a certain
physical condition, e.g., the temperature of the water has ex-
ceeded 100°C. We assume that the set of events are fixed a
priori. Furthermore, we assume that repetitions of events are
disambiguated by giving them unique labels.

LetIT = {ey,...,e,} be the set of events. A given run of
the workflow is defined by a timed trace T : II — R>q that
maps each event with a non-negative timestamp, i.e.,

T:{Gll—>t1762*—>t2,...,€n|—)tn},

wherein ¢; > 0 denotes the timestamp for event e; € II.

With an abuse of notation, we also use 7 as a set.

A timed-trace 7 induces an ordering over the events ac-
cording to increasing time stamps, and thus may also be
viewed as a sequence: (o1,t()), ..., (0,, ™), wherein
each o; € II denotes a unique ' event in the trace with cor-
responding time stamp t(*) and furthermore, t() < ¢(2) <

- < t(", Below, we formulate models for the possible
timed traces corresponding to runs of a workflow.

A (strict) Partial Order (PO) P is a relation < on a set
II that is irreflexive, asymmetric, and transitive. We write
e; 2 ejife; < ejori=j Ife; < e; holds, then for any
timed trace 7 we will require that 7(e;) < 7(e;). We now
describe the model of timed POs.

Definition 1 (Timed Partial Order). A timed partial order

(TPO) is specified by a directed-acyclic graph (DAG) G :

(I1, <) describing a strict partial order over 11 augmented

with the following:

1. A finite set of clocks C = {c1,...,cm},

2. A guard map G that maps each event e; to a guard
condition, which is a conjunction of the form G(e;) :
/\7’:1 ¢; > aj wherein c; € C denotes a clock, <€ {<
, 2}, and a; € Rzo is a non-negative constant,

3. Areset map R : II — 2€ that associates each event e;
with a subset of clocks R(e;) C C that are to be reset to
0 whenever event e; is encountered.

A valuation v : €' — Ry assigns each clock ¢; € C
to a non-negative number v(c;). A given valuation v can be
advanced in time by a fixed 6 > 0 to yield a new valuation
v' = v @ Jsuchthat v'(¢c;) = v(c;) + 0 forall ¢; € C.
Likewise, given a valuation v and a subset of clocks C cC,
we denote the valuation v/ := reset(v, (') as that obtained

0 ceC
vie) cgC’

Let vy represent a fixed special initial valuation wherein

by setting each clock ¢ € C'tobe 0: /(¢) =
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c1 <100 A
c2 > 30

Figure 2: TPO for the car windshield installation workflow.

vo(c;) = 0 for all clocks and let ¢(®) = 0. Timestamps rep-
resent global time since the inception of the process whereas
clocks measure the time elapsed since their last reset.

Definition 2 (Semantics of Timed Partial Orders). A run of
a timed-partial order is a sequence of triples

p: (Ul,t(l), V1)yeeos (an,ﬁ(”)7 Vn),

wherein, each o; € 11, 0; # o; fori # j, and
each v; is a valuation of clocks C.

1. Time stamps are non-decreasing: M < t(2 < -0 <
t(). Let AtY) denote the difference t9) —tU=1 for j €
{1,...,n} (note that t(©) = 0).

2. The sequence o1, . ..,0, is a linearization of the partial
order <: if 0, < op holds then a < b.

3. Foreach j € {1,...,n}, the valuation given by v;_; ®
AtY) satisfies the guard condition G(o;).

4. The valuation v; must equal reset(v; 1 +AtY) | R(a;)),
i.e, we allow time AtU) to elapse and then reset the
clocks in R(o;).

A timed trace 7 viewed as a sequence
(o01,tM), ..., (60, t™) is compatible with a timed
partial order specification iff there exists a run of the form
(01, D v1), .0 (00, 1) 1),

Example 2. Figure 2 shows the TPO specification for the
windshield installation task in Example 1. Two clocks c1, co
are used to enforce the constraints C1, . .., Cy from that ex-
ample. First, we use clock ci which is reset to zero at the
very beginning when event e; occurs. The guard c; < 5 at
event ey checks that the timing interval between e, and ey
is at most 5 time units (C'3). Likewise, the guard ¢; < 100
at event eg ensures constraint Cy. The clock ¢y is reset first
when event eo occurs. The guard co < 40 associated with
es5 enforces constraint Cy. The clock is then reset to zero as
part of the same event and then further the guard co > 30
associated with eg ensures constraint Cs.

Expressivity of TPOs

We will now examine the expressivity of TPOs. In general,
TPOs enforce timing constraints using clocks. We derive key
insights into the nature of these timing constraints. Further-
more, we define useful structural restrictions to TPOs that
make the problem of reasoning about their behavior easier.
This will pave the way for the TPO mining algorithm that
will be presented in the subsequent section.

Example 3 (Limits on Expressivity). Suppose, for the wind-
shield installation task in Example 1, we wish to add a con-
straint — the time taken to clean the windshield (time elapsed



between events ey and es) must be less than the time taken
to add the glue primer to the window (time elapsed between
events ey and es). Such a constraint compares the intervals
between two sets of events. As such, this will not be express-
ible in the formalism of TPOs. The reason (in part) is that
we disallow the guards to compare the values of clocks.

For the remainder of this section, let us fix a TPO with
events IT = {ey, ..., e, } and partial order relation <, clocks
C ={c1,...,¢m}, guard map G and resets R. We will rep-
resent a “generic” timed trace 7 : {e1 — t1,...,€, > tn}
as a vector (t1,...,t,) € R™, wherein ¢; denotes the time at
which the event e; occurs.

Definition 3 (Constraints representing a TPO). An assertion
Olt1, ..., ty] involving t1, . .., t, represents a TPO iff every
timed trace T : {e1 > t1,...,e, — t,} compatible with
the TPO satisfies p, and conversely, every timed trace satis-
fying  is compatible with the TPO.

For the partial order <, let 1por denote the assertion
n

N ti—ti=0n Nt;>0

e;<e; Jj=1

ey

YPOR :

expressing the timing constraints of <.
Example 4. The TPO in Ex. 2 is represented by constraints:

t1 <ta <t3<ts At1 <ty <t5<ts A ts—1t2<40
Nte —t5 > 30 ANta —t1 <5 A tg —t1 <100

The first row represents the relation < from the partial or-
der whereas the last row represents the timing constraints
Ci,...,Cy discussed in Example 1. Note that (a) TPOs
provide a more succinct representation of the timing con-
straints; and (b) they also specify a procedure to monitor the
timed-trace by maintaining some clocks, checking guards on
them upon events and resetting the clocks as specified by the
TPO. Timing constraints on the other hand require us to po-
tentially store the times of each and every event in the trace.

Let us consider another example below.

Example 5. Consider a TPO over 3 events e1, es, e3 with
the <= (. In other words, there is no fixed “happens-
before” order between these events.

c1<1— ¢c1:=0 c1 <1 — c1:=0
(e1) (e2) (e3)

The TPO has a single clock ci, with each event having a
guard c¢1 < 1 and resetting the clock ¢y to 0. The set of ad-
missible timed traces ensure that: (a) the events eq, ..., e3
may happen in arbitrary order; (b) the first event must ap-
pear within 1 time unit of the start of the process; (c) each
subsequent event must happen within 1 time unit of the pre-
vious event. The following constraints represent this TPO:
(t1 <ta <tz = t1 <1 Ata—t1 <1 A tg—ta <1)A
(t1<t3<t2 = 1 <1At3—t1 <1A tg—t3<1)

(t3<t2<t1 :>t3<1/\t27t3<1/\t17t2<1)

Each of the 3! clauses correspond to a linearization of the
partial order which leads to different constraints between
intervals over successive events as dictated by the TPO.

c1 <1 —=c1:=0
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To avoid the need to reason over linearization of the un-
derlying partial order, we define a structurally restricted
class of TPOs that we call “race-free TPOs”. The race-
freedom here denotes that the timing constraints remain in-
dependent of the actual order in which the events occur. We
say that an event e; in a TPO is dependent on a clock c; iff
the guard for e; refers to ¢; or ¢; is reset by e;.

Definition 4 (Race-Free TPOs). A TPO is said to be race-
free iff for every clock ¢ € C' and two different events e;, e;
that are dependent on c, either e; < e; or ej < e;. In other
words, events that are independent according to the partial
order (parallel events) do not refer to the same clock.

Note that the TPO in Example 2 is clearly race-free. For
instance, events ey, e5 refer to clock ¢ but es < e5. This can
be checked for every clock and every pair of events that are
dependent on that clock. However, the TPO in Example 5 is
not race-free. Events ey, es, e all refer to clock ¢ but we do
not have any precedence relationship between any of them.

We will now establish the key theorem that characterizes
the timing constraints corresponding to race-free TPOs.

Theorem 1. A (race-free) TPO can be represented by a
conjunction of inequalities of the form:

A

i,J s.t. e;<e;

(t; —ti) € [ usi] A laj, bj],

A

wherein £; ; > 0,a; > 0 form lower bounds and u;;,b; €
R U {0} are upper bounds that can be non-negative real
numbers as well as +o0.

Full proofs are provided in the appendix. Briefly, the theo-
rem holds because in a race-free TPO, a clock c that is reset
at some event e; and subsequently referred to at event ey
(without intervening reset) ensures that e; < ey. Therefore,
the clock c at any point refers to the time difference ¢;, — ¢;.
Therefore, guards on clocks translate into constraints involv-
ing differences t; — t;. However, if a clock is not reset, it
measures the time elapsed since the start of the process. A
guard on such a clock is simply a constraint on ¢.

The “race-free” assumption limits our ability to compare
timings of independent events. For instance, even if the
wheels on a car can be mounted in parallel to each other, we
may have a constraint that the left front and left rear wheels
are attached no more than a minute apart from each other.

Constructing Timed Partial Orders From Constraints
The main insight behind our paper lies in proving the
converse of Theorem 1. Let us fix a set of events II =
{e1,...,en} and a partial order < between them.

Theorem 2. Given timing constraints of the form

o el

wherein a;,l; ; > 0 and bj,u; ; € R>o U {oo}, there is a
race-free TPO that represents the timing constraints .

AN —t) € [ligiuig], (2

e;<e;

aj,

The proof of this theorem lies in the procedure we will
now present to synthesize such a TPO involving three ma-
jor steps: (a) Remove redundant timing constraints from ¢



to obtain an irredundant representation ¢; (b) Construct a
clock allocation graph G from ¢; (c) solve a graph coloring
problem on G and (d) translate the graph coloring result into
clocks, clock guards and resets for the TPO.

Example 6. Consider once again the windshield installa-
tion task from Example 1. Ignoring C1,...,Cy, let us in-
stead consider the following timing constraints:
t3 —t1 € [10,00] Nts —t € [0,15] A
@: t5—t3€[0,5}/\t6—t5€[0,8]/\
ts —ts € [5,00] A te — ta € [4,10]

3

Redundancy Elimination and Simplification First, we
introduce a fictitious initial event ey which always happens
at fixed time tg = O such thateg < e; forall j € {1,...,n}.
The constraints in Eq. (2) are now written as:

N i <=t A —t) Suiy

e;<ej

@

Next, we eliminate redundant constraints of two types: (a)
any constraint of the form ¢; — ¢; >< a that is implied by
the conjunction of the remaining constraints; (b) trivial con-
straints with £; ; = 0 or u; ; = 00;. The result of redundancy
elimination may be witten as:

@ /\ /\(tj —t;) >l j i, wherein pae {<, >}, (5)
ik
where k iterates over all inequalities that involve t; — ¢;.
Additionally, for each inequality ¢; — ¢; > l; ; 1, the corre-
sponding events must satisfy e; < e;. We provide further
details on redundancy elimination in the subsequent section.

Example 7. Consider the constraint (3) in Example 6. The
constraint ts —t3 < 5 is redundant since we can infer it from
the two constraints ts —t1 > 10 and t5 —t1 < 15. Removing
the trival and redundant constraints yields

& <t3—t1>10/\t5—t1<15/\t6—t5<8
(6)

ts —t4 >0 N tg—1ts € [4,10]

Allocating Clocks to Enforce Constraints In order to en-
force a constraint of the form ¢; — ¢; >4 I; ; . using clocks:
1. Reset a “dedicated” clock ¢; at the same instant when
event e; occurs; 2. Add the guard ¢; > [; ;5 for event e;.
In effect, ¢; measures time elapsed since event e¢;. When
event e; happens, its value equals ¢; — ¢;. In fact, the clock
¢; can be used to enforce multiple conjunctions of the form
tj, —t;>ay A --- A tj —t; > a; since the structure of
¢ (Eq. (5)) guarantees that e; < ¢;,,...,¢e; < e;,. Thus, the
modified strategy is as follows:

1. Write ¢ as ¢g A --- ¢y, Wherein @; collects all inequal-
ities in @ of the form (¢ — t;) > a ;.

2. If @, is not empty, then allocate a dedicated clock c; that
is reset at event e;. In special case, since event e is ficti-
tious, we allocate the clock cg but do not reset it.

3. For the inequality (t; —t;) < ag; in @, add the conjunc-
tion ¢; 14 ay, ; to the guard G(ey,) for event ey,.

Thus, the scheme so far constructs a TPO with at most
n + 1 clocks. Since n can be quite large (~ 500) for some
manufacturing workflows, we wish to minimize the number
of clocks to reduce the complexity of the overall TPO.

643

Example 8. Continuing from Example 7. Following the
technique presented thus far, we split the constraint @
(Cf. (6)) into three parts (underlining is for emphasis) given
bygi = (tg—t1 > 10 A t5 —t1 < 15), ¢a = (t5 —t4 >
S5 ANANtg—tyg >4 N tg—ty < 10)611’1d¢5 = (te—t5 §8)
We allocate three clocks c1, c4, cs to track these three sets of
constraints, respectively. Clock cy is reset at event e, c4 at
event ey and cs5 at event es. The following guards are added:

Guard

C1 Z 10(@63, C1 S 15@65

¢4 > 5Qes, (¢4 € [4,10])Qeq
Cs S 8@66

Constraint

t3—t1 Z 10 A t5—t1 S 15
ts —t4 >0 N tg—14 € [4710]
tg —t5 <8

Minimizing Clocks in the TPO In order to reduce the
number of clocks, we ask the following question: under what
conditions can we “reuse” the clock c; corresponding to
event e; for a different event e;?

For any given event ¢;, let e, be the event that is maximal
according to the precedence relation < such that a timing
constraint of the form (¢, — t;) > ay; exists in @. If no
such inequality exists in the first place, then clock ¢; would
not exist in the first place. We can reuse the clock ¢; for any
“later” event e; such that e, < e;, since the last time clock ¢;
is used is at event e;. Recall, from TPO semantics in Def. 2,
that clocks are reset only affer the guards are checked.

We construct a clock allocation graph G, an undirected
graph whose vertices are the clocks considered so far.

1. Corresponding each clock c;, we compute its latest
guarded event L(7) as follows:

(a) Let F; = {ey, | inequality ¢, —t; <1 ain @}.

(b) Set L(¢) = sup_(E;), the supremum in E; according
to the < order. We observe that clock ¢; can be reused
after event L() has occurred.

2. Add an undirected edge (¢;, ¢;) whenever L(i) A e; and
L(j) # e; enforcing that ¢; and ¢; be kept distinct.

Recall that the graph coloring problem seeks to assign one
of m colors to each vertex of an undirected graph so that no
two vertices connected by an edge have the same color. The
main idea behind minimizing clock usage is to examine the
optimal coloring of the graph and whenever two nodes ¢;, ¢;
are the same color, we can substitute the use of clock ¢; by
c;. This process ensures that we use as many clocks as the
number of colors used in graph coloring.

Theorem 3. If the clock allocation graph G can be colored
using m colors, then we can construct a TPO with at most
m clocks to represent the timing constraints in .

Example 9. Continuing with Example 8, we compute the
clock allocation graph G. with vertices {c1, c4,c5}. Note
that L(1) es, L(4) ee, and L(5) eg as defined
above. Thus, according to the construction above, the clock
allocation graph has two edges {(c1, c4), (ca, ¢5)}. This can
be colored with two colors and in particular nodes c1 and
cs have the same color. This denotes that the clock cs5 can be
replaced with c1 everywhere.

Note that the problem of checking if a graph G may
be colored using m > 3 colors is known to be NP-
complete (Garey and Johnson 1979). Nevertheless, graph
coloring has been studied for numerous applications includ-
ing notably register allocation for compilers and scheduling



problems (Chaitin et al. 1981; Lotfi and Sarin 1986). We
may employ a simple greedy algorithm for graph coloring
(Brélaz 1979) that guarantees that the number of colors is
bounded by 1 + A(G,), wherein A(G,) denotes the maxi-
mum number of neighbours for any vertex in G..

Mining TPO from Timed Traces

Given timed traces 7y, ..., 7, by observing some workflow
with a fixed set of events IT = {ey, ..., e, }, we wish to syn-
thesize a TPO such that all the timed traces in the given data
D are compatible with the TPO. To do so, requires identify-
ing the partial order <, the clocks, guards and resets.

Our proposed approach proceeds in three steps: (a) iden-
tify the partial order information from the timed traces; (b)
compute the tightest possible timing constraints of the form
(2) that includes all the data; and (c) mine a TPO from the
timing constraints in step (b) using the algorithm described
in the previous section. Note that steps (a) and (b) are based
on well-known techniques that will be briefly recalled in this
section. We briefly describe these steps, concluding with a
description of our implementation.

Partial Order Identification In order to identify the par-
tial order <, we set ¢; < e; for events ¢;,e; € Il iff in all
the timed traces the event e; precedes e;.

Formulating Timing Constraints In order to formulate
timing constraints, we translate each timed trace in the data
into a vector (¢1,...,t,). Next, we consider bounds of two
types: (a) Upper/lower bounds on each event time ¢; by itself
to yield intervals t; € [a;, b;], and (b) Upper/lower bounds
on the time difference ¢; — ¢; whenever e; < e; holds.

Whereas the interval bounds are simply the maximum and
minimum values in the data, there are two drawbacks: (a)
The process assumes that all upper bounds are finite since
we can never infer a constraint of the form ¢; — t; € [a, 00)
from the data. However, there are statistical tests from ex-
treme value theory that can identify whether a distribution
has an infinite support (Haan and Ferreira 2006). The appli-
cation of these techniques relies on having a large volume
of data. (b) The bounds themselves depend intimately on
the amount of data and the sampling method. To mitigate
this, we refer the reader to ideas from conformal prediction
that allow us to bloat the intervals obtained from data appro-
priately to achieve a prediction with some associated confi-
dence (Balasubramanian, Ho, and Vovk 2014).

Redundancy Elimination To eliminate redundancies, we

formulate a series of optimization problems involving the

constraints in Equation (2). We iterate through each inequal-
ity (¢; — t;) < w;; (alternatively, t; — t; > [; ; ) from the
system in some order and carry out the following steps:

1. Remove the selected inequality and set the objective to
maximize (alternatively, minimize) ¢; — ¢; subject to the
remaining constraints.

2. If the resulting optimal value is > u; ; (alternatively, <
l; ;) then the constraint is irredundant, and needs to be
added back to the problem.

3. Otherwise, the constraint is removed once and for all.
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Figure 3: Mined TPOs using the NEAREST and SOUND
heuristics.

The optimization problem in question is a linear program-
ming problem that can be solved quite efficiently for the spe-
cial class of difference constraints encountered here. How-
ever, the result of redundancy elimination varies, depending
on the order of constraints in which we process the inequal-
ities. For example, the constraint ¢5 — ¢; < 15 in Example 7
can be removed instead of t5 — t3 < 5. The problem of find-
ing the set of irredundant constraints of the least cardinality
is known to be NP-hard following a reduction from the min-
imum equivalent graph problem (Garey and Johnson 1979).
Therefore, we consider various heuristics for deciding the
order in which the constraints are to be considered.

1. NEAREST: Consider constraints ¢; — ¢; in increasing or-
der of the number of intermediate events between e¢; and
ejiie, [{er | e < ex < e}

2. DISTANT: Consider constraints ¢; —?; in decreasing order
of the number of intermediate events between ¢; and e;.

3. RANDOM: Consider constraints in a randomized order.

4. SOUND: The SOUND algorithm starts from the last
node, checks for all time constraints ¢{; — t; > a that
are dependent on t;. If ALL of them are redundant, then
we remove all the constraints, or else, if ANY of them are
required, we keep all the constraints, because the clock at
node ¢ is going to be required anyways.

We remark that there is no good approach to choose be-
tween these heuristics, other than empirically testing each of
them and selecting the best one.

Example 10. Consider Example 1 with the new time con-
straints t1 € [0,1], ta —t; € [5,15], t3 — t; € [15,25],
ty —t1 € [0,20], and t5 — t3 € [10,11]. We randomly
sampled 1000 timed traces that satisfy these constraints and
used the procedure described in this section to construct
TPOs, as shown in Figure 3. The TPO to the left uses the
NEAREST heuristic for redundancy elimination requiring
three clocks, whereas the TPO to the right uses the SOUND
heuristic using just two clocks to explain the same data.

Time Complexity Let n = |II|. The algorithm solves a
linear program (LP) at each step whose time complexity is
bounded by a polynomial over n. In the worst case, there are
O(n?) pairs of time constraints (LP problems to solve).

Experiments

In this section, we evaluate our approach for mining TPOs
from timed trace data. First, we compare our method against
the most closest work, the CSTNUD mining algorithm.
Next, we run an ablative study on a benchmark to evaluate



(a) Global

(b) Local

Figure 4: Outputs by the CSTNUD mining algorithm assum-
ing (Left) all the events depend on the global clock Z = 0
and (Right) each event depends on the previous event. The
constraints e4 — eg : [0,18.2] and ez — e4 : [0,13.2] are
not visualized due to the limited space.

the clock allocation performance against a few heuristics.
Subsequently, we show interesting results on two datasets
inspired from real-life applications: aircraft turnaround and
Overcooked game. Our evaluation focuses on how well the
resulting model can provide human interpretable insights
into the dependencies between the various tasks in the work-
flow. In particular, we do not classify between different out-
comes such as success/failure due to the lack of such labels
in our dataset.

Comparison against a CSTNUD mining algorithm !  As
a comparison to Example 1, we ran the algorithm proposed
by (Sciavicco, Zavatteri, and Villa 2021). Their method re-
quires human annotations on event relationships, so we pre-
pared two different result that can easily be derived from the
raw data: 1) all events depending on the global clock (called
”global”) and each event depending on the previous event
(called "local”’) and showed the resulting graphs in Figure 4.
The globally-dependent graph entirely depends on the global
clock and cannot mine the relationships between events. As
a result, the timings constraints (durations) between events
tend to become large. Whereas the locally-dependent graph
is shown to mine the event relationships well but with un-
necessary edges such as e5 — e4 and e3 — e4. In other words,
they cannot handle parallelized tasks like (e2, e3) pair and
e4. Moreover, the CTSNUD mining algorithm can only mine
relationships between neighboring edges that result in a one-
clock model whereas our model can be viewed as a general-
ization to multiple-clock graphs.

Analysis on Synthetic TPO Data In this experiment, we
seek to understand (a) how the running time of our procedure
scales with increasing number of events/traces; and (b) the
number of clocks generated by the various redundancy elim-
ination heuristics. We generated a bunch of random TPOs
according to a method described in the appendix. The TPOs
vary according to the number of events n. For each TPO, we
randomly sampled 1000 traces.

Figure 5 shows the average number of clocks identified
over ten runs of this procedure. The number of clocks in-
creases as the number of events increases. The heuristics
yield a similar number of clocks. Computation time did not
depend on the choice of the heuristics, but it varied on how
many times the LP optimizations were called and how fast

"https://github.com/matteozavatteri/cstnud-miner
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Figure 5: The number of clocks identified by the differ-
ent heuristic algorithms: DISTANCE (blue), NEAR (orange),
RANDOM (green), SOUND (red).
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Figure 6: Mined TPO for aircraft turnaround.

they found the solution. The more eliminations happen at the
earlier stage, the fewer constraints remain in later LP. Often,
however, the extra cost of upfront elimination does not pro-
vide enough of a payoff in the later stages. This is very much
dependent on the nature of the data and constraints.

Aircraft Turnaround Example Next, we evaluate our al-
gorithm on the processes involved in the turnaround of an
aircraft at a gate. Aircraft turnaround is a critically important
process that affects the operating costs of airlines. It involves
a series of tasks such as deboarding, cleaning, refueling and
boarding with happens-before orders. For instance, clean-
ing must be performed after deboarding. However, refueling
can be performed in parallel with cleaning. We defined a
TPO of the aircraft turnaround operations using data syn-
thesized from the information presented in Nosedal Sdnchez
and Piera Eroles (2018). In particular, we use average time
that led to delays as the maximum time for each opera-
tion. Timestamps were sampled from truncated normal dis-
tributions, as specified by Nosedal Sdnchez and Piera Eroles
(2018). We synthesized 1000 timed traces and evaluated our
algorithm against the SMT-based timed automata inference
algorithm (Tappler, Aichernig, and Lorber 2022). The SMT-
based algorithm did not terminate over the original data set
(timed out due to expensive calls to SMT solvers). We had
to reduce the data size to just 20 timed traces in order to
get the algorithm to run. However, the result fails to capture
the timing constraints present in the original problem. The



0<ec <1 H15<e <28
13< ¢ <16 ¢ =0
¥

Remove RiceH Put Rice Aside

Serve Seaweed
9<¢ <10

Pick Rice 1
End Steaming | | 4 < ¢; < 23 New Seaweed Deliver
12<¢<26||13<¢ <18 6<cs <8 3< <18
¢ =0 6<c3<25 5<ey <48 | |13 < ¢y <26
c =0 9<e <39

New Rice cy =0
0<¢ <11

g =0

Start Steaming
1< <2

Cut Fish
1<e3<3
c; =0

New Fish
6 < co <40
c3 =0

Prepare Plate
0<c <48
c =0

Serve Fish
5<¢ <21
¢ =0

End Steam
13<¢ <14

Remove Rice Serve Rice
15<e <15 (13< ¢ <17
0<¢y<23
Deliver
[New Seaweed Serve Seaweed
0<cy <25 1< <25

Figure 7: Overcooked gameplay analysis: (Top) TPO spec-
ification for a beginner player, (Bottom) TPO specification
of a professional player.

New Rice
1<c¢<25
g =0

New Fish Start Steam
0<c¢ <6 1< <1
Cut Fish
1<¢ <7

—~

\

Serve Fish
7T<c <29

=

Prepare Plate

N\

=

RTI+ algorithm (Verwer, de Weerdt, and Witteveen 2012)
also fails to run on the reduced data.

In contrast, the TPO mined using our algorithm shown in
Figure 6 respects all original precedence orders, along with
the maximum time duration for each operation. Further-
more, notice that the algorithm identified new precedence
orders such as “Toilet servicing” happens-before ‘“Board-
ing” due to the relation between the two time constraints.
The TPO just requires 6 clocks in all. This example shows
that our algorithm can be applied to realistic scenarios.

Overcooked Example Overcooked is a multiplayer game
that simulates a busy restaurant kitchen, requiring players to
collaborate on producing numerous plates of food according
to a fixed recipe against timing constraints. We tested our al-
gorithm on publicly available game play videos on YouTube.
We analyzed the difference between the beginner’ versus
professional® gamers on Overcooked 2. The task of the game
is to repeatedly make Sushi plates from seaweed, sliced fish,
and cooked rice, serve them to customers in a target area.
There is no serving order between the three ingredients, but
there are strict orders on how each ingredient is prepared.
We manually annotated the video with event labels describ-
ing the actions of the players. We were able to identify eight
timed traces in the beginner’s play and collected the same
number of traces from the professional’s play. The mined
TPOs are shown in Figure 7.

In both cases, strict orders are correctly identified. For

2https://www.youtube.com/watch?v=jTrenjjZDt A &t=668s
3https://www.youtube.com/watch?v=Y cnpWo4 Y0 1M &t=60s
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example, a fish must be cut before serving on a plate. The
difference between the two is the order of the parallelizable
tasks. Interestingly, the beginners start with cooking rice and
then cutting fish, whereas the professionals start with cutting
fish and then cooking rice. This is because beginners prepare
dish one by one, and hence they must start with rice, which
takes the longest time to prepare, whereas the professionals
cook in a batch and the fish comes first in this strategy.

In terms of time constraints, strict constraints are im-
posed, such as (1) fish/seaweed must be cut/served imme-
diately after a new object is taken out of the box (2) rice
must be steamed for about 13-16 seconds in both figures. In
contrast, a new object (plate, rice, and fish) can be taken out
of the box at any time in the scene (with a large bound in
o). Furthermore, a time constraint between serving fish and
rice (Serve Rice 4 < ¢; < 14) in Figure 7 (bottom) specifies
that parallel tasks must take similar times, so the dish can
be delivered immediately after (Deliver 1 < ¢4 < 2). This
experiment shows that our TPO mining algorithm provides
an interpretable representation for a task solely based on a
small amount of data.

Discussion

Pipeline Workflow: Repetitive Events In our problem
setting, we assumed that the data log contains a neatly clas-
sified set of traces and each trace contains only a unique set
of events. However, in reality, a log consists of a set of mixed
traces sorted by timestamps and there could be multiple oc-
currences of the same event in a trace. For example, an au-
tomotive assembly line manufactures multiple cars concur-
rently and the same events (e.g., install a door) appear mul-
tiple times in each trace. To split the log into a set of traces,
we need to identify the counts of each event appearing in a
trace v € Z% and split the log accordingly. To do so, we
formulate the problem as an integer programming. Given a
number of products being manufactured k and a log, mini-
mize z, such that, k- [ -x +1-y=5b,x > 0,y >= 0 and
y < k, where y € ZZ is a vector of variables representing
the remaining events in a trace and b € Z2, is the counts
of events in the log. Then, we greedily split the log from the
top with each trace containing = counts of events.

Loops In our formulation, we cannot model loops in the
partial order graph. However, in reality, a data log can come
from a workflow that requires certain events to loop. For, ex-
ample, cracking three eggs can be represented as repetitions
of NewEgg and Crack events. To learn a TPO from such
data, the naive way is to relabel the repetitive events with
unique events, e.g., NewEggl, NewEgg2. Once the partial
among other events are identified, then the repeated events
can be folded. For example, Crackl can be relabeled back
too Crack and add an edge to NewEgg to form a loop.

Conclusions

We have introduce and analyzed the expressivity of TPOs,
leading to a procedure for mining TPOs from data. Exper-
iments demonstrate how mining TPOs from process data
can yield useful insights for important workflows inspired
by real-life manufacturing processes.
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