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Abstract
The fundamental frequency (F0) contour of speech is a key as-
pect to represent speech prosody that finds use in speech and
spoken language analysis such as voice conversion and speech
synthesis as well as speaker and language identification.

This work proposes new methods to estimate the F0 con-
tour of speech using deep neural networks (DNNs) and recur-
rent neural networks (RNNs). They are trained using super-
vised learning with the ground truth of F0 contours. The lat-
est prior research addresses this problem first as a frame-by-
frame-classification problem followed by sequence tracking us-
ing deep neural network hidden Markov model (DNN-HMM)
hybrid architecture. This study, however, tackles the problem
as a regression problem instead, in order to obtain F0 contours
with higher frequency resolution from clean and noisy speech.

Experiments using PTDB-TUG corpus contaminated with
additive noise (NOISEX-92) show the proposed method im-
proves gross pitch error (GPE) by more than 25 % at signal-to-
noise ratios (SNRs) between -10 dB and +10 dB as compared
with one of the most noise-robust F0 trackers, PEFAC. Further-
more, the performance on fine pitch error (FPE) is improved
by approximately 20 % against a state-of-the-art DNN-HMM-
based approach.
Index Terms: F0 estimation, pitch estimation, prosody analy-
sis, voice conversion, speaker identification, language identifi-
cation, recurrent neural networks, regression model

1. Introduction
The fundamental frequency (F0) represents the lowest fre-
quency in a quasi-periodic signal. In human speech production
F0 is determined by the movement of the vocal chords and the
contour of F0s represents important aspects of prosody. There-
fore, F0 is one of the key features of speech and is used in
many applications including voice conversion [1], speaker and
language identification [2, 3], prosody analysis [4], speech cod-
ing [5], speech synthesis [6] and speech enhancement [7, 8].

Over the past decades, a variety of approaches to F0 esti-
mation have been proposed. Specifically, Robust Algorithm for
Pitch Tracking (RAPT) [9] and YIN [10] that exploit autocor-
relation of a time-domain signal are among the best methods to
estimate F0 and have been widely used in many applications
[11]. However, it is well known that these methods do not pro-
duce satisfactory results under noisy conditions [12]. Several al-
ternative robust frequency- and cepstral-domain F0 estimators
have been developed. For instance, Pitch Estimation Filter with
Amplitude Compression (PEFAC) [13] has high performance in
noisy conditions. It analyses noisy signals in the log-frequency
domain with a matched filter and the universal long-term av-

erage speech spectrum. Nonetheless, it is still challenging to
achieve sufficient F0 estimation accuracy at low signal-to-noise
ratios (SNRs) such as 0 dB and below.

In addition to the instantaneous signal processing meth-
ods mentioned above, various machine learning approaches that
utilise generative models, such as a Gaussian mixture model
(GMM) and hidden Markov models (HMMs) [14, 15, 16, 17],
have been developed along with particle filters [18, 19] to
address the challenge related to severe noisy conditions. In
this context, models based on deep neural networks (DNNs)
have shown promising achievement in tackling the problem
[12, 20, 21] because of the explicit capability of DNNs for com-
plex pattern mapping as a discriminative model.

For classification problems, discriminative models can out-
perform generative models when trained from large enough
quantity of data [22]. DNNs derive a discriminative model to
represent arbitrarily complex functions as long as they consist
of large number of units in their hidden layers. Consequently,
they enable statistical models to deal with higher dimensional
input features having stronger correlation than the preceding
generative models. Thus, they have been successfully applied to
various speech applications showing great advantages in perfor-
mance over the existing statistical models [23, 24, 25, 26, 27].
Furthermore, recurrent neural networks (RNNs), in which each
unit has a connection pointing backward from its output to the
input, might be more suitable for time series signals of speech
to track temporal dynamics.

In fact, the latest research have proposed DNN and RNN-
based models for F0 estimation, showing improvement in
noise robustness as compared to the conventional algorithms
[12, 20, 21, 28, 29, 30]. These state-of-the-art F0 estima-
tors, however, still have a problem to be solved: they first em-
ploy DNNs or RNNs to form a frame-by-frame classification
model to decide a frequency state corresponding to quantised
frequency, followed by frame-by-frame tracking to optimize the
most likely state sequence. This is achieved by utilising a hy-
brid deep neural network hidden Markov model (DNN-HMM)
architecture [31] that has a successful history, for instance, in
automatic speech recognition (ASR) [32] and text-to-speech
(TTS) [6]. Even if it is convenient to treat F0 tracking as a
classification task analogous to speech recognition, the result-
ing estimated F0 contour has a limited frequency resolution
determined by the number of frequency states. This is a po-
tential draw-back in applications that require high-precision F0
values, such as voice conversion, or micro-prosody analysis for
speaker and language characterisation.

To sum up our contribution, we aim at improving the state-
of-the-art DNN and RNN-based approaches to F0 estimation in
terms of increased tracking precision and noise robustness, by
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treating the problem as a regression task instead of the DNN-
HMM-based classification tasks reviewed above. Even if our
work is not the first work to address F0 tracking as a regres-
sion task where F0 values are predicted from other speech rep-
resentations [14, 15, 16, 17], we do improve over the latest
deep learning approaches. For maximum applicability of our
results, we treat the problem in a speaker-independent manner,
and study the sensitivity of the results under both unknown and
known noise conditions.

2. General framework
Before presenting our proposal in Section 3, we first review a
general framework of a DNN-based approach to F0 contour
estimation. A speech signal is first converted to a sequence of
magnitude spectra by short-time Fourier transform (STFT). A
DNN-based F0 estimation model trained by supervised learn-
ing then maps the spectral information to the fundamental fre-
quency contour, as illustrated in Fig. 1.

Short-Time Fourier Trans Form (STFT) 
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Figure 1: Overview of the DNN-based F0 estimation showing
M frames are extracted from sequence of magnitude spectra,
X, into mini-batch, Xmb, and then mapped onto F0 contour,
ymb.

Discrete time-domain speech signal, s(n), is divided into
I frames, s0(m), s1(m), . . . , sI−1(m), where m denotes time
sequence in a window function, and then transformed to the
frequency domain by STFT to derive a sequence of magnitude
spectra, X as

X = [x0,x1, . . . ,xI−1] (1)

xi = [|xi(1)|, |xi(2)|, . . . , |xi(K)|]> (2)
xi(k) = F {si(m)} (3)

where F{·} denotes the discrete Fourier transform (DFT) and
K represents the number of DFT bins between 0 Hz and the
Nyquist frequency of s(n).

The input to the DNN is a subset of X which defines mini-
batch input, Xmb, as

Xmb =
[
xµ0,xµ1, . . . ,xµ(M−1)

]
(4)

where

{µ0, µ1, . . . , µ(M − 1)} ⊂ {0, 1, . . . , I − 1} (5)

and M represents the mini-batch size.

Since the DNN is trained by supervised learning, the DNN
maps the inputs onto their target F0 values or states. Conse-
quently, estimates of the F0s or pitch candidates are finally de-
rived by the DNN.

ymb =
[
f̂µ00 , f̂µ10 , . . . , f̂

µ(M−1)
0

]>
(6)

where f̂ i0 is the estimate of F0 at the i-th frame.

To capture the characteristics of the temporal dynamics in
speech in addition to the static feature within a frame, RNNs can
be applied to the F0 estimation model instead of DNNs. The
details of neural network models for the preceding framework
are discussed in Section 3.

3. DNN (RNN)-based regression models for
F0 estimation

This section first discusses the DNN model for the proposed
method to estimate the F0 contour of speech in Section 3.1 fol-
lowed by the RNN model for the proposed method in Section
3.2.

3.1. DNN model

Since the neighbouring frames of the i-th frame may contain
useful information to estimate f i0 [20], the input mini-batch of
the DNN model includes augmented vector, xi, which com-
prises xi and its context as

xi =
[
x>i−p, . . . ,x

>
i−1,x

>
i ,x

>
i+1, . . . ,x

>
i+p

]>
(7)

where p denotes the number of the context frames which are
added to the both side of xi. Therefore, the input of the DNN is
illustrated as

Xmb =
[
xµ0, . . . ,xµ(M−1)

]
(8)

=



xµ0−p . . . xµ(M−1)−p
...

. . .
...

xµ0 . . . xµ(M−1)

...
. . .

...
xµ0+p . . . xµ(M−1)+p

 (9)

where the frame indexes below zero are set to zero while the
frame indexes over I− 1 are set to (I− 1) because the range of
the frame indexes are determined by Equation (1).

For mini-batch input, Xmb, output of the l-th layer of the



DNN, Θl is derived as

Θl = g
(
WlΦl

)
(10)

=
[
θl0,θ

l
1, . . . ,θ

l
M−1

]
(11)

=


θl10 θl11 . . . θl1(M−1)

θl20 θl21 . . . θl2(M−1)

...
...

. . .
...

θlql0 θlql1 . . . θlql(M−1)

 (12)

Wl =


wl10 wl11 . . . wl1ql−1

wl20 wl21 . . . wl2ql−1

...
...

. . .
...

wlql0 wlql1 . . . wlqlql−1

 (13)

Φl =

[
1 1 . . . 1
θl−1
0 θl−1

1 . . . θl−1
M−1

]
(14)

θ0λ = xµλ (15)

where ql denotes the number of units excluding the bias unit in
the l-th layer, wljk is the weight between unit, k, in the (l − 1)-
th layer and unit, j, in the l-th layer. Lastly, g(·) represents an
activation function.

In the context of F0 estimation, it is common to sort out
the problem as a classification task by applying the softmax
function to the output layer consisting of U units in order to
exploit a DNN-HMM framework [12, 20, 21, 28]. In such
cases, frequency states, su ∈ {s0, s1, . . . , sU−1}, representing
quantised frequency are determined. Outputs from the DNN
model give a posteriori probabilities of each frequency state,
P (su|xi), ∀u = 0, 1, . . . , U − 1, at the i-th frame. Therefore,
estimate of the F0 contour, f̂ ′0, is obtained by tracking the most
likely frequency state at each frames.

Since a priori probability P (su) is computed during train-
ing, where transition probabilities from su to sv, γuv, ∀u, v =
0, 1, . . . , U − 1, are also computed, Bayes’ theorem derives
P (xi|su) as

P
(
xi | su

)
∝
P
(
su|xi

)
P (su)

(16)

Hence, the Viterbi algorithm optimises f̂ ′0 as

f̂0 = argmax
f̂ ′0

P
(
f̂ ′0 | γuv, P (xi | su),X

)
(17)

for ∀u, v = 0, 1, . . . , U − 1

for ∀i = 0, 1, . . . , I − 1

where

X =
[
x0,x1, . . . ,xI−1

]
(18)

This is referred to as DNN-HMM hybrid architecture being suc-
cessfully applied to many applications as mentioned in Section
1. However, f̂0, still comprises quantised values.

Alternatively, in the proposed method the F0 estimation
model with L layer DNNs, i.e. DNNs consisting of (L − 1)
hidden layers and an output layer, sets qL equal to 1 and ap-
plies the identity function to the output layer. Consequently, the
DNNs map the input onto the target value directly as a regres-

sion model as follows.

ΘL = g
(
WLΦL

)
(19)

=
[
wL10 . . . w

L
1qL−1

] [ 1 . . . 1
θL−1
0 . . . θL−1

M−1

]
(20)

=
[
f̂µ00 . . . f̂

µ(M−1)
0

]
(21)

= (ymb)
> (22)

where g(·) is an identity function.
In the offline training process, W l is optimised in advance

by mini-batch gradient descent with the backpropagation algo-
rithm [33] to minimise the MSE between ΘL and the ground
truth of the F0 contour.

3.2. RNN model

Units in RNN layers have connections to send their outputs back
to their own inputs in addition to the feedforward connections.
Therefore, an RNN layer receives its own output at the previ-
ous time sequence as well as the current time sequence input
from the previous layer. This behaviour of RNN layers inter-
preted as memory cells is suitable to analyse temporal dynam-
ics in speech signals. Therefore, each instance in Xmb of RNNs
includes only a frame of one time sequence, unlike instances
in Xmb of DNNs concatenated with the neighbouring frames,
and its temporal context are analysed sequence-to-sequence by
exploiting the memory cells of RNNs. Accordingly, a time se-
quence of the RNN inputs is represented as follows.

X0
mb =

[
xµ0−p, . . . ,xµ(M−1)−p

]
...

Xp−1
mb =

[
xµ0−1, . . . ,xµ(M−1)−1

]
Xp

mb =
[
xµ0, . . . ,xµ(M−1)

]
Xp+1

mb =
[
xµ0+1, . . . ,xµ(M−1)+1

]
...

X2p
mb =

[
xµ0+p, . . . ,xµ(M−1)+p

]
(23)

where

{µ0, µ1, . . . , µ(M − 1)} ⊂ {0, 1, . . . , I − 1} (24)

Xn
mb represents the mini-batch of the RNN input at time se-

quence, n. M and I denote the mini-batch size and the total
number of frames in the dataset respectively while p is the pe-
riod to analyse temporal context, i.e. p for both of the past and
future makes 2p+ 1 time-sequence analysis in totall.

The RNN model in the proposed method takes a form of
encoder structure as illustrated in Figure 2. Output of RNN
layer, l, at time sequence, n (n = 0, 1, . . . , 2p), θln, is derived
as follows with respect to one instance, xi, in a mini-batch.

θln = g
(
Wlφln + Hlφl+1

n−1

)
(25)

φln =
[
1, (θl−1

n )>
]>

(26)

θ0n =
[
1, (xi−p+n)

>
]>

(27)

where Wl is the weight matrix from the output of layer l −
1 to the input of layer l (feedforward) while Hl denotes the



· · ·<latexit sha1_base64="oRpfVf6TUwDHfvxu8LWJhdIEVQY=">AAAB7HicbVBNS8NAEJ34WetX1aOXYBE8lVQE9VbQg8cKpi20oWw2m3btZjfsToQS+h+8eFDx6g/y5r9x2+agrQ8GHu/NMDMvTAU36Hnfzsrq2vrGZmmrvL2zu7dfOThsGZVpynyqhNKdkBgmuGQ+chSsk2pGklCwdji6mfrtJ6YNV/IBxykLEjKQPOaUoJVaPRopNP1K1at5M7jLpF6QKhRo9itfvUjRLGESqSDGdOteikFONHIq2KTcywxLCR2RAetaKknCTJDPrp24p1aJ3FhpWxLdmfp7IieJMeMktJ0JwaFZ9Kbif143w/gqyLlMM2SSzhfFmXBRudPX3YhrRlGMLSFUc3urS4dEE4o2oLINob748jLxz2vXNe/+otq4LdIowTGcwBnU4RIacAdN8IHCIzzDK7w5ynlx3p2PeeuKU8wcwR84nz8a/48E</latexit><latexit sha1_base64="oRpfVf6TUwDHfvxu8LWJhdIEVQY=">AAAB7HicbVBNS8NAEJ34WetX1aOXYBE8lVQE9VbQg8cKpi20oWw2m3btZjfsToQS+h+8eFDx6g/y5r9x2+agrQ8GHu/NMDMvTAU36Hnfzsrq2vrGZmmrvL2zu7dfOThsGZVpynyqhNKdkBgmuGQ+chSsk2pGklCwdji6mfrtJ6YNV/IBxykLEjKQPOaUoJVaPRopNP1K1at5M7jLpF6QKhRo9itfvUjRLGESqSDGdOteikFONHIq2KTcywxLCR2RAetaKknCTJDPrp24p1aJ3FhpWxLdmfp7IieJMeMktJ0JwaFZ9Kbif143w/gqyLlMM2SSzhfFmXBRudPX3YhrRlGMLSFUc3urS4dEE4o2oLINob748jLxz2vXNe/+otq4LdIowTGcwBnU4RIacAdN8IHCIzzDK7w5ynlx3p2PeeuKU8wcwR84nz8a/48E</latexit><latexit sha1_base64="oRpfVf6TUwDHfvxu8LWJhdIEVQY=">AAAB7HicbVBNS8NAEJ34WetX1aOXYBE8lVQE9VbQg8cKpi20oWw2m3btZjfsToQS+h+8eFDx6g/y5r9x2+agrQ8GHu/NMDMvTAU36Hnfzsrq2vrGZmmrvL2zu7dfOThsGZVpynyqhNKdkBgmuGQ+chSsk2pGklCwdji6mfrtJ6YNV/IBxykLEjKQPOaUoJVaPRopNP1K1at5M7jLpF6QKhRo9itfvUjRLGESqSDGdOteikFONHIq2KTcywxLCR2RAetaKknCTJDPrp24p1aJ3FhpWxLdmfp7IieJMeMktJ0JwaFZ9Kbif143w/gqyLlMM2SSzhfFmXBRudPX3YhrRlGMLSFUc3urS4dEE4o2oLINob748jLxz2vXNe/+otq4LdIowTGcwBnU4RIacAdN8IHCIzzDK7w5ynlx3p2PeeuKU8wcwR84nz8a/48E</latexit>

· · ·<latexit sha1_base64="oRpfVf6TUwDHfvxu8LWJhdIEVQY=">AAAB7HicbVBNS8NAEJ34WetX1aOXYBE8lVQE9VbQg8cKpi20oWw2m3btZjfsToQS+h+8eFDx6g/y5r9x2+agrQ8GHu/NMDMvTAU36Hnfzsrq2vrGZmmrvL2zu7dfOThsGZVpynyqhNKdkBgmuGQ+chSsk2pGklCwdji6mfrtJ6YNV/IBxykLEjKQPOaUoJVaPRopNP1K1at5M7jLpF6QKhRo9itfvUjRLGESqSDGdOteikFONHIq2KTcywxLCR2RAetaKknCTJDPrp24p1aJ3FhpWxLdmfp7IieJMeMktJ0JwaFZ9Kbif143w/gqyLlMM2SSzhfFmXBRudPX3YhrRlGMLSFUc3urS4dEE4o2oLINob748jLxz2vXNe/+otq4LdIowTGcwBnU4RIacAdN8IHCIzzDK7w5ynlx3p2PeeuKU8wcwR84nz8a/48E</latexit><latexit sha1_base64="oRpfVf6TUwDHfvxu8LWJhdIEVQY=">AAAB7HicbVBNS8NAEJ34WetX1aOXYBE8lVQE9VbQg8cKpi20oWw2m3btZjfsToQS+h+8eFDx6g/y5r9x2+agrQ8GHu/NMDMvTAU36Hnfzsrq2vrGZmmrvL2zu7dfOThsGZVpynyqhNKdkBgmuGQ+chSsk2pGklCwdji6mfrtJ6YNV/IBxykLEjKQPOaUoJVaPRopNP1K1at5M7jLpF6QKhRo9itfvUjRLGESqSDGdOteikFONHIq2KTcywxLCR2RAetaKknCTJDPrp24p1aJ3FhpWxLdmfp7IieJMeMktJ0JwaFZ9Kbif143w/gqyLlMM2SSzhfFmXBRudPX3YhrRlGMLSFUc3urS4dEE4o2oLINob748jLxz2vXNe/+otq4LdIowTGcwBnU4RIacAdN8IHCIzzDK7w5ynlx3p2PeeuKU8wcwR84nz8a/48E</latexit><latexit sha1_base64="oRpfVf6TUwDHfvxu8LWJhdIEVQY=">AAAB7HicbVBNS8NAEJ34WetX1aOXYBE8lVQE9VbQg8cKpi20oWw2m3btZjfsToQS+h+8eFDx6g/y5r9x2+agrQ8GHu/NMDMvTAU36Hnfzsrq2vrGZmmrvL2zu7dfOThsGZVpynyqhNKdkBgmuGQ+chSsk2pGklCwdji6mfrtJ6YNV/IBxykLEjKQPOaUoJVaPRopNP1K1at5M7jLpF6QKhRo9itfvUjRLGESqSDGdOteikFONHIq2KTcywxLCR2RAetaKknCTJDPrp24p1aJ3FhpWxLdmfp7IieJMeMktJ0JwaFZ9Kbif143w/gqyLlMM2SSzhfFmXBRudPX3YhrRlGMLSFUc3urS4dEE4o2oLINob748jLxz2vXNe/+otq4LdIowTGcwBnU4RIacAdN8IHCIzzDK7w5ynlx3p2PeeuKU8wcwR84nz8a/48E</latexit>

· · ·<latexit sha1_base64="oRpfVf6TUwDHfvxu8LWJhdIEVQY=">AAAB7HicbVBNS8NAEJ34WetX1aOXYBE8lVQE9VbQg8cKpi20oWw2m3btZjfsToQS+h+8eFDx6g/y5r9x2+agrQ8GHu/NMDMvTAU36Hnfzsrq2vrGZmmrvL2zu7dfOThsGZVpynyqhNKdkBgmuGQ+chSsk2pGklCwdji6mfrtJ6YNV/IBxykLEjKQPOaUoJVaPRopNP1K1at5M7jLpF6QKhRo9itfvUjRLGESqSDGdOteikFONHIq2KTcywxLCR2RAetaKknCTJDPrp24p1aJ3FhpWxLdmfp7IieJMeMktJ0JwaFZ9Kbif143w/gqyLlMM2SSzhfFmXBRudPX3YhrRlGMLSFUc3urS4dEE4o2oLINob748jLxz2vXNe/+otq4LdIowTGcwBnU4RIacAdN8IHCIzzDK7w5ynlx3p2PeeuKU8wcwR84nz8a/48E</latexit><latexit sha1_base64="oRpfVf6TUwDHfvxu8LWJhdIEVQY=">AAAB7HicbVBNS8NAEJ34WetX1aOXYBE8lVQE9VbQg8cKpi20oWw2m3btZjfsToQS+h+8eFDx6g/y5r9x2+agrQ8GHu/NMDMvTAU36Hnfzsrq2vrGZmmrvL2zu7dfOThsGZVpynyqhNKdkBgmuGQ+chSsk2pGklCwdji6mfrtJ6YNV/IBxykLEjKQPOaUoJVaPRopNP1K1at5M7jLpF6QKhRo9itfvUjRLGESqSDGdOteikFONHIq2KTcywxLCR2RAetaKknCTJDPrp24p1aJ3FhpWxLdmfp7IieJMeMktJ0JwaFZ9Kbif143w/gqyLlMM2SSzhfFmXBRudPX3YhrRlGMLSFUc3urS4dEE4o2oLINob748jLxz2vXNe/+otq4LdIowTGcwBnU4RIacAdN8IHCIzzDK7w5ynlx3p2PeeuKU8wcwR84nz8a/48E</latexit><latexit sha1_base64="oRpfVf6TUwDHfvxu8LWJhdIEVQY=">AAAB7HicbVBNS8NAEJ34WetX1aOXYBE8lVQE9VbQg8cKpi20oWw2m3btZjfsToQS+h+8eFDx6g/y5r9x2+agrQ8GHu/NMDMvTAU36Hnfzsrq2vrGZmmrvL2zu7dfOThsGZVpynyqhNKdkBgmuGQ+chSsk2pGklCwdji6mfrtJ6YNV/IBxykLEjKQPOaUoJVaPRopNP1K1at5M7jLpF6QKhRo9itfvUjRLGESqSDGdOteikFONHIq2KTcywxLCR2RAetaKknCTJDPrp24p1aJ3FhpWxLdmfp7IieJMeMktJ0JwaFZ9Kbif143w/gqyLlMM2SSzhfFmXBRudPX3YhrRlGMLSFUc3urS4dEE4o2oLINob748jLxz2vXNe/+otq4LdIowTGcwBnU4RIacAdN8IHCIzzDK7w5ynlx3p2PeeuKU8wcwR84nz8a/48E</latexit>

xi�p
<latexit sha1_base64="ZYW/m5Q529OMQXiT50G/er8wlqU=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4sSQiWG8FLx4rGFtoQ9lsN+3S3U3c3RRLyO/w4kHFq3/Gm//GbZuDtj4YeLw3w8y8MOFMG9f9dlZW19Y3Nktb5e2d3b39ysHhg45TRahPYh6rdog15UxS3zDDaTtRFIuQ01Y4upn6rTFVmsXy3kwSGgg8kCxiBBsrBVk3jNBT3svYeZL3KlW35s6AlolXkCoUaPYqX91+TFJBpSEca93x3MQEGVaGEU7zcjfVNMFkhAe0Y6nEguogmx2do1Or9FEUK1vSoJn6eyLDQuuJCG2nwGaoF72p+J/XSU1UDzImk9RQSeaLopQjE6NpAqjPFCWGTyzBRDF7KyJDrDAxNqeyDcFbfHmZ+Be165p7d1lt1Is0SnAMJ3AGHlxBA26hCT4QeIRneIU3Z+y8OO/Ox7x1xSlmjuAPnM8fHmmR1g==</latexit><latexit sha1_base64="ZYW/m5Q529OMQXiT50G/er8wlqU=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4sSQiWG8FLx4rGFtoQ9lsN+3S3U3c3RRLyO/w4kHFq3/Gm//GbZuDtj4YeLw3w8y8MOFMG9f9dlZW19Y3Nktb5e2d3b39ysHhg45TRahPYh6rdog15UxS3zDDaTtRFIuQ01Y4upn6rTFVmsXy3kwSGgg8kCxiBBsrBVk3jNBT3svYeZL3KlW35s6AlolXkCoUaPYqX91+TFJBpSEca93x3MQEGVaGEU7zcjfVNMFkhAe0Y6nEguogmx2do1Or9FEUK1vSoJn6eyLDQuuJCG2nwGaoF72p+J/XSU1UDzImk9RQSeaLopQjE6NpAqjPFCWGTyzBRDF7KyJDrDAxNqeyDcFbfHmZ+Be165p7d1lt1Is0SnAMJ3AGHlxBA26hCT4QeIRneIU3Z+y8OO/Ox7x1xSlmjuAPnM8fHmmR1g==</latexit><latexit sha1_base64="ZYW/m5Q529OMQXiT50G/er8wlqU=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4sSQiWG8FLx4rGFtoQ9lsN+3S3U3c3RRLyO/w4kHFq3/Gm//GbZuDtj4YeLw3w8y8MOFMG9f9dlZW19Y3Nktb5e2d3b39ysHhg45TRahPYh6rdog15UxS3zDDaTtRFIuQ01Y4upn6rTFVmsXy3kwSGgg8kCxiBBsrBVk3jNBT3svYeZL3KlW35s6AlolXkCoUaPYqX91+TFJBpSEca93x3MQEGVaGEU7zcjfVNMFkhAe0Y6nEguogmx2do1Or9FEUK1vSoJn6eyLDQuuJCG2nwGaoF72p+J/XSU1UDzImk9RQSeaLopQjE6NpAqjPFCWGTyzBRDF7KyJDrDAxNqeyDcFbfHmZ+Be165p7d1lt1Is0SnAMJ3AGHlxBA26hCT4QeIRneIU3Z+y8OO/Ox7x1xSlmjuAPnM8fHmmR1g==</latexit>

xi+p
<latexit sha1_base64="mjVyMuoflIhDV/FfhC+ERVMU1Q0=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIIQklEsN4KXjxWMLbQhrLZbtqlu5u4uymWkN/hxYOKV/+MN/+N2zYHbX0w8Hhvhpl5YcKZNq777aysrq1vbJa2yts7u3v7lYPDBx2nilCfxDxW7RBrypmkvmGG03aiKBYhp61wdDP1W2OqNIvlvZkkNBB4IFnECDZWCrJuGKGnvJex8yTvVapuzZ0BLROvIFUo0OxVvrr9mKSCSkM41rrjuYkJMqwMI5zm5W6qaYLJCA9ox1KJBdVBNjs6R6dW6aMoVrakQTP190SGhdYTEdpOgc1QL3pT8T+vk5qoHmRMJqmhkswXRSlHJkbTBFCfKUoMn1iCiWL2VkSGWGFibE5lG4K3+PIy8S9q1zX37rLaqBdplOAYTuAMPLiCBtxCE3wg8AjP8Apvzth5cd6dj3nrilPMHMEfOJ8/G1+R1A==</latexit><latexit sha1_base64="mjVyMuoflIhDV/FfhC+ERVMU1Q0=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIIQklEsN4KXjxWMLbQhrLZbtqlu5u4uymWkN/hxYOKV/+MN/+N2zYHbX0w8Hhvhpl5YcKZNq777aysrq1vbJa2yts7u3v7lYPDBx2nilCfxDxW7RBrypmkvmGG03aiKBYhp61wdDP1W2OqNIvlvZkkNBB4IFnECDZWCrJuGKGnvJex8yTvVapuzZ0BLROvIFUo0OxVvrr9mKSCSkM41rrjuYkJMqwMI5zm5W6qaYLJCA9ox1KJBdVBNjs6R6dW6aMoVrakQTP190SGhdYTEdpOgc1QL3pT8T+vk5qoHmRMJqmhkswXRSlHJkbTBFCfKUoMn1iCiWL2VkSGWGFibE5lG4K3+PIy8S9q1zX37rLaqBdplOAYTuAMPLiCBtxCE3wg8AjP8Apvzth5cd6dj3nrilPMHMEfOJ8/G1+R1A==</latexit><latexit sha1_base64="mjVyMuoflIhDV/FfhC+ERVMU1Q0=">AAAB83icbVBNS8NAEJ34WetX1aOXxSIIQklEsN4KXjxWMLbQhrLZbtqlu5u4uymWkN/hxYOKV/+MN/+N2zYHbX0w8Hhvhpl5YcKZNq777aysrq1vbJa2yts7u3v7lYPDBx2nilCfxDxW7RBrypmkvmGG03aiKBYhp61wdDP1W2OqNIvlvZkkNBB4IFnECDZWCrJuGKGnvJex8yTvVapuzZ0BLROvIFUo0OxVvrr9mKSCSkM41rrjuYkJMqwMI5zm5W6qaYLJCA9ox1KJBdVBNjs6R6dW6aMoVrakQTP190SGhdYTEdpOgc1QL3pT8T+vk5qoHmRMJqmhkswXRSlHJkbTBFCfKUoMn1iCiWL2VkSGWGFibE5lG4K3+PIy8S9q1zX37rLaqBdplOAYTuAMPLiCBtxCE3wg8AjP8Apvzth5cd6dj3nrilPMHMEfOJ8/G1+R1A==</latexit>

xi�p+1
<latexit sha1_base64="odUeyw+cvC2IAMpFe/E525o7YFg=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEIglgSEay3ghePFYwttKFstpt26WYTdjdiDfklXjyoePWvePPfuG1z0NYHA4/3ZpiZFyScKe0431ZpZXVtfaO8Wdna3tmt2nv79ypOJaEeiXksOwFWlDNBPc00p51EUhwFnLaD8fXUbz9QqVgs7vQkoX6Eh4KFjGBtpL5dzXpBiB7zfsbOklM379s1p+7MgJaJW5AaFGj17a/eICZpRIUmHCvVdZ1E+xmWmhFO80ovVTTBZIyHtGuowBFVfjY7PEfHRhmgMJamhEYz9fdEhiOlJlFgOiOsR2rRm4r/ed1Uhw0/YyJJNRVkvihMOdIxmqaABkxSovnEEEwkM7ciMsISE22yqpgQ3MWXl4l3Xr+qO7cXtWajSKMMh3AEJ+DCJTThBlrgAYEUnuEV3qwn68V6tz7mrSWrmDmAP7A+fwB0yZJ3</latexit><latexit sha1_base64="odUeyw+cvC2IAMpFe/E525o7YFg=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEIglgSEay3ghePFYwttKFstpt26WYTdjdiDfklXjyoePWvePPfuG1z0NYHA4/3ZpiZFyScKe0431ZpZXVtfaO8Wdna3tmt2nv79ypOJaEeiXksOwFWlDNBPc00p51EUhwFnLaD8fXUbz9QqVgs7vQkoX6Eh4KFjGBtpL5dzXpBiB7zfsbOklM379s1p+7MgJaJW5AaFGj17a/eICZpRIUmHCvVdZ1E+xmWmhFO80ovVTTBZIyHtGuowBFVfjY7PEfHRhmgMJamhEYz9fdEhiOlJlFgOiOsR2rRm4r/ed1Uhw0/YyJJNRVkvihMOdIxmqaABkxSovnEEEwkM7ciMsISE22yqpgQ3MWXl4l3Xr+qO7cXtWajSKMMh3AEJ+DCJTThBlrgAYEUnuEV3qwn68V6tz7mrSWrmDmAP7A+fwB0yZJ3</latexit><latexit sha1_base64="odUeyw+cvC2IAMpFe/E525o7YFg=">AAAB93icbVBNS8NAEJ3Ur1o/GvXoZbEIglgSEay3ghePFYwttKFstpt26WYTdjdiDfklXjyoePWvePPfuG1z0NYHA4/3ZpiZFyScKe0431ZpZXVtfaO8Wdna3tmt2nv79ypOJaEeiXksOwFWlDNBPc00p51EUhwFnLaD8fXUbz9QqVgs7vQkoX6Eh4KFjGBtpL5dzXpBiB7zfsbOklM379s1p+7MgJaJW5AaFGj17a/eICZpRIUmHCvVdZ1E+xmWmhFO80ovVTTBZIyHtGuowBFVfjY7PEfHRhmgMJamhEYz9fdEhiOlJlFgOiOsR2rRm4r/ed1Uhw0/YyJJNRVkvihMOdIxmqaABkxSovnEEEwkM7ciMsISE22yqpgQ3MWXl4l3Xr+qO7cXtWajSKMMh3AEJ+DCJTThBlrgAYEUnuEV3qwn68V6tz7mrSWrmDmAP7A+fwB0yZJ3</latexit>

f̂ i
0

<latexit sha1_base64="zorX5Wbv1ajlG/NTg6/h1j4cRh4=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxWMLbQxrLZbtqlm03YnQgl9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6MEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fjm5nffuLaiETd4yTlQUyHSkSCUbRStzeimEfTvvso+tWaW3fnIKvEK0gNCrT61a/eIGFZzBUySY3pem6KQU41Cib5tNLLDE8pG9Mh71qqaMxNkM9PnpIzqwxIlGhbCslc/T2R09iYSRzazpjiyCx7M/E/r5th1AhyodIMuWKLRVEmCSZk9j8ZCM0ZyokllGlhbyVsRDVlaFOq2BC85ZdXiX9Rv667d5e1ZqNIowwncArn4MEVNOEWWuADgwSe4RXeHHRenHfnY9FacoqZY/gD5/MHpA6Q/g==</latexit><latexit sha1_base64="zorX5Wbv1ajlG/NTg6/h1j4cRh4=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxWMLbQxrLZbtqlm03YnQgl9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6MEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fjm5nffuLaiETd4yTlQUyHSkSCUbRStzeimEfTvvso+tWaW3fnIKvEK0gNCrT61a/eIGFZzBUySY3pem6KQU41Cib5tNLLDE8pG9Mh71qqaMxNkM9PnpIzqwxIlGhbCslc/T2R09iYSRzazpjiyCx7M/E/r5th1AhyodIMuWKLRVEmCSZk9j8ZCM0ZyokllGlhbyVsRDVlaFOq2BC85ZdXiX9Rv667d5e1ZqNIowwncArn4MEVNOEWWuADgwSe4RXeHHRenHfnY9FacoqZY/gD5/MHpA6Q/g==</latexit><latexit sha1_base64="zorX5Wbv1ajlG/NTg6/h1j4cRh4=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsN4KXjxWMLbQxrLZbtqlm03YnQgl9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6MEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fjm5nffuLaiETd4yTlQUyHSkSCUbRStzeimEfTvvso+tWaW3fnIKvEK0gNCrT61a/eIGFZzBUySY3pem6KQU41Cib5tNLLDE8pG9Mh71qqaMxNkM9PnpIzqwxIlGhbCslc/T2R09iYSRzazpjiyCx7M/E/r5th1AhyodIMuWKLRVEmCSZk9j8ZCM0ZyokllGlhbyVsRDVlaFOq2BC85ZdXiX9Rv667d5e1ZqNIowwncArn4MEVNOEWWuADgwSe4RXeHHRenHfnY9FacoqZY/gD5/MHpA6Q/g==</latexit>

l = 1
<latexit sha1_base64="siy0NvKdBRlGZiedsgcllbshX9s=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoB6EghePFYwttKFstpN26WYTdjdCCf0NXjyoePUPefPfuG1z0NYHA4/3ZpiZF6aCa+O6305pbX1jc6u8XdnZ3ds/qB4ePeokUwx9lohEdUKqUXCJvuFGYCdVSONQYDsc38789hMqzRP5YCYpBjEdSh5xRo2VfEFuiNev1ty6OwdZJV5BalCg1a9+9QYJy2KUhgmqdddzUxPkVBnOBE4rvUxjStmYDrFrqaQx6iCfHzslZ1YZkChRtqQhc/X3RE5jrSdxaDtjakZ62ZuJ/3ndzERXQc5lmhmUbLEoygQxCZl9TgZcITNiYgllittbCRtRRZmx+VRsCN7yy6vEv6hf1937Rq3ZKNIowwmcwjl4cAlNuIMW+MCAwzO8wpsjnRfn3flYtJacYuYY/sD5/AHbTo2L</latexit><latexit sha1_base64="siy0NvKdBRlGZiedsgcllbshX9s=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoB6EghePFYwttKFstpN26WYTdjdCCf0NXjyoePUPefPfuG1z0NYHA4/3ZpiZF6aCa+O6305pbX1jc6u8XdnZ3ds/qB4ePeokUwx9lohEdUKqUXCJvuFGYCdVSONQYDsc38789hMqzRP5YCYpBjEdSh5xRo2VfEFuiNev1ty6OwdZJV5BalCg1a9+9QYJy2KUhgmqdddzUxPkVBnOBE4rvUxjStmYDrFrqaQx6iCfHzslZ1YZkChRtqQhc/X3RE5jrSdxaDtjakZ62ZuJ/3ndzERXQc5lmhmUbLEoygQxCZl9TgZcITNiYgllittbCRtRRZmx+VRsCN7yy6vEv6hf1937Rq3ZKNIowwmcwjl4cAlNuIMW+MCAwzO8wpsjnRfn3flYtJacYuYY/sD5/AHbTo2L</latexit><latexit sha1_base64="siy0NvKdBRlGZiedsgcllbshX9s=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoB6EghePFYwttKFstpN26WYTdjdCCf0NXjyoePUPefPfuG1z0NYHA4/3ZpiZF6aCa+O6305pbX1jc6u8XdnZ3ds/qB4ePeokUwx9lohEdUKqUXCJvuFGYCdVSONQYDsc38789hMqzRP5YCYpBjEdSh5xRo2VfEFuiNev1ty6OwdZJV5BalCg1a9+9QYJy2KUhgmqdddzUxPkVBnOBE4rvUxjStmYDrFrqaQx6iCfHzslZ1YZkChRtqQhc/X3RE5jrSdxaDtjakZ62ZuJ/3ndzERXQc5lmhmUbLEoygQxCZl9TgZcITNiYgllittbCRtRRZmx+VRsCN7yy6vEv6hf1937Rq3ZKNIowwmcwjl4cAlNuIMW+MCAwzO8wpsjnRfn3flYtJacYuYY/sD5/AHbTo2L</latexit>

l = 2
<latexit sha1_base64="8CYPm2JL5PUI7M2zZLsgMQeljOo=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQT0IBS8eKxgttKFstpN26WYTdjdCCf0NXjyoePUPefPfuG1z0NYHA4/3ZpiZF6aCa+O6305pbX1jc6u8XdnZ3ds/qB4ePegkUwx9lohEdUKqUXCJvuFGYCdVSONQ4GM4vpn5j0+oNE/kvZmkGMR0KHnEGTVW8gW5Jo1+tebW3TnIKvEKUoMC7X71qzdIWBajNExQrbuem5ogp8pwJnBa6WUaU8rGdIhdSyWNUQf5/NgpObPKgESJsiUNmau/J3Iaaz2JQ9sZUzPSy95M/M/rZia6DHIu08ygZItFUSaIScjsczLgCpkRE0soU9zeStiIKsqMzadiQ/CWX14lfqN+VXfvmrVWs0ijDCdwCufgwQW04Bba4AMDDs/wCm+OdF6cd+dj0Vpyiplj+APn8wfc0Y2M</latexit><latexit sha1_base64="8CYPm2JL5PUI7M2zZLsgMQeljOo=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQT0IBS8eKxgttKFstpN26WYTdjdCCf0NXjyoePUPefPfuG1z0NYHA4/3ZpiZF6aCa+O6305pbX1jc6u8XdnZ3ds/qB4ePegkUwx9lohEdUKqUXCJvuFGYCdVSONQ4GM4vpn5j0+oNE/kvZmkGMR0KHnEGTVW8gW5Jo1+tebW3TnIKvEKUoMC7X71qzdIWBajNExQrbuem5ogp8pwJnBa6WUaU8rGdIhdSyWNUQf5/NgpObPKgESJsiUNmau/J3Iaaz2JQ9sZUzPSy95M/M/rZia6DHIu08ygZItFUSaIScjsczLgCpkRE0soU9zeStiIKsqMzadiQ/CWX14lfqN+VXfvmrVWs0ijDCdwCufgwQW04Bba4AMDDs/wCm+OdF6cd+dj0Vpyiplj+APn8wfc0Y2M</latexit><latexit sha1_base64="8CYPm2JL5PUI7M2zZLsgMQeljOo=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQT0IBS8eKxgttKFstpN26WYTdjdCCf0NXjyoePUPefPfuG1z0NYHA4/3ZpiZF6aCa+O6305pbX1jc6u8XdnZ3ds/qB4ePegkUwx9lohEdUKqUXCJvuFGYCdVSONQ4GM4vpn5j0+oNE/kvZmkGMR0KHnEGTVW8gW5Jo1+tebW3TnIKvEKUoMC7X71qzdIWBajNExQrbuem5ogp8pwJnBa6WUaU8rGdIhdSyWNUQf5/NgpObPKgESJsiUNmau/J3Iaaz2JQ9sZUzPSy95M/M/rZia6DHIu08ygZItFUSaIScjsczLgCpkRE0soU9zeStiIKsqMzadiQ/CWX14lfqN+VXfvmrVWs0ijDCdwCufgwQW04Bba4AMDDs/wCm+OdF6cd+dj0Vpyiplj+APn8wfc0Y2M</latexit>

l = 3
<latexit sha1_base64="S+EDuFS1yqdHxMR0y0bdS8AGIjI=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KokW1INQ8OKxgrGFNpTNdtMu3WzC7kQoob/BiwcVr/4hb/4bt20O2vpg4PHeDDPzwlQKg6777aysrq1vbJa2yts7u3v7lYPDR5NkmnGfJTLR7ZAaLoXiPgqUvJ1qTuNQ8lY4up36rSeujUjUA45THsR0oEQkGEUr+ZLckIteperW3BnIMvEKUoUCzV7lq9tPWBZzhUxSYzqem2KQU42CST4pdzPDU8pGdMA7lioacxPks2Mn5NQqfRIl2pZCMlN/T+Q0NmYch7Yzpjg0i95U/M/rZBhdBblQaYZcsfmiKJMEEzL9nPSF5gzl2BLKtLC3EjakmjK0+ZRtCN7iy8vEP69d19z7erVRL9IowTGcwBl4cAkNuIMm+MBAwDO8wpujnBfn3fmYt644xcwR/IHz+QPeVI2N</latexit><latexit sha1_base64="S+EDuFS1yqdHxMR0y0bdS8AGIjI=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KokW1INQ8OKxgrGFNpTNdtMu3WzC7kQoob/BiwcVr/4hb/4bt20O2vpg4PHeDDPzwlQKg6777aysrq1vbJa2yts7u3v7lYPDR5NkmnGfJTLR7ZAaLoXiPgqUvJ1qTuNQ8lY4up36rSeujUjUA45THsR0oEQkGEUr+ZLckIteperW3BnIMvEKUoUCzV7lq9tPWBZzhUxSYzqem2KQU42CST4pdzPDU8pGdMA7lioacxPks2Mn5NQqfRIl2pZCMlN/T+Q0NmYch7Yzpjg0i95U/M/rZBhdBblQaYZcsfmiKJMEEzL9nPSF5gzl2BLKtLC3EjakmjK0+ZRtCN7iy8vEP69d19z7erVRL9IowTGcwBl4cAkNuIMm+MBAwDO8wpujnBfn3fmYt644xcwR/IHz+QPeVI2N</latexit><latexit sha1_base64="S+EDuFS1yqdHxMR0y0bdS8AGIjI=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KokW1INQ8OKxgrGFNpTNdtMu3WzC7kQoob/BiwcVr/4hb/4bt20O2vpg4PHeDDPzwlQKg6777aysrq1vbJa2yts7u3v7lYPDR5NkmnGfJTLR7ZAaLoXiPgqUvJ1qTuNQ8lY4up36rSeujUjUA45THsR0oEQkGEUr+ZLckIteperW3BnIMvEKUoUCzV7lq9tPWBZzhUxSYzqem2KQU42CST4pdzPDU8pGdMA7lioacxPks2Mn5NQqfRIl2pZCMlN/T+Q0NmYch7Yzpjg0i95U/M/rZBhdBblQaYZcsfmiKJMEEzL9nPSF5gzl2BLKtLC3EjakmjK0+ZRtCN7iy8vEP69d19z7erVRL9IowTGcwBl4cAkNuIMm+MBAwDO8wpujnBfn3fmYt644xcwR/IHz+QPeVI2N</latexit>

W
<latexit sha1_base64="uGJO90WlRn2nRD+LZpbU18j6AYE=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx4rGFNoQ9lsJ+3SzSbsboQS+iO8eFDx6v/x5r9x2+agrQ8GHu/NMDMvygTXxnW/ncra+sbmVnW7trO7t39QPzx61GmuGPosFanqRFSj4BJ9w43ATqaQJpHAIBrfzvzgCZXmqXwwkwzDhA4ljzmjxkpB0YtiEkz79YbbdOcgq8QrSQNKtPv1r94gZXmC0jBBte56bmbCgirDmcBprZdrzCgb0yF2LZU0QR0W83On5MwqAxKnypY0ZK7+nihoovUkiWxnQs1IL3sz8T+vm5v4Oiy4zHKDki0WxbkgJiWz38mAK2RGTCyhTHF7K2EjqigzNqGaDcFbfnmV+BfNm6Z7f9loXZZpVOEETuEcPLiCFtxBG3xgMIZneIU3J3NenHfnY9FaccqZY/gD5/MHZJOPGA==</latexit><latexit sha1_base64="uGJO90WlRn2nRD+LZpbU18j6AYE=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx4rGFNoQ9lsJ+3SzSbsboQS+iO8eFDx6v/x5r9x2+agrQ8GHu/NMDMvygTXxnW/ncra+sbmVnW7trO7t39QPzx61GmuGPosFanqRFSj4BJ9w43ATqaQJpHAIBrfzvzgCZXmqXwwkwzDhA4ljzmjxkpB0YtiEkz79YbbdOcgq8QrSQNKtPv1r94gZXmC0jBBte56bmbCgirDmcBprZdrzCgb0yF2LZU0QR0W83On5MwqAxKnypY0ZK7+nihoovUkiWxnQs1IL3sz8T+vm5v4Oiy4zHKDki0WxbkgJiWz38mAK2RGTCyhTHF7K2EjqigzNqGaDcFbfnmV+BfNm6Z7f9loXZZpVOEETuEcPLiCFtxBG3xgMIZneIU3J3NenHfnY9FaccqZY/gD5/MHZJOPGA==</latexit><latexit sha1_base64="uGJO90WlRn2nRD+LZpbU18j6AYE=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx4rGFNoQ9lsJ+3SzSbsboQS+iO8eFDx6v/x5r9x2+agrQ8GHu/NMDMvygTXxnW/ncra+sbmVnW7trO7t39QPzx61GmuGPosFanqRFSj4BJ9w43ATqaQJpHAIBrfzvzgCZXmqXwwkwzDhA4ljzmjxkpB0YtiEkz79YbbdOcgq8QrSQNKtPv1r94gZXmC0jBBte56bmbCgirDmcBprZdrzCgb0yF2LZU0QR0W83On5MwqAxKnypY0ZK7+nihoovUkiWxnQs1IL3sz8T+vm5v4Oiy4zHKDki0WxbkgJiWz38mAK2RGTCyhTHF7K2EjqigzNqGaDcFbfnmV+BfNm6Z7f9loXZZpVOEETuEcPLiCFtxBG3xgMIZneIU3J3NenHfnY9FaccqZY/gD5/MHZJOPGA==</latexit>

W3
<latexit sha1_base64="Qj1kZ8XfNoiiCtCpy968ymeP10Q=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oN4KXjxWMLbSxrLZbtqlu5uwuxFKyK/w4kHFq3/Hm//GbZuDtj4YeLw3w8y8MOFMG9f9dkorq2vrG+XNytb2zu5edf/gXsepItQnMY9VJ8Saciapb5jhtJMoikXIaTscX0/99hNVmsXyzkwSGgg8lCxiBBsrPWS9MELt/PG8X625dXcGtEy8gtSgQKtf/eoNYpIKKg3hWOuu5yYmyLAyjHCaV3qppgkmYzykXUslFlQH2ezgHJ1YZYCiWNmSBs3U3xMZFlpPRGg7BTYjvehNxf+8bmqiyyBjMkkNlWS+KEo5MjGafo8GTFFi+MQSTBSztyIywgoTYzOq2BC8xZeXiX9Wv6p7t41as1GkUYYjOIZT8OACmnADLfCBgIBneIU3RzkvzrvzMW8tOcXMIfyB8/kDj4uPvg==</latexit><latexit sha1_base64="Qj1kZ8XfNoiiCtCpy968ymeP10Q=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oN4KXjxWMLbSxrLZbtqlu5uwuxFKyK/w4kHFq3/Hm//GbZuDtj4YeLw3w8y8MOFMG9f9dkorq2vrG+XNytb2zu5edf/gXsepItQnMY9VJ8Saciapb5jhtJMoikXIaTscX0/99hNVmsXyzkwSGgg8lCxiBBsrPWS9MELt/PG8X625dXcGtEy8gtSgQKtf/eoNYpIKKg3hWOuu5yYmyLAyjHCaV3qppgkmYzykXUslFlQH2ezgHJ1YZYCiWNmSBs3U3xMZFlpPRGg7BTYjvehNxf+8bmqiyyBjMkkNlWS+KEo5MjGafo8GTFFi+MQSTBSztyIywgoTYzOq2BC8xZeXiX9Wv6p7t41as1GkUYYjOIZT8OACmnADLfCBgIBneIU3RzkvzrvzMW8tOcXMIfyB8/kDj4uPvg==</latexit><latexit sha1_base64="Qj1kZ8XfNoiiCtCpy968ymeP10Q=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oN4KXjxWMLbSxrLZbtqlu5uwuxFKyK/w4kHFq3/Hm//GbZuDtj4YeLw3w8y8MOFMG9f9dkorq2vrG+XNytb2zu5edf/gXsepItQnMY9VJ8Saciapb5jhtJMoikXIaTscX0/99hNVmsXyzkwSGgg8lCxiBBsrPWS9MELt/PG8X625dXcGtEy8gtSgQKtf/eoNYpIKKg3hWOuu5yYmyLAyjHCaV3qppgkmYzykXUslFlQH2ezgHJ1YZYCiWNmSBs3U3xMZFlpPRGg7BTYjvehNxf+8bmqiyyBjMkkNlWS+KEo5MjGafo8GTFFi+MQSTBSztyIywgoTYzOq2BC8xZeXiX9Wv6p7t41as1GkUYYjOIZT8OACmnADLfCBgIBneIU3RzkvzrvzMW8tOcXMIfyB8/kDj4uPvg==</latexit><latexit sha1_base64="Qj1kZ8XfNoiiCtCpy968ymeP10Q=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oN4KXjxWMLbSxrLZbtqlu5uwuxFKyK/w4kHFq3/Hm//GbZuDtj4YeLw3w8y8MOFMG9f9dkorq2vrG+XNytb2zu5edf/gXsepItQnMY9VJ8Saciapb5jhtJMoikXIaTscX0/99hNVmsXyzkwSGgg8lCxiBBsrPWS9MELt/PG8X625dXcGtEy8gtSgQKtf/eoNYpIKKg3hWOuu5yYmyLAyjHCaV3qppgkmYzykXUslFlQH2ezgHJ1YZYCiWNmSBs3U3xMZFlpPRGg7BTYjvehNxf+8bmqiyyBjMkkNlWS+KEo5MjGafo8GTFFi+MQSTBSztyIywgoTYzOq2BC8xZeXiX9Wv6p7t41as1GkUYYjOIZT8OACmnADLfCBgIBneIU3RzkvzrvzMW8tOcXMIfyB8/kDj4uPvg==</latexit>

W2
<latexit sha1_base64="sTa0ebfZxnsZ7pyZPAazweXUA2U=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvHisYGyljWWz3bRLdzdhdyOU0F/hxYOKV/+ON/+NmzYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uHRvY5TRahPYh6rbog15UxS3zDDaTdRFIuQ0044uc79zhNVmsXyzkwTGgg8kixiBBsrPWT9MEKd2WNjUK25dXcOtEq8gtSgQHtQ/eoPY5IKKg3hWOue5yYmyLAyjHA6q/RTTRNMJnhEe5ZKLKgOsvnBM3RmlSGKYmVLGjRXf09kWGg9FaHtFNiM9bKXi/95vdREl0HGZJIaKsliUZRyZGKUf4+GTFFi+NQSTBSztyIyxgoTYzOq2BC85ZdXid+oX9W922at1SzSKMMJnMI5eHABLbiBNvhAQMAzvMKbo5wX5935WLSWnGLmGP7A+fwBjgiPvQ==</latexit><latexit sha1_base64="sTa0ebfZxnsZ7pyZPAazweXUA2U=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvHisYGyljWWz3bRLdzdhdyOU0F/hxYOKV/+ON/+NmzYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uHRvY5TRahPYh6rbog15UxS3zDDaTdRFIuQ0044uc79zhNVmsXyzkwTGgg8kixiBBsrPWT9MEKd2WNjUK25dXcOtEq8gtSgQHtQ/eoPY5IKKg3hWOue5yYmyLAyjHA6q/RTTRNMJnhEe5ZKLKgOsvnBM3RmlSGKYmVLGjRXf09kWGg9FaHtFNiM9bKXi/95vdREl0HGZJIaKsliUZRyZGKUf4+GTFFi+NQSTBSztyIyxgoTYzOq2BC85ZdXid+oX9W922at1SzSKMMJnMI5eHABLbiBNvhAQMAzvMKbo5wX5935WLSWnGLmGP7A+fwBjgiPvQ==</latexit><latexit sha1_base64="sTa0ebfZxnsZ7pyZPAazweXUA2U=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvHisYGyljWWz3bRLdzdhdyOU0F/hxYOKV/+ON/+NmzYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uHRvY5TRahPYh6rbog15UxS3zDDaTdRFIuQ0044uc79zhNVmsXyzkwTGgg8kixiBBsrPWT9MEKd2WNjUK25dXcOtEq8gtSgQHtQ/eoPY5IKKg3hWOue5yYmyLAyjHA6q/RTTRNMJnhEe5ZKLKgOsvnBM3RmlSGKYmVLGjRXf09kWGg9FaHtFNiM9bKXi/95vdREl0HGZJIaKsliUZRyZGKUf4+GTFFi+NQSTBSztyIyxgoTYzOq2BC85ZdXid+oX9W922at1SzSKMMJnMI5eHABLbiBNvhAQMAzvMKbo5wX5935WLSWnGLmGP7A+fwBjgiPvQ==</latexit><latexit sha1_base64="sTa0ebfZxnsZ7pyZPAazweXUA2U=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvHisYGyljWWz3bRLdzdhdyOU0F/hxYOKV/+ON/+NmzYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uHRvY5TRahPYh6rbog15UxS3zDDaTdRFIuQ0044uc79zhNVmsXyzkwTGgg8kixiBBsrPWT9MEKd2WNjUK25dXcOtEq8gtSgQHtQ/eoPY5IKKg3hWOue5yYmyLAyjHA6q/RTTRNMJnhEe5ZKLKgOsvnBM3RmlSGKYmVLGjRXf09kWGg9FaHtFNiM9bKXi/95vdREl0HGZJIaKsliUZRyZGKUf4+GTFFi+NQSTBSztyIyxgoTYzOq2BC85ZdXid+oX9W922at1SzSKMMJnMI5eHABLbiBNvhAQMAzvMKbo5wX5935WLSWnGLmGP7A+fwBjgiPvQ==</latexit>

W1
<latexit sha1_base64="MH31Wz+1x012NfPRE9ThcQZdWsk=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvHiM4BolWcPsZDYZMo9lZlYIS77CiwcVr/6ON//GSbIHTSxoKKq66e6KU86M9f1vr7Syura+Ud6sbG3v7O5V9w/ujMo0oSFRXOn7GBvKmaShZZbT+1RTLGJO2/Hoauq3n6g2TMlbO05pJPBAsoQRbJ30kHfjBLUnj0GvWvPr/gxomQQFqUGBVq/61e0rkgkqLeHYmE7gpzbKsbaMcDqpdDNDU0xGeEA7jkosqIny2cETdOKUPkqUdiUtmqm/J3IsjBmL2HUKbIdm0ZuK/3mdzCYXUc5kmlkqyXxRknFkFZp+j/pMU2L52BFMNHO3IjLEGhPrMqq4EILFl5dJeFa/rAc3jVqzUaRRhiM4hlMI4ByacA0tCIGAgGd4hTdPey/eu/cxby15xcwh/IH3+QOMhY+8</latexit><latexit sha1_base64="MH31Wz+1x012NfPRE9ThcQZdWsk=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvHiM4BolWcPsZDYZMo9lZlYIS77CiwcVr/6ON//GSbIHTSxoKKq66e6KU86M9f1vr7Syura+Ud6sbG3v7O5V9w/ujMo0oSFRXOn7GBvKmaShZZbT+1RTLGJO2/Hoauq3n6g2TMlbO05pJPBAsoQRbJ30kHfjBLUnj0GvWvPr/gxomQQFqUGBVq/61e0rkgkqLeHYmE7gpzbKsbaMcDqpdDNDU0xGeEA7jkosqIny2cETdOKUPkqUdiUtmqm/J3IsjBmL2HUKbIdm0ZuK/3mdzCYXUc5kmlkqyXxRknFkFZp+j/pMU2L52BFMNHO3IjLEGhPrMqq4EILFl5dJeFa/rAc3jVqzUaRRhiM4hlMI4ByacA0tCIGAgGd4hTdPey/eu/cxby15xcwh/IH3+QOMhY+8</latexit><latexit sha1_base64="MH31Wz+1x012NfPRE9ThcQZdWsk=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvHiM4BolWcPsZDYZMo9lZlYIS77CiwcVr/6ON//GSbIHTSxoKKq66e6KU86M9f1vr7Syura+Ud6sbG3v7O5V9w/ujMo0oSFRXOn7GBvKmaShZZbT+1RTLGJO2/Hoauq3n6g2TMlbO05pJPBAsoQRbJ30kHfjBLUnj0GvWvPr/gxomQQFqUGBVq/61e0rkgkqLeHYmE7gpzbKsbaMcDqpdDNDU0xGeEA7jkosqIny2cETdOKUPkqUdiUtmqm/J3IsjBmL2HUKbIdm0ZuK/3mdzCYXUc5kmlkqyXxRknFkFZp+j/pMU2L52BFMNHO3IjLEGhPrMqq4EILFl5dJeFa/rAc3jVqzUaRRhiM4hlMI4ByacA0tCIGAgGd4hTdPey/eu/cxby15xcwh/IH3+QOMhY+8</latexit><latexit sha1_base64="MH31Wz+1x012NfPRE9ThcQZdWsk=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvHiM4BolWcPsZDYZMo9lZlYIS77CiwcVr/6ON//GSbIHTSxoKKq66e6KU86M9f1vr7Syura+Ud6sbG3v7O5V9w/ujMo0oSFRXOn7GBvKmaShZZbT+1RTLGJO2/Hoauq3n6g2TMlbO05pJPBAsoQRbJ30kHfjBLUnj0GvWvPr/gxomQQFqUGBVq/61e0rkgkqLeHYmE7gpzbKsbaMcDqpdDNDU0xGeEA7jkosqIny2cETdOKUPkqUdiUtmqm/J3IsjBmL2HUKbIdm0ZuK/3mdzCYXUc5kmlkqyXxRknFkFZp+j/pMU2L52BFMNHO3IjLEGhPrMqq4EILFl5dJeFa/rAc3jVqzUaRRhiM4hlMI4ByacA0tCIGAgGd4hTdPey/eu/cxby15xcwh/IH3+QOMhY+8</latexit>

W1
<latexit sha1_base64="MH31Wz+1x012NfPRE9ThcQZdWsk=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvHiM4BolWcPsZDYZMo9lZlYIS77CiwcVr/6ON//GSbIHTSxoKKq66e6KU86M9f1vr7Syura+Ud6sbG3v7O5V9w/ujMo0oSFRXOn7GBvKmaShZZbT+1RTLGJO2/Hoauq3n6g2TMlbO05pJPBAsoQRbJ30kHfjBLUnj0GvWvPr/gxomQQFqUGBVq/61e0rkgkqLeHYmE7gpzbKsbaMcDqpdDNDU0xGeEA7jkosqIny2cETdOKUPkqUdiUtmqm/J3IsjBmL2HUKbIdm0ZuK/3mdzCYXUc5kmlkqyXxRknFkFZp+j/pMU2L52BFMNHO3IjLEGhPrMqq4EILFl5dJeFa/rAc3jVqzUaRRhiM4hlMI4ByacA0tCIGAgGd4hTdPey/eu/cxby15xcwh/IH3+QOMhY+8</latexit><latexit sha1_base64="MH31Wz+1x012NfPRE9ThcQZdWsk=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvHiM4BolWcPsZDYZMo9lZlYIS77CiwcVr/6ON//GSbIHTSxoKKq66e6KU86M9f1vr7Syura+Ud6sbG3v7O5V9w/ujMo0oSFRXOn7GBvKmaShZZbT+1RTLGJO2/Hoauq3n6g2TMlbO05pJPBAsoQRbJ30kHfjBLUnj0GvWvPr/gxomQQFqUGBVq/61e0rkgkqLeHYmE7gpzbKsbaMcDqpdDNDU0xGeEA7jkosqIny2cETdOKUPkqUdiUtmqm/J3IsjBmL2HUKbIdm0ZuK/3mdzCYXUc5kmlkqyXxRknFkFZp+j/pMU2L52BFMNHO3IjLEGhPrMqq4EILFl5dJeFa/rAc3jVqzUaRRhiM4hlMI4ByacA0tCIGAgGd4hTdPey/eu/cxby15xcwh/IH3+QOMhY+8</latexit><latexit sha1_base64="MH31Wz+1x012NfPRE9ThcQZdWsk=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvHiM4BolWcPsZDYZMo9lZlYIS77CiwcVr/6ON//GSbIHTSxoKKq66e6KU86M9f1vr7Syura+Ud6sbG3v7O5V9w/ujMo0oSFRXOn7GBvKmaShZZbT+1RTLGJO2/Hoauq3n6g2TMlbO05pJPBAsoQRbJ30kHfjBLUnj0GvWvPr/gxomQQFqUGBVq/61e0rkgkqLeHYmE7gpzbKsbaMcDqpdDNDU0xGeEA7jkosqIny2cETdOKUPkqUdiUtmqm/J3IsjBmL2HUKbIdm0ZuK/3mdzCYXUc5kmlkqyXxRknFkFZp+j/pMU2L52BFMNHO3IjLEGhPrMqq4EILFl5dJeFa/rAc3jVqzUaRRhiM4hlMI4ByacA0tCIGAgGd4hTdPey/eu/cxby15xcwh/IH3+QOMhY+8</latexit><latexit sha1_base64="MH31Wz+1x012NfPRE9ThcQZdWsk=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvHiM4BolWcPsZDYZMo9lZlYIS77CiwcVr/6ON//GSbIHTSxoKKq66e6KU86M9f1vr7Syura+Ud6sbG3v7O5V9w/ujMo0oSFRXOn7GBvKmaShZZbT+1RTLGJO2/Hoauq3n6g2TMlbO05pJPBAsoQRbJ30kHfjBLUnj0GvWvPr/gxomQQFqUGBVq/61e0rkgkqLeHYmE7gpzbKsbaMcDqpdDNDU0xGeEA7jkosqIny2cETdOKUPkqUdiUtmqm/J3IsjBmL2HUKbIdm0ZuK/3mdzCYXUc5kmlkqyXxRknFkFZp+j/pMU2L52BFMNHO3IjLEGhPrMqq4EILFl5dJeFa/rAc3jVqzUaRRhiM4hlMI4ByacA0tCIGAgGd4hTdPey/eu/cxby15xcwh/IH3+QOMhY+8</latexit>

W3
<latexit sha1_base64="Qj1kZ8XfNoiiCtCpy968ymeP10Q=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oN4KXjxWMLbSxrLZbtqlu5uwuxFKyK/w4kHFq3/Hm//GbZuDtj4YeLw3w8y8MOFMG9f9dkorq2vrG+XNytb2zu5edf/gXsepItQnMY9VJ8Saciapb5jhtJMoikXIaTscX0/99hNVmsXyzkwSGgg8lCxiBBsrPWS9MELt/PG8X625dXcGtEy8gtSgQKtf/eoNYpIKKg3hWOuu5yYmyLAyjHCaV3qppgkmYzykXUslFlQH2ezgHJ1YZYCiWNmSBs3U3xMZFlpPRGg7BTYjvehNxf+8bmqiyyBjMkkNlWS+KEo5MjGafo8GTFFi+MQSTBSztyIywgoTYzOq2BC8xZeXiX9Wv6p7t41as1GkUYYjOIZT8OACmnADLfCBgIBneIU3RzkvzrvzMW8tOcXMIfyB8/kDj4uPvg==</latexit><latexit sha1_base64="Qj1kZ8XfNoiiCtCpy968ymeP10Q=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oN4KXjxWMLbSxrLZbtqlu5uwuxFKyK/w4kHFq3/Hm//GbZuDtj4YeLw3w8y8MOFMG9f9dkorq2vrG+XNytb2zu5edf/gXsepItQnMY9VJ8Saciapb5jhtJMoikXIaTscX0/99hNVmsXyzkwSGgg8lCxiBBsrPWS9MELt/PG8X625dXcGtEy8gtSgQKtf/eoNYpIKKg3hWOuu5yYmyLAyjHCaV3qppgkmYzykXUslFlQH2ezgHJ1YZYCiWNmSBs3U3xMZFlpPRGg7BTYjvehNxf+8bmqiyyBjMkkNlWS+KEo5MjGafo8GTFFi+MQSTBSztyIywgoTYzOq2BC8xZeXiX9Wv6p7t41as1GkUYYjOIZT8OACmnADLfCBgIBneIU3RzkvzrvzMW8tOcXMIfyB8/kDj4uPvg==</latexit><latexit sha1_base64="Qj1kZ8XfNoiiCtCpy968ymeP10Q=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oN4KXjxWMLbSxrLZbtqlu5uwuxFKyK/w4kHFq3/Hm//GbZuDtj4YeLw3w8y8MOFMG9f9dkorq2vrG+XNytb2zu5edf/gXsepItQnMY9VJ8Saciapb5jhtJMoikXIaTscX0/99hNVmsXyzkwSGgg8lCxiBBsrPWS9MELt/PG8X625dXcGtEy8gtSgQKtf/eoNYpIKKg3hWOuu5yYmyLAyjHCaV3qppgkmYzykXUslFlQH2ezgHJ1YZYCiWNmSBs3U3xMZFlpPRGg7BTYjvehNxf+8bmqiyyBjMkkNlWS+KEo5MjGafo8GTFFi+MQSTBSztyIywgoTYzOq2BC8xZeXiX9Wv6p7t41as1GkUYYjOIZT8OACmnADLfCBgIBneIU3RzkvzrvzMW8tOcXMIfyB8/kDj4uPvg==</latexit><latexit sha1_base64="Qj1kZ8XfNoiiCtCpy968ymeP10Q=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oN4KXjxWMLbSxrLZbtqlu5uwuxFKyK/w4kHFq3/Hm//GbZuDtj4YeLw3w8y8MOFMG9f9dkorq2vrG+XNytb2zu5edf/gXsepItQnMY9VJ8Saciapb5jhtJMoikXIaTscX0/99hNVmsXyzkwSGgg8lCxiBBsrPWS9MELt/PG8X625dXcGtEy8gtSgQKtf/eoNYpIKKg3hWOuu5yYmyLAyjHCaV3qppgkmYzykXUslFlQH2ezgHJ1YZYCiWNmSBs3U3xMZFlpPRGg7BTYjvehNxf+8bmqiyyBjMkkNlWS+KEo5MjGafo8GTFFi+MQSTBSztyIywgoTYzOq2BC8xZeXiX9Wv6p7t41as1GkUYYjOIZT8OACmnADLfCBgIBneIU3RzkvzrvzMW8tOcXMIfyB8/kDj4uPvg==</latexit>

W2
<latexit sha1_base64="sTa0ebfZxnsZ7pyZPAazweXUA2U=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvHisYGyljWWz3bRLdzdhdyOU0F/hxYOKV/+ON/+NmzYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uHRvY5TRahPYh6rbog15UxS3zDDaTdRFIuQ0044uc79zhNVmsXyzkwTGgg8kixiBBsrPWT9MEKd2WNjUK25dXcOtEq8gtSgQHtQ/eoPY5IKKg3hWOue5yYmyLAyjHA6q/RTTRNMJnhEe5ZKLKgOsvnBM3RmlSGKYmVLGjRXf09kWGg9FaHtFNiM9bKXi/95vdREl0HGZJIaKsliUZRyZGKUf4+GTFFi+NQSTBSztyIyxgoTYzOq2BC85ZdXid+oX9W922at1SzSKMMJnMI5eHABLbiBNvhAQMAzvMKbo5wX5935WLSWnGLmGP7A+fwBjgiPvQ==</latexit><latexit sha1_base64="sTa0ebfZxnsZ7pyZPAazweXUA2U=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvHisYGyljWWz3bRLdzdhdyOU0F/hxYOKV/+ON/+NmzYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uHRvY5TRahPYh6rbog15UxS3zDDaTdRFIuQ0044uc79zhNVmsXyzkwTGgg8kixiBBsrPWT9MEKd2WNjUK25dXcOtEq8gtSgQHtQ/eoPY5IKKg3hWOue5yYmyLAyjHA6q/RTTRNMJnhEe5ZKLKgOsvnBM3RmlSGKYmVLGjRXf09kWGg9FaHtFNiM9bKXi/95vdREl0HGZJIaKsliUZRyZGKUf4+GTFFi+NQSTBSztyIyxgoTYzOq2BC85ZdXid+oX9W922at1SzSKMMJnMI5eHABLbiBNvhAQMAzvMKbo5wX5935WLSWnGLmGP7A+fwBjgiPvQ==</latexit><latexit sha1_base64="sTa0ebfZxnsZ7pyZPAazweXUA2U=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvHisYGyljWWz3bRLdzdhdyOU0F/hxYOKV/+ON/+NmzYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uHRvY5TRahPYh6rbog15UxS3zDDaTdRFIuQ0044uc79zhNVmsXyzkwTGgg8kixiBBsrPWT9MEKd2WNjUK25dXcOtEq8gtSgQHtQ/eoPY5IKKg3hWOue5yYmyLAyjHA6q/RTTRNMJnhEe5ZKLKgOsvnBM3RmlSGKYmVLGjRXf09kWGg9FaHtFNiM9bKXi/95vdREl0HGZJIaKsliUZRyZGKUf4+GTFFi+NQSTBSztyIyxgoTYzOq2BC85ZdXid+oX9W922at1SzSKMMJnMI5eHABLbiBNvhAQMAzvMKbo5wX5935WLSWnGLmGP7A+fwBjgiPvQ==</latexit><latexit sha1_base64="sTa0ebfZxnsZ7pyZPAazweXUA2U=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvHisYGyljWWz3bRLdzdhdyOU0F/hxYOKV/+ON/+NmzYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uHRvY5TRahPYh6rbog15UxS3zDDaTdRFIuQ0044uc79zhNVmsXyzkwTGgg8kixiBBsrPWT9MEKd2WNjUK25dXcOtEq8gtSgQHtQ/eoPY5IKKg3hWOue5yYmyLAyjHA6q/RTTRNMJnhEe5ZKLKgOsvnBM3RmlSGKYmVLGjRXf09kWGg9FaHtFNiM9bKXi/95vdREl0HGZJIaKsliUZRyZGKUf4+GTFFi+NQSTBSztyIyxgoTYzOq2BC85ZdXid+oX9W922at1SzSKMMJnMI5eHABLbiBNvhAQMAzvMKbo5wX5935WLSWnGLmGP7A+fwBjgiPvQ==</latexit>

W3
<latexit sha1_base64="Qj1kZ8XfNoiiCtCpy968ymeP10Q=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oN4KXjxWMLbSxrLZbtqlu5uwuxFKyK/w4kHFq3/Hm//GbZuDtj4YeLw3w8y8MOFMG9f9dkorq2vrG+XNytb2zu5edf/gXsepItQnMY9VJ8Saciapb5jhtJMoikXIaTscX0/99hNVmsXyzkwSGgg8lCxiBBsrPWS9MELt/PG8X625dXcGtEy8gtSgQKtf/eoNYpIKKg3hWOuu5yYmyLAyjHCaV3qppgkmYzykXUslFlQH2ezgHJ1YZYCiWNmSBs3U3xMZFlpPRGg7BTYjvehNxf+8bmqiyyBjMkkNlWS+KEo5MjGafo8GTFFi+MQSTBSztyIywgoTYzOq2BC8xZeXiX9Wv6p7t41as1GkUYYjOIZT8OACmnADLfCBgIBneIU3RzkvzrvzMW8tOcXMIfyB8/kDj4uPvg==</latexit><latexit sha1_base64="Qj1kZ8XfNoiiCtCpy968ymeP10Q=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oN4KXjxWMLbSxrLZbtqlu5uwuxFKyK/w4kHFq3/Hm//GbZuDtj4YeLw3w8y8MOFMG9f9dkorq2vrG+XNytb2zu5edf/gXsepItQnMY9VJ8Saciapb5jhtJMoikXIaTscX0/99hNVmsXyzkwSGgg8lCxiBBsrPWS9MELt/PG8X625dXcGtEy8gtSgQKtf/eoNYpIKKg3hWOuu5yYmyLAyjHCaV3qppgkmYzykXUslFlQH2ezgHJ1YZYCiWNmSBs3U3xMZFlpPRGg7BTYjvehNxf+8bmqiyyBjMkkNlWS+KEo5MjGafo8GTFFi+MQSTBSztyIywgoTYzOq2BC8xZeXiX9Wv6p7t41as1GkUYYjOIZT8OACmnADLfCBgIBneIU3RzkvzrvzMW8tOcXMIfyB8/kDj4uPvg==</latexit><latexit sha1_base64="Qj1kZ8XfNoiiCtCpy968ymeP10Q=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oN4KXjxWMLbSxrLZbtqlu5uwuxFKyK/w4kHFq3/Hm//GbZuDtj4YeLw3w8y8MOFMG9f9dkorq2vrG+XNytb2zu5edf/gXsepItQnMY9VJ8Saciapb5jhtJMoikXIaTscX0/99hNVmsXyzkwSGgg8lCxiBBsrPWS9MELt/PG8X625dXcGtEy8gtSgQKtf/eoNYpIKKg3hWOuu5yYmyLAyjHCaV3qppgkmYzykXUslFlQH2ezgHJ1YZYCiWNmSBs3U3xMZFlpPRGg7BTYjvehNxf+8bmqiyyBjMkkNlWS+KEo5MjGafo8GTFFi+MQSTBSztyIywgoTYzOq2BC8xZeXiX9Wv6p7t41as1GkUYYjOIZT8OACmnADLfCBgIBneIU3RzkvzrvzMW8tOcXMIfyB8/kDj4uPvg==</latexit><latexit sha1_base64="Qj1kZ8XfNoiiCtCpy968ymeP10Q=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oN4KXjxWMLbSxrLZbtqlu5uwuxFKyK/w4kHFq3/Hm//GbZuDtj4YeLw3w8y8MOFMG9f9dkorq2vrG+XNytb2zu5edf/gXsepItQnMY9VJ8Saciapb5jhtJMoikXIaTscX0/99hNVmsXyzkwSGgg8lCxiBBsrPWS9MELt/PG8X625dXcGtEy8gtSgQKtf/eoNYpIKKg3hWOuu5yYmyLAyjHCaV3qppgkmYzykXUslFlQH2ezgHJ1YZYCiWNmSBs3U3xMZFlpPRGg7BTYjvehNxf+8bmqiyyBjMkkNlWS+KEo5MjGafo8GTFFi+MQSTBSztyIywgoTYzOq2BC8xZeXiX9Wv6p7t41as1GkUYYjOIZT8OACmnADLfCBgIBneIU3RzkvzrvzMW8tOcXMIfyB8/kDj4uPvg==</latexit>

W2
<latexit sha1_base64="sTa0ebfZxnsZ7pyZPAazweXUA2U=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvHisYGyljWWz3bRLdzdhdyOU0F/hxYOKV/+ON/+NmzYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uHRvY5TRahPYh6rbog15UxS3zDDaTdRFIuQ0044uc79zhNVmsXyzkwTGgg8kixiBBsrPWT9MEKd2WNjUK25dXcOtEq8gtSgQHtQ/eoPY5IKKg3hWOue5yYmyLAyjHA6q/RTTRNMJnhEe5ZKLKgOsvnBM3RmlSGKYmVLGjRXf09kWGg9FaHtFNiM9bKXi/95vdREl0HGZJIaKsliUZRyZGKUf4+GTFFi+NQSTBSztyIyxgoTYzOq2BC85ZdXid+oX9W922at1SzSKMMJnMI5eHABLbiBNvhAQMAzvMKbo5wX5935WLSWnGLmGP7A+fwBjgiPvQ==</latexit><latexit sha1_base64="sTa0ebfZxnsZ7pyZPAazweXUA2U=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvHisYGyljWWz3bRLdzdhdyOU0F/hxYOKV/+ON/+NmzYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uHRvY5TRahPYh6rbog15UxS3zDDaTdRFIuQ0044uc79zhNVmsXyzkwTGgg8kixiBBsrPWT9MEKd2WNjUK25dXcOtEq8gtSgQHtQ/eoPY5IKKg3hWOue5yYmyLAyjHA6q/RTTRNMJnhEe5ZKLKgOsvnBM3RmlSGKYmVLGjRXf09kWGg9FaHtFNiM9bKXi/95vdREl0HGZJIaKsliUZRyZGKUf4+GTFFi+NQSTBSztyIyxgoTYzOq2BC85ZdXid+oX9W922at1SzSKMMJnMI5eHABLbiBNvhAQMAzvMKbo5wX5935WLSWnGLmGP7A+fwBjgiPvQ==</latexit><latexit sha1_base64="sTa0ebfZxnsZ7pyZPAazweXUA2U=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvHisYGyljWWz3bRLdzdhdyOU0F/hxYOKV/+ON/+NmzYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uHRvY5TRahPYh6rbog15UxS3zDDaTdRFIuQ0044uc79zhNVmsXyzkwTGgg8kixiBBsrPWT9MEKd2WNjUK25dXcOtEq8gtSgQHtQ/eoPY5IKKg3hWOue5yYmyLAyjHA6q/RTTRNMJnhEe5ZKLKgOsvnBM3RmlSGKYmVLGjRXf09kWGg9FaHtFNiM9bKXi/95vdREl0HGZJIaKsliUZRyZGKUf4+GTFFi+NQSTBSztyIyxgoTYzOq2BC85ZdXid+oX9W922at1SzSKMMJnMI5eHABLbiBNvhAQMAzvMKbo5wX5935WLSWnGLmGP7A+fwBjgiPvQ==</latexit><latexit sha1_base64="sTa0ebfZxnsZ7pyZPAazweXUA2U=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQb0VvHisYGyljWWz3bRLdzdhdyOU0F/hxYOKV/+ON/+NmzYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uHRvY5TRahPYh6rbog15UxS3zDDaTdRFIuQ0044uc79zhNVmsXyzkwTGgg8kixiBBsrPWT9MEKd2WNjUK25dXcOtEq8gtSgQHtQ/eoPY5IKKg3hWOue5yYmyLAyjHA6q/RTTRNMJnhEe5ZKLKgOsvnBM3RmlSGKYmVLGjRXf09kWGg9FaHtFNiM9bKXi/95vdREl0HGZJIaKsliUZRyZGKUf4+GTFFi+NQSTBSztyIyxgoTYzOq2BC85ZdXid+oX9W922at1SzSKMMJnMI5eHABLbiBNvhAQMAzvMKbo5wX5935WLSWnGLmGP7A+fwBjgiPvQ==</latexit>

W1
<latexit sha1_base64="MH31Wz+1x012NfPRE9ThcQZdWsk=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvHiM4BolWcPsZDYZMo9lZlYIS77CiwcVr/6ON//GSbIHTSxoKKq66e6KU86M9f1vr7Syura+Ud6sbG3v7O5V9w/ujMo0oSFRXOn7GBvKmaShZZbT+1RTLGJO2/Hoauq3n6g2TMlbO05pJPBAsoQRbJ30kHfjBLUnj0GvWvPr/gxomQQFqUGBVq/61e0rkgkqLeHYmE7gpzbKsbaMcDqpdDNDU0xGeEA7jkosqIny2cETdOKUPkqUdiUtmqm/J3IsjBmL2HUKbIdm0ZuK/3mdzCYXUc5kmlkqyXxRknFkFZp+j/pMU2L52BFMNHO3IjLEGhPrMqq4EILFl5dJeFa/rAc3jVqzUaRRhiM4hlMI4ByacA0tCIGAgGd4hTdPey/eu/cxby15xcwh/IH3+QOMhY+8</latexit><latexit sha1_base64="MH31Wz+1x012NfPRE9ThcQZdWsk=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvHiM4BolWcPsZDYZMo9lZlYIS77CiwcVr/6ON//GSbIHTSxoKKq66e6KU86M9f1vr7Syura+Ud6sbG3v7O5V9w/ujMo0oSFRXOn7GBvKmaShZZbT+1RTLGJO2/Hoauq3n6g2TMlbO05pJPBAsoQRbJ30kHfjBLUnj0GvWvPr/gxomQQFqUGBVq/61e0rkgkqLeHYmE7gpzbKsbaMcDqpdDNDU0xGeEA7jkosqIny2cETdOKUPkqUdiUtmqm/J3IsjBmL2HUKbIdm0ZuK/3mdzCYXUc5kmlkqyXxRknFkFZp+j/pMU2L52BFMNHO3IjLEGhPrMqq4EILFl5dJeFa/rAc3jVqzUaRRhiM4hlMI4ByacA0tCIGAgGd4hTdPey/eu/cxby15xcwh/IH3+QOMhY+8</latexit><latexit sha1_base64="MH31Wz+1x012NfPRE9ThcQZdWsk=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvHiM4BolWcPsZDYZMo9lZlYIS77CiwcVr/6ON//GSbIHTSxoKKq66e6KU86M9f1vr7Syura+Ud6sbG3v7O5V9w/ujMo0oSFRXOn7GBvKmaShZZbT+1RTLGJO2/Hoauq3n6g2TMlbO05pJPBAsoQRbJ30kHfjBLUnj0GvWvPr/gxomQQFqUGBVq/61e0rkgkqLeHYmE7gpzbKsbaMcDqpdDNDU0xGeEA7jkosqIny2cETdOKUPkqUdiUtmqm/J3IsjBmL2HUKbIdm0ZuK/3mdzCYXUc5kmlkqyXxRknFkFZp+j/pMU2L52BFMNHO3IjLEGhPrMqq4EILFl5dJeFa/rAc3jVqzUaRRhiM4hlMI4ByacA0tCIGAgGd4hTdPey/eu/cxby15xcwh/IH3+QOMhY+8</latexit><latexit sha1_base64="MH31Wz+1x012NfPRE9ThcQZdWsk=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvHiM4BolWcPsZDYZMo9lZlYIS77CiwcVr/6ON//GSbIHTSxoKKq66e6KU86M9f1vr7Syura+Ud6sbG3v7O5V9w/ujMo0oSFRXOn7GBvKmaShZZbT+1RTLGJO2/Hoauq3n6g2TMlbO05pJPBAsoQRbJ30kHfjBLUnj0GvWvPr/gxomQQFqUGBVq/61e0rkgkqLeHYmE7gpzbKsbaMcDqpdDNDU0xGeEA7jkosqIny2cETdOKUPkqUdiUtmqm/J3IsjBmL2HUKbIdm0ZuK/3mdzCYXUc5kmlkqyXxRknFkFZp+j/pMU2L52BFMNHO3IjLEGhPrMqq4EILFl5dJeFa/rAc3jVqzUaRRhiM4hlMI4ByacA0tCIGAgGd4hTdPey/eu/cxby15xcwh/IH3+QOMhY+8</latexit>

H1
<latexit sha1_base64="a2iJxhQoVi18Fmq2BOS7QHYHm6M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXnqsYGyljWWz3bRLdzdhdyOE0F/hxYOKV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uHRvY5TRahPYh6rbog15UxS3zDDaTdRFIuQ0044uZn5nSeqNIvlnckSGgg8kixiBBsrPeT9MEKt6aM3qNbcujsHWiVeQWpQoD2ofvWHMUkFlYZwrHXPcxMT5FgZRjidVvqppgkmEzyiPUslFlQH+fzgKTqzyhBFsbIlDZqrvydyLLTORGg7BTZjvezNxP+8XmqiqyBnMkkNlWSxKEo5MjGafY+GTFFieGYJJorZWxEZY4WJsRlVbAje8surxL+oX9e920at2SjSKMMJnMI5eHAJTWhBG3wgIOAZXuHNUc6L8+58LFpLTjFzDH/gfP4AdauPrQ==</latexit><latexit sha1_base64="a2iJxhQoVi18Fmq2BOS7QHYHm6M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXnqsYGyljWWz3bRLdzdhdyOE0F/hxYOKV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uHRvY5TRahPYh6rbog15UxS3zDDaTdRFIuQ0044uZn5nSeqNIvlnckSGgg8kixiBBsrPeT9MEKt6aM3qNbcujsHWiVeQWpQoD2ofvWHMUkFlYZwrHXPcxMT5FgZRjidVvqppgkmEzyiPUslFlQH+fzgKTqzyhBFsbIlDZqrvydyLLTORGg7BTZjvezNxP+8XmqiqyBnMkkNlWSxKEo5MjGafY+GTFFieGYJJorZWxEZY4WJsRlVbAje8surxL+oX9e920at2SjSKMMJnMI5eHAJTWhBG3wgIOAZXuHNUc6L8+58LFpLTjFzDH/gfP4AdauPrQ==</latexit><latexit sha1_base64="a2iJxhQoVi18Fmq2BOS7QHYHm6M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXnqsYGyljWWz3bRLdzdhdyOE0F/hxYOKV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uHRvY5TRahPYh6rbog15UxS3zDDaTdRFIuQ0044uZn5nSeqNIvlnckSGgg8kixiBBsrPeT9MEKt6aM3qNbcujsHWiVeQWpQoD2ofvWHMUkFlYZwrHXPcxMT5FgZRjidVvqppgkmEzyiPUslFlQH+fzgKTqzyhBFsbIlDZqrvydyLLTORGg7BTZjvezNxP+8XmqiqyBnMkkNlWSxKEo5MjGafY+GTFFieGYJJorZWxEZY4WJsRlVbAje8surxL+oX9e920at2SjSKMMJnMI5eHAJTWhBG3wgIOAZXuHNUc6L8+58LFpLTjFzDH/gfP4AdauPrQ==</latexit><latexit sha1_base64="a2iJxhQoVi18Fmq2BOS7QHYHm6M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXnqsYGyljWWz3bRLdzdhdyOE0F/hxYOKV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uHRvY5TRahPYh6rbog15UxS3zDDaTdRFIuQ0044uZn5nSeqNIvlnckSGgg8kixiBBsrPeT9MEKt6aM3qNbcujsHWiVeQWpQoD2ofvWHMUkFlYZwrHXPcxMT5FgZRjidVvqppgkmEzyiPUslFlQH+fzgKTqzyhBFsbIlDZqrvydyLLTORGg7BTZjvezNxP+8XmqiqyBnMkkNlWSxKEo5MjGafY+GTFFieGYJJorZWxEZY4WJsRlVbAje8surxL+oX9e920at2SjSKMMJnMI5eHAJTWhBG3wgIOAZXuHNUc6L8+58LFpLTjFzDH/gfP4AdauPrQ==</latexit>

H2
<latexit sha1_base64="YpZwTWVMd6ZZTBCMv/fKCJXXwfU=">AAAB73icbVBNTwIxEJ3FL8Qv1KOXRmLiiewSEvRG4oUjJq5gYCXd0oWGtrtpuyZkw6/w4kGNV/+ON/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTex2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcjP3O09UaRbLOzNNaCDwSLKIEWys9JD1wwi1Zo+1QbniVt0F0DrxclKBHO1B+as/jEkqqDSEY617npuYIMPKMMLprNRPNU0wmeAR7VkqsaA6yBYHz9CFVYYoipUtadBC/T2RYaH1VIS2U2Az1qveXPzP66UmugoyJpPUUEmWi6KUIxOj+fdoyBQlhk8twUQxeysiY6wwMTajkg3BW315nfi16nXVu61XmvU8jSKcwTlcggcNaEIL2uADAQHP8ApvjnJenHfnY9lacPKZU/gD5/MHdy6Prg==</latexit><latexit sha1_base64="YpZwTWVMd6ZZTBCMv/fKCJXXwfU=">AAAB73icbVBNTwIxEJ3FL8Qv1KOXRmLiiewSEvRG4oUjJq5gYCXd0oWGtrtpuyZkw6/w4kGNV/+ON/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTex2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcjP3O09UaRbLOzNNaCDwSLKIEWys9JD1wwi1Zo+1QbniVt0F0DrxclKBHO1B+as/jEkqqDSEY617npuYIMPKMMLprNRPNU0wmeAR7VkqsaA6yBYHz9CFVYYoipUtadBC/T2RYaH1VIS2U2Az1qveXPzP66UmugoyJpPUUEmWi6KUIxOj+fdoyBQlhk8twUQxeysiY6wwMTajkg3BW315nfi16nXVu61XmvU8jSKcwTlcggcNaEIL2uADAQHP8ApvjnJenHfnY9lacPKZU/gD5/MHdy6Prg==</latexit><latexit sha1_base64="YpZwTWVMd6ZZTBCMv/fKCJXXwfU=">AAAB73icbVBNTwIxEJ3FL8Qv1KOXRmLiiewSEvRG4oUjJq5gYCXd0oWGtrtpuyZkw6/w4kGNV/+ON/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTex2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcjP3O09UaRbLOzNNaCDwSLKIEWys9JD1wwi1Zo+1QbniVt0F0DrxclKBHO1B+as/jEkqqDSEY617npuYIMPKMMLprNRPNU0wmeAR7VkqsaA6yBYHz9CFVYYoipUtadBC/T2RYaH1VIS2U2Az1qveXPzP66UmugoyJpPUUEmWi6KUIxOj+fdoyBQlhk8twUQxeysiY6wwMTajkg3BW315nfi16nXVu61XmvU8jSKcwTlcggcNaEIL2uADAQHP8ApvjnJenHfnY9lacPKZU/gD5/MHdy6Prg==</latexit><latexit sha1_base64="YpZwTWVMd6ZZTBCMv/fKCJXXwfU=">AAAB73icbVBNTwIxEJ3FL8Qv1KOXRmLiiewSEvRG4oUjJq5gYCXd0oWGtrtpuyZkw6/w4kGNV/+ON/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTex2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcjP3O09UaRbLOzNNaCDwSLKIEWys9JD1wwi1Zo+1QbniVt0F0DrxclKBHO1B+as/jEkqqDSEY617npuYIMPKMMLprNRPNU0wmeAR7VkqsaA6yBYHz9CFVYYoipUtadBC/T2RYaH1VIS2U2Az1qveXPzP66UmugoyJpPUUEmWi6KUIxOj+fdoyBQlhk8twUQxeysiY6wwMTajkg3BW315nfi16nXVu61XmvU8jSKcwTlcggcNaEIL2uADAQHP8ApvjnJenHfnY9lacPKZU/gD5/MHdy6Prg==</latexit>

H3
<latexit sha1_base64="9Du1YqWLwKKgyy5B7avSX+HY1F8=">AAAB73icbVBNTwIxEJ3FL8Qv1KOXRmLiiewqCXoj8cIRE1cwsJJu6UJD2920XROy4Vd48aDGq3/Hm//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uHRvY5TRahPYh6rTog15UxS3zDDaSdRFIuQ03Y4vpn57SeqNIvlnZkkNBB4KFnECDZWesh6YYSa08fLfrniVt050CrxclKBHK1++as3iEkqqDSEY627npuYIMPKMMLptNRLNU0wGeMh7VoqsaA6yOYHT9GZVQYoipUtadBc/T2RYaH1RIS2U2Az0sveTPzP66YmugoyJpPUUEkWi6KUIxOj2fdowBQlhk8swUQxeysiI6wwMTajkg3BW355lfgX1euqd1urNGp5GkU4gVM4Bw/q0IAmtMAHAgKe4RXeHOW8OO/Ox6K14OQzx/AHzucPeLGPrw==</latexit><latexit sha1_base64="9Du1YqWLwKKgyy5B7avSX+HY1F8=">AAAB73icbVBNTwIxEJ3FL8Qv1KOXRmLiiewqCXoj8cIRE1cwsJJu6UJD2920XROy4Vd48aDGq3/Hm//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uHRvY5TRahPYh6rTog15UxS3zDDaSdRFIuQ03Y4vpn57SeqNIvlnZkkNBB4KFnECDZWesh6YYSa08fLfrniVt050CrxclKBHK1++as3iEkqqDSEY627npuYIMPKMMLptNRLNU0wGeMh7VoqsaA6yOYHT9GZVQYoipUtadBc/T2RYaH1RIS2U2Az0sveTPzP66YmugoyJpPUUEkWi6KUIxOj2fdowBQlhk8swUQxeysiI6wwMTajkg3BW355lfgX1euqd1urNGp5GkU4gVM4Bw/q0IAmtMAHAgKe4RXeHOW8OO/Ox6K14OQzx/AHzucPeLGPrw==</latexit><latexit sha1_base64="9Du1YqWLwKKgyy5B7avSX+HY1F8=">AAAB73icbVBNTwIxEJ3FL8Qv1KOXRmLiiewqCXoj8cIRE1cwsJJu6UJD2920XROy4Vd48aDGq3/Hm//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uHRvY5TRahPYh6rTog15UxS3zDDaSdRFIuQ03Y4vpn57SeqNIvlnZkkNBB4KFnECDZWesh6YYSa08fLfrniVt050CrxclKBHK1++as3iEkqqDSEY627npuYIMPKMMLptNRLNU0wGeMh7VoqsaA6yOYHT9GZVQYoipUtadBc/T2RYaH1RIS2U2Az0sveTPzP66YmugoyJpPUUEkWi6KUIxOj2fdowBQlhk8swUQxeysiI6wwMTajkg3BW355lfgX1euqd1urNGp5GkU4gVM4Bw/q0IAmtMAHAgKe4RXeHOW8OO/Ox6K14OQzx/AHzucPeLGPrw==</latexit><latexit sha1_base64="9Du1YqWLwKKgyy5B7avSX+HY1F8=">AAAB73icbVBNTwIxEJ3FL8Qv1KOXRmLiiewqCXoj8cIRE1cwsJJu6UJD2920XROy4Vd48aDGq3/Hm//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uHRvY5TRahPYh6rTog15UxS3zDDaSdRFIuQ03Y4vpn57SeqNIvlnZkkNBB4KFnECDZWesh6YYSa08fLfrniVt050CrxclKBHK1++as3iEkqqDSEY627npuYIMPKMMLptNRLNU0wGeMh7VoqsaA6yOYHT9GZVQYoipUtadBc/T2RYaH1RIS2U2Az0sveTPzP66YmugoyJpPUUEkWi6KUIxOj2fdowBQlhk8swUQxeysiI6wwMTajkg3BW355lfgX1euqd1urNGp5GkU4gVM4Bw/q0IAmtMAHAgKe4RXeHOW8OO/Ox6K14OQzx/AHzucPeLGPrw==</latexit>

H1
<latexit sha1_base64="a2iJxhQoVi18Fmq2BOS7QHYHm6M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXnqsYGyljWWz3bRLdzdhdyOE0F/hxYOKV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uHRvY5TRahPYh6rbog15UxS3zDDaTdRFIuQ0044uZn5nSeqNIvlnckSGgg8kixiBBsrPeT9MEKt6aM3qNbcujsHWiVeQWpQoD2ofvWHMUkFlYZwrHXPcxMT5FgZRjidVvqppgkmEzyiPUslFlQH+fzgKTqzyhBFsbIlDZqrvydyLLTORGg7BTZjvezNxP+8XmqiqyBnMkkNlWSxKEo5MjGafY+GTFFieGYJJorZWxEZY4WJsRlVbAje8surxL+oX9e920at2SjSKMMJnMI5eHAJTWhBG3wgIOAZXuHNUc6L8+58LFpLTjFzDH/gfP4AdauPrQ==</latexit><latexit sha1_base64="a2iJxhQoVi18Fmq2BOS7QHYHm6M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXnqsYGyljWWz3bRLdzdhdyOE0F/hxYOKV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uHRvY5TRahPYh6rbog15UxS3zDDaTdRFIuQ0044uZn5nSeqNIvlnckSGgg8kixiBBsrPeT9MEKt6aM3qNbcujsHWiVeQWpQoD2ofvWHMUkFlYZwrHXPcxMT5FgZRjidVvqppgkmEzyiPUslFlQH+fzgKTqzyhBFsbIlDZqrvydyLLTORGg7BTZjvezNxP+8XmqiqyBnMkkNlWSxKEo5MjGafY+GTFFieGYJJorZWxEZY4WJsRlVbAje8surxL+oX9e920at2SjSKMMJnMI5eHAJTWhBG3wgIOAZXuHNUc6L8+58LFpLTjFzDH/gfP4AdauPrQ==</latexit><latexit sha1_base64="a2iJxhQoVi18Fmq2BOS7QHYHm6M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXnqsYGyljWWz3bRLdzdhdyOE0F/hxYOKV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uHRvY5TRahPYh6rbog15UxS3zDDaTdRFIuQ0044uZn5nSeqNIvlnckSGgg8kixiBBsrPeT9MEKt6aM3qNbcujsHWiVeQWpQoD2ofvWHMUkFlYZwrHXPcxMT5FgZRjidVvqppgkmEzyiPUslFlQH+fzgKTqzyhBFsbIlDZqrvydyLLTORGg7BTZjvezNxP+8XmqiqyBnMkkNlWSxKEo5MjGafY+GTFFieGYJJorZWxEZY4WJsRlVbAje8surxL+oX9e920at2SjSKMMJnMI5eHAJTWhBG3wgIOAZXuHNUc6L8+58LFpLTjFzDH/gfP4AdauPrQ==</latexit><latexit sha1_base64="a2iJxhQoVi18Fmq2BOS7QHYHm6M=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN4KXnqsYGyljWWz3bRLdzdhdyOE0F/hxYOKV/+ON/+N2zYHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uHRvY5TRahPYh6rbog15UxS3zDDaTdRFIuQ0044uZn5nSeqNIvlnckSGgg8kixiBBsrPeT9MEKt6aM3qNbcujsHWiVeQWpQoD2ofvWHMUkFlYZwrHXPcxMT5FgZRjidVvqppgkmEzyiPUslFlQH+fzgKTqzyhBFsbIlDZqrvydyLLTORGg7BTZjvezNxP+8XmqiqyBnMkkNlWSxKEo5MjGafY+GTFFieGYJJorZWxEZY4WJsRlVbAje8surxL+oX9e920at2SjSKMMJnMI5eHAJTWhBG3wgIOAZXuHNUc6L8+58LFpLTjFzDH/gfP4AdauPrQ==</latexit>

H2
<latexit sha1_base64="YpZwTWVMd6ZZTBCMv/fKCJXXwfU=">AAAB73icbVBNTwIxEJ3FL8Qv1KOXRmLiiewSEvRG4oUjJq5gYCXd0oWGtrtpuyZkw6/w4kGNV/+ON/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTex2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcjP3O09UaRbLOzNNaCDwSLKIEWys9JD1wwi1Zo+1QbniVt0F0DrxclKBHO1B+as/jEkqqDSEY617npuYIMPKMMLprNRPNU0wmeAR7VkqsaA6yBYHz9CFVYYoipUtadBC/T2RYaH1VIS2U2Az1qveXPzP66UmugoyJpPUUEmWi6KUIxOj+fdoyBQlhk8twUQxeysiY6wwMTajkg3BW315nfi16nXVu61XmvU8jSKcwTlcggcNaEIL2uADAQHP8ApvjnJenHfnY9lacPKZU/gD5/MHdy6Prg==</latexit><latexit sha1_base64="YpZwTWVMd6ZZTBCMv/fKCJXXwfU=">AAAB73icbVBNTwIxEJ3FL8Qv1KOXRmLiiewSEvRG4oUjJq5gYCXd0oWGtrtpuyZkw6/w4kGNV/+ON/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTex2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcjP3O09UaRbLOzNNaCDwSLKIEWys9JD1wwi1Zo+1QbniVt0F0DrxclKBHO1B+as/jEkqqDSEY617npuYIMPKMMLprNRPNU0wmeAR7VkqsaA6yBYHz9CFVYYoipUtadBC/T2RYaH1VIS2U2Az1qveXPzP66UmugoyJpPUUEmWi6KUIxOj+fdoyBQlhk8twUQxeysiY6wwMTajkg3BW315nfi16nXVu61XmvU8jSKcwTlcggcNaEIL2uADAQHP8ApvjnJenHfnY9lacPKZU/gD5/MHdy6Prg==</latexit><latexit sha1_base64="YpZwTWVMd6ZZTBCMv/fKCJXXwfU=">AAAB73icbVBNTwIxEJ3FL8Qv1KOXRmLiiewSEvRG4oUjJq5gYCXd0oWGtrtpuyZkw6/w4kGNV/+ON/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTex2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcjP3O09UaRbLOzNNaCDwSLKIEWys9JD1wwi1Zo+1QbniVt0F0DrxclKBHO1B+as/jEkqqDSEY617npuYIMPKMMLprNRPNU0wmeAR7VkqsaA6yBYHz9CFVYYoipUtadBC/T2RYaH1VIS2U2Az1qveXPzP66UmugoyJpPUUEmWi6KUIxOj+fdoyBQlhk8twUQxeysiY6wwMTajkg3BW315nfi16nXVu61XmvU8jSKcwTlcggcNaEIL2uADAQHP8ApvjnJenHfnY9lacPKZU/gD5/MHdy6Prg==</latexit><latexit sha1_base64="YpZwTWVMd6ZZTBCMv/fKCJXXwfU=">AAAB73icbVBNTwIxEJ3FL8Qv1KOXRmLiiewSEvRG4oUjJq5gYCXd0oWGtrtpuyZkw6/w4kGNV/+ON/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTex2nilCfxDxW3RBrypmkvmGG026iKBYhp51wcjP3O09UaRbLOzNNaCDwSLKIEWys9JD1wwi1Zo+1QbniVt0F0DrxclKBHO1B+as/jEkqqDSEY617npuYIMPKMMLprNRPNU0wmeAR7VkqsaA6yBYHz9CFVYYoipUtadBC/T2RYaH1VIS2U2Az1qveXPzP66UmugoyJpPUUEmWi6KUIxOj+fdoyBQlhk8twUQxeysiY6wwMTajkg3BW315nfi16nXVu61XmvU8jSKcwTlcggcNaEIL2uADAQHP8ApvjnJenHfnY9lacPKZU/gD5/MHdy6Prg==</latexit>
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Figure 2: An unrolled diagram showing the RNN-based model
of the proposed method. The model is formed taking an encoder
structure.

weight matrix from the output of layer l to the input of layer l
(feedback). The form of Wl and Hl is same as weight matrices
of DNNs shown in Equation (13).

Only the last time sequence has the output layer consisting
of a unit connected with the previous RNN layer with feedfor-
ward weight matrix, W, to output the estimate of F0 at frame
i.

y = g
(
WφL2p

)
(28)

= f̂ i0 (29)

where g(·) is the identity function and L denotes the num-
ber of RNN layers. Therefore, this algorithm is equiv-
alent to an encoder, in which a sequence of observation,
[xi−p, . . . ,xi−1,xi,xi+1, . . . ,xi+p], is encoded to f̂ i0.

4. Experiments
In our experiments we address both accuracy and noise robust-
ness of the proposed methods and compare them with RAPT
[9], YIN [10], PEFAC [13] and a state-of-the-art DNN-HMM-
based approach (DNN-HMM) [21] as representatives of existing
methods. [21] also has reported that there was no significant dif-
ference in performance between DNN-HMM and their RNN-
based classification approach. Therefore, we selected DNN-
HMM approach for the competition of our approach.

4.1. Datasets (PTDB-TUG corpus)

For the experiments, we adopt PTDB-TUG corpus [11]. Since
the proposed methods and DNN-HMM require a training and
cross-validation (CV) datasets for offline training, the training
set constitutes of 2640 utterances spoken by 16 speakers (8
males / 8 females), 165 utterances from each. The CV dataset
consists of other 576 utterances spoken by the same 16 speak-
ers, i.e. 36 utterances each. For the test dataset, we use 944
utterances spoken by 4 unknown speakers (two males / two fe-
males) that are not in the training and CV datasets (unknown
speakers), i.e. 236 utterances each, are contained as well as

other 560 utterances spoken by the 16 speakers (known speak-
ers) in order to make a speaker independent (SI) test set. Table
1 summarises the data allocation to each dataset.

Table 1: Data allocation from PTDB-TUG to the datasets. Utts,
Spkrs, F and M are abbreviations for Utterances, Speakers, Fe-
males and Males respectively.

Subset Speakers Utts (/ Spkr) Duration
Training 8 F + 8 M 2,640 (165) 307 min
CV 8 F + 8 M 576 (36) 67 min

Test 8 F + 8 M (Known) 560 (35) 61 min
2 F + 2 M (Unknown) 944 (236) 104 min

The PTDB-TUG corpus contains ground truths F0 con-
tours of each utterances, obtained from laryngograph signals
recorded in a clean condition to which a Kaiser filter and RAPT
are applied. They are used in the following experiments as the
ground truth.

4.2. Noisy conditions (NOISEX-92)

Speech in each dataset is sampled at 16kHz and the sampled
signals in the training and CV datasets are contaminated with
six types of additive noise at five levels of SNR while eight
types of additive noise at five levels of SNR are added to the
test dataset. The eight types of noise for the test dataset are re-
ferred to as Babble, F16, Factory1, Leopard, Machinegun, Pink,
Volvo and White in NOISEX-92 [34]. Factory1 and Pink are not
applied to the training and CV datasets so that these two types
of noise play a role of unknown noise for the proposed methods
and DNN-HMM at tests. All the utterances in the datasets make
noisy speech with each noise type at SNRs of -10, -5, 0, 5 and
10 dB. Consequently, the training dataset amounts 81,840 utter-
ances (9,517 min), i.e. 2,640× (6 noise× 5 level + 1 clean), and
the CV dataset becomes 17,856 utterances (2,077 min) while
the test dataset amount 60,160 utterances (6,600 min), i.e. (560
+ 944) × 8 noise × 5 level, in total. Table 2 summarises the
noise types used for training and test sets.

Table 2: The summary of additive noise used in experiments.
Type (NOISEX-92) Training Test Stationarity
Clean Yes No -
Babble Yes Yes Low
F16 Yes Yes High
Factory1 No Yes Low
Leopard Yes Yes Low
Machinegun Yes Yes Low
Pink No Yes High
Volvo Yes Yes High
White Yes Yes High

4.3. Training and Test settings

The speech signals in the datasets are framed into 25 ms frames
at 5 ms intervals and then the first 400 frames and 200 frames
at the tail in each utterance are removed to reduce non-speech
frames. For frequency-domain analysis of the proposed meth-
ods, STFT is applied with 1024-point FFT in order to obtain
time-frequency domain power spectral density (PSD) and the



first 513 bins in the frequency-domain, i.e. 0 ≤ ω ≤ π, at
each frame are used for the mini-batch analysis. Procedures for
feature extraction and F0 quantisation for DNN-HMM follow
[21].

RAPT, YIN and PEFAC analyse the input speech using dig-
ital signal processing (DSP) operations whereas DNN-HMM
and the proposed methods with a DNN regression model (DNN-
REG) and with an RNN regression model (RNN-REG) exploit
machine learning (ML) to estimate the F0 contour of speech.
The key features of the comparative methods are summarized
in Table 3.

Table 3: Key features of each F0 estimation method used in
tests. AC, DP, SDF, AM and MF are abbreviations for autocor-
relation, dynamic programming, squared difference function,
aperiodicity measure and matching filter.

Method Approach
Signal

AnalysisDomain

RASP
DSP

Time AC + DP
YIN Time SDF + AM
PEFAC Log-Freq. AC + MF + DP

DNN-HMM
ML

Log-Freq. Classification
DNN-REG Freq. Regression
RNN-REG Freq. Regression

Hyperparameters of the neural network models, i.e. DNN-
HMM, DNN-REG and RNN-REG, are empirically selected by
cross-validation tests with the CV dataset. The number of hid-
den layers are set equal to three with 1024 units each, and the
mini-batch size is set to 200 frames. In DNN-REG and DNN-
HMM the hidden layers are activated by ReLU function [35].
Random unit dropout (50 %) and batch normalisation [36] with
momentum of 0.9 are applied during training. Hidden layers of
RNN-REG are activated by tanh function.

To capture temporal dynamics of input signals, seven pre-
vious frames and seven following frames are concatenated with
the target frame and then input to the DNN in DNN-REG and
DNN-HMM whereas fifteen consecutive time sequences cen-
tring the target frame input to the RNN in RNN-REG. The pre-
ceding hyper parameter settings are summarised in Table 4.

Table 4: Hyper parameter settings for DNN-HMM, DNN-REG
and RNN-REG. (*: applied only to training)

Parameter DNN-HMM DNN-REG RNN-REG
Output Layer Classification Regression Regression

#units 68 1 1
activation Softmax Identity Identity

Hidden Layer Forward Forward RNN
#layers 3 3 3
#units 1024 1024 1024

activation ReLU ReLU tanh
dropout 0.5∗ 0.5∗ No

batch norm. Yes∗ Yes∗ No
Input 1,005 dim 7,695 dim 513 dim

mini-batch 200 200 200
context 7 + 7 7 + 7 7 + 7

4.4. Metrics of performance

Performance of the F0 contour estimation methods is evalu-
ated using standard metrics used in F0 tracking literature: gross
pitch error (GPE) rate and fine pitch error (FPE) [37]. GPE
frames are voiced frames in which the error between the es-
timate of pitch period (1/f̂0) and the ground truth (1/f0) is
more than the period corresponding to 10 samples, i.e. 0.625
ms. Therefore, GPE rate is determined as

GPE rate =
NGPE

Nv
(30)

where NGPE and Nv denote the number of GPE frames and
voiced frames per utterance respectively. FPE frames, in turn,
are voiced frames excluding GPE frames. Mean of FPEs, µFPE,
represents the bias in F0 estimation whereas Standard deviation
of FPEs, σFPE, measures the accuracy of estimation [37].

µFPE =
1

NFPE

NFPE∑
i=1

εi (31)

σFPE =

√√√√ 1

NFPE

NFPE∑
i=1

(εi − µFPE)
2 (32)

εi =
∣∣∣f̂ i0 − f i0∣∣∣ (33)

where f̂ i0 and f i0 denote the estimate and grand truth of F0 re-
spectively at the i-th frame in FPE frames while NFPE is the
number of FPE frames.

4.5. Results and discussion

Figure 3 (a) illustrates GPE rates of each method at different
SNRs in the multi noise condition including Babble, F16, Leop-
ard, Machinegun, Volvo and White noise, which are also shown
during training, i.e. the known noise condition. (b) represents
GPE rates in Factory1 and Pink noise as the unknown noise
condition. RNN-REG shows the performance on almost same
level as DNN-HMM in terms of GPE rate. They are superior to
the other methods over the SNR range between -10 dB and 10
dB in both known and unknown noise conditions giving GPE
rate of around 22 % at -10 dB in known noise although it in-
creases to 33 % in unknown noise. PEFAC and DNN-REG also
show noise-robustness as compared with YIN and RAPT but
GPE rates are always from 10 to 20 percentage point higher
than RNN-REG and DNN-HMM.

GPE frames are equivalent to failure in F0 estimation at
voiced frames [37]. In that sense, F0 estimation with YIN
at SNRs below 10 dB, RAPT at less than 0 dB and PEFAC
and DNN-REG at -10 dB and below are likely to have unreli-
able frames accounting for more than 40 % of voiced frames.
Conversely, RNN-REG and DNN-HMM keep estimation fail-
ure below 33 % of voiced frames even at -10 dB in unknown
noise. This brings substantial advantage in F0 contour estima-
tion from noisy speech.

Figure 4 (a) and (b) illustrate the performance of PEFAC,
HMM-DNN, DNN-REG and RNN-REG in terms of FPE at
SNRs of -10, -5, 0, 5 and 10 dB in the known and unknown
noise conditions respectively as scatter plots of µFPE and σFPE.
YIN and RAPT are eliminated from this evaluation because suf-
ficient amount of frames for FPE analysis are not brought by
those methods in such noisy conditions.

Since µFPE represents the bias in F0 estimation while σFPE

is a measure of the accuracy in the estimation [37], RNN-REG



-10 -5 0 5 10
SNR [dB]

0

20

40

60

80

100
G
P
E
 
R
a
t
e
 
[
%
]

(a) GPE Rate in Known Noise

RAPT
YIN
PEFAC
DNN-HMM
DNN-REG
RNN-REG

-10 -5 0 5 10
SNR [dB]

0

20

40

60

80

100

G
P
E
 
R
a
t
e
 
[
%
]

(b) GPE Rate in Unknown Noise

Figure 3: GPE rate of each method at SNRs of -10, -5, 0, 5,
10 dB in (a): the known noise condition including Babble, F16,
Leopard, Machinegun, Volvo and White noise and (b): the un-
known noise condition comprising Factory1 and Pink noise.

performs best in terms of both bias and accuracy of estimation
over the SNR range between -10 dB and 10 dB in the known
and unknown noise conditions. Although PEFAC shows strong
noise-robustness in both accuracy and bias, RNN-REG outper-
forms it by 31 % in known noise and 24 % in unknown noise
according to the distance of their centroids. DNN-HMM per-
forms slightly better than PEFAC but the performance against
RNN-REG is lower by 17 % in both known and unknown noise
conditions. DNN-REG performs on the same level as PEFAC
in known noise but it substantially loses noise-robustness in un-
known noise and thus, the performance at SNRs of -5 dB and
below in unknown noise is behind the other three methods.

In comparison between DNN-REG and DNN-HMM, the
classification model in DNN-HMM performs better than the
DNN regression model in DNN-REG in terms of GPE rate and
FPE because the regression task to map noisy power spectra
onto the exact F0 value is more difficult than the classification
task to classify them into quantised frequencies. However, RNN
regression improves the DNN regression by capturing temporal
dynamics by optimising recurrent weights unlike DNNs aug-
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(b) FPE in Unknown Noise

Figure 4: scatter plots of µFPE and sigmaFPE at SNRs of -10, -5,
0, 5, 10 dB in (a): the known noise condition including Babble,
F16, Leopard, Machinegun, Volvo and White noise and (b): the
unknown noise condition comprising Factory1 and Pink noise.

menting the input with consecutive frames which produce a lot
of poor-correlated connections into the network, e.g. a connec-
tion between the first bin in a past frame and the last bin in a
future frame. Consequently, RNN regression accuracy outper-
forms the resolution of the quantised frequencies in the classifi-
cation task.

Figure 5 illustrates F0 contours of spoken word “DARK”
estimated by RNN-REG and DNN-HMM in a clean condition
and they are compared with the ground truth (REF). (a), (b),
(c) and (d) show the F0 contours spoken by female speaker-01,
female speaker-02, male speaker-03 and male speaker-04 re-
spectively. Utterances of these four speakers are not included in
the training dataset, i.e. they are unknown speakers. The figures
demonstrate the advantage of our RNN regression approach to
F0 contour estimation over DNN-HMM representing the clas-
sification approach showing that the F0 contours estimated by
RNN-REG is closer to the ground truth and more natural than
DNN-HMM. Simultaneously, they clarify higher potential of
the proposed method (RNN-REG) to track prosody of different
speakers.
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(a) F0 contour (Female-01)
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(b) F0 contour (Female-02)
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(c) F0 contour (Male-03)
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(d) F0 contour (Male-04)
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Figure 5: F0 contours of word ‘DARK” spoken by (a) Female
speaker-01, (b) Female speaker-02, (c) Male speaker-03 and (d)
male speaker-04. The F0 contours are estimated by RNN-REG
and DNN-HMM and compared with the ground truth (REF).

5. Conclusion
We addressed the problem of F0 contour estimation by us-
ing DNN and RNN-based regression techniques, with the
aim of obtaining accurate F0 estimates with improved noise-
robustness. While the DNN-based approach failed to provide
accurate regression for the improvement, the RNN-based vari-
ant shows considerable achievement. Compared to PEFAC,
one of the most noise-robust autocorrelation-based F0 track-
ers, the proposed method yielded a relative improvement ex-
ceeding 20% in gross pitch error (GPE) rate at SNRs between
-10 dB and +10 dB in unknown noise conditions. Furthermore,
our RNN-based regression model outperformed a state-of-the-
art, DNN-HMM-based F0 tracker, in terms of fine pitch error
(FPE) by approximately 20 % without substantially impacting
GPE.

Comparison of the estimated F0 contours of clean speech
demonstrates an advantage of the proposed method over DNN-
HMM approach in producing more natural F0 trajectories. This
work focused solely on the F0 tracking itself, but our near-
future plans involve integrating our proposal to applications

such as voice conversion and prosody-based speaker and lan-
guage recognition.
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