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WEAKLY ONE-BASED GEOMETRIC THEORIES

ALEXANDER BERENSTEIN AND EVGUENI VASSILIEV

ABsTrACT. We study the class of weakly locally modular geometric theories
introduced in [5], a common generalization of the classes of linear SU-rank
1 and linear o-minimal theories. We find new conditions equivalent to weak
local modularity: weak one-basedness and the absence of type definable almost
quasidesigns. Among other things, we show that weak one-basedness is closed
under reducts and generic predicate expansions. We also show that a lovely
pair expansion of a non-trivial weakly one-based w-categorical superrosy thorn
rank 1 theory interprets an infinite vector space over a finite field.

1. INTRODUCTION

It is a well known fact [21] that for a strongly minimal theory T', the following
conditions are equivalent: i) T is linear, ii) T is 1-based, iii) T is locally modular.
Furthermore, these conditions are preserved under reducts. For a simple SU-rank
one theory T the picture changes slightly, it is proved in [23, 5] that for such a
theory T, it is equivalent that: i) 7" is 1-based, ii) T is linear and iii) T is weakly
locally modular (see Definition 2.1). It is also known (e.g. see [23]) that in the
SU-rank one setting local modularity is a strictly stronger condition than being 1-
based. A more general framework where we can still study the geometry associated
to the algebraic closure is the class of geometric theories. Recall that a geometric
theory is a complete theory T such that for any model M = T, the algebraic
closure satisfies the Exchange Property and in addition 7" eliminates the quantifier
3°°. Examples include strongly minimal theories, simple SU rank 1 theories, dense
o-minimal theories and the theory of the p-adics. Inside a model of a geometric
theory, algebraic independence gives a good notion of independence for real tuples.
A key example of the behavior of linearity in o-minimal theories is the following
theory first introduced in [15].

Example 1.1. Let R = (R, +,<, f|(~1,1)) where f is defined by f(z) = 7z.
Clearly, f[(—1,1) can be extended to all of R by f(z) = nf (%) for x € (—n,n),

however this extension is not uniformly definable, and thus in a sufficiently satu-
rated model R* of T = Th(R), we cannot define f(z) for “infinite" elements. As
the theory of a reduct of a vector space over Q(n), T is a linear (CF) theory, but
it is not locally modular. It is also shown in [21] that T does not have almost
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canonical bases, i.e. a smallest algebraically closed subset over which a type is free.
The theory T also fails to be 1-based, i.e. there is M |= T saturated and there are

sets A, B C M such that A \X/acle‘l(A)ﬂacleq(B) B.

The example above shows that inside a geometric theory 7', local modularity
and 1-basedness do not need to be preserved under reducts. The main reason for
the failure of the second condition is the absence of almost canonical bases in the
reduct.

The origin of the expression 1-basedness comes from the concept that in a 1-based
simple theory one element in a Morley sequence contains all the information about
the original type (in general we require a countable Morley sequence to recover all
the information). Following this idea we introduce the notion of weak 1-basedness
(see Definition 2.3), prove that this notion coincides, in the setting of geometric
structures, with the notion weak local modularity introduced in [5] (see Definition
2.1) and finally show that it is preserved under reducts.

The main goal of this paper is to study the class of weakly 1-based geometric
structures. All linear o-minimal theories, including the one presented in Example
1.1, as well as linear SU rank 1 theories are examples of weakly 1-based theories.

Our work is divided as follows:

In the second section of this paper we define weak local modularity, weak 1-
basedness and show that the notions coincide. We also introduce the notion of type
definable almost quasidesigns, prove that it coincides with weak local modularity
and use it to show that a reduct of a weakly locally modular theory is again weakly
locally modular.

In section three we study the geometry associated to a weakly 1-based geometric
theory. We follow the approach from [23] and show that a lovely pair associated to
a non-trivial weakly 1-based w-categorical superrosy thorn rank 1 theory interprets
an infinite vector space over a finite field.

In section four we generalize the notion of weak 1-basedness to the setting of
rosy theories. We show that, under some mild assumptions, if 7" is a thorn rank
one rosy weakly 1-based theory, then the associated theory Tp of lovely pairs of T
is again weakly 1-based.

In section five we concentrate on examples: we show that the expansion of a
weakly 1-based theory with a generic predicate is again weakly 1-based and prove
that divisible groups with the Mann property inside a real closed field with the
induced structure from the field are also weakly 1-based. Finally, in the last section,
we show that the dense embeddings studied by Macintyre in [16] are a special case
of lovely pairs of geometric structures.

We assume that the reader is familiar with the results on lovely pairs of geomet-
ric structures presented in [5] (although no familiarity with lovely pairs is needed
for most of section 2 and section 5). We will now recall the definition and basic
properties of lovely pairs.

Definition 1.2. We say that an elementary pair of models P(M) < M of a geo-
metric theory T is a lovely pair of models of T if

(1) (density/coheir property) if A C M is algebraically closed and finite dimen-
sional and g € S1(A) is non-algebraic, then there is a € P(M) such that

al=g;



(2) (extension property) if A C M is algebraically closed and finite dimensional
and ¢ € S1(A) is non-algebraic, then there is « € M, a = ¢ and a ¢
acl(AU P(M)).

Any elementary pair of models extends to a lovely one. Any two lovely pairs
of models of a geometric theory are elementarily equivalent, thus giving rise to a
complete theory Tp in the expanded language Lp = L(T)U{P}. The class of lovely
pairs of models of T is almost an elementary class: sufficiently saturated models of
Tp are again lovely pairs.

Lovely pairs of geometric structures are a common generalization of lovely pairs
of supersimple SU-rank 1 structures [23] and (sufficiently saturated) dense pairs of
o-minimal expansions of ordered abelian groups [10].

Given a pair (M, P) and a set A C M, we say that A is P-independent, if
A J/P(A) P(M) where P(A) = AN P(M). Any two P-independent tuples @ and b
in a lovely pair, satisfying the same quantifier free L p-type, have the same Lp-type.

When working in lovely pairs, we will refer to the operator

scl(—) = acl(— U P(M))

as the small closure. Note that a small closure of any set is algebraically closed in
the sense of Tp. We write tpp and aclp for types and algebraic closure in the sense
of Tp.

The following is a result of Boxall [6] (generalizing a fact from [23] to the setting
of superrosy theories of p-rank 1):

Fact 1.3. Suppose T is a p-rank 1 theory that eliminates 3°°. Then Tp is superrosy
of p-rank < w. Moreover:

(1) Any definable “large” set in a lovely pair (M, P) (i.e. a set definable over A
such that it has a realization in M\ acl(P(M)U A)) does not p-divide over
0.

(2) Any infinite definable subset of P(M) does not p-divide over (). In partic-
ular, P(M) has p-rank 1 in (M, P).

Thus, when T is rosy of thorn rank 1, Tp is again super-rosy; we write J/P for
thorn independence in models of Tp.

2. WEAK LOCAL MODULARITY, WEAK 1-BASEDNESS AND LINEARITY

Our goal in this section is to study, in the setting of geometric theories, ana-
logues to the notions of local modularity, 1-basedness and linearity that are well
understood in the setting of minimal stable theories [20] and SU-rank one simple
theories [23].

In [5] we studied a notion called weak local modularity using lovely pairs of
structures and provided several characterizations of it. We recall the definition:

Definition 2.1. (See [5, Theorem 1]) Let T" be a geometric theory. We say that
T is weakly locally modular if for M = T saturated and A, B C M there exist

C | AB such that A Lad(Ac)md(Bc) B

In [5] we showed this notion coincided with 1-basedness for SU-rank one simple
theories and with linearity for o-minimal theories. We have also shown that weak
local modularity is equivalent to aclp = acl and to modularity of scl in models of
Tp. We also proved:



Fact 2.2. ([5, Proposition 4.8]) If T' is a weakly locally modular superrosy geometric
theory of p-rank 1, then Tp has p-rank < 2.

Note that in the SU-rank 1 case [23], weak local modularity of T is actually
equivalent to SU-rank of T" being < 2.

We now introduce a notion that is an analogue of 1-basedness in the setting of
geometric theories.

Definition 2.3. Let T be a geometric theory. We say that T is weakly 1-based
if whenever M = T is saturated, @ € M and B C M, there is @’ = tp(d@/B)
independent from @ over B, such that @ J/d, B.

In the stable or simple setting, a rank one theory is locally modular if and only
if it is 1-based. The proof uses the notion of canonical bases. An analogue of his
notion can be defined in the setting of geometric structures, see for example [21]:

Definition 2.4. Let T be a geometric theory and let M = T be saturated.
We say T has almost canonical bases if whenever A C M is algebraically closed
and ay,...,a, € M, there is a smallest B C A algebraically closed such that
tp(ay,...,an/A) is free over B.

The main problem with this notion is that almost canonical bases need not exist
in geometric structures (see [21] and Example 1.1). When they exists, the proofs
in [23] that show the equivalence of local modularity and 1-basedness for SU-rank
one simple theories can be used almost word-by-word to prove the equivalence of
weak local modularity and weak 1-basedness in the setting of geometric theories.
Instead, we will show that weak local modularity agrees with weak 1-basedness
using stronger formulations of weak 1-basedness.

We start with a technical lemma.

Lemma 2.5. Let T be a geometric theory and let M =T be saturated. Let d € M,
B C M and @ € M be such that tp(a@/B) = tp(d@'/B), d | ,d andd | ., B. Then

@ |,B.

Proof. We can write @ = d1ds, where d; is an independent tuple over B and ds €
acl(d@y, B). In the same way write @’ = @) d, with tp(@1, d2/B) = tp(d}, @ /B). Note
that dim(@,d2@)d5) = dim(@1a2) +dim(a@)as/a@1a2) = dim(a@)as) + dim(a1d2/a@) as),
so dim(a’/a) = dim(d/a’) = dim(@/Bad’) = dim(a/B) = |a1| = |@j]- Thus
dim(a@’/a@) = |a}| = dim(a’/Bad) and @ | B. O

Proposition 2.6. Let T be a geometric theory and let M =T be saturated. Then
the following conditions are equivalent:
(1) T is weakly 1-based.
(2) Whenever @ € M, B C M, there is C | ,a such that for all @
tp(@/ acl(BC)) independent from @ over BC, we have d | _, B.
(3) Whenever @ € M, B C M, there is C | ,a such that for all @ =
tp(a/ acl(BC)) independent from da over BC, we have @ | ., BC.

Proof. (1) = (2). Let @ € M and B C M. Since T is weakly 1-based, there
exists @ |= tp(@/B) such that @' | ,dand @ | _B. Let C = aj.
Claim Whenever ¢ |= tp(d/ acl(BC)) is independent from @ over BC, we have
a is independent from B over €.
4



Let ¢ |= tp(@/ acl(BC)) be such that ¢ |, d. Sinced | , B, we have ¢B | _, d
and thus

Bla (%)

=

a’'c

Since @ |, B and ¢'[= tp(@/BC) we get ¢ |, B. Using Lemma 2.5 this implies
a | . B and together with (x) we get B | _a.

(2) = (3). This direction is mostly forking calculus. With the assumptions
from (3), we can show using condition (2) that @ | ,, B. On the other hand, we
have @ | @ and @ | ,C, so by transitivity @ | , Ca’ and thus @ | .., BC.
This fact together with @ | _, B gives us @ | _, BC as desired.

(3) = (1) is clear. O

Theorem 2.7. Let T be a geometric theory. Then the following conditions are
equivalent:

(1) T is weakly 1-based.
(2) T is weakly locally modular.

Proof. (2) = (1). Let M | T be saturated. Let di,d; € M and B C M be
such that d@; is an independent tuple over B and ds € acl(B,dy). Since T is weakly

locally modular, there exists C' | @;d2B such that @ds J-/acl([ilfigC)ﬂacl(BC) BC

Let @ ds | tp(dids/ acl(BC)) be independent from d;ds over acl(BC). Then
acl(a@1@>2C) Nacl(BC) = acl(ad}a,C) Nacl(BC), so dids | ) BC. Tt

acl(a@}a,C)nacl(BC
is also clear that d,d» \LBC aya,BC. Thus
tp(d1dz/ acl(@yd,C) Nacl(BC)) C tp(didz/ acl(BC)) C tp(aidz/ acl(djay BC))

. . . S I S
is a chain of free extensions, so dds \Lad(a,l a,C)Pac(BC) a)ah, BC and thus dyds La'ﬁ;c B.

On the other hand, since C' | @ ad5B, we have @ ayC La‘ga; @ a4y B, and by sym-
metry and transitivity of independence @;ds J/a' @ B as we wanted.
1%2

(1) = (2). Let M = T be saturated. Let @,b € M and B C M be such that @
is an independent tuple over B and be acl(B,@). Since T is weakly 1-based there
exists @b = tp(@b/B) such that &'E\LBﬁ’g’ and EL’EJ/J B. Let C = d', notice
that C' | sz’b and @b | _; BC.

Claim ab |, z5oynacsey B-

First note that & € acl(Bd@'). Since &'E\Ld,g, B by Lemma 2.5 we have @'b’ LaB
and thus b’ € acl(@’@b). Thus @'’ € acl(@C)Nacl(BC) and we get @b |
as desired.

15!

acl(@bC)Nacl(BC) B
O

Remark 2.8. By Theorem 4.3, [5], in the definition of weak local modularity we
can agsume that one of the two sets is in fact a 2-tuple, i.e. we require that for
any ab and a set B such that a € acl(Bb), there exists a C' | ; Bab such that
a € acl(Cbd) for some d € acl(BC). Therefore in the proof of ((1) = (2)) above
we can assume that @ and b are 1-tuples. Thus in the definition of weak 1-basedness
and in the conditions (2) and (3) in 2.6 we may assume that @ is a 2-tuple.
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Now we will connect weak 1-basedness with the notion of quasidesign. It is
well-known that a stable theory is 1-based if and only if 7" has no complete-type-
definable quasidesign (see [20]). In our setting, we need to introduce the following
modification.

Definition 2.9. We say that a partial type r(Z, %) over a set A defines a partial
almost quasidesign, if
(1) there are b, ¢ such that = 7‘(57 ), b acl(¢, A) and ¢ ¢ zaucl(g7 A);
(2) whenever ¢ ¢ acl(¢/, A) and ¢’ & acl(c, A), r(Z,¢) Ar(Z, ') is finite.
If r is complete, we refer to such partial quasidesign as complete. In the complete
case, we can replace “there are” by “for any” in (1). Clearly, any partial quasidesign
gives rise to a complete one, if we take tp(bc/A) where b and ¢ come from (1).

Proposition 2.10. The following are equivalent for any geometric theory T.

(1) T is weakly 1-based
(2) T does not have a partial almost quasidesign
(3) T does not have a complete almost quasidesign

Proof. (1 — 2) Suppose T is weakly 1-based, and r(Z, %) defines a partial almost
quasidesign. Adding the parameters of r to the language, we may assume that r is
defined over . Take b and @such that |= (b, &), b & acl(¢) and & & acl(h). By weak
1-basedness we can find ¢ = tp(é/b) such that ¢ Lzcande | 5 b. Then k= r(b, ),
¢ ¢ acl(d) and ¢ ¢ acl(é), and therefore r(Z, &) A (%, ¢) is finite. But this means
that b € acl(Z, ¢), a contradiction with b ¢ acl(¢’) and cls b.

(2 — 3) Trivial.

(3 — 1) Suppose T is not weakly 1-based. Adding constants to the language if
necessary, by remark 2.8 we may assume that this is witnessed by tp(ab/cd) where
dim(cd) = 2. So for any a’b’ =cq ab such that a'b" | ab we have dim(aba'd’) = 4.

Let r(zy, 2t) = tp(ab, cd).

We claim that if o'’ realizes tp(ab) and acl(a’d’) # acl(ab) then r(ab, zt) Ar(a'l’, 2t)
has finitely many realizations. In other words, if o't/ =.4 ab and acl(ab) # acl(a'd’),
then ¢, d € acl(aba'b’).

Case 1: a | ,a’. Then a't’ |, ab, so dim(aba't’) = 4. Now

dim(aba’t'cd) = dim(aba’b’ /cd) + dim(ed) = 2 + 2 = 4 = dim(aba'V’),
hence ¢, d € acl(aba’t’).
Case 2: acl(acd) = acl(a’cd). Since acl(ab) # acl(a’t’), a’ or V' is not in acl(ab).
Thus either dim(aba’) = 3 or dim(abd’) = 3. Either way, since dim(aba’b’cd) = 3,
we get ¢, d € acl(aba’l’).
Now, r(xy, zt) is a complete almost quasidesign, as needed. O

We can now summarize our results on equivalent definitions of weak local mod-
ularity / weak 1-basedness by putting them together with the results form [5].
6



Theorem 2.11. The following are equivalent for any geometric theory T

(1) T is weakly locally modular;

(2) T is weakly one-based;

(3) T does not have a partial (complete) almost quasidesign;

(4) in any lovely pair (M, P) of models of T, aclp = acl;

(5) in any lovely pair (M, P) of models of T, the small closure operator scl =
acl(— U P) induces a modular pregeometry

5

From now on we will use the terms weakly 1-based and weakly locally modular
interchangeably.

It is known (see e.g.[18]) that reducts of geometric theories are geometric. It is
also known (see [20]) that 1-basedness is preserved by reducts in the cases of super-
stable theories of finite U-rank and stable groups (given that the group operation is
intact). In the case of SU-rank 1 structures, the fact that 1-basedness is preserved
by reducts follows from its characterization in [23]: reduct of a lovely pair is again
lovely, and Tp having SU-rank < 2 is also preserved. In the o-minimal group case,
it is known (see [15]) that linear structures are exactly the reducts of ordered vec-
tor spaces over division rings, and thus linearity is preserved under reducts as well.
Here we generalize these facts to the case of geometric theories.

Proposition 2.12. Weak 1-basedness is preserved by reducts.

Proof. Suppose T~ C T is a reduct. We are working in a sufficiently saturated
model of T'. Tts reduct is a sufficiently saturated model of T~. If T~ is not weakly
1-based, it has a complete almost quasidesign (&, 7). Adding parameters to the
language we may assume that r is over . We claim that r is a partial almost
quasidesign in the sense of T. Part (2) of the definition is clear since acl™ (4) is a
subset of acl(A) for any set A. Suppose part (1) fails in 7. Thus in T r(Z, §) implies
that & € acl(y) or ¥ € acl(Z). By compactness, r(Z,¥) implies (in T') a formula
O(Z,9) VY(&, ), where ¢ and ¢ witness Z € acl(y) and ¥ € acl(Z) respectively.

Now, for any b and & such that |= 7(5,8), b & acl™(€) and & & acl™ (b) (since r is
complete in 7). Then for any b¢ |= (&, 7) we have either = ¢(b, &) (i.e. b € acl(@))
or = (b, (i.e. @€ acl()), or both.

On the other hand, whenever = r(l_;, ), there are infinitely many ¢ and b such
that = r(b,¢) and = r(V,&). Now, for all but finitely many @ we have = ¢(b, )
witnessing b € acl(¢/) (since 7,[1(5, ) has finitely many solutions). Similarly, for all
but finitely many b we have = (b, @) witnessing & € acl(b/) (since (%, &) has
finitely many solutions).

Thus for any n we can build a sequence boGob11b2@s . . . buE, such that

= r(bi, &),
= (gi+1, i),
b; € acl(;),

-

¢ € acl(bit1),
bir1 & acl(G),
¢; & acl(b;).
Thus we have strict embeddings

acl(bo) C acl(@) C acl(by) C acl(é,) C ... C acl(by,) C acl(,).
7



Contradiction with finiteness of dim(¢). O

Our next goal is to compare weak local modularity with linearity. We start by
recalling the definition from [18]:

Definition 2.13. Let T be a geometric theory and let M = T be saturated. By
a curve we mean a one dimensional subset of M2. A family F of plane curves is
said to be definable if it can be written as a family of fibers of a definable subset of
M? x MP* where the parameter set is the subset of M*. A family F of plane curves
is said to be interpretable if it can be written as a family of fibers of a definable
subset of M? x (M*/E), where E is a definable equivalence relation. We say F is
normal if any two curves from F which are given by different parameters intersect
at most finitely many times. We say that T is linear if every interpretable normal
family of plane curves has dimension < 1.

On has to be careful with the previous definition. In order for the dimension of
an interpretable family of plane curves to be defined, we need to extend the notion
of dimension from real tuples to imaginary tuples. In [13] Gagelman showed that
the geometric theories 1" where the notion of independence extends to the set of
imaginary elements are those that are surgical. Recall that a geometric theory T
is surgical if whenever X C M™ is definable and dim(X) = m then there is no
definable equivalence relation F on X that has infinitely many classes of dimension
m. The results from [13] together with the fact that thorn forking is the weakest
notion of independence [12], show that T is surgical if and only if T is rosy of thorn
rank one.

We will divide our discussion on normal families of plane curves into two cases.
We will first deal with definable families in the setting of geometric theories. Then
we will deal with the case of interpretable families when the underlying theory is
rosy of thorn rank one.

For the following results we will use the tools of lovely pairs developed in [5]. In
particular, we will use the fact that a theory T is weakly locally modular if and
only if the small closure in a saturated model of Tp is modular.

Lemma 2.14. Let T be a geometric theory and let M be a saturated model of T.
If M has a definable normal family of plane curves of dimension > 2 then T is not
weakly locally modular.

Proof. We may assume that there is N < M such that (M, N) is a lovely pair of
models of T and we write P instead of N. For A C M we write scl(A) for acl(4, P).
Assume that T is weakly locally modular so scl is modular. By hypothesis there is a
2-dimensional normal family of plane curves, say given by {C(z, y, @, 5) ca € 0(Z, Z;)}
where 6(Z,b) defines a subset of M* and dim(6(Z,b)) = 2. We may assume that 0
is defined over 0.

We may assume that 6(@) = (a1, az,ds) and that whenever 0(aq, as,ds) holds
then @3 € acl(aj,as). Let @ = (a1,a2,d3) € 6 be generic over P, let ¢,d € M
be such that C(c,d,a1,as,ds) and choose ¢ independent from ajasP. Let X =
scl(c,d), Y = scl(ay,asz). Since scl is modular and dim(X UY/P) = 3 we must
have dim(X NY/P) = 1. Let t be real such that scl(tf) = X NY. Note that
d € scl(c,t) and that dim(ajas/tP) = 1. Let ' € P be such that d € acl(c,t,p),
dim(aqaz2/tp) = 1. Note that by genericity of (a1, as) we have t € acl(az, az, P).

8



Let (a},a},ds) = tp(ai,az,ds/t, c,d,p) be independent from c,t,a1,az,p over
¢, t,p. Then whenever ¢ = tp(c/a1,az,ds, a},ab,ds, p) we have that

Jy(C(c,y,a1,a2,a3) AN C(d,y,ay,a, ay)).

Since the type tp(c/a1, as, ds, a}, ab, ds, P) is not algebraic, the family of plane curves
is not normal, a contradiction. (I

Lemma 2.15. Let T be a thorn rank one rosy theory and let M be a saturated
model of T. If M has a interpretable normal family of plane curves of dimension
> 2 then scl is not modular.

Proof. As before we may assume that (M, P) is a lovely pair of models of T. By
hypothesis there is a 2-dimensional normal family of plane curves, say given by
{C(x,y,d) : a € 0} where 0(Z) defines a subset of M°? and dim(0(%)) = 2. We may
assume that 0 is defined over @). Let a be a base for @, so @ = ag for some definable
equivalence relation E. We may write a = (ay,...,ak,...,a,), where ay,...,ak
are independent and agy1,...,a, € acl(a,...,ar). By the extension property, we
may choose a such that dim(a/P) = k. Let ¢,d € M be such that C(c,d,a) and
choose ¢ independent from a, P. Let X = scl(¢,d), Y = scl(a). Since scl is modular
and dim(X UY/P) = 14+ dim(Y/P) we must have dim(X NY/P) = 1. Let ¢ be real
such that scl(t) = X NY. Note that d € scl(c,t) and that dim(a/tP) < dim(a/P).
Without loss of generality we may assume that ap € acl(aq,...,ax—1,t,P). Let
P € P be such that d € acl(c, t, p), ar € acl(a<y,t,p), by the exchange property we
have t € acl(aq,...,ax,p).

Let b |= tp(a/acl(t, ¢, d, 7)) be independent from ¢, t,a, over ¢,t,p. Let b =

bg, so we get dJ/Ctﬁb and ¢ & acl(a,b,t,p). Since dim(a/ctp) = dim(a/cdp) =
dim(a/ed) = 1, we must have @ # b. Then whenever ¢ = tp(c/a,b, ) we have
that there is y satisfying C(c’,y,a) and C(c,y,b). Since the type tp(c/a,b,p) is
not algebraic, the family of plane curves is not normal, a contradiction. O

We will prove below a partial converse to the previous results using the proof of
Proposition 2.10.

Definition 2.16. Let T be a geometric theory and let M be a saturated model of

-, -,

T. Let F = {¢(z,t,d,b) : @ = o(Z,b)} be a family of plane curves. We say that F
is generically normal if whenever d@,d’ = ¢(&,b) are such that dim(a/a'b) > 1, we

-,

have that ¥(z,t,d,b) A (z,t,d, 5) is finite. We say that T is generically linear if
every generically normal family of plane curves has dimension < 1.

Proposition 2.17. Let T be a geometric theory. If T not weakly 1-based, then T
is not generically linear.

Proof. Let M be a saturated model of T. Assume T is not weakly 1-based, so

-, -

this fact is witnessed by tp(aiaz/cdb) where dim(cd/b) = 2. So for any ajay =,z
araz such that ajay | -a1a2 we have dim(aiacajay) = 4. Let r(zt,z122) =

tp(cd, araz/b). As in the proof of Proposition 2.10, we have that if a}a), realizes

-, -, -,

tp(aiaz/b) and acl(ajabdb) # acl(aiazdb) then r(zt,a1a2) A r(zt,alah) has finitely
many realizations. By compactness there is a uniform bound m for these realiza-

-,

tions. Choose a formula 9 (z,t, x1,22,b) € r(z,t, 21, x2) such that ¥(z,t, a1, ag, I_;) is

-,

one dimensional and such that whenever aa) realizes tp(aias/b) and acl(a)ahb) #
9



-, -,

acl(ayagb) then 1(z,t,aras,b) A (z,t,ajah, b) has at most m realizations. By

-

compactness, there is a formula @(z1,22,b) € tp(ay,as/b), such that if aja} re-

-,

alizes (1, 22,b) then 1(z,t,a},al,b) is one dimensional (in the variables z, t).

-,

Making ¢(x1,22,b) and ¢(z,t, 21, x2,b) smaller if necessary, whenever ajas, aja)

-,

are realizations of ¢(z1,x2,b) such that acl(ajazb) # acl(a)alb) we have that

¢(z,t,a1,a2,g) A w(z,t,a’l,a’g,g) has at most m realizations. Thus, generically

{¢¥(z,t,a1,a2,b) : (a1,a2) = p(x1,22,b)} is a 2-dimensional family of plane curves
and T is not generically linear. (]

3. w-CATEGORICAL CASE

One of the main consequences of one-basedness in (non-trivial) stable, and to
some extent, simple geometric theories was definability or type-definability of in-
finite groups in 7¢?. In the o-minimal case, groups appear naturally in the linear
case, as a consequence of the Trichotomy theorem. It is well-known that the ge-
ometry of a non-trivial locally modular (one-based) strongly minimal structure is
projective or affine over a division ring, and the corresponding vector space is ac-
tually definable. This is no longer the case for a non-trivial 1-based SU-rank 1
theory, but De Piro and Kim [9] show, using canonical bases, that an w-categorical
non-trivial 1-based SU-rank 1 theory interprets an infinite vector space over a fi-
nite field. Thus our best hope at this point is to obtain a group in the case of an
w-categorical non-trivial weakly 1-based geometric theory. In the case of geometric
theories, since canonical bases are not readily available, we use the lovely pairs
approach developed in [23].

First we note that the weak 1-basedness assumption implies the preservation of
w-categoricity when passing to the theory of lovely pairs.

The following is a generalization of Proposition 5.15 from [23], and its proof also
improves the estimate on the size of a P-independent extension from Lemma 5.14.
of [23].

Proposition 3.1. Let T be an w-categorical weakly 1-based geometric theory. Then
Tp is w-categorical.

Proof. Let @b be a tuple of length n in a lovely pair, such that @ € acl(l;P) and b
is independent over P. Let p € P be such that d € acl(gﬁ). By weak 1-basedness,
there is @b’ = tp(ab/p) such that @b J/ﬁd”g/ and égj/a,g, 7. Then &' is independent
over pab, so we may assume that b’ € P. It follows that @ € P JE\L(E,E, P. Thus
any n-tuple can be extended to a P-independent set of size 2n (in fact, by its
own L-conjugate). Then by uniform local finiteness of acl in T', there is a function
f +w — w such that any n tuple embeds in a P-independent algebraically closed set
of size f(n). Since for such sets Lp-type is determined by quantifier free Lp-type,
we have finitely many n-types in Tp for any n. Thus Tp is w-categorical. O

Agin [23], if T is a non-trivial weakly locally modular geometric theory, then the
geometry of the small closure (the quotient geometry, or the associated geometry of
(M, acl(—UP(M)))) is split into a disjoint union of infinite-dimensional projective
geometries over division rings (and possibly a trivial geometry) by the equivalence
relation "z =y or |cl(z,y)| > 3".

If T is weakly 1-based and w-categorical, then by the above proposition, Tp
is also w-categorical and the relations y € acl(y,...,yn, P) and the equivalence
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relation acl(x, P) = acl(y, P) are Lp-definable. Thus the geometry of the small
closure is interpretable in Tp and the relations « € cl(y, ..., y,) on its elements are
definable in (Tp)¢. Clearly, the equivalence relation "z = y or |cl(x, y)| > 3" is also
definable, and thus each of the projective geometries over division rings mentioned
above, viewed as a structure where the only relations are given by € cl(y1,...,Yn),
n > 1, is definable in (Tp)°? (as a quotient of the home sort). Note that each of
these geometries is an w-categorical structure, and in the superrosy thorn-rank 1
case, by Fact 2.2 it is superrosy of thorn-rank at most 2.

Let (V, 4+, A-)xcr be an infinite dimensional vector space over a division ring F.
By Geom (V') we denote the associated geometry of (V, Span) viewed as a structure
(G,z € cl(y1,---,Yn))n>1- Note that a € cl(b) does not imply a € acl(b) in this
language unless F' is finite.

Our goal is to show that the division rings above are actually finite fields. Then
Geom(V) is a non-trivial w-categorical strongly minimal structure, and it is well-
known that such a theory interprets an infinite group (namely, a vector space over
a finite field).

The following proposition shows that for an infinite F, Th(Geom(V)) has a
thorn-forking chains of any finite length. It follows that if 7" is a weakly 1-based
superrosy theory of thorn-rank 1, then all the division rings above are finite (since,
as noted above, hence Geom(V'), will have thorn-rank at most 2 ), and thus Tp
interprets an infinite group (a vector space over a finite field).

When working in Geom(V), for any v € V, by v* we denote Span(v) as an
element of Geom (V).

Proposition 3.2. Suppose V is a vector space over an infinite division ring. Let
V1,...,0, €V be linearly independent. Let uy = vi+vo+...+vg. Then for any 1 <

E<n, tp((u}/vf,...,v},us, ..., u}) thorn-divides over {v},...,vi, ub, ..., ui_,}.

Proof. Note that u), satisfies the formula

*

A(@, up, Vi gy vn) = € cl(uf, vy, - vp) AN & cl(Vfyq,. .., 0p).

We will show that ¢(z) strongly divides over {vf,...,v5, ub,...,uf_;}. We are

s> Uno

now working in a saturated elementary extension G of Geom(V).

CLAIM: {¢(x,a,b1,...,by_g)|ab = tp(ug, vi i, 5 /T, 00, UG, uf )}
is 2-inconsistent.

Proof of the Claim: Note that for any ab as above, b1 = vy 1, .. bk = v,
and a satisfies ¥ (y,uj_;,v;) =y € cl(uj_q,v;) (since this holds for u;). Now, if
a,a’ € G are two distinct realizations of ¥ (y, uj_,,vy), then

(b(.fl?, a, UZJ,-la e U:) A d)(lﬁ, Cl/, Uz-&-lv et ’U:)
is inconsistent. Indeed, we may assume that a,a’ € Geom(V'), so a = wi and
a’ = w} for some linearly independent wy,ws € V. Now, if ¢(z, w], Vfyqsee Un) A
(x, w3, V5,1, - -,vy) is realized by some p* (where p € V), then from the definition

of ¢,
D= YV1W1 + V41 + oo F fp—kUn = YoW2 + E1Vk41 + ..o+ Ep_1Vn,

where 71,72 # 0. Thus, y1w; — yews € Span(vi41,...,v,). On the other hand,

ywr — y2we # 0 (by linear independence of wy and ws) and yw; — yows €

Span(vi,...,vp—1,vk) since wi,ws € cl(uj_;,vf). Thus Span(vi,...,vE—1,vk)

and Span(vg41,-..,v,) have a non-zero vector in their intersection, a contradiction
11



with the linear independence of v, ..., v,. This proves the Claim, and hence ¢(z)
strongly divides over {v},..., v}, us, ..., uj_}, as needed. O

Corollary 3.3. If T is a w-categorical weakly 1-based thorn rank one theory, then
Tp interprets an infinite group.

The assumption of T being superrosy of thorn rank one seems quite artifi-
cial, and we therefore conjecture that the above result holds for any w-categorical
weakly one-based geometric theory. A key issue here is to understand the theory
Th(Geom(V)) when V is infinite-dimensional over an infinite division ring. So far
we know that Th(Geom(V')) has infinite thorn-forking (even thorn-dividing) chains,
and any model of Th(Geom(V')) is an infinite-dimensional projective geometry over
an infinite (and possibly different) division ring. However the following questions
remain open.

Question 3.4. Let V be an infinite-dimensional vector space over an infinite divi-
sion ring, and let T = Th(Geom(V)).

(1) Is T w-categorical?

(2) Is T stable?

(3) Does T have trivial algebraic closure?

(4) Does T have gquantifier elimination?

(5) What happens when we vary the (infinite) division ring?

4. INDEPENDENCE IN Tp FOR 1" WEAKLY 1-BASED

We know from Fact 1.3, that for T" a rosy theory of thorn rank one, the associated
theory Tp of lovely pairs of models of T is again rosy of thorn rank < w. It is an
interesting question which other properties of T are preserved in 7. We start by
generalizing the notion of weak 1-based theories to the setting of rosy theories.

Definition 4.1. Let T be arosy theory. We say that T is weakly 1-based if whenever
M = T is saturated, B C M and @ € M there is a superset C' of B independent

from @ over B such that whenever @ | tp(d/C) is independent from @ over C, we
have @ | _, B.

Note that for a simple T, a canonical base argument shows that weak 1-basedness
coincides with 1-basedness. The goal of this section is to show that whenever T
is weakly 1-based rosy rank one theory then Tp is again weakly 1-based. We only
succeeded in doing this under some extra assumptions.

Lemma 4.2. Let T be a weakly 1-based rosy theory. Let M = T be sufficiently
saturated, let d € M, B C M and let C O B be such that J\LB C and whenever
d = tp(a/C) is independent from @ over C, we have d | _, B. Let D |= tp(C/Ba),
then whenever @ |= tp(a/D) is independent from @ over D, we have @ | _, B.

Proof. Clear. O
Remark 4.3. Let M = T be sufficiently saturated, let @ € M, B C M and
assume that there is a set C O B with @ | , C such that whenever @' = tp(a/C)
is independent from d over C, we have &'\Ld, B. Also assume that b € M and
that there is a set D D B with EL'EJ/B D such that whenever @b = tp(@b/D) is

independent from @b over D, we have ng/ﬁ B. Let C' =gz C be such that
12
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C" L ga Db and let E = DUC’. Then whenever @V |= tp(@b/E) is independent

from @b over E, we have c_il;J/a Banda | _ B.

-
Proof. Let C' =gz C be such that C’ \LBa Db and let E = DU C'. Note that
C" | ;. By transitivity we get C" | . D_’d'b and C:J/BD ab. Applying SXmmetrX
and transitivity we get ab | , E. Let a'b’ = tp(ab/E) be such that @'t | , ab.
In particular, since @b | , E, we have a'b’ |= tp(ab/D) and a'd" | ,ab. Thus
ab | .z B. We also have @ | ,dand @ |, E, sod | ,d By Lemma 4.2
il B O

Notation 4.4. Let (M, P) = Tp be a saturated model. We use the word indepen-
dence for acl-independence and we write | for the acl-independence relation. We
use the word Tp-independent for p-independence in models of Tp and we write the
corresponding independence relation as J/P.

We will need the following result from the proof of [5, Proposition 4.8]

Fact 4.5. Let T be a weakly locally modular thorn rank one theory and let (M, P) |=
Tp. Leta € M, A C B C M and assume that a € acl(AP) \ acl(4) and that
a € acl(BP) \ acl(B). Then tpp(a/B) does not p-fork over A.

Notation 4.6. Let ay,...,a, € M. We write a<1 for O and for 1 <i<n+1, we
write a<; for (ay,...,a;-1).

We will also assume the following condition:

Assumption 4.7. Let T be a weakly 1-based geometric thorn rank one theory and
let (M,P) =Tp. Let AC BC M andlet@ = (a1,...,0n, Gni1y- - Qmy Gmpls---,01) €
M, where (a1,...,a,) is a P U A-independent tuple, for i = n+1,...,m a; €
acl(a<; PA) \ acl(a<;A) and fori=m+1,...,1 a; € acl(a<;A).

Then tpp(d/B) does not thorn fork over A if and only if (a1,...,a,) is a PUB-
independent tuple and fori=n+1,...,m a; € acl(a<;, P, B) \ acl(a<;, B).

In the above assumption, we know that the right property always implies the
left property, we assume left to right.

Proposition 4.8. Assume that T is a weakly 1-based geometric thorn rank one
theory satisfying assumption 4.7. Then Tp is also weakly 1-based.

Proof. Let (M, P) |= Tp be saturated, let @ € M be a finite tuple and let A C M be
a set. We will write @ = (a1,...,an, Gnt1y .-y G, G, - - -, @) Where (a1, ..., a,)
is a P U A-independent tuple, for i =n+1,...,m a; € acl(a<; PA) \ acl(a<;A) and
fori=m+1,...,1 a; € acl(a<;A). We need to find a superset £ D A such that
dj/i E and whenever @’ |= tpp(d/FE) is such that EL’J/Z d' then Ei\[/f;, A.

Let o= (p1,...,p:) € Pbeanindependent tuple over A such that an41,...,am €
acl(ay,...,an,p1,---,pt, A). By hypothesis, there is a set D D A such that c‘iﬁJ/A D
and whenever @'p’ = tp(@p/ D) is such that @p' |  @’p’, then 6]5’La,ﬁ, A. Again by
hypothesis, there is a set C' D A such that @ | , C and whenever @ = tp(@/C) is
such that @ |, d’, then @ | _, A. By the previous remark, we can find £ such that
E | , @y and whenever @'p’ |= tp(ap/E) is independent from dp’ over E, we have
d’ﬁ\Ld,ﬁ, Aanda |, A (0)
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By Lemma 4.2 we may choose E such that E \LAdﬁ P.
s o | P
Claimad | , F

From the previous conditions, we have ap’ | ,FEand E L 4 apP. Thus ay, ..., a,
is a P U E-independent tuple, a; € acl(a<i,p1,...,pt, F) \ acl(ac;, E) for i = n +
1,...,m. Since T is weakly locally modular, the claim follows from Fact 4.5.

Now let @ | tpp(d/E) be such that @ L; d.

Claimd | . A

By Assumption 4.7 aq,...,a, is an Ed’ U P-independent n-tuple, so it is also a
@' UP-independent n-tuple. Since a@’ J/g awehaved | . dandthusby(0)a | _ A
In particular, this shows that a;t1,...,a; € acl(ay, ..., am,d’). It remains to show
that ant1,...,am, € acl(ay,...,an,d, P).

Let §= (¢1,---,q) E tpp(p1,--.,p/EQ) be such that cj’\LgE d'. By transitivity,
we get dq"J/; a'. Now let ¢ € P be such that tpp(dq/E) = tpp(a’q /E), we may
choose ¢ such that ¢’ J/ga" aq and by symmetry and transitivity we get &'Q’J/g aq.
From this we conclude CTJJ/Ea/? and by (0) d’q’ia/qﬁ A. Since ani1,-..,0m €

acl(ay,...,an,q, A), we get amat,...,a; € acl(ay,...,a,,d,q,q) as desired.
(Il

Corollary 4.9. Let T be the theory of an o-minimal ordered vector space and let
Tp be the corresponding theory of lovely pairs. Then Tp is weakly 1-based.

Proof. Since the algebraic closure coincides with the linear span, assumption 4.7
holds and thus by Proposition 4.8 the result follows. (]

Corollary 4.10. Let T be an SU-rank one theory and let Tp be the corresponding
theory of lovely pairs. Then Tp is weakly 1-based.

Proof. Since T is simple of SU-rank one, T is 1-based, Tp is supersimple and forking
and thorn forking coincide in models of Tp. By [23, Corollary 3.9] assumption 4.7
holds and thus by Proposition 4.8 the result follows. 0

Note that the previous result is known in a more general context. It is proved in
[3] that if T is simple 1-based and the theory Tp of lovely pairs is first order, then
Tp is again 1-based.

We know from section 2 that in the geometric case, weak 1-basedness is preserved
by reducts. As we mentioned earlier, it is known that reducts of 1-based superstable
theories of finite U-rank are 1-based.

Question 4.11. Is a reduct of a weakly 1-based superrosy theory of finite thorn
rank again weakly 1-based?

By Fact 2.2, for a weakly 1-based superrosy p-rank 1 geometric theory T, Tp is
superrosy of p-rank < 2. We also know from [15], that linear o-minimal structures
with global addition are precisely the reducts of ordered vector spaces. Since the
reducts of lovely pairs are again lovely, a positive answer to the above question, to-
gether with Corollary 4.9, would imply preservation of weak 1-basedness (linearity)
when passing to Tp in the additive o-minimal case.

14



5. EXAMPLES

5.1. Adding a generic predicate. In this section we assume the reader is familiar
with the work of Chatzidakis and Pillay in random predicates [8]. We will show
that if a theory is geometric and weakly 1-based then any of its completions with
a random predicate is again weakly 1-based.

Fix T a complete theory in a language £. We will assume that £ contains a
unary predicate symbol S (which could be equality) and we let £ be the language
L augmented with a new unary predicate symbol R (we use the letter R instead
of the usual notation P, since we use P in earlier parts of the paper to denote a
predicate in a lovely pair). It is proved in |§] that the theory TU{VzR(z) = S(x)}
has a model companion T%°. The theory 7% may not be complete.

Our results rely heavily on the following facts:

Fact 5.1. [8, Corollary 2.6,(3)] The algebraic closure in models of T™S coincides
with the algebraic closure in the sense of T'.

For models of 7% we will write acl for the algebraic closure.
Fact 5.2. [8, Remark 2.12,(4)] If T eliminates 3°° then T™ also eliminates 3°°.

First observe that since T is geometric, acl has the exchange property in models
of TT and thus 7% is pregeometric. Also, by the previous fact, 7% eliminates
3%, so0 in fact T%% is a geometric theory.

Lemma 5.3. Assume that T is a geometric theory which is weakly 1-based. Then
any completion of Tr s is weakly 1-based.

Proof. Let M = T™ be saturated, let @ € M and let B C M be a set. By
hypothesis there is a superset C of B with @ |, C such that whenever @’ = tp(@/C)
is acl-independent from @ over C, we have @ \La, B. Since algebraic independence

in the sense of T and TS coincide, C' is a witness for the desired property in
THS, |

5.2. The structure induced on the predicate of a lovely pair. In this section
we study the structure induced on the predicate of the lovely pair by the large model.
Our presentation follows closely the one from Pillay and Vassiliev [22]. Let T' be
a geometric theory in a language £ with quantifier elimination and let (M, P) be
a lovely pair of models of T. For each L-formula ¢(z) with parameters in M, we
introduce a new predicate symbol R,(x). Let £* be the resulting language. We
denote by M* the structure M with the natural interpretation for the new relations
and P* the substructure with universe P. Finally T stands for the theory of P*.
Note that the language L£* and the theory 7™ depend on the choice of M. We
denote the algebraic closure in models if T by acl and in models of T* by acl®.

We will characterize acl” in terms of acl and M, prove that T* is also a geometric
theory and that if T is weakly 1-based then T™ is again weakly 1-based.

Following |2, 22|, we say that (M, P) eliminates the quantifier 3y € P if for every
formula ¢(Z, ¢, Z) and @ € M there exists a formula ¢ (&, ) and b € M such that
for all ¢ € P,

M = (&, b) if and only if (M, P) = 3d € Py(G,d,d)

It is clear that (M, P) eliminates the quantifier 3y € P if and only if T has
quantifier elimination.
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Lemma 5.4. The theory T eliminates quantifiers.

Proof. Note that T is a reduct of Thy, (M, P), the theory of the pair with all the el-
ements of M added as constants. Take a saturated extension (N, P) of Thy (M, P).
Then the reduct of P(N) to the language of T* is a saturated model of T*.

Now, (N, P) is still a lovely pair, and M is P-independent in (N, P). So any two
tuples in P(N) realizing the same quantifier free types in 7, and hence the same
L-type over M, actually realize the same Lp-type over M, and hence the same T*-
type. By saturation of P(N) as a model of T*, T* has quantifier elimination. [

Lemma 5.5. Assume that T is a geometric theory. Then T* is also geometric.
Furthermore acl® coincides with aclys restricted to P.

Proof. Let (N, P) be a saturated model of Thy; (M, P). Let B C P(N), a € P(N).
Since T* eliminates quantifiers, a € acl*(B) if and only if there is an L-formula
o(x, 9, Z) and tuples m € M, b € B such that M = ¢(a,b,m) and the formula
o(x, 5, m) has finitely many realizations in P(N). The last condition is equivalent
to ¢(z,b,m) being algebraic in T. It follows that for any B C P(N), acl*(B) =
aclpyr(B)N P(N), and since aclys satisfies the exchange property in N, same is true
for acl™.

To show that T* eliminates 3°°, consider any L£*-formula v (z, ). By quantifier
elimination in 7%, it is equivalent to an L-formula p(z, ¥, m) with parameters 7 €
M. For any b e P(N), w(z,g) is algebraic if and only if gp(x,g, m) has finitely
many solutions in P(N), which is equivalent to algebraicity of ¢(z,b,m) in N.
Since T eliminates 3°°, ¢(x, b, m) is algebraic if and only if N = 6(b,m) for some
L-formula 6(7, 7). Let Ry (%) correspond to 8(f,m). Thus for any b € P(N), ¢(x,b)
is algebraic if and only if Ry(b) holds in P(N) viewed as a model of T*, as needed.

(I

Since T* is again geometric, T has a notion of independence induced by acl®. As
before, we let (N, P) be a saturated model of Thy, (M, P). For A, B,C C P(N) sets,
we write A L; C to mean that A is acl*-independent from C over B. Note that
by [22, Theorem 2.3] when T is simple of SU-rank one, our notion of independence
coincides with non-forking in 7.

Lemma 5.6. Assume that T is a geometric theory which is weakly 1-based. Then
T* s weakly 1-based.

Proof. Let (N, P) be a saturated model of Thy (M, P). Let @ € P(N) and let
B C P(N) be aset. By hypothesis there is a superset C of BM such thata |, C
and whenever @’ = tp(@/C) is independent from @ over C, we have @ | ., BM.
Since acl® = acly;, C is a witness for the desired property in T*. (]

5.3. Fields expanded with a group having the Mann property. In this
section we deal with the theory of a dense divisible multiplicative subgroup with
the Mann property of a real closed field K as presented by van den Dries and
Glinaydin in [11]. These structures are analyzed by adding a predicate G to the
real closed field, where G is interpreted as the multiplicative group and considering
the new structure (K, G). A description of definable sets of K and of G in such a
structure can be found in [11]. Tt was proved by Berenstein, Ealy and Giinaydin [4]
that such a pair (K, G) is super-rosy of b-rank w and that b-rank(G) = 1 (seen as a
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definable subset of the pair). In particular, G as a subset of the structure (K, G) is
a pregeometry. Our goal is to show that the theory of G with the induced structure
is weakly 1-based.

We proceed as in the previous subsection. For each L-formula ¢(x) with pa-
rameters in K, we introduce a new predicate symbol R,. Let £L* be the resulting
language. We denote by K* the structure K with the natural interpretation for
the new relations and G* the substructure with universe G. Finally let 7™ be the
theory of G*, it is important to note that the theory T depends on the underlying
field K. We denote the algebraic closure in models if 7" by acl and in models of T
by acl®.

As in the previous section it can be proved that 7™ has quantifier elimination
and that acl(— U K) = acl*(—). In particular T* is a geometric theory.

Our work depends on the following facts:

Fact 5.7 (Theorem 7.2 [11]). Let K be a real closed field and let G be a dense
divisible multiplicative subgroup of K>° having the Mann property. Then if X C
G" is definable, there is Y C K™ definable in K (seen as an ordered field) such
X=YnNnGg".

This fact remains true in a saturated model of Thi (K, G), since we only added
new constants to the language.

From the previous fact it easily follows that if @ € G*, B ¢ K UG* and
dim(@/B) < dim(a), then there is a polynomial f(%) € Q(B)[y] such that f(@) = 0.
In particular, we need to understand the solutions of algebraic varieties in G*. This
is characterized in [11]

Definition 5.8. For any n-tuple k = (k1,...,k,) € Z™ consider the character xy :
(K*)" — K* given by xx(21,...,%n) = m]fl ---xkn . We let D(n,d) be the finite
collection of subgroups of (K*)™ that are the intersection of kernels of characters
Xk with [K] = [r] + - + ko] < .

Proposition 5.9. Let f1,..., fm € K[X1,...,X,] have degree < d, and let V =
{zx € K" : fi(x) = -+ = f(x) = 0}. Suppose G has the Mann property. Then
V NG™ is a finite union of cosets of subgroups D N G™ of G™ with D € D(n,d).

Proof. This proposition is proved in [11, Proposition 5.8] when K is an algebraically
closed field. The same proof, that only depends on the Mann property, holds when
K is a real closed field. O

The conclusion of the proposition is also true for a saturated model of Th (K, G)
since the statement is an elementary property.

Proposition 5.10. Let K be a real closed field and let G be a dense divisible
multiplicative subgroup of K>° having the Mann property. Then the theory of G*
is weakly 1-based.

Proof. We work in a saturated model (K*,G*) of Thi (K, G) in the language L£*.
Assume as above that @ € G*, B ¢ K UG* and dim(d/B) < dim(a). Let V
be a variety of dimension dim(@/B) definable over B such that @ € V. Then
V N (G*)™ is equivalent to a disjunction V;<.¢;(D; N (G*)™), where each D; is the
intersection of kernels of characters and thus D; N (G*)™ is a (-definable subgroup
of (G*)™. Assume Dj is the kernel of the characters x;;(z1,...,2»), § < m; and
that & = (¢i1, ..., ¢in). Then xjj(a1,...,an) = Xij(ci1, ..., Cin) S0 We may assume
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that & € (G*)". After taking a non thorn-forking extension of tp,(¢i,...,¢/B) we

may further assume that ¢i,...,¢; are free from ay,...,a, over B.

Let C = BU{¢é,...,¢} and let (af,...,al,) = tp(ay,...,a,/C) be such that
(a},...,a,) J/g(al, ...,ap). Then we have xji(a1,...,an) = xji(ci1,...,Cin) =
xji(al,...,ay) for some ¢ <t and all j < m;, so G(D; N (G*)") is definable over
{da},...,al,} and dim(aq,...,a,/d},...,a]) < dim(as,...,a,/C) = dim(ay,...,a,/B).
In particular, (a1,...,an) J/l()a’l,...,a’ ) B. O

6. LOVELY PAIRS AND DENSE EMBEDDINGS

In this section we relate the notion of lovely pairs of geometric structures to that
of dense embeddings developed by Macintyre in [16]. We will review some of the
notions introduced in [16] and prove that for the geometric theories T' considered
in [16], Macintyre’s theory T of dense embeddings of models of T coincides with
the theory Tp of lovely pairs of models of T

We start with reviewing some definitions. Let T" be a pregeometric theory.

Definition 6.1. Let N, M = T with N < M, N # M. We say that (M, N) is a
Vaughtian pair if for some formula ¢(x, @) with parameters @ € N with infinitely
many solutions in N we have o(N) = o(M). We say that T has a Vaughtian pair
if there are N, M |= T such that (M, N) is a Vaughtian pair.

Lemma 6.2. Let (M,P) =Tp. Then (M, P(M) is not a Vaughtian pair.

Proof. Let ¢(x,d) be an -formula with parameters in P(M) with infinitely many
solutions, so P(M) = 3*zp(x,d). Let (M', P) = (M, P) be saturated, so (M’, P)
is a lovely pair of models of T. Let p(z) be a complete non-algebraic type over @
containing ¢(z,a). Since (M’, P) is a lovely pair, there is a realization b of p(x) in
M’ which is free from P(M’). In particular, b € o(M') \ p(P(M")), so (M',P) |=
Jzp(x,d) A —P(x). Thus (M, P) | Jzp(x,d) A —P(z) and o(M,d) # @(P(M),d)
as we wanted. O

Thus, the class of models that we consider when dealing with lovely pairs are
not Vaughtian pairs, but the underlying theory T under consideration may have
Vaughtian pairs as shown by the following example:

Example 6.3. Consider the theory DLO of dense linear orders without endpoints.
Let M =R and let N = (RN (—00,0]) UQT. Then (M, N) is a Vaughtian pair

Fact 6.4. Assume that T does not have Vaughtian pairs. Then T eliminates the
quantifiers 3°°.

Proof. See Lemma 5 in [16]. O

The pregeometric theories T' considered in [16] do not have Vaughtian pairs. First
of all this implies that under this extra agsumption 7' is geometric, so the tools from
lovely pairs developed in [5] apply. On the other hand the example above shows
that the family of theories under consideration in [16] is strickly smaller than the
class of geometric theories.

The notion of dense pairs in [16] is word by word the notion that we call in
Definition 1.2 the density/coheir property. In order to conclude that the dense
embeddings are lovely pairs, we need to show that the extension property holds in
saturated models of dense embeddings.
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Fact 6.5. Suppose T satisfies the assumptions 1 —6 listed in [16] and let (M, N) |=
Te. Suppose that card(M) = dim(M/N) = dim(N) > |L|. Then there is a basis X
of M over N and a basis Y of N such that for every infinite definable set D over
M,XND#®Q and Y ND #0.

Proof. See Lemma 8 in [16]. O

Lemma 6.6. Suppose T satisfies the assumptions 1 — 6 listed in [16]. Let (M, N)
be a saturated model of T®. Let m be a tuple of elements in M and let (x,m)
be an L-formula with infinitely many realizations. Then there is a realization of
o(z,m) in M which is free from m U N.

Proof. Let X be as in the previous fact. Let Xy C X finite and Yy C Y finite such
that m C acl(Xo UYp). Let ¢(x,m, Xo,Yo) = @(z,m) Ayexouy, (€ # y). By the
fact there is an a € X satisfying 1. Since X is a basis of M over N, a ¢ acl(Xy, N)
and M | ¢(a,m) as we wanted. O

Proposition 6.7. Suppose T satisfies the assumptions 1 — 6 listed in [16]. Let
(M, N) be a saturated model of T?. Then (M, N) is a lovely pair of models of T

Proof. As pointed out earlier, such theories T' are geometric. The assumption that
P(M) is dense in M translates to the coheir property. Finally the previous lemma
implies the extension property. (I
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