WEAK COMPACTNESS AND NO PARTIAL SQUARES

JOHN KRUEGER

ABSTRACT. We present a characterization of weakly compact cardinals in
terms of generalized stationarity. We apply this characterization to construct
a model with no partial square sequences.

One of the striking features of weak compactness in the large cardinal hierarchy
is the wide variety of characterizations of the concept. These characterizations meet
many disparate areas of set theory, including metamathematics, combinatorics, and
elementary embeddings, among others. In this paper we expand on this theme by
characterizing weak compactness in terms of generalized stationarity.

The property of Mahloness illustrates a way to define or characterize a large
cardinal property: specify a naturally defined set, and then assert that the large
cardinal property holds iff the set is stationary. For example, a cardinal x is Mahlo
iff the set of strongly inaccessible cardinals below « is stationary.

The first goal of the paper is to characterize weakly compact cardinals along the
same lines. Let k > w be a regular cardinal. Let S be the set of N in P,(H(x"))
satisfying: (1) NNk is strongly inaccessible, (2) N<N7% C N and (3) the transitive
collapse of N is a l-elementary substructure of H((N Nx)"). We will prove that
is weakly compact iff S is stationary in P, (H(kT)).

The second goal of the paper is to demonstrate how this characterization of weak
compactness can be applied in forcing arguments. The property that a forcing poset
P is A-distributive, for a regular cardinal \, is II; over H(6"), where P € H(6%)
and A < 6T, and thus this property is preserved under l-elementarity. This fact
will enable us to use the above characterization of weak compactness to prove that
a certain forcing iteration is distributive.

Specifically, we would like to construct a model in which there are no partial
square sequences on any stationary subset of g™ N cof(u), where p is a regular
uncountable cardinal. A partial square sequence on a set A C pu™ Ncof(u) is a
sequence (¢, : a € A) satisfying that each ¢, is a club subset of a with order type
i, and if vy is a common limit point of ¢, and cg, then ¢, N7y = cg N~y. If there
is such a sequence with domain A, we say that A carries a partial square. It is
known to be consistent that there are no stationary subsets of u* N cof () which
carry a partial square sequence. This follows from a strong stationary set reflection
property which holds in a model of Magidor [4].

We would like to construct a model with no partial squares more directly. Specif-
ically, we iterate forcing to destroy the stationarity of any subset of u™ N cof(u)
which carries a partial square. In general, such an iteration will collapse cardi-
nals. So first we prepare the ground model by Lévy collapsing a weakly compact
cardinal x to become pt. Then we use the above characterization of weak compact-
ness to show that the iteration of club adding is k-distributive and thus preserves

Date: May 2010.



2 JOHN KRUEGER

cardinals. The proof that the iteration is distributive demonstrates how to use ele-
mentary substructures, as an alternative to elementary embeddings, in applications
of weak compactness.

1. PRELIMINARIES AND NOTATION

We review some basic ideas and notation which will be important in the paper.

Let NV be a set satisfying extensionality: if z and y are distinct elements of IV,
then there is z in N such that z € x \ y or z € y \ . Define a function = with
domain N by €-recursion:

m(x) ={7(y) : y € }.
Let N be the range of 7. Then N is transitive, and
m: (N, €)= (N, €)

is an isomorphism. Moreover, if M is a transitive set and o : (N, €) — (M, €) is
an isomorphism, then M = N and ¢ = m. We call N the transitive collapse of N,
and 7 the transitive collapsing map. The map 7 satisfies that if X C N and X is
transitive, then 7 [ X is the identity.

More generally, let E be a relation on a set X. We say F is well-founded if
whenever A is a non-empty subset of X, then there is a € A which is E-minimal
in A, meaning that there is no y in A such that yFa. We say E is extensional if
whenever z and y are distinct elements of X, there is z in X such that zEz and
-zFy, or zFy and —zFz.

Suppose F is a well-founded, extensional relation on a set X. Define a function
m with domain X by E-recursion:

m(x) ={n(y) : yEx}.
Then the range of 7, 7[X], is a transitive set, and
m: (X, E) = ([ X], €)

is an isomorphism. Moreover, if M is a transitive set and o : (X, F) — (M, €) is
an isomorphism, then M = 7[X] and 0 = 7. Again we call 7[X] the transitive
collapse of (X, E), and 7 the transitive collapsing map.

We will be concerned with stationary subsets of

P.(H(kM))={a C H(k"): |a| < K},

where £ is a regular uncountable cardinal. Recall that a set C C P,(H(x")) is
club if (1) whenever (a; : i < () is a C-increasing sequence of sets in C, where
¢ < &, then ;.. a; € C, and (2) for all a in P (H(k")), there is b in C such
that @ C b. A set S C P.(H(xk™m)) is stationary if SN C # 0, for every club set
C C P,(H(kT")). We will use the following characterization of stationarity. Let S
be a subset of {a € P,(H(k")) : anNk € k}. Then S is stationary iff for every
function F : H(kT)<* — H(k™), there is a in S such that F[a<*] C a.

Let P be a forcing poset, and A an ordinal. A P-name X is a nice name for a
subset of \ if every element of X is an ordered pair (p, f), where £ € A, and for each
& in A, the set

{p:(p.€) € X}
is an antichain of P. If p is a condition in P and p I+ Y C A, then there is a nice
name X for a subset of A such that pl+ X =Y.
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2. SOME II] EXPRESSIONS

In this section we describe some properties of models of the form (V,, €), using
IT}-formulas. These expressions will be used in the next section to show that if &
is IT{-indescribable, then there are stationary many N in P.(H (k™)) such that the
transitive collapse of N is a 1-elementary substructure of H((N Nr)").

We begin by specifying a second-order language £. The non-logical symbols
of £ are: (1) a binary relation symbol €, (2) unary predicate symbols &, E, K,
T, and C. First order variables will always be written in lower case, and second
order variables will always be written in upper case. If ® is a formula of L, we
write ®(Xy,...,X,,x1,...,2) to indicate that the free variables of ® are among
Xl,...Xn,xh...,xk.

Let A denote the set of formulas of £ which have no second order quantifications.
We say a formula of £ is I13 if it is of the form VX; ---VX, ¥, where ¥ is in A.
Any conjunction of II} formulas is logically equivalent to a I} formula. We will
sometimes speak loosely and refer to a formula as being II} when we really mean
it is logically equivalent to a IT} formula.

Let k be a strongly inaccessible cardinal. A set M is said to be a xk-model if M
is transitive, the cardinality of M is equal to x, x is a member of M, M<% C M,
and M is a model of ZFC™ (that is, the theory ZFC minus the power-set axiom).
Note that any x-model is a subset of H(xT). Also, if M < H(k%), k+1C M, M
has size x, and M <% C M, then M is a k-model.

Let us briefly describe the intended interpretation of the non-logical symbols of
L. Suppose k is strongly inaccessible, M is a k-model, and H : M<¥ — M is
a function. We code the structure (M, €, H) as a subset of V,; as follows. Fix a
bijection 7 : kK — M. Define E C k x k by letting xFy if 7w(z) € n(y). Define
K : k<% — k by letting K(B1,...,8n) = 7 Y(H(7(B1),...,7(Bn))). Clearly 7 :
(k,E,K) — (M, €,H) is an isomorphism. Now interpret the symbols &, E, and
K by the sets k, E, and K respectively. We interpret the predicate symbol T as
a subset of V; which codes the elementary diagram of the structure (k, E, K). We
interpret C' as a particular club subset of .

Let us recall the following basic fact about the satisfaction relation. Suppose
®(X1,...,X,) is a formula of £ which does not mention certain non-logical symbols
of £. Then the satisfaction of this formula in a model (Vi,€,k,E,K,T,C) is
equivalent to its satisfaction in any restriction of this model obtained by omitting
the interpretations of some of the predicate symbols which do not occur in .

We begin our description of some IT} properties by reviewing the well-known fact
that the statements “a is strongly inaccessible” and “M is an a-model” are I1}.

Lemma 2.1. There is a I} sentence ®g such that for any ordinal a, (V, €) E @9
iff a is strongly inaccessible.

Proof. Let ®g be the conjunction of the following sentences:

(1) For every ordinal 3, 8 + 1 exists.

(2) There exists a limit ordinal.

(3) For every ordinal 3, there is an ordinal v and a function from ~ onto the
power set of 5.

(4) For all X, if X is an ordinal-valued operation with domain an ordinal, then
the range of X is bounded.

Note that (1), (2), and (3) are in A, and (4) is II3. O
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Let LST denote the set of Godel numbers for formulas in the first order language
of set theory, and let ZFC™ be the subset of LST consisting of the axioms of ZFC
minus the power set axiom.

We will consider structures which are expansions of (V,, €, a, E), where E C
a x a. We would like to express statements of the form “(a, E) satisfies such and
such formulas of LST” using the language £. To this end, we review the idea of a
truth assignment.

Let I'(Z) be the conjunction of the following formulas of L:

e 7 is an operation, taking values 0 and 1, defined on pairs (p, h), where
@ € LST and h is a function which assigns to each variable of LST a
member of d&.

Z(x =1y,h) =0iff h(z) = h(y).
Z(x € y,h) = 0 iff h(z) E h(y).
Z(p N, h)=0iff Z(p,h) =0 and Z(y,h) =0.

Z(—p,h) =0iff Z(p,h) =1.

Z(3xp,h) = 0 iff there is b in & such that Z(p,h’) = 0, where A’ is the
function equal to h everywhere except at z, and h'(x) = b.

Note that the formula T is in A. If T C V,, then (V,,€,a,FE) E T[T] if T
is a truth assignment for the structure (o, E) in the usual sense, namely, that for
every formula ¢(z1,...,z,) of LST and aq,...,a, in a, T(p,h) =0 iff (o, F) |=
elay,...,a], where h is any function satisfying that h(z;) = a; fori =1,...,n.

For example, we can express the statement

(Vo €,0, E) E Yo, E) = plag, ..., an]”
to mean that for any T C V, such that

(Va7 €7OZ,E) ): F[TL

T(p, h) = 0 for any function h satisfying that h(z;) = a; for alli = 1,...,n. Clearly
this is expressible by a IT§ formula of L.

We sometimes write T'(¢, a1, . .., a,) = 0 to abbreviate that the free variables of
¢ are included among z1,...,xz,, and T(p, h) = 0 for some (any) function h which
assigns values aq, ..., a, to the variables z1,...,z,. When ¢ is a sentence of LST,

we will sometimes write T'(¢) to mean T'(p, h) for some (any) h.

There are straightforward variations on these expressions which we will use. For
example, we could write down a similar A formula with free variables X and Z
which assert that X C & x & and Z is a truth assignment for (¢, X). We will also
consider truth assignments for models expanding (o, E).

~ When writing down formulas of £, we will sometimes write 2Ey to abbreviate

E((z,y)).

Lemma 2.2. There is a 1} sentence ®; satisfying the following. Suppose « is
strongly inaccessible and E C V. Then (V,,€,a, E) = @1 iff ECaxa, (o, E) is
well-founded and extensional, and the transitive collapse of (o, E) is an c-model.

Proof. Let ®; be the conjunction of the following sentences:

(1) For all z, if F(z), then x is an ordered pair of ordinals.
(2) For every ordinal-valued function f with domain w, there is n < w such
that =(f(n+1) E f(n)).
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(3) For any distinct ordinals « and y, there is z such that either (zEzA—(zEy))
or (zEy A —(zEx)).

(4) For every truth assignment Y for the structure (¢, ), for every ¢ in ZFC™,
Y () =0. .

(5) There is x in & such that (&, E) = “z is an ordinal”, and for all y in &
there is z > y in & such that zFz.

(6) For any ordinal-valued function g with domain an ordinal, there is z in &
such that for all y in &, yEz iff y is in the range of g.

Note that each of the above statements is in A, except (4) which is II3.

Suppose « is strongly inaccessible and E C V,. Let A = (V,,€,a, F). Then
easily, A models (1) iff E C a x «, A models (2) iff (o, E) is well-founded (this uses
the fact that « is strongly inaccessible), and A models (3) iff (o, F) is extensional.
Assume that these three properties hold. Let (M, €) be the transitive collapse of
(o, E), and let 7 : (a, E) — (M, €) be the transitive collapsing map. Then A
models (4) iff (o, E)) is a model of ZFC™ iff (M, €) is a model of ZFC™, since («, E)
and (M, €) are isomorphic. The structure A models (5) iff there is an ordinal £ in
M such that £ > «, which is equivalent to « being in M, since M is transitive.

Suppose A models (6), and we show M <> C M. Let a be a subset of M of size
less than «a, and we show a is in M. Fix a bijection f : § — a, where 5 < . Define
g : B — a by letting g(i) = 7~ (f(i)). Clearly g is in V,, since 8 < a and « is
strongly inaccessible. By (6), fix x in « such that for all y, yEx iff y is in the range
of . Then n(x) = {n(y) : yFx} = {m(y) : y € ran(g)} = {m(x~"(F(1))) : i < B} =
{f(i):i< B} =a. Son(r) =aand ais in M.

On the other hand, assume M<* C M, and let g : 8 — a be in V,. So 8 < a.
Define f : f — M by letting f(i) = m(g(é)). By the closure of M, ran(f) is in M.
Fix z in « such that 7(z) = ran(f). Then yEx iff 7(y) € n(x) = ran(f) iff there is
i < B such that w(y) = f(i). But f(i) = 7(¢g(¢)) and 7 is an isomorphism. So the
last statement is equivalent to the statement that there is ¢ < 8 such that y = g(i),
which is equivalent to the statement that y is in the range of g. O

Lemma 2.3. There is a formula ©(X,S) in A satisfying the following. Suppose
« is strongly inaccessible, and F' and T are subsets of V. Then

(Va, €,a) = O[F, T

iff F C axa, (a,F) is well-founded and extensional, the transitive collapse of
(o, F) is an a-model, and T is a truth assignment for (a, F).

Proof. The proof is nearly identical to the proof of the previous lemma. Define
O(S, X) by replacing all occurrences in ®; of an atomic formula of the form “E(z)”
with the atomic formula “z € X7, and replace (4) with “S is a truth assignment
for (&, X) and S(p) = 0 for every ¢ in ZFC™”. O

Our next goal is to prove that for a strongly inaccessible cardinal a and an
a-model M, the statement that M is a 1-elementary substructure of H(a™) is a
1} property over V,. Specifically, let E C a x a be such that (o, E) and (M, €)
are isomorphic. Then there is a I} formula ® such that (V,,€,a, E) E @, iff
(M, €) <1 (H(a™), €).

First we prove some technical lemmas which show how to express the relation
M C N, between a-models M and N, with a formula in A.
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Lemma 2.4. Suppose « is strongly inaccessible, M and N are a-models, E and
F are subsets of a x a, and (M, €) and (N, €) are isomorphic to (o, E) and (o, F)
respectively. Let m : (o, E) — (M,€) and o : (o, F) — (N, €) be the transitive
collapsing maps. Then M C N iff there exists a function G : a — « such that
coG =m.

Proof. Assume M C N. Define G : @« — a by G = o~! on. This makes sense
because M C N. Then 0 o G = 0 oo~ ! o = 7. Conversely, assume G : o — « is
a function such that 0 o G = 7. Then M = w[a] = o[G[a]] C ola] = N. O

Lemma 2.5. Suppose e, M, N, E, F, w, and o are as described in the assumptions
of Lemma 2.4. Then for any function G : o — «, the following statements are
equivalent.
(1) oG =m.
(2) (a) xEy iff G(z) F G(y) for all z,y in «, and (b) if z F G(x), then z is
in the range of G, for all x, z in a.

Proof. Suppose G : a — « is a function and 0 o G = w. Then M C N, and
G = o lor Forz,yin a, By iff 7(x) € w(y) (since 7 : (o, E) — (M, €) is
an isomorphism) iff G(z) = o7 (n(x)) F o~ (7(y)) = G(y) (since 07! : (N, €) —
(o, F') is an isomorphism). So zEy iff G(z) F G(y), proving (a).

For (b), assume z F' G(x). Since o : (o, F') — (N, €) is an isomorphism, o(z) €
o(G(z)) = w(x). So o(z) € w(x). Now m(x) is in M, and M is transitive, so o(z) is
in M. Let 2z’ be in « such that 7w(z') = o(z). Then o(z) = 7(z') = o(G(2’)). But
o is injective, so z = G(z’). Thus z is in the range of G, which proves (b).

Conversely, assume G : « — « is a function satisfying (2). We prove c oG = 7 by
E-induction. So let y be in «, and suppose for all z such that zEy, o(G(z)) = m(x).
Then n(y) = {n(z) : zEy} = {0(G(z)) : xEy}. By (a), this last set is equal to
{o(G(x)) : G(z) F G(y)}. On the other hand, ¢(G(y)) = {o(2) : z F G(y)}.
But {z: 2 F Gy)} = {Glx) : G(x) F G(y)} by (b). So o(Gy)) = {o(G(x) -
G(x) F Gly)} = n(y). 0

Lemma 2.6. There is a formula U(X,Y) in A satisfying the following. Suppose «
is strongly inaccessible, M and N are a-models, and E and F' are subsets of a X «
such that (M, €) and (N, €) are isomorphic to (o, E) and (o, F) respectively. Let
m: (a,E) = (M,€) and 0 : (o, F') — (N, €) be the transitive collapsing maps.
Then for any G C Vo, (Va, €, 0, E) = [F, G| iff G : « — « is a function such that
coG =m.

Proof. Let ¥(X,Y) be the conjunction of the following formulas:

(1) Y is an operation which maps ordinals to ordinals.

(2) For all z,y in &, xFy iff (Y(z),Y(y)) € X.

(3) For all z,z in &, if (2, Y (z)) € X, then there is y in & such that z = Y (y).
Clearly (Vo,€,a,F) = U[F,G] iff G : o — « is a function, zFy iff G(x) F G(y),
and z F' G(x) implies z is in the range of G. By Lemma 2.5, this is equivalent to
the statement that G : & — « is a function such that 0 o G = 7. ]

Lemma 2.7. Let a be strongly inaccessible, and let M be an a-model. Then the
following are equivalent.

(1) (M,€) <1 (H(a™),€).
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(2) For every Ag-formula p(x,x1,...,2,) in the first order language of set
theory, for all ay,...,a, in M, for every a-model N such that M C N, if
there is ¢ € N such that (N, €) = ¢[c,a1,...,ay], then there is b € M such
that (M, €) = ¢[b, a1, ..., an].

Proof. Assume (1) holds. Let ¢(x,x1,...,2,) be Ag, let aq,...,a, be in M, and
let N be an a-model such that M C N. Assume there is ¢ in N such that (N, €) |
ole,a1,. .., a,). Since N is an a-model, N C H(a™). But ¢ is Ay, so (H(at), €
) E ¢le,a,...,a,]. Hence (H(a™),€) E Jzplar,...,a,). As M <y H(a™),
(M, €) = Jzpla,...,an]. So there is b in M such that (M, €) = ¢[b,a1,...,an].
Now assume (2) holds. Let ¢(x, x1,...,2,) be Ag andlet ay,...,a, bein M. As-
sume (H(at1), €) = Jzylay,. .., a,]. Fix ¢ such that (H(a™), €) E plc, a1, ..., an].
Since a<* = «, we can find an a-model N such that MU{c} C N. As pis Ao, (N, €
) = ¢le,a1,...,a,]. By (2), there is b in M such that (M, €) = ¢[b,a1,...,a,]. So
(M, €) = Jzplar,...,an]. O

Proposition 2.8. There is a II} sentence @y satisfying the following. Suppose o
is strongly inaccessible, M is an a-model, E C a X «, and (a, E) is isomorphic to
(M, €). Then (Vu, €, E) = @y iff (M, €) <1 (H(a™),€).

Proof. Let ©(X,S) and ¥U(X,Y) be the formulas from Lemmas 2.3 and 2.6. Let
U*(X,Y,S,5") be the formula: S’ is a truth assignment for (¢, E), ©(X, S), and
U(X,Y). Note that ¥* is in A.

Let @5 be the following sentence: for all X, Y, S, S’, for every Aqg formula
o(x,21,...,x,) in LST, and for all a,...,a, in &: either =¥*, or (U*, and if there
exists ¢ in & such that S(¢,¢,Y (a1),...,Y (ay,)) = 0, then there exists b in & such
that S’(¢,b,a1,...,a,) =0). Clearly ®, is II3.

Let a be strongly inaccessible, and assume M is an a-model. Let E be a subset
of a x « such that (M, €) is isomorphic to (a, E), and let 7 : (a, E) — (M, €) be
the transitive collapsing map.

Assume (V,, €, a, E) = ®3. We verify (M, €) <1 (H(a™), €) by proving (2) of
Lemma 2.7. So let ¢(x,z1,...,z,) be Ag, and let aq,...,a, be in M. Suppose N
is an a-model, M C N, c € N, and (N, €) | ¢[c,a1,...,a,]. We show there is b
in M such that (M, €) = ¢[b,a1,...,an].

Fix F C ax« such that («, F) is isomorphic to (N, €). Let T and T” be truth as-
signments for the structures (o, F') and (o, E) respectively. Let o : (o, F) — (N, €)
be the transitive collapsing map. Since M C N, by Lemma 2.4 there is a function
G : a — « satisfying 0 o G = 7. It follows that (V,, €,a,FE) E U*[F,G,T,T"].
Now ¢ € N and (N, €) | ¢[c,a1,...,a,). Since o= : (N,€) — (o, F) is an
isomorphism, (a, F) = ¢lo~1(c),0 (a1),...,0  an)].

For eachi=1,...,n, a; isin M, so fix ; in a such that 7(y;) = a;. Since 0o G =
7, 0(G(v;)) = a;. Soo 1 (a;) = G(7;). Hence (o, F) = ¢[o~1(c), G(11), .., G(7n)]-
So T(p,071(c),G(71),...,G(ym)) = 0.

Since (Va,,€,a, FE) | @y, there is b in « such that T"(¢,b,71,...,7) = O.
Therefore (o, E) = @[b,71,...,W]. As 7 : (a, E) — (M, €) is an isomorphism,
(M,e) E o), n(11),...,7(y)], that is, (M,€) E ¢[r(b),a1,...,a,]. This
proves that (M, €) <; (H(at), €).

On the other hand, assume (M, €) <y (H(a™), €), and we show (V,,€,a, F) |=
®y. Solet F,G, T, T’ be subsets of V,, o(x, z1, ..., x,) a Ap-formula, and ay, ..., a,
in a. Suppose (V,, €, a, E) = V*[F,G,T,T’]. By the choice of ©, F C axa, (o, F)
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is well-founded and extensional, the transitive collapse of (a, F') is an a-model, and
T is a truth assignment for (o, F'). Let (NN, €) be the transitive collapse of («, F),
and let o : (a, F) — (N, €) be the transitive collapsing map. By the choice of ¥,
G :a — «ais a function and 0 o G = 7. Also T” is a truth assignment for (a, F).
Suppose there exists ¢ in « such that T(p,c,G(a1),...,G(a,)) = 0. Then

(o, F) E ¢le,G(a1),...,G(ay)]. We need to show there is b in « such that
T (p,b,a1,...,a,) =0, that is, (o, E) = ¢[b, a1, ...,ay]. Since o : (a, F) = (N, €)
is an isomorphism, (N,€) = ¢[o(c),0(G(a1)),...,0(G(ay))]. As 0 oG = m,
(N,€) |: <p[o(c)77r(a1) 7(ay)]. Now ¢ is Ag and N C H(a™), so (H(at),€
) E ¢lo(e),m(ar), . W(an)] Since (M, e) 1 (H(a™),€) and M = 7[a], there is
bin « buch that (M €) E o[r(b), m(a1),. ﬂ(an)]. As7m: (o, E) — (M,€) is an
isomorphism, (a, F) = ¢[b, a1, ..., a,]. O

3. WEAK COMPACTNESS AND GENERALIZED STATIONARITY

With the IT} expressions from the last section at hand, we are now ready to prove
our generalized stationarity characterization of weak compactness. Let £ be the
second order language from the previous section. If x is weakly compact, then « is
I1}-indescribable. In our context, this means that if £, K, T, and C are subsets of
V.., and @ is a I} sentence of £ such that (Vi €,x, E, K, T,C) = ®, then there is
a < k such that (Vo, €,0, ENV,, KNV, TNV,,CNV,) E .

For easy reference, we describe again the three ITi-sentences ®q, ®;, and @,
introduced in the last section.

For any ordinal a, (V4, €) = @ iff « is strongly inaccessible.

Suppose « is strongly inaccessible and E C V,,. Then (V,,€,a,FE) | @, iff
E C axa, (a,F) is well-founded and extensional, and the transitive collapse of
(a, E) is an a-model.

Suppose « is strongly inaccessible, M is an a-model, F C « X «, and (M, €) is
isomorphic to (a, E). Then (V,, €, o, E) = @9 iff (M, €) <1 (H(a™), €).

For a regular cardinal x, if N is in P.(H(kT)), we write ky for N N k.
Theorem 3.1. Let x be a regular cardinal. Let S be the set of N in P.(H(kT))
satisfying:

(1) Ky is strongly inaccessible,
(2) N<s~ C N,
(3) (N, €) =1 (H(r%),€).
Then k is weakly compact iff S is stationary.

Proof. Suppose k is weakly compact. Then « is IT3-indescribable. Let
F:H(K)< = H(x)

be a function. We will find a set N in S which is closed under F. Since k is
strongly inaccessible, k<" = k, so we can find a k-model M which is an elementary
substructure of H(x") and is closed under F. Let

H=F| M.

Let us code the structure (M, €, H) as a subset of V.. Fix a bijection 7 :
k — M. Define a relation F on k by letting zEy if n(z) € w(y). Then 7 :
(k,E) — (M,€) is an isomorphism. It follows that (x,F) is well-founded and
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extensional. Since M is transitive, M is the transitive collapse of (k, FE), and 7
is the transitive collapsing map. Define an operation K : k<% — k by letting
K&, &) =7 (H(r(€1), .., 7(€x))). Then clearly

m: (s, E,K)— (M,e,H)

is an isomorphism.

Next we interpret the non-logical predicate symbols of £. We use k, E, and K
to interpret the symbols &, E’, and K.

We interpret the symbol 7" with a truth predicate T for the structure (k, E,K).
Let L™ be the set of Gédel numbers for formulas in the first order language of set
theory, augmented with one function symbol. Let T be the set of finite sequences of
the form (p,&1,...,&,), where ¢ is a formula in LT with free variables z1,...,z,,
&1,...,& arein k, and (k, B, K) E ¢[&1, ..., &nl-

Let C be the club set of a in k such that:

(1) for all y in a, if [{z : 2Ey}| < k, then {z : xEy} C «,
(2) for all &1,...,&, ina, K(&1,...,&,) € au.
We interpret the symbol C' with C.
Let A be the structure
(VK7 €7I€7 E? K? T7 C)
in the language L.

Now we consider some I} sentences satisfied by A. Since & is strongly inaccessi-
ble, A = ®g. As (s, F) is well-founded and extensional, and the transitive collapse
of (k, E) is the k-model (M, €), A = ®;. Since (M, €) < (H(k"), €), in particular,
(M,€) <1 (H(kT),€). So A = ®s.

Let us define two more sentences ®3 and ®4 of L. Let ®3 be the sentence: for ev-
ery truth assignment S for the structure (¢, E, K), for every formula ¢(z1,.. ., x,)
of L™, and for all ordinals &1, ...,&,, (@, &1,...,&) isin T iff S(p,&,...,&,) =0.
Note that ®3 is I}, and A = ®3.

Let ®4 be the sentence: for every ordinal 3, there is an ordinal v > 8 which is
in C. Since C is club in k, A E ®,. Note that &4 is in A.

Now we apply the II}-indescribability of x. We have that
Vi, €,6, E, K, T,C) = ®g A Py A Dy A D3 A Dy
By II}-indescribability, fix an ordinal a < & such that
Vo, €&,0, ENV,, KNV, TNV, CNV,) = g APy APy APy A Dy.

Let £, = ENV, and K, = KNV,. Note that by the choice of ®4, « is a limit
point of C, so e is in C. In particular, « is closed under K, so K, = K | a<%. Let
T, =TnNV,. Note that CNV, = CnNa. Let

B = (VOH €7a7Ea7Ka7Ta,C N a).

Let us draw some relevant conclusions from the choice of a. Since B = @y, «
is strongly inaccessible. Since B | @1, E, C a X «, (a, E,) is well-founded and
extensional, and the transitive collapse of (a, E,) is an a-model. Let (M,, €) be
the transitive collapse of («, E,), and let 7, : (o, Ey) — (Mg, €) be the transitive
collapsing map. Since B = ®q, (M,, €) <1 (H(a™), €).
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Since B = ®3, for every formula ¢(z1,...,2,) in LT, and for all £&1,...,&, in a,
(Ot, Eaa Ka) ': @[517 cee 7£n] iff <903517 cee a§n> € Tou But this is true iff <903517 s 3€7L>
is in 7', which by definition of T is equivalent to (x, F, K) = ¢[&1, ..., &]. Tt follows
that («, Eq, Ky ) is an elementary substructure of (k, E, K).

We noted above that since B = @4, « is in C. It follows that if y is in « and
H{z : 2Ey}| < &k, then {z : By} C «. In particular, if [{z : xFy}| < &, then
{z:xEyy} = {x: zEy}.

Define
Hy: M3Y — M,
by letting Hy(d1,...,dn) = ma(Ka(m; (d1), ..., 75 (dy))). Then clearly

Tt (o, By, Ky) = (M, €, Hy)

is an isomorphism.
Define a function
j:(My,€,Hy) = (M,e,H)
by
j=mom;t.
Since 7t 1 (My, €, Hy) — (o, Eo, K,) is an isomorphism, (o, By, K,) is an el-
ementary substructure of (k, E,K), and 7 : (k, E,K) — (M, €, H) is an isomor-
phism, it follows that j : (M,, €, H,) — (M, €, H) is an elementary embedding.

Let N = j[M,]. Since j is an elementary embedding,
(N,e,H | N<¥) < (M, €, H).

In particular, N is closed under H. Therefore N is closed under F, since H = F' |
M<¥. So we will be done if we can show that N is in S.

First we show that the critical point of j is equal to «, and j(a) = k. Since
the property of being a cardinal is II;, and M, <; H(a™), for all 8 in M,, S
is a cardinal in M, iff 8 is cardinal in H(a™) iff 8 is a cardinal. So M, models
that a is the largest cardinal. But M models that x is the largest cardinal, since
M < H(x™). Since j is elementary, j(a) = k.

We prove by induction that j(8) = 8 for all 8 < «. So let 8 < «, and assume
j(&) = & for all € < B. Let x = 7 }(B). Then w(x) = w(x, (B)) = j(B), and
To(7) = ma(n;1(B)) = B. So it suffices to show 7(x) = m,(x). Since 8 < a,
7w(z) = j(B) < j(a) = k. So w(z) < k. But w(x) = {n(y) : yEx}, so the set
{y : yEx} has size less than k. As aisin C, {y : yEz} = {y : yEyz}. If yE,x,
then 74(y) € 7ma(z) = B, so by induction, j(ma(y)) = ma(y). But j(ma(y)) =
7(n7 (7a(y))) = 7(y). S0 (y) = 7a(y). Hence j(8) = m(z) = {x(y) : yEz}
{maly) : yEozx} = wo(z) = B.

It follows easily that N Nk = a. On the one hand, if 8 < «a, then g = j(5) €
J[My]) = N,and 8 = j(8) < j(«) = k. Thus @ C NNk. On the other hand, suppose
v isin N Nk, and fix § € M, such that j(8) = . Then j(8) = v < k = j(«), so
B <a. SoB=j(B) =7, and v is in a.

Finally, we verify that N is in S. The set N has size equal to |M,|, which is
a. And Ky = N Nk = «, which is strongly inaccessible. Suppose a is a subset of
N of size less than ky. Then j71[a] is a subset of M, of size less than k. Since
M, is an a-model, j~![a] is in M,. Therefore j(j~![a]) is in N. But as |a] < Ky,
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and £y is the critical point of j, j(j7*[a]) = j[j~*[a]] = a. So a is in N. Finally,
since N is isomorphic to M, and M, is transitive, N is equal to M,. Therefore
(Na 6) <1 (H(K‘N)a 6)'

Now we prove the other direction of the theorem. Assume S is stationary in
P.(H(kT)). We prove that  is II}-indescribable.

First note that by (1) in the definition of S, the set of strongly inaccessible
cardinals below « is stationary. So k is Mahlo. In particular, |Vi| = &, so Vi €
H(xk™).

Consider the second order language of set theory with one predicate symbol.
Let R be a subset of V,;, and let ®(X) be a formula in this language containing no
second order quantifiers. Assume (V,, €, R) = VX ®. This is equivalent to

VA c Vn (anevR) ': (I)[A]v

which is a first order statement in (H(x"), €).

We find o < & such that (V,,€,RNV,) = VX®. Fix a set N in S such that
N < H(k*") and (V,, €, R) € N. Then k, is strongly inaccessible, N<*~¥ C N, and
(N,€) <1 (H(k}), €). By the elementarity of N, N models that (V, €, R) &= VX ®.
Let 7 : N — N be the transitive collapsing map. Note that 7(k) = k.

Let us check that n(V,) = Viy. If @ < Ky, then V,, € N by elementarity.
But |V,| < Ky, since ky is strongly inaccessible, so V,, € N. This proves that
Vin € NNV,. On the other hand, if x is in N NV}, then by elementarity there is
o < Ky such that z is in V,. So V., NN = V. But V,, is a transitive subset of
N, so 7 | Vi, is the identity function. Therefore (V) = {n(z) : x € NNV} =
{m(x) :x€eViyt={z:2 €V} =V, Also, since NNV, =V, it follows that
RNN=RNV,,, and hence 7(R) = {m(z) :z € RNN}={z:z € RNV, } =
RNV,,.

Since 7 is an isomorphism,

(N,e) Em((Vs, €, R)) EVXD.
By the last paragraph, it follows that
(N,€) E (Vin, €, RN V) EVX®.
This is equivalent to
(N,€) | VAC V., (Vuy,€,RNV,y) E ®[A].
The above statement satisfied by (N, €) is II;. But (N, €) <1 (H(x}), €). Hence
(H(5%),€) = VA C Vay (Viy, € RO Vi) = B[A].

But H(x};) contains every subset of Vj, so it is correct in computing the truth of
the above statement. Therefore (Vi ,€, RNV, ) E VX®. O

The proof of the forward direction of the last theorem is similar to proofs that
the ITi-indescribability of x implies the existence of elementary embeddings with
critical point x defined on x-models; see [3].
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4. A REMARK ON SUBCOMPACTNESS

We give an example of a large cardinal property, much stronger than weak com-
pactness, which can be characterized in terms of generalized stationarity in a way
surprisingly similar to the characterization of weak compactness given above.

A cardinal & is said to be subcompact if for every set B C H(x™), there is a
cardinal a < k, a set A C H(a™), and an elementary embedding

j:(H(a™),€,A)— (H(x"),€,B)

with critical point «. Note that by elementarity, j(«) = k. Subcompact cardinals
were introduced by Jensen. Schimmerling and Zeman have studied the impact of
subcompact cardinals in inner model theory ([6]). Subcompactness lies between
superstrong and supercompact in the large cardinal hierarchy.

The next result provides a generalized stationarity type characterization of sub-
compactness, which displays subcompactness as a natural strengthening of weak
compactness.

Theorem 4.1. Let k be a regular cardinal. Let T be the set of N in P.(H (k™))
satisfying:

(1) Ky s strongly inaccessible,

(2) N is equal to H(k}).

Then k is subcompact iff T is stationary.

Proof. Suppose k is subcompact. Let F': H(kT)<¥ — H(x") be a function. We
find a set N in T which is closed under F. Since F' C H(x™"), there is a cardinal
a < k,aset G C H(am), and an elementary embedding

j:(H(a%),€,G) = (H(k"), €, F)

with critical point . Since k is strongly inaccessible and j(«) = &, « is strongly
inaccessible by elementarity.

Let N = j[H(a™)]. Then N is an elementary substructure of (H(x"), €, F). In
particular, N is closed under F. Since « is the critical point of j and j(«a) = k, it
is easy to check that N Nk = a. Now H(a¥) is transitive and j=! : N — H(a™)
is an isomorphism, so by the uniqueness of the transitive collapse, N = H(a™). So
Nisin T.

Conversely, assume T is stationary, and we show « is subcompact. Let B be a
subset of H(xT). Choose a set N in T such that (N,€, BN N) < (H(xk"), €, B).
Let 7 : N — N be the transitive collapsing map. By the definition of T, ky = 7 (k)
is strongly inaccessible and N = H(x};). Since

' (H(k}),€,m[BNN]) = (N,€,BNN)
is an isomorphism and (N, €, BN N) < (H(k"), €, B), it follows that
7t (H(k}),€,7n[BNN]) = (H(kT),€,B)

is an elementary embedding, and the critical point of 77! is ky. O

5. PARTIAL SQUARE SEQUENCES
Let 11 be an uncountable cardinal. Recall that a [, -sequence is a sequence

(co : a € pt, o limit)
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satisfying that every ¢, is a club subset of a with order type less than or equal to
i, and for every limit point v of ¢4, co N7y = c,.

A partial square sequence is a variation of this idea, in which we require the clubs
to be defined only on a set of ordinals, not necessarily on every limit ordinal. The
coherence property then needs to be modified, since a limit point of a club on the
sequence does not necessarily have a club attached to it. We restrict our attention
to sets concentrating on a fixed cofinality; in that case, it is possible to thin out the
domain and arrange that the clubs all have the same regular order type.

Definition 5.1. Let p be an uncountable cardinal, and let v < p be reqular. Let
A C utnNeof(v). A sequence (co : o € A) is a partial square sequence on A if each
Co 18 a club subset of a with order type v, and whenever v is a limit point of both
ca and cg, then co Ny = cgNry.

We say that a set A carries a partial square if A is the domain of some partial
square sequence. (Note that in our terminology, A is not necessarily stationary.)

One of the reasons why partial square sequences are interesting is because their
existence can be proven in ZFC. The main result in this direction is the following
theorem of Shelah.

Theorem 5.2 (Shelah [7]). Let u be a regular uncountable cardinal, and let v < p
be reqular. Then p+ Ncof(v) is the union of u many subsets, each of which carries
a partial square.

It follows from the theorem that for any stationary set S C p* Ncof(v), there is
a club C C u™ such that SN C can be partitioned into ;1 many stationary subsets,
each of which carries a partial square.

There are two cases which are not handled by the last theoreom. First, the the-
orem says nothing about the existence of partial square sequences on the successor
of a singular cardinal. Indeed, one of the most important open questions on this
topic is whether ZFC proves the existence of a stationary subset of R, 1 N cof(w)
which carries a partial square ([2]).

The second case not handled by the theorem is whether, for an uncountable
regular cardinal p, there exists a stationary subset of u* N cof(u) which carries a
partial square. It turns out that this is independent of ZFC. Clearly [, implies
that the set pu* Ncof () itself carries a partial square. On the other hand, Magidor
[4] constructed a model satisfying that for an uncountable regular cardinal u, for
every stationary set S C p* N cof(< p), there is a club C' C ut such that for all «
in C'Ncof(u), SN« is stationary in «. Sakai [5] noted that this strong reflection
property implies that there is no stationary subset of u* N cof(u) which carries a
partial square.

In the next section we will construct a model with no partial squares more
directly. Specifically, we will iterate forcing to destroy the stationarity of any subset
of ™ Ncof (i) which carries a partial square. We feel this is the natural forcing for
constructing a model with no partial squares. Moreover, it seems possible a similar
forcing would work to resolve the problem for successors of singulars.

In general, a forcing iteration as just described will collapse cardinals. For ex-
ample, this is certainly the case if [J,, holds. So we first prepare the ground model
by Lévy collapsing a weakly compact cardinal s to become p*. We then use the
characterization of weak compactness given above to prove the distributivity of the
iteration.
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We will need the following lemma which asserts that a proper forcing poset
cannot add a thread through a partial square sequence.

Lemma 5.3. Let pu be an uncountable cardinal. Let (d¢ : £ € pt) be a sequence,
where each dg¢ is a subset of £. Suppose that P is a proper forcing poset. Let G be a
generic filter on P. Assume that in V|G], c is a club subset of (u™)Y which threads
the sequence (dg : € € (u™)V); that is, if v is a limit point of ¢ below (u™)V, then
cNy=d,. ThencisinV.

Proof. Suppose for a contradiction that p is a condition in P, and p forces that ¢
is a club subset of (u*)Y, not in V, which threads the sequence (d¢ : £ € (u)V).
Let 6 be a sufficiently large regular cardinal, and let N be a countable elementary
substructure of H(6) which contains as elements the sets P, p, ¢, and (de : £ € p™).
Since p forces that ¢ is not in V, there are ¢,r < p such that for some ¢ in u*,
gl ¢ € c¢and rlk ¢ ¢ ¢ By the elementarity of N, we can choose ¢, 7, and ¢ in N.
Now apply the properness of P to choose N-generic conditions s < g and ¢ < r.
Let « = sup(NNput). So ¢ € a. As s and t are N-generic, s and ¢ force that
sup(N[G] N pt) is equal to a. Therefore as ¢ € N, s and t force that a is a limit
point of ¢. Since ¢ is forced to be a thread, s and t force that ¢Na = d,. Now s < ¢,
so slF ¢ € éNa, and thus ¢ isin d,. But ast < r, t I { ¢ ¢Na, contradicting that
t forces ¢Na = d,. O

6. NO PARTIAL SQUARES

Let xk be a weakly compact cardinal, and let ;1 < x be regular and uncountable.
We will produce a generic extension in which & has been collapsed to become ¥,
and there are no stationary subsets of u™ N cof(u) which carry a partial square
sequence. Without loss of generality we also assume 2% = x*. For if this failed,
then we can precede our construction with a collapse COLL(k™,2%). This collapse
does not add subsets of k, and therefore it preserves the weak compactness of .

Our forcing poset will be of the form

CoLL(u, <k) x P,

where P is an iteration of length T which successively destroys the stationarity of
subsets of u™ N cof(u) which carry a partial square. Since COLL(p, < k) is K-c.c.
and has size k&, COLL(u, < %) forces 2% = k*. When working in V1<) e will
write x and puT interchangeably.

By standard arguments, if & is strongly inaccessible and p < & < k, then
CoLL(u, <%) forces

pt =g, 20 =t gt =,
and COLL(u, <R) is k-c.c. and has size K.

Let ® < & be strongly inaccessible, and suppose G is a generic filter on COLL(p, <
k). Let GIR={p| (uxRK):p€G}. Then G | & =GnNCoLL(u,<E), and G | §
is a generic filter on COLL(y, <R).

We will use the following version of a result of Magidor.

Theorem 6.1 (Magidor [4]). Let § < k be strongly inaccessible. Suppose G is a
generic filter on COLL(u, <k). In V[G | K|, let P be a p-closed forcing poset of size
less than k. Then in V|G|, there is a V|G | R]-generic filter H on P. Moreover,
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where K is a V|G | R|[H]-generic filter on some p-closed forcing poset.

In V let S be the set of N in P, (H (k™)) satisfying:
N < H(k™),
p+1CN,
Ky 1s strongly inaccessible,
N<HN g ]\]'7
N <1 H(Iij\;)
(Recall that x5y denotes N Nk.) Since k is weakly compact, the set S is stationary
by Theorem 3.1.
Let us prove several lemmas which analyze the interaction between sets in S and
the Lévy collapse.
Note that if N is in S and 7 : N — N is the transitive collapsing map, then

m(COLL(u, <k)) = COLL(p, <Kn).
This is true because, since N<*¥ C N,

N N CoLL(y, <k) = COLL(, <ky),
and 7 is the identity on this set.

Lemma 6.2. Let N be in S, and suppose G* is a generic filter on COLL(u, <Ky ).
Then N[G*] <1 H(x})VIC™.

Proof. This is a standard fact which follows from the assumption that N <y H (k).
For a proof, see Theorem 2.11 in Chapter 3 of [8]. O

Lemma 6.3. Let N be in S, and suppose G is a generic filter on COLL(u, < k).
Then N[G]NV = N, and N[G]<* C N[G].

Proof. Suppose a is in N[G]NV. Let a be a name for a in N. Define A as the set
of x such that for some p in COLL(u, < k), p Ik @ = &. Note that since a is in N,
Ais in N by elementarity, and as COLL(u, < k) is k-c.c., |A| < k. Hence |A| < Ky
by elementarity, so A C N. But a“ = a is in A4, and hence a is in N. (This is a
standard proper forcing type argument.)

Let f : v — NJ[G] be a function, where v < p. We show f is in N[G]. Define
g : v — N by letting g(i) = @; be a name in N such that af = f(i). Since
CoLL(u, < k) is p-closed, g is in V. But then in V, g is in N<%N since p < Ky,
so g is in N. As g and G are in N[G] and f is definable from g and G, f is in
N[G)]. O

Lemma 6.4. Let N be in S, and suppose G is a generic filter on COLL(u, < k).
Then
N|G] = N[G | kn]-

In particular, N|G|] is a member of V|G | kx|, and

N[G] <y H(sk$)VIGIEN],

Proof. Let 7 : N — N and o : N[G] — NJ[G] be the transitive collapsing maps.
We claim that ¢ [ N = 7. So let  be in IV, and suppose for all y in z, if y is in N
then o(y) = w(y). Since N[G]NV =N,

N N[G] =zNN.
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Soo(z) ={o(y):y € aNN[G]} ={o(y) :y € 2NN} ={n(y) : y € 2NN} = 7 ().
Thus o | N = 7. In particular, N C N[G].
Next we claim that

o(G) =G| ky,

and in particular, G | ky is in N[G]. Since COLL(p, < ky) C Vi, and Vi, is a
transitive subset of N[G], o is the identity function on COLL(x, <ky). Also

N|G] N CoLL(p, <k) = N N COLL(p, < k),
as N[G]NV = N. Tt follows that
N[G] N CoLL(, < k) = COLL(ft, <Ky).

Therefore
N[GING =G | ky.

For if p is in N[G] N G, then p is in G N COLL(p, < ky) = G | ky. On the other
hand, if p is in G | Ky, then p is in G and p is in N, since COLL(u, <ky) € N. So
pisin N[G]NG. Hence 0(G) = {o(p) : p € N[GING} ={o(p) :p € G| kn} =
(p:p€G [ hn} =G | k. o

Since N C N[G] and G | ky is in N[G], N[G | kx| C N[G]. For as N[G] is
isomorphic to N[G], N[G] is closed under the interpretation function @ + a1~
On the other hand, suppose a is in N[G], and we show o(a) is in N[G | ky]. Fix
a in N such that % = a. Then o(a) = 0(a%) = 0(a)°(®) = 7(a)¢""~, which is in
N[G | Ky O

Let us observe that the truth of several forcing properties is captured by the
model N[G | xy], which is a 1-elementary substructure of H (k7)Y ICT#~],

First recall that statements of the form “p IF & € ¢” and “p IF £ = ¢” are
absolute between transitive sets, as can be shown by recursion on names. For
example, p I- & € g iff for all p’ < p there is p” < p’ and a pair (s, 2) in g such that
p’ <sandp’IFz =2

Lemma 6.5. Let P be a forcing poset and A an ordinal. Then the statement that
A is regular and P is A-distributive is I1;.

Proof. 1t is well known and easily checked that the statement “X is regular” is IT;.
The statement that P is A-distributive is equivalent to the following: for all D, for
all g in A, and for any function f : § — D, if f is surjective and every set in D is
a dense open subset of P, then (D is dense open. Recall that the property “dense
open” is Ay, so the last statement is IT;. O

Now we are ready to begin our forcing construction. We would like to iterate
forcing over VOO <K) £ add clubs disjoint from every subset of x N cof (1) which
carries a partial square. We bookkeep so that after k™ many steps, every subset
of k has been dealt with. Actually, the forcing poset we define is not literally a
forcing iteration, although it is equivalent to one.

It will be notationally convenient to use an auxiliary partially ordered set

(Xa SX)v
which is defined in the model VCO" (%<5 Let X be the set of all closed, bounded

subsets of k. Let y <x x if y is an end-extension of x, that is, if yN(max(z)+1) = .
Note that since 2# = yt = x in VCOLUL<E) | X has size k.
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To describe the factor forcings, let us consider the situation somewhat abstractly.
Assume P is a s-distributive forcing poset in VCOM(<%)  Note that since P is
r-distributive, every bounded subset of k in V OOk} P g jp Y COLL(L<k) - Tp
VOOt <k)*P Jot A be a subset of ut N cof () (we do not care whether or not A is
stationary). Define a forcing poset P(A) in VOO <k)*P which adds a club disjoint
from A as follows. A condition in P(A) is a closed, bounded subset of x (that is, a
member of X) which is disjoint from A. Let ¢ < p in P(A) if ¢ end-extends p (that
is, if ¢ <x p).

If p and ¢ are conditions in P(A) which are compatible, then either ¢ < p or
p < ¢. Indeed, assume max(p) < max(q), and let r < p,q. Then ¢N (max(p) +1) =
(r N (max(q) + 1)) N (max(p) + 1) = r N (max(p) + 1) = p. So ¢ < p. In particular,
every family of pairwise compatible conditions is a chain.

Lemma 6.6. Let B be a chain of P(A) with size less than . Let o = sup{max(p) :
p € B}. Let g =|JBU{a}. Then q is in P(A) and g < p for all p € B.

Proof. If B has a maximum element, then the maximum element is ¢, and we are
done. Otherwise for all p in B, p is a proper initial segment of ¢q. So ¢ is a condition
in P(A) iff « is not in A. But A is a subset of u* N cof(u), and since |B| < p and
B has no maximum element, « has cofinality less than pu. (I

It follows that P(A) is u-closed. In general, the forcing poset P(A) might collapse
k = pT. But in the specific situation we will be considering, P(A) will be -
distributive.

Now we are ready to begin the description of the forcing iteration. For the
remainder of the section, let G be a V-generic filter on COLL(u, < k). Unless
specified otherwise, we work in the model V[G]. For the purpose of bookkeeping,
fix a surjective function f: kT — kT x kT such that f(a) = (i,7) implies i < .

We define by recursion in V[G] a sequence of forcing posets

(P :i < k™),
and a sequence of names
(T .5 < KT).
For each o < kT, we write T'(c) for T]’, where f(a) = (i, 7).

Here is a sketch of the definition. Having defined P,,, we define P, as a forcing
poset which is forcing equivalent to P, * P(T'(v)), where the second factor adds a
club disjoint from T'(cr). The forcing poset P, will force that T'() is a subset of
puT N cof (1) which carries a partial square. At limit stages we take a < k-support
limit. In the end, the chain condition of P+ will imply that any set which carries
a partial square has appeared already in some previous stage, and our bookkeeping
will ensure that it was made non-stationary along the way.

Before making the definition completely precise, we list our recursion hypotheses.

Recursion Hypotheses 6.7. The following statements hold for all o < k:
(1) If pis in Py, then p: o — X is a partial function with |dom(p)| < k.
(2) For allp and q in Py, q¢ < p iff dom(p) C dom(q) and for all i in dom(p),
q(i) <x p(i).
(3) Let B < . (a) Forallgq inP,, g B €Ps. (b)Psg CPy. (c) If qis in P,
and s < q | 5 in Pg, then lettingt =sUq | [B,a), t isin Py and t < s,q
in Po. (d) The inclusion map Pg — Py is a complete embedding.
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(4) P, is p-closed.

(5) If a« < kT then |Po| < kT, and if « = kT then Py, is kT -c.c.

(6) Ifa is a successor ordinal v+1, then Py is forcing equivalent to P, «P(T(v)).

(7) If a < kT then (T : i < k1) is an enumeration of all nice Po-names for
subsets of kN cof(u) which are forced to carry a partial square.

(8) Py is k-distributive.

Most of the recursion hypotheses follow easily from the definition. The main
challenge will be to prove 6.7(8), that P, is x-distributive, and this is the only
place where we will use the fact that x is weakly compact in V.

Now we make the definition of the forcing iteration precise.
Base case: Let Py be the trivial forcing consisting of just the empty condition.

Successor case: Suppose that Pg is defined for all 8 < «, where o < k™, and
moreover that sequences (Tf 4 < k1) are defined, for all 8 < a. We assume that
the recursion hypotheses 6.7 are satisfied by these objects.

Let (T : i < kT) enumerate all nice Po-names for subsets of u N cof (1) which
are forced to carry a partial square. Namely, by 6.7(5), |P,| < &, and since 2~ = kT,
P, has at most kT many antichains. So the number of nice P,-names for subsets
of Kk =ptis (kT)* = k™.

Now consider the bookkeeping function f : kT — kT X kT. Let f(a) = (i, 7).
Then i < a. Therefore T]z = T(a) is defined, and T'(c) is a P;-name for a subset
of u™ M cof(u) which carries a partial square. Since the inclusion map P; — P,
is a complete embedding and P, is p-closed, T(a) is a P,-name for a subset of
put Ncof(p). Since being a partial square sequence is upwards absolute, P, forces
that T'(a) carries a partial square.

Let P41 be the set of all partial functions p: @ + 1 — X satisfying:

(1) plo€Pa,
(2) if @ € dom(p), then p(a) € X and

plalFple)nT(a)=0.
Note that (2) is equivalent to

p | alkpla) e P(T(a)).
Now define a partial ordering on P, by letting ¢ < p if
(1) gla<plainP,,
(2) if o € dom(p), then o € dom(q) and ¢(a) <x p(«).

Limit case: Suppose a < k% is a limit ordinal and PP; is defined for all i < « as
required. Let P, be the set of all partial functions p : « — X satisfying:

(1) plieP; foralli < a,

(2) |dom(p)| < k.
Define a partial ordering on P, by letting g < pin P, if ¢ [ i < p [ ¢ in P; for all
1 < Q.

Our goal is to verify the recursion hypotheses for P,. Most of these are straight-
forward. 6.7(1) is immediate, and 6.7(2) can be easily checked. 6.7(3) is a standard
fact about forcing iterations, and we omit the easy proof.
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The next lemma follows easily from 6.7(2).

Lemma 6.8. (1) Let p and q be in P,, and let f < «. If ¢ < p in P,, then
gl B<plpinPs.
(2) Let 5 < «, and suppose u and t are in Pg. Thenu <t inPg iff u <t inP,.

The following useful fact follows almost immediately from the definition of P,,.

Lemma 6.9. Suppose p: a — X is a partial function with |dom(p)| < &, and p is
not in Po. Then there is v < a in dom(p) such that p [ v € P, but p | v does not
force that p(v) is disjoint from T (v).

Lemma 6.10. Let p and q be in P, and suppose p and q are incompatible. Then
there is v in dom(p)Ndom(q) such that neither of p(v) and q(v) are initial segments
of the other.

Proof. Assume that for all v in dom(p) Ndom(q), p(v) is an initial segment of ¢(v),
or vice versa. We show that p and ¢ are compatible. Define r : &« — X as the
partial function with domain equal to dom(p) U dom(g), such that for all 8 in this
domain,
p(B) if 8 € dom(p) \ dom(q)
r(B) =4 a(B) if B € dom(q) \ dom(p)
p(B)Uq(B) if 5 € dom(p) Ndom(q)

It is now easy to check by cases, using Lemma 6.9, that r is in P, and r < p,q. 0O

We make a remark about notation. If p is in P, and ¢ is not in the domain of
p, then strictly speaking, p(¢) is not defined. However, we will find it notationally
convenient to write p(i) without knowing whether or not ¢ is in dom(p). In the
case it is not, then by p(i) we mean the empty set. Similarly, max(p(i)) denotes
the empty set if 7 is not in dom(p).

The next lemma proves 6.7(4), that Py, is u-closed.

Lemma 6.11. Suppose B is a directed subset of P, of size less than . Define a
partial function q : o — X with domain equal to

(J{dom(p) : p € B},

so that for each B in this domain,

q(8) = J{p(B) : p € B} U {sup{max(p(8)) : p € B}}.
Then q is in P, and q < p for allp € B.

Proof. The lemma is proved by induction. First suppose a = £ + 1 is a successor
ordinal. Then by 6.8(1), {p [ £ : p € B} is a directed subset of P¢ of size less than
p. So by the lemma applied to P¢, ¢ [ £ is in PP; and is below p | £ for all p € B.
Since B is directed, for all s and ¢ in B, s(£) and () are compatible with each
other, and hence one is an initial segment of the other. Thus {p({) : p € B} is a
chain. By Lemma 6.6 and the definition of ¢(&), ¢ | £ forces that ¢(&) is in ]P’(T(f))
and end-extends p(¢) for all p € B. It follows that ¢ is in P, and ¢ < p; for all
1< V.

Now suppose « is a limit ordinal. Then for all 3 < o, ¢ [ B is in Pg and is below
p | 8 for all p € B, by the lemma applied to Pg. Since ¢ has domain of size less
than k, ¢ is in P, and ¢ < p for all p € B. O
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Now we prove 6.7(5). Suppose a < kT, and we show |P,| < k™. The set X,
which is the collection of closed, bounded subsets of x, has size equal to k<% = k.
By 6.7(1), if p is in Py, then p : @« — X is a partial function with domain of size
less than k. There are =" < k many possible domains, and for each choice of a
domain, there are no more than | X|<" <F = k many possible conditions. So
P, has size at most kK X kK = K.

= K

Lemma 6.12. The forcing poset P+ is kT -c.c.

Proof. The proof is standard. Given a family {p; : i < T} of conditions in P+,
using the fact that k<* = x and the A-system lemma, we can find an unbounded
set Z C k* and a set a C kT such that for all i < j in Z, dom(p;) Ndom(p;) = a
and p; [ a =p; [ a. Let i < j be in Z. Then Lemma 6.10 implies that p; and p;
are compatible. O

For 6.7(6), assume that o = v + 1 is a successor ordinal, and we prove that P,
is forcing equivalent to P, * P(T'(v)). If p is in P, then by definition, p | v is in P,
and p(v) is either empty or p [ v IF p(v) € P(T(v)). Hence we can define a map

i: Py — P, xP(T(v))
by letting
i(p) =p lv*p).

Lemma 6.13. The map i : P,y — P, « P(T(v)), given by i(p) = p | v*p(v), is
an isomorphism between P, 1 and a dense subset of P, + P(T(v)). Hence P, 1 and
P, « P(T(v)) are forcing equivalent.

Proof. 1t is straightforward to show that ¢ is an isomorphism between its domain
and its range, because the orderings are determined by the end-extension relation
<x, which is absolute. So we only need to see that the range of i is dense in
P, « P(T(v)).

Suppose s is in P, * P(T(v)). Without loss of generality, assume s I+ i # 0,
for otherwise we can extend to a condition which satisfies this. Since P, is k-
distributive by 6.7(8), we can find s’ < s in P, and x in X such that s’ I = .
Define

u=sU{{v,z)}.
Then v is in P,, 1 and i(u) = s’ * & < s * L. O

This completes the proof of 6.7(6). 6.7(7) is immediate.
It remains to show 6.7(8), that P, is s-distributive. For a = s¥, this follows
from the recursion hypotheses.

Lemma 6.14. Suppose P, is k-distributive for all a < k*. Then P+ is k-
distributive.

Proof. Tt is straightforward to check that P+ is separative (this uses the fact that
every set in X is non-empty). Hence P,.+ is k-distributive iff every function f : p —
On in a generic extension by P+ is in the ground model.

Let f be a name for f. For each i < u, let A; be a maximal antichain contained
in the dense set of conditions which decide the value of f (1). As Py+ is kt-c.c.,
|A;| < kT for all i < p. But P+ = {J;,.+ Pi. So there is 3 < x™ such that for
all i < p, A; C Pg. It follows that f is in the generic extension by Pg. But Pgs is
k-distributive by assumption, so f is in the ground model. ([
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It remains to show that P, is k-distributive, for all & < x*. First we need several
lemmas.

Lemma 6.15. Let v < k*. Let G, be a generic filter on P,. If A is a subset of
G, in V[G|[G,] of size less than u, then A has a lower bound in G,,.

Proof. Since GG, is directed, we can find a directed set B with A C B C G, also of
size less than . It suffices to find a lower bound of B in GG,,. Since P, is u-closed,
B is in the ground model V[G]. So in V[G], B is a directed subset of P, of size
less than u. Let ¢ be defined as in the statement of Lemma 6.11. Then q is a lower
bound of B.

If ¢ is not in G, then there is s in G, which is incompatible with ¢. By Lemma
6.10, this means there is ¢ in dom(g) N dom(s) such that neither of ¢(§) and s(&)
is an initial segment of the other. But for any p in B, p and s are compatible. So
if £ is in dom(p), then p(¢§) is an initial segment of s(&), or vice versa. If p(¢) is
an initial segment of s(§) for all p in B, then by the definition of ¢, ¢(£) is also.
Otherwise there is p in B such that s(£) is an initial segment of p(£), and then
clearly s(§) is an initial segment of ¢(§). This is a contradiction, so ¢ is indeed in
G,. O

Consider v < a < k*. Let G, be a V[G]-generic filter on P,. In V[G][G,], we
define a forcing poset P, /P, as follows. The underlying set of P, /P, is {p | [v,a) :
p € Po}. Let t < sin P, /P, if there is p in G, such that pUt < pUs in P,. Then
P, is isomorphic to a dense subset of P, * (P, /P, ), by the map

p=plvspllva)
(See Section 5 of [1] for the details.)

Lemma 6.16. Let v < a < k™. Then P, forces that P, /P, is p-closed.

Proof. Let G, be a V[G]-generic filter on P,. In V[G][G,], let (s; : i < {) be a
descending sequence of conditions in P, /P,, where ( < p is a limit ordinal. For
each i < j < (, choose p; ; in G, such that

PijUsj < pijUsi

inP,. Let A={p; ;4 <j <(} Then A C G, and |A4| < y, so by Lemma 6.15,
A has a lower bound ¢ in G,. By 6.7(3¢), ¢U s; is in P, for all . By 6.7(2),

qUs; <qUs;

in Py, forall i < j <.

So in V]G], (qU s; : i < () is a descending sequence of conditions in P,. By
Lemma 6.11, this sequence has a lower bound r satisfying that » [ v = ¢. Let
u=r | [v,a), which is in P, /P,. Then

r=qUu<qUs;
for all ¢ < ¢. Since ¢ is in GG, this implies
u < 8;
in P, /P, for all i < (. ]

Proposition 6.17. Let a < k™. Assume that P, is x-distributive for all v < a.
Then P, is k-distributive.
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Proof. Assume that P, is k-distributive for all v < «. We show that P, is k-
distributive. Whether « is a successor or a limit ordinal is not relevant. Let D be
a family of ;4 many dense open subsets of P,, and let p be a condition in P,. We
find ¢ < p which is in ()D. Choose COLL(p, < k)-names P, p, and D in H(kT)V
for P, p, and D.

Let us recall the definition of S. In V, S is the set of N in P, (H (k™)) satisfying:
N < H(k%),
p+1CN,
Ky is strongly inaccessible,
N<#N C N,
N <1 H(Ii—l\t)
Since k is weakly compact, the set S is stationary in V.

Choose N in S such that the names P,, p, and D are members of N. So Py, p,
and D are in N[G], and N[G] < H(kT)VIE). Let

o : N[G] — N[G]

be the transitive collapsing map. By Lemmas 6.2, 6.3, and 6.4,
N[G] = N[G | ky] <1 H(s5)VICT],

N[G]NV =N,
and

N[G]** C N[G].
It follows that

N[G I k] C NG | ry]
in V[G | ky], since N[G | ky] and N|[G] are €-isomorphic.
_ The forcing poset Py, is p-closed, so N [G] models that P, is pi-closed. Therefore
N[G T kx| models that o(P,) is p-closed. But N[G | kx] is closed under subsets
of size less than i, as noted above. So in V[G | ky], 0(P4) really is p-closed. Note
that
o [ (Pa NN[G]) : (Pa N N[G], <) = (0(Pa), <)

is an isomorphism.

We apply Theorem 6.1 to the forcing poset o(P,)/o(p). Fix a V|G | ky]-generic
filter H on o(P,) in V[G], which contains o(p), such that

VIG] = VIG | ky][H][K],

where K is a V|G | ky||H]-generic filter on some p-closed forcing poset.

Define H by

H=o"'[H].

So H is a subset of P, N N[G]. Note that p is in H, any two conditions in H have a
lower bound in H, and H is N|[G]-generic for P,. For if D is a dense open subset of
P,, in N[G], then N[G | k] models that o(D) is dense open in o(P,). The property
“dense open” is Ay, so o(D) is a dense open subset of o(P,) in V[G | ky]. Since
H is V[G | ky]-generic, there is some s in HNo (D). Then o~ 1(s) € HNDNNIG].

Let us note that

U{dom(s):sEH}:N[G]ﬂa:Nﬂa.



WEAK COMPACTNESS AND NO PARTIAL SQUARES 23

On the one hand, if s is in H, then s has domain of size less than «, so dom(s) C
N[G]. On the other hand, if v is in N[G] N «, then by the N[G]-genericity of H,
there is some s in H with v € dom(s).

Define a partial function ¢ : @ — X with domain N[G] N « as follows. By
the compatibility of conditions in H and the N[G]-genericity of H, for each S in
N[G] N a, the set

J{s(8) :s € H}

is cofinal in Ky, and is closed below ky. For each 8 in N[G] N «, define

q(8) = J{s(8) : s € HY U {rn}.

Then g is a partial function ¢ : @« — X, with domain of size |[N[G] N «| < |N[G]| =
n < K.

If s is in H, then dom(s) C dom(g), and for all 8 in dom(s), ¢(8) <x s(5). So
if we can show that ¢ is a condition in P, then ¢ < s in P, for all s in H. This
implies ¢ < p and ¢ € (\D. For let D be in D. Since D € N[G] and |D| = p < &,
D C N[G]. Hence D € N|G]. Therefore we can fix some s in DN H. Then ¢ < s,
so q € D, as D is open. Thus we will be done if we can show that ¢ is in P,,.

Let us suppose for a contradiction that ¢ is not a condition in P,. By Lemma
6.9, there is v in dom(q) such that ¢ [ v is in P, but ¢ | v does not force that ¢(v)
is disjoint from T'(v). In particular, v is in N|[G].

Let

H,={slv:se€H}
Then it is easy to see that
H,=HnNP,,
and moreover, H, is N[G]-generic for P,. Also, since ¢ | v is a condition in P,,
q | v is clearly a lower bound of H,.
Fix a P,-name C in N [G] for a partial square sequence with domain T(I/) For
each £ in &, let ¢¢ be a P,-name such that P, forces:
. { é() ifee ()
S0 e T
where C (€) is the club indexed by £ in C. By elementarity, there is such a sequence
of names (¢¢ : £ € k) in N[G].
For each v in &, let d.7 be a P,-name such that P, forces:

g =] cny ifee T(v) and 7 € lim é¢
T 0 if there is no such &

Note that by coherence, the definition of d.ﬂ, in the first case is independent of the
choice of £. By elementarity, there is such a sequence of names (d¢ : £ € ) in N[G].
Now each d, is forced by P, to be a set of ordinals of order type less than .

Since P, is p-closed, each d.7 is forced to be in the ground model. For each v in K,
let

dy =v,
where v is a set such that for some t in H,,

tiFd, =v.
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Note that by the N[G]-genericity of H,, d, is defined for all v in ky, and by
elementarity each d, is in N[G]. This defines a sequence

(dy 1y € kn)
in the model VI]G].

Recall that ¢ | v does not force that ¢(v) is disjoint from T'(). But every proper
initial segment of ¢(v) is an initial segment of s(v), for some s in H, and hence is
forced by ¢ [ v to be disjoint from T(I/) So there is an extension of ¢ [ v which
forces that sy is in T'(v).

Now ¢, , if non-empty, has order type 1, and by assumption, P, is k-distributive.
So we can find r < ¢ [ v and a club ¢ C ky of order type u such that

rl-cey =c.
It follows that .
Vv €lime riFd, =cNn.
But r is a lower bound of H,. Hence
Vv €lime ribd, =cN~.

Therefore
Vv €lime d, =cnN~.

In other words, c is a thread of the sequence (d, : v € k) which is in V[G].

Let

H,={tlo(v):te H}.
Then
H,=HnoP,).
Also
H, =o[H,).

By 6.7(3) applied to o(P,) and o(P,), it is easy to check that H, is a V[G | k|-
generic filter on o(P,).

We can factor o(P,) as

o(P,) xo(Py/P,),
and o(P,) forces o(P,/P,) is p-closed. More specifically, N[G | ky] models these
facts; but the < u-closure of N[G | ky]| easily implies they are true in V|G | ky].
Hence we can write
VIG] = VIG | kx][H,][Hy,o][K],

where H, , is a generic filter for the p-closed forcing o (P, /P,). So V[G] is a generic
extension of V[G | ky|[H,] by a u-closed forcing.

Let us prove that the sequence (d, : vy < ky) is in V|G | ky][H,]. Note that

o((dy 7 € 1) = (o(dy) : 7 € ).
For v in ki, there is s in H., such that s |- d, = d,. Then o(s) € H,, and

o(s) - o(d,) = o(d,).
(Recall that this last forcing statement is absolute between N[G | ky] and V|G |
ky].) But d, is a bounded subset of £y, and the critical point of o~ equals Ky.
Hence o(d,) = d,. So

o(s)IFo(dy) =d,.
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It follows that o
a(dy) ™ = d,.
Now the sequence ((d,) : ¥ < ky) and the set H, are in V[G | ky]|[H,]. So the
sequence (d, : v < ky) is in VG | ky][H,).
Recall that xy is equal to g™ in the model V|G | xy]. We claim that k, equals
pt in the model V[G | ky][H,]. Tt suffices to show that o(P,) is y-distributive in
V|G | £x]. The forcing poset P, is x-distributive in V]G], so

N[G] E P, is k-distributive.
As o is an isomorphism,
NI[G | k] | o(P,) is ky-distributive.

But o
NG | k] <1 H(kfy)V 1],

and the property of being ky-distributive is IIy, so
H(H;)V[GMN] E o(P,) is ky-distributive.

Since every family of dense open subsets of o(P,) of size y is in H(k7)VIGIHN]
o(P,) is ky-distributive in V[G | ky].
Now we apply Lemma 5.3 to get a contradiction. The model V[G] is a generic

extension of V[G | ky][H.] by a p-closed (and hence proper) forcing poset. The
sequence (d, : vy € ky) is in V[G | ky][H,], and has a thread ¢ in V[G]. By Lemma
5.3, cis in V[G | ky][H,]. But this is impossible, because c is a cofinal subset of

Ky of order type p, whereas ky = ut in V|G | ky][H,]. O
Let P =P,.+. This completes the construction of our forcing poset,
CoLL(p, <kK) *P.

Let H be a V[G]-generic filter on P. Since P is k-distributive, # is equal to u* in
VI[G][H]. Suppose A is a subset of ™ Ncof (u) which carries a partial square. Then
there is a nice name A for A which is forced by P to carry a partial square. Using
the x*-chain condition of P and the fact that P = |J,_,.+ Pi, we can find 8 < k™

such that A is a nice Pg-name for a subset of ut N cof (1) which carries a partial
square (using an argument similar to the proof of 6.14). But then at some stage
v > B, £\ A acquires a club subset. Therefore A is non-stationary in V[G|[H].

A question which arises from this work is whether a weakly compact cardinal
is necessary in the above result, or whether a weaker large cardinal hypothesis
suffices. For example, assume p > wy is regular, and there is no stationary subset
of u™ N cof(p) which carries a partial square. Does it follow that p™ is weakly
compact in L?
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