SUSLIN FORCING AND PARAMETRIZED { PRINCIPLES

HIROAKI MINAMI

Abstract. By using finite support iteration of Suslin c.c.c forcing notions we construct
several models which satisfy some <{-like principles while other cardinal invariants are

larger than wi.

81. Introduction. This work is about parametrized diamond principles, a
broad framework of {-like principles introduced by Moore, Hrusdk and Dzamonja
in [7] to analyze systematically ¢ and its consequences.

For our purpose call a triple (A, B, E) a Borel invariant if

1. |A],|B| <,

2. EC Ax B,

3. for each a € A there exists b € B such that (a,b) € E,

4. for each b € B there exists a € A such that (a,b) € E and,

5. A, B and E are Borel sets in some Polish space.

If a triple (A, B, F) is a Borel invariant, then its evaluation (A, B, E) is given by
(A,B,E) =min{|X|: X C B and Va € A3b € X (aED)}.

We call F': 2<%t — A a Borel function if F' | 2% is a Borel function for a@ < wy.
Then (A, B, E) is the following statement:

(A, B, E)  For all Borel F : 2<%t — A there exists g : w; — B such that for
every f:w; — 2 theset {a € wy : F(f | a)Eg(a)} is stationary.

The witness g for given F' in this statement is called (A, B, E)-sequence for
F.

Note. When we deal with a Borel invariant whose evaluation is a well-known
cardinal invariant, we will use the cardinal invariant to denote the Borel invariant
(e.g., we will use {(add(N)) to denote G(N, N, B)).

In [7] Moore, Hrusédk and Dzamonja introduced several methods for construct-
ing parametrized diamond principles.

THEOREM 1.1. [7] Let C(w1) and B(wi) be the Cohen and random forcing
corresponding to the product space 2¢*. Then VC«1) = “&(non(M))” and
VIB%(wl) ': “O(non(]\/'))”.

In [6] by using w;-stage finite support iteration several models which satisfy
CH and some {(A, B, E) while others fail are constructed. For countable support
iteration, there is a general theorem to construct {(A, B, E).

THEOREM 1.2. [7] Suppose that (Qq : a < wa) is a sequence of Borel partial
orders such that for each o < wy Q is equivalent to p(2)T x Q, as a forcing
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notion and let P, be the countable support iteration of this sequence. If P, is
proper and (A, B, E) is a Borel invariant then P, forces (A, B,E) < wy iff Po,
forces O(A, B, E).

This result is best possible because the following proposition holds.

PROPOSITION 1.3. Let (A, B, E) be a Borel invariant. If $(A, B, E) holds,
then (A, B, E) < w;.

In this paper we shall prove the consistency of {(x) + 1y = wy for several pairs
(z,1) of cardinal invariants of the continuum. As mentioned above (Theorem1.2)
this has been achieved before by Moore, Hrusék and Dzamonja in [7]. They used
countable support iteration to show {(x) + 5§ = we.

Our approach is completely different from theirs. We shall use finite support
iteration of Suslin c.c.c forcing notions to prove the consistency of () 4+ = wa.
In addition, our results are more general. We can obtain the consistency of
O(x) + 9 = K, not just of $(x) + 5 = we.

Along the way, new preservation results for finite support iteration are estab-
lished. These are interesting in their own right.

The present paper is organized as follows. In section 2, we will show some
properties of Suslin c.c.c forcing. Section 3 is devoted to prove preservation
results for finite support iteration of some Suslin c.c.c forcing notions.

In section 4, we shall present several models satisfying parametrized diamond
principles by using ws-stage finite support iteration of Suslin c.c.c forcing notions.

82. Suslin c.c.c forcing and complete embedding. In this section we
will study some properties of a family of c.c.c forcing notions which have a nice
definition.

DEFINITION 2.1. [1, p.168] A forcing notion P = (P, <p) has a Suslin defini-
tion if P C w¥, <pC w® X w* and LpC w* X w* are L}.
P is Suslin c.c.c if P is c.c.c and has a Suslin definition.

DEFINITION 2.2. [1, p.168] Let M = ZFC*. A Suslin c.c.c forcing P is in M
if all the parameters used in the definitions of P, <p and Lp are in M.

We will interpret a Suslin c.c.c forcing notion in forcing extensions by using
its code rather than by taking the ground model forcing notion.

DEFINITION 2.3. Let A andB be forcing notions. Theni : A — B is a complete
embedding if
(1) whenever a,a’ € A and a < ', then i(a) < i(a’),
(2) for all ay, az € A, a1 L az if and only if i(a1) L i(az) and
(3) whenever A is a mazimal antichain in A, then i[A] is a mazimal antichain
n B.

If there is a complete embedding from A to B, then we write A < B.

LEMMA 2.4. Assume A <B and P is a Suslin c.c.c forcing notion. Then
A xP< BxP where P are names for interpretations of the code for the Suslin
c.c.c forcing notion in each model.



SUSLIN FORCING AND PARAMETRIZED < PRINCIPLES 3

PROOF. Let i : A — B be a complete embedding. Define 1 AxP > BxP
by i((a, %)) = (i(a),i.(&)) where i, is the class map from A-names to B-names
induced by i (see [4, p.222]). We will show if A C A P is a maximal antichain,
then 1[A] is also a maximal antichain.

Let A = {{aq,Pa) : @ < £} be a maximal antichain of A*P . Tt is clear i[A] is
an antichain. Assume there exists (b, p) € B * P such that (b, p) is incompatible
with ({aq, o)) for all o < k. Let G be a (B, V)-generic such that b € G and let
H=i"1G]. Let A’ = {pa[H] : i(an) € G} € V[H].

Cram 2.4.1. V[H| = “A" is a mazimal antichain”.

PROOF OF crLAIM. Firstly we shall show A’ is an antichain. Suppose p,[H],
pslH] € A’. Since aq, ag € H, aq is compatible with ag . Since (aq,pa)
is incompatible with (ag,ps), for all » < aq,ag there exists s < r such that
s Ik “py is incompatible with pg”. So p,[H] is incompatible with pg[H]. Hence
A’ is an antichain.

Next we shall show maximality of A’. Assume to the contrary that there
exists ¢ € P such that ¢ is incompatible with p,[H]| for any p,[H] € A’. So
there exist @ € H and an A-name ¢ such that ¢[H] = ¢ and a IF “Va < k(ay €
H — ¢ is incompatible with p,)”. Hence (a, ¢) is incompatible with (aq,pa) for
a < k. However, this contradicts the maximality of A.

_|

Since V[H] & “A’ is a maximal antichain in P” and the statement “A’ is a
maximal antichain in P” is a II} statement with parameter A’, P, <p and Lp,
VI[G] E “A’ is a maximal antichain in P” by IIi-absoluteness. However, this
is a contradiction to the fact V[G] E “p[G] is incompatible with i, (p,)[G]” for
i(aq) € G.

4|

THEOREM 2.5. Let (Q, : a < K) be a sequence of Suslin c.c.c forcing notions.
Let P, be the limit of the finite support iteration of (Py, Qu : & < k). Then A<B
mmplies A« P, < B+ P,

PrOOF. By induction on x. The limit stage is clear. The successor stage
follows from the above lemma.
_|

COROLLARY 2.6. Let (Qn : o < k) be a sequence of Suslin c.c.c forcing
notions. Let I C k. Then P; < P, .where Py is the limit of the iteration of

o D . 5 ) Qo a€el
(P}, R : @ < k) where IFpe Ry = { (1} otherwise.

83. Preservation results. In this section we shall show some preservation
results for finite support iteration of Suslin c.c.c forcing notions. We deal with
well-known Suslin forcing notions.

DEFINITION 3.1. (1) The Hechler forcing notion is defined as follows:

(s,fYeDifscw<¥ few’ ands C f.



4 HIROAKI MINAMI

It is ordered by
(5, f) < (t.g) if s Dt and g < f.
(2) The eventually different forcing notion is defined as follows:
(s,H) €E if s € w~* and H € [w*]<*.
It is ordered by (s, H) < (t,G) if s D t, H D G and

for all g € G for all j € [[t],[s]) s(7) # 9(4)-

(3) Let Borel(2¥) be the smallest o-algebra containing all open subsets of 2%.
Let p be the standard product measure on 2¥ and let N = {A € Borel(2¥) :
w(A) = 0}. For A, B € Borel(2¥) let A 25 B if AAB € N. Let [A]n
be the equivalence class of the set A with respect to the equivalence relation
=g

Define the random forcing notion by

B = {[A]x : A € Borel(2*)}.
It is ordered by [A]\ < [B], if A\ B eN.

Notice that D, E and B are Suslin c.c.c.
The proof of the following result is similar to the argument showing that finite
support iteration of Hechler forcings preserves cov(A).

THEOREM 3.2. Let 11 = (I, : n € w) be a partition of w into finite in-
tervals I, with |I,| = n+ 1 forn € w. Suppose v is an ordinal and P is
a forcing motion which has a P-name ¢ such that for oll x € 2 NV, IFp
“I°n(x I, =¢l1,)" Let & be a Dy-name such that lkp “& € 2°7. Then
“_]P’*]].])W “3%n (C f I,=2 f In)”-

More precisely we should write IFp,p ~ “3%n (¢ I, =1.(2) | I,)” where i
is the canonical map from D -names to P ]D)W-names induced by the complete
embedding i : D, — P x D'y-

Proor. We proceed by induction on ~.
First step
Let ©# be a D-name such that Ikp “ 2 € 2¢”. Let ¢ be a P-name such that
Fp “3F*°n cw(c| I, =2 1,)” forall x € VN2¥ Let (po,qo) € P« D and
m e w.

It suffices to show there exist (p1,¢1) <p,p (Po,do) and n > m such that
(1) Ibpupy “ & [ Lo = & [ I,

Without loss of generality we can assume pg IFp “ ¢o = (8, g)” for some s €

w<Y,

CLAM 3.2.1. Let & be a D-name such that Fp “% € 2°”. Then for each
s € w<Y¥, there exists x; € w* NV such that

Viewfew' (fOs——(s,f)lrp “@ L #xs | I;).

PrROOF oF CLAIM. It suffices to show that for each s € w<* and j € w, there
exists 0 € 277 such that for each f € w* with s C f, =(s, f) IFkp “ & | I; # 07,

Assume to the contrary that there exist s € w<“ and j € w such that for all
o € 213 there exists f, € w* with s C f, such that (s, f,) IFp “ 4 [ I; # 0. Let
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f € w¥ such that s C f and f, < f. Then (s, f) < (s, f,) for o € 215. Therefore
(s, f)IFp “ & | I; ¢ 2157, This is a contradiction.
_|

Let x5 € V N 2¥ such that
Viewvg ew (¢ Ds— —(s,g')Ikp “a [ I[; £as [ I;7).

Let r < po such that r IFp “xs | I, = ¢ [ I,” for some n > m. Then fix
(re 1 k € w) a decreasing sequence in P and g* € 2 NV such that rg <p r and
rile g I (Isl+ k) =g" I (Is| + k)"

By deﬁmtlon of x4 there is (t,h) <p <s,g ) such that (¢, h) IFp “zs [ I, =
@ [ I,”. Since (t,h) <p (s,g"), g*(I) < t(I) for I € [|s],[t]). Since ry IFp
“Vi e |t|(g(3) = g*(@) < t(i))”, g IFp ¢ (t,h} is compatible with (s, g)”. Put
p1 = 7}¢ and choose a P-name ¢; so that p; IFp “ ¢1 € D and ¢, <p (s,9), (t,h)".
Then (p1,¢1) <p,p (Po,do) and p1 Fp “axs [ In = ¢ [ I,” by p1 <p r and
priFe “qilbp xs [ I, =& [ I,” by p1 Ikp “ g1 <p (t,h)”. Therefore (p1,q1) IFp,p
“pllp=azs | I,=c1,.
Successor step:
Suppose the lemma holds for 7. Let & be a D, -name such that Ibp ., “ & €
247, Let (po,qo) € P = IDL,H and m € w. Without loss of generality we can
assume (po, go | y) ., ¢ “go(y) = (3,¢)” for some s € w<¥

Let z, be a D,-name buch that

Fp, “Vj €wVy €w” (§' D5 — (3,4 rp “ds [ [ # & [ 1;7)".

By induction hypothesis there are (p/,¢’) € P ID)W and n > m such that
(P, q') <psp, (Po:Go [ 7) and (p',¢') Wp,p  “@s [ In=¢ 110"

Since D, < ]P’*]D),Y, there is a ID,-name Q for a partial order such that Px ]1']),y =
D, * Q. Let ¢* be the projection of (p/,{’) to D,.

Define D,-names ¢* and (7 : k € w) such that

(i) IFp, “g* € w” and 7y, € Q7 fork ew,

(i) (¢ 7“0) (', d),
(iii) H—D Pt <o 7" for k € w and
i) Ik

( /,',k‘ H_Q. “ g(k) — g*(k)” ”.

Let ¢f <p, ¢*, t € w< and let h be a D,-name such that IFp —* h € w*”
and ¢f Fp, “(i,h) <p (s,¢*) and (I,h) Wp “& | I, = @ | I,””. Since
(g7, 7)) Wrp Lo “ Vi € [t (!'J(i) =g"(i) < h(i‘)) ", (ais ) b wg © (8 h) s com-
patible with (s, g)”.

Choose (p1,41) € P+ D ++1 80 that (p1,q1 [ v) = (¢f,7)) and (p1,41 [ 7) =
(4", 710) p e “d1(7) € D and G1(7) <p (t,h), (5,9)". Then (p1,d1 [ 7) IFp,p,
“ e rIn _ -'ts {In” and 111(7) |F]D) « i's r n = = 3 [In” Therefore (p1,q1) |FP*DW+1
“ell,=z]1,.

Limit step:
Suppose 7 is a limit ordinal and for § < 7 the lemma holds. Without loss of
generality we can assume the cofinality of v is w. Let (v; : i € w) be a strictly
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increasing sequence converging to 7. Let (po,do) € P * DA,, m € w and T be a
D,-name such that Ikp “ & € 2* 7. Suppose (po, do) € P*D.,,.

In VP let (rg : k € w) be a decreasing sequence in Dy, ) such that ry \FD[ )
Vi

“¢ ) Iy = x; | I where z; € 22 N VP,

Back in V' let 7 and i; be D, -names such that |hD>7]. “(ip + k € w) and &
satisfies the above”.

By induction hypothesis there exist (p’,¢’) <P*ij (po,qo) and n > m such

that (p/,4") II—P*DW “ell,=d; | 1I,). Put py =p' and IFp “ ¢y = ¢'77y”
Then (p1,q1) Fpep, “C1 In =5 [ In=d [ I,

_|

The proof of the following result is similar to the argument showing that finite

support iteration of eventually different forcings preserves unbounded families.

THEOREM 3.3. Suppose vy is an ordinal and P is a forcing notion which has a
P-name ¢ such that IFp “I¥n (z(n) < é(n))” forx € wNV. Let & be a E-name
such that lbg, “& € w*”. Then by “3%n (2(n) < ¢(n))”.

PrROOF. We proceed by induction on . We shall only prove the successor
step. The rest of the proof is similar to the proof of Theorem 3.2.
Successor step:
Suppose the lemma holds for . Let @ be a E,1-name such that kg, “ & €
w?”. Let (po,qo) € P = E'y+1 and m € w. Without loss of generality we can
assume (po, do | ) Fpas, “Go(y) = (s, F) and F = {f; : j < 1} for some | € w

and s € w<¥,
Cram 3.3.1. [1, p367] Let & be a E-name such that lrg “ i € w*”. For each
sewv, l€wandi € w, put
2s,1(1) = min{j € w:VH C w* with |H| =1(~(s,H) IFg “&(i) > j")}.
Then xs; € wW*.
PROOF OF CLAIM. Fix s € w<% [ € w and i € w. For ¢t € w with s C t put
Ay = [H € (@) V] € HYE € [|s],|t]) (f(K) # t(k))}.

Then (W)l = J{A4; 1 t € W< As CtAIG € [w*]<¥ ((t,G) decides #(i))}.

We assume w is equipped with the cofinite topology and (w*)! is equipped
with the product topology. Since w is compact in the topology, (w*)! is also
compact by Tychonoff’s theorem.

Since {A4; : t € w<Y As C tAIG € [w¥]<¥ ((t,G) decides %(4))} is an open

covering of (w¥)!, there exist finitely many tg, 1, ... t,_1 such that (w*)* =
A UAy, UL LU A .
Pick Go, G1, ..., G, € (w*)* and jo,j1,...,jn € w so that (t,,,Gpn) IFg

“&(i) = jm” for m < n. Put zs;(1) = max{j, : m < n}. Then z,;(i) is as
desired:

For each (s, H) with H € (w*)!, there is t,, with m < n such that H € A, .
Since H € Ay, (tm, G UH) < (ty,Gm), (s, H) and (t,,, Gy, U H) kg “ £(i) =
Jm < xs,(2)”. Therefore —(s, H) IFg “ (i) > x,(i)”.

_|
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Apply this claim in VE» for & and put i, a E,-name such that
b, “da(i) = min{j : VH C w* with |H| =1 (ﬁ<s7 H) IF (i) > j)}”.

By induction hypothesis there are (p/,¢') € P x ]Ev and n > m such that
(,q¢) < <pski, (po,do | v) and (p',q") IFP*EW “é(n) > dsy(n)”. Since E, <P ]E'w
there is a E,-name Q for a partial order such that P x EAY ~ E;“f « Q. Let ¢* be a
projection of (p',¢’) to E,. Find E,-names (r}, : k € w) and F'* such that

(i) ke, “ F* ={f; :j <1} Cw” and i} € Q" for k € w,

(i) (g% 70) < (¢, 4,
(iii) IFg, “ frq1 <o 7" for k € w and,
() (0% 7%) gy “ Vi <1 (f (B) = (k)" for k € w.
Then there are ¢f <g_ ¢*,t € w<“ and a E,-name G such that qi ke, “(t, G> <E
(s, F*) and (t,G) Iy “ &(n) < £g,(n)"”.

Since (¢*, #q)) by Vi < 1 Vk < ] (f'j(k) - f;f(k)) " and g} Ibg, “Vj <

nvk € [|s], \t|)( “(k) # t(k )) (g5, 71) i, o “(t, ) is compatible with (s, ).

Choose (p1,41) € P*Ererl so that (p1,41 [ v) = (¢, 7¢) and (p1, 41 [ ) “_IP*]E'L,

“ ql (7) <E <Sﬂ F>ﬂ <t7 G>”' Then (plv (jl TV) |F]P’*]'E7 ¢ i&l(n) < C(n) and ql (’Y) |F]E
“i(n) < iy (n)””. Therefore (p1,q1) Fpai ., i(n) < é(n)”.

_|

The proof of the following result is similar to the argument showing that finite
support iteration of random forcings preserves unbounded families.

THEOREM 3.4. Suppose v is an ordinal and P is a forcing notion which has
a P-name ¢ such that IFp “3*°n (z(n) < é(n))” for x € W NV. Let & be a
B, -name such that IF “& € w”. Then lrp,s “3*n (Z(n) < é(n))”.

Proor. We proceed by induction on «. We shall prove only the successor
step.
Successor step:
Suppose the lemma holds for . Let u be a measure on B. Let & be a B, ;-name
such that ‘HB'H- ‘T e wv”.

Cram 3.4.1. Let m be a B-name such that kg “rm € w”. Then for each n,
there exists | € w such that p([m < []) >1 -1

Apply this claim in VB for @(n) for n < w and choose i* a B,-name such
that

s, wIE(R) < (R)]g) > 1 5.

Let (po,qgo) € P x BWH and m € w. Without loss of generality we can assume
1
(po,do | ) “_]P’*EH “uldo(y)) = 5” for some [ € w. By induction hypothesis

there are (p/,q’) € Px 1837 and n > m,l such that (p/,¢’) < <p:b, (p,q¢ | v) and
(r',d") o, i*(n) < é(n)”. Put (p1,d1) € P+ B,y so that (pr,di | 7v) =
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®'d") and (p1, 41 [ ) e, “ d1(v) < do(v) and ¢1(7) < [#(n) < &*(n)]B".
Then (p1,41 [ ) ., “d *( ) < é(n) and ¢1(7) Ik ©(n) < &*(n)””. Therefore
(p1.01) Fps, “#(n) <@*(n) < é(n)".
4|

We shall show a preservation theorem for finite support iteration of complete
Boolean algebras with a strictly positive finitely additive measure, where we say
that a Boolean algebra B has a strictly positive finitely additive measure p if p
is a function from B to [0, 1] such that

1. u(0g) =0,

2. p(1p) =1,

3. for every finite pairwise disjoint subset {a; : i € I} of B,

p(\/ a:) = p(a;) and
il iel
4. a # 0p implies p(a) > 0.
Note that if a Boolean algebra has a strictly positive finitely additive measure,
then the Boolean algebra is c.c.c.
Let LOC = {¢ : ¢ : w — w<¥ and 3k € wVn € w(|¢(n)| < nF)}. Define
¢ 2z if 3%°n(¢(n) Z x(n)) for ¢ € LOC and x € w*.

THEOREM 3.5. Suppose 7y is an ordinal and P is a forcing notion which has
a P-name ¢ such that Ibp “3%n (¢(n) # ¢(n))” for ¢ €e LOCNV. Let By be a
y-stage finite support iteration of complete Boolean algebras with strictly positive
finitely additive measure p and which is Suslin c.c.c for each ~v. Let ¢ be a
B, -name such that Ikp. =~ “ ¢ e LOC”. Then H—E»*B-7 “ (b ¢’

PrOOF. We proceed by induction on 7. We shall prove only the successor
step.
Successor step: ) )
Suppose for v the lemma holds. Let ¢ be a B, ,i-name such that k5., “ ¢ €
LOC”. Let ¢; (i <w), pi (i <w) and k; (i < w) be B,-names such that

o ks, “4; € LOC, p; € B and k; € w” for i < w,

o kg, “pilFgVnecw (¢(n) < nkl) 7 and

o i, “hiln) = {51 (I € 9] M) = — - (i)

1
n

Cram 3.5.1. Ikg,

z/%(n)’ < phitl

PRrROOF OF Cram. Since kg, “ 37, pu([j € ¢(n)] A pi) < nki ~u(pi)”, ks,
)] < e = e,

+u(pi)

_|
Let m € w and (po, do) € P * Bv+1~ Without loss of generality we can find ¢ € w

1
and n; € w such that (p,q [ 7) e, “H (G(v) Api) > —”. By induction hy-

pothesis there exist (p’, ') < <p:s, (p,g [ v)andn > n;,m such that (p', ¢’) IF]P*BW
“¢(n) € 1i(n)”. Without loss of generality we can assume p’ decides é¢(n) and
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p kg “¢(n) =17 for some | € w. Since (p’,¢) o, “1 € bi(n)”, (0, ¢) M.,
| . 177 . « | . .

‘(e dmlsnn) < =" So (.d) Fous, <1 (I & d)] AP A d(7)) >

07. Put (p17q1) €EPx B"H‘l so that (p17Q1 F ’7) = (p/aq/) and (phql r ’7) ”_IP*B..Y

“a1(y) = [ & d(n)]5 Api Ad(y)". Then (p1,da) e, ,, “ é(n) =1 ¢ $(n)”
_|

§4. Construction of Parametrized <) principles. We shall construct sev-
eral models by finite support iteration of Suslin c.c.c forcing notions.

If two Borel invariants (A1, By, E1),(As, Bo, E5) are comparable in the Borel
Tukey order, then {(Aq, By, E1) and {$(Aa, By, Es) satisfy some relation:

DEFINITION 4.1. (Borel Tukey ordering [2]) Given a pair of Borel invariants
(Al, Bl, El) and (AQ, BQ, EQ), we say that (Al, Bl, El) S? (AQ, BQ, EQ) if there
exist Borel maps ¢ : Ay — As and ¢ : By — By such that (¢(a),b) € E5 implies
(a, (b)) € Ey.

PROPOSITION 4.2. [7] Let (A1, By, E1) and (A, Ba, F5) be Borel invariants.
Suppose (Al, Bl, El) S% (Ag, BQ, Eg) and <>(A2, BQ, EQ) hOldS. Then <>(A1, Bh El)
holds.

Concerning <2, we know the following holds.

(Cichont’s diagram)
(Rane) -~ (M7R7 ;) ~ (M?C) <~ (N’ C)

(NJS)<7(MJ§) (R7M,E)<7(N,R,¥)
(The direction of the arrow is from larger to smaller in the Borel Tukey order).

Hence the following holds:
O lecov(N)) <—— O (non(M)) <—— O (cof(M)) <—— O(cof(N))

| i

& (b) ©()

| i

¢(add(N)) =—— ¢(add(M)) <—— O(cov(M)) <—— O (non(N))

(The direction of the arrow is the direction of the implication).

We call this diagram “Cichon’s diagram for parametrized diamonds”. We will
deal with Borel invariants in Cichon’s diagram.

THEOREM 4.3. Let £ be an ordinal with cf(k) > w1. Let D, be the k-stage
finite support iteration of D. Then V2= = &(cov(N)).
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PrOOF. Let IT = (I, : n € w) be a partition of w into finite intervals I,
with |I,| = n + 1 for n € w. Define a relation =2 so that = y if there exist
infinitely many n € w such that = | I, = y | I,,. We will show VP |= {29, =).

Let F be a D,-name such that IFp,_ “ F:2<w1 5 297 Since D, has the
c.c.c, a real 7, coding the Borel function F [ 2% appears at an intermediate
stage. By ¢f(k) > w; we can assume Fisa Dg-name for some 3 < k. Since
the cofinality of the oreder type of [3,k) is cf(k) > wy for 8 < k and D, =
Dg * ]I.))[gﬁ), we can assume F' is a Borel function in the ground model. Let
F' be a Borel function in the ground model. Let ¢, be a Dy, -name such that
IFp,, “ I°n(¢q [ In=x | I,)” for & € 2N VP We can obtain such ¢,. For
example let ¢, be a D, -name for a Cohen real over Ve,

We shall show Ik, “ (¢ 1 a < wy) is a O(2¢, =F)-sequence for F”. Let f be
a D,-name such that IFp_ f : w1 — 27. Then the following claim holds:

CLAIM 4.3.1. Define Cf- Cwy by
Ci= {a<w: flaisa Dauw, x)-name}.
Then Cf- contains a club.

REMARK 4.3.2. More precisely we should write
Cf = {a < wy : there exists a Dy, x)-name &4 such that IFp, “fla= ix(Z0)”}

where i, is the class function from Dy, «)-names to Dy-names induced by the
complete embedding i : Doyjw, <) < Dx. For convenience we will think of a Dy-
name & as Dy-name if there exists a Dr-name § such that Fp, “4 = ir.(9)”
where i1 is the complete embedding from Dy to Dy defined by Corollary 2.6.

For a € Cf, F(f [ @) is a Dayjw, ,~)-name because flais Dauw, ,»)-name and
FeV. _ ,

In VP F(f I a)is Dy, x)-name such that lFp,, . * F(fla)e2¥ and é, is
a Dyq ,)-name such that lbp, “3%n € w(x [ I, =¢q | @) forz € 22NV Pa,
By Theorem 3.2, IFp, ., “3%n € w(F(f Pa) [ Iy =¢a | 1),

Back in V, IFp_ “3%°n € w(F(f [ @) | In = éq | I,,)" for a € C}. Since O
contains a club subset of wy, IFp, ¢ (o : @ € wy) is a $(2¥, =F°)-sequence for
F7.

Let ¢ : 2¢ — N be the function such that

o(r) ={y €2 : F¥n(a | L=y | I)}.
Then ¢ : 2 — N and the identity function id : 2* — 2% witness (2%, N, €) <&
(2¢,=%°) (see [3, Theorem 5.11]). So VP = &(24 N, €).
4|

THEOREM 4.4. Let x be an ordinal with cf(k) > wi. Let E, be the k-stage
finite support iteration of E. Then VE= = {(cov(N)) and {H(b).

PROOF. IFg, “ $(cov(N))” is similar to the proof of Theorem 4.3. To prove
VEr 1= & (b), it suffices to show IFg, “ there exists a {(w*”,w®,* #)-sequence for
F” for each Borel function F' € V.
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For each v < wy, let ¢, be a By, -name such that IFg, “ 3%n € w (i(n) < éa(n))”
for each E,-name & such that Ibg, “2& € w*”. Let F : 2“1 — w“ be a
Borel function in V. Let f be a E,-name such that kg, “ f : w; — 27. Put
Cy = {a<wi: f]aisaE.up, x-name}. Then C' contains a club subset of
w1

For a € Cy, F(f | a) is a Equpw, »-name such that Ibg o “F(f [ a) €

w*¥”?. By Theorem 3.3, a € C; implies IFg, “3%n € W(F(f I a)(n) < éq(n)).

So kg, “ (éa:a<wi)isa <>(w w¥, #*)-sequence for F”.
_|

THEOREM 4.5. Let  be an ordinal with c¢f(k) > wy1. Let B, be the k-stage
finite support iteration of B. Then VB = {(b).

PRrOOF. It suffices to show IFp, “ there exists a {(w*,w®,* #)-sequence for
F” for each Borel function F' € V.

For a < wy, let ¢, be a Bwl-name such that I, “In € w(i(n) < éa(n))” for
each B,-name & such that kg, “ & € w*¥”.

Let F : 2<1 — w* be a Borel function in V. Let f be a B,-name such that
kg, © f:w — 2. Put Cy = {a < w;: flaisa Boufw,,x)-name}. Then Cy
contains a club subset of wj.

For a € C}, F(f [ @) is a Byuw, ,«)-name such that B, e F(f o) €
w“”. By Theorem 3.4, a € C; implies kg, “3%n € W(F(f | a) < éa(n))”. So
IFp, “ {¢o:a <wi)isa ((w?,w?, 2*)-sequence for F”.

_|

THEOREM 4.6. Let £ be an ordinal with cf(k) > wi. Let (B * D), be the
K-stage finite support iteration of B+ D. Then VEDx = & (add(N)).

PROOF. We shall show V(®+D)x E O(LOC, w?, 7). Without loss of generality
we can assume B x D is a complete Boolean algebra with strictly positive finitely
additive measure p [1, p319 Lemma 6.5.18].

For a < wy, let ¢, be a (B D), -name such that ‘F(B*D)wl “ ¢ 7 ¢y for each
(B % D),-name ¢ such that - By, $ € LOC”.

To prove V (BD)x E O(LOC,wv, A), it suffices to show that for each Borel
function F': 25 — LOC € V, IFg,p)  “ (¢a : a < wi) is a $(LOC, w®, Z)-
sequence for F”. . .

Let F': 2<“1 — LOC be a Borel function in V. Let f be a (B+D),-name such
that II—(B*D)N “frwr =27 PutCp = {a<w: flaisa (BD)ayw, «)-name}.
Then C contains a club subset of w;.

Fora € Cy, F(f | a) is a (B*D)aufw, x)-name such that Ik U[w e F(f |
@) € LOC”. By Theorem 3.5, a € C; implies IFg.p)  “ F(f | a) 2 ¢
So H_.(]B*]I'))),.c “llq T a < wy)is a G(LOC,wv, A)-sequence for F”. So we have
VED = G(LOC, w?, 7).

We shall show VB*D)x |: SN, N, D). Let {C;, J} be a family of independent

open sets with u(C; ;) = (C=)E +1) for all i, 7. Let ® : w* — A be the function such
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that

o(f) = U ﬂ Ci, (i)

n i>n
For each B € N fix a compact set Kg C w*\ B with u(KgNU) > 0 for any open
set U with KgNU # 0. Let {02 : n € w} list all 0 € w<* with K N [o] # 0.
Put
9(B,n,i) ={j: KpN[og]NCy; =0}

for i,n € w. Fix k(B,n) such that
(i41)2

l9(Bn,1)] < 1

for i > k(B,n). Define ¥ : N' — LOC by
VB = | olBoni)

k(B,n)<i
Then ¥ and ® witness (N, N, 3) <% (LOC,w*, A) (see [1, Theorem 2.3.9]). So

VEDL = O(N, N, B).
4|

COROLLARY 4.7. Fach of the following are relatively consistent with ZFC:
(i) ¢ = add(M) = wy + $(cov(N)) (see Diagram 1).

(i) ¢ = non(M) = cov(M) = ws + O(b) + O(cov(N)) (see Diagram 2).

(iii) ¢ = cov(N) = cov(M) = wq + $(b) (see Diagram 3).

(iv) ¢ = cov(N) = add(M) = ws + $(add(N)) (see Diagram 4).

PROOF. (i) Suppose V = CH. By Theorem 4.3 VP« = {(cov(N)). Since
D,,, adds wo-many dominating reals and Cohen reals, VP2 |= ¢ = b = cov(M) =
wa. Since add(M) = min{b, cov(M)} (see [1], [5]),

VP2 = &(cov(N)) + ¢ = add(M) = ws.
Cichont’s diagram for parametrized diamonds looks as follows where an w, means

the corresponding evaluation of the Borel invariant is wo while the parametrized
diamond principle for the others hold.

&cov(N)) wo wo wo

w2

w2

$(add(N)) wa wa wWa

[Dingram 1

(ii) Suppose V = CH. By Theorem 4.4 VE« |= &(cov(N)) + < (b). Since E,,
adds wy many Cohen and eventually different reals, ¢ = non(M) = cov(M) = wo.
Hence

VB = O(cov(N)) + O(b) 4 ¢ = non(M) = cov(M).
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O (cov(N)) w2 w2 wa

&(b) ———— wo

Oladd(NV)) —— ¢(add(M))

Dingran 2

(iii) Suppose V' |= CH. By Theorem 4.5 VB2 = {(b). Since B, adds wy
many Cohen and random reals, VB2 = ¢ = cov(N) = cov(M) = w,. Hence
VB2 = &(b) + ¢ = cov(N) = cov(M) = wy.

w2 w2 o) o)

O(b) ——— ws

Oladd(NV)) —— O(add(M))

Dingran 3

(iv) Suppose V |= CH. By Theorem 4.6 Y (BxD)u, = $(add(N)). Since (BxD),,
adds wy many random, Cohen and dominating reals, ¢ = cov(N) = add(M) =
min{b, cov(M)} = wo. Hence

VED)ey L ¢ (add(N)) + ¢ = cov(N) = add(M) = ws.

w2 w2 w2 w2

w2 w2

w2

w2

w2

w2

$(add(N)) w2 wa wWa

[Dingram 1
4|

Hrusak asked the following question after a talk I gave at the 33rd Winter School
on Abstract Analysis -Section of Topology held in the Czech Republic (2005
January).

QUESTION 4.8 (Hrusdk). Let A be a amoeba forcing. Then VA2 = (s)?
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