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Abstract
We show a model construction for a system of higher-order illative combinatory logic Z,, thus
establishing its strong consistency. We also use a variant of this construction to provide a complete
embedding of first-order intuitionistic predicate logic with second-order propositional quantifiers into
the system Zy of Barendregt, Bunder and Dekkers, which gives a partial answer to a question posed
by these authors.

This paper is a revised version of [Czal3] which appeared in the Journal of Symbolic Logic, vol. 78,
issue 3, pp. 837-872. An error in Section 5 and some minor mistakes in Section 4 are corrected. Also,
the construction in Section 4 is slightly simplified. (©) 2013 by the Association for Symbolic Logic.

1 Introduction

Tllative systems of combinatory logic or lambda-calculus consist of type-free combinatory logic or lambda-
calculus extended with additional constants intended to represent logical notions. In fact, early systems
of combinatory logic and lambda calculus (by Schénfinkel, Curry and Church) were meant as very simple
foundations for logic and mathematics. However, the Kleene-Rosser and Curry paradoxes led to this work
being abandoned by most logicians.

It has proven surprisingly difficult to formulate and show consistent illative systems strong enough
to interpret traditional logic. This was accomplished in [BBD93|, [DBB98a] and [DBBI8D], where sev-
eral systems were shown complete for the universal-implicational fragment of first-order intuitionistic
predicate logic.

The difficulty in proving consistency of illative systems in essence stems from the fact that, lacking
a type regime, arbitrary recursive definitions involving logical operators may be formulated, including
negative ones. In early systems containing an unrestricted implication introduction rule this was the
reason for the Curry’s paradox [BBD93, [CFC58, §8A], where an arbitrary term X is derived using a
term Y satisfying Y =3 Y D X. For an overview of and introduction to illative combinatory logic see

Systems of illative combinatory logic are very close to Pure Type Systems. The rules of illative
systems, however, have fewer restrictions, judgements have the form I' - ¢ where ¢ is an arbitrary term
instead of I' = IV : C. This connection has been explored in [BD05| where some illative-like systems were
proven equivalent to more liberal variants of PTSs from [BD01]. Those illative systems, however, differ
somewhat from what is in the literature.

In an algebraic treatment of a combination of classical first-order logic with type-free com-
binatory logic was given. On the face of it, the system of [Czall] seems to be not quite like traditional
illative combinatory logic, but the methods used in the present paper are a (substantial) extension of
those from [Czall].

In this work we construct a model for a system of classical higher-order illative combinatory logic Z¢,
thus establishing a strong consistency result. We also use a variant of this construction to improve
slightly on the results of [BBD93]. We show a complete embedding of the system PRED2 of first-order
intuitionistic many-sorted predicate logic with second-order propositional quantifiers into the system Z,
which is an extension of ZZ from [BBD93].
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To be more precise, we define a translation [—] from the language of PRED2 to the language of Zy,
and a mapping I' from sets of formulas of PRED2j to sets of terms of Z;. The embedding is proven to
satisfy the following for any formula ¢ of PRED2y and any set of formulas A of PRED2:

A FpreD2, ¢ iff [A],T(A, ) Fz, [¢]

where A, ¢ stands for AU{p}. The implication from left to right is termed soundness of the embedding,
from right to left — completeness.

Our methods are quite different from those of [BBD93|, where an entirely syntactic approach is
adopted. We define a Kripke semantics for illative systems and prove it sound and completdl. Given a
Kripke model N for PRED2g we show how to construct an illative Kripke model M for Zg such that
exactly the translations of statements true in a state of A are true in the corresponding state of M.
This immediately implies completeness of the embedding.

The model constructions for Zy and Z¢ are similar, but the latter is much more intricate. The basic
idea is to define for each ordinal « a relation ~», between terms and so called “canonical terms”. To
every canonical term we associate a unique type. In a sense, the set of all canonical terms of a given
type fully describes this type. Intuitively, ¢ ~», p holds if p is a “canonical” representant of ¢ in the
type of p. This relation encompasses a definition of truth when p € {T, L}. Essentially, ~»,, is defined
by transfinite induction in a monotonous way. We show that there must exist some ordinal ¢ such that
~sq=¢ for o > (. We use the relation ~»¢ to define our model. Then it remains to prove that what
we obtain really is the kind of model we expect, which is the hard part.

2 Preliminaries

In this section we define the system PRED2 of first-order many-sorted intuitionistic predicate logic with
second-order propositional quantifiers, together with its (simplified) Kripke semantics. We also briefly
recapitulate the definition of full models for a system of classical higher-order logic PREDw®.

Definition 2.1. The system PREDw of higher-order intutionistic logic is defined as follows.

e The types are given by
T 2= o|B|T—>T

where B is a specific finite set of base types. The type o is the type of propositions.

e The set of terms of PREDw of type 7, denoted 77, is defined by the following grammar, where for
each type 7 the set V; is a countable set of variables and ¥, is a countable set of constants.

T, = VoS | Tosr ToforoeT | ANV, T if =71 > n
T, == Vo|Xo|Trso TrforreT |T, DT, |VV,. T, for T €T

Terms of type o are called formulas.

e We identify a-equivalent formulas, i.e., formulas differing only in the names of bound variables are
considered identical.

e Every variable x has an associated unique type, i.e., there is exactly one 7 such that x € V.. We
sometimes use the notation z, for a variable such that z, € V.

e The system PREDw is given by the following rules and an axiom, where A is a finite set of formulas,
©,1 are formulas. The notation A, ¢ is a shorthand for A U {p}.

Axiom
Aoty

Rules

n fact, for completeness of the embedding the easier soundness of the semantics would suffice, i.e., the completeness
of the semantics is not necessary for the main results of this paper.
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The classical variant PREDw® is defined by adding to PREDw the law of double negation as an axiom
AF((eDL)DL)Dep

where 1 =Vz,.2z, and z, € V.

The system PREDZ2 is the fragment of second-order many-sorted predicate calculus restricted to for-
mulas in which second-order quantifiers are only propositional. It is obtained from PREDw by dropping
the rule conv, restricting the types to

T o= o|B|B—=>T
and changing the definition of terms to
T. = V|3 | Tosr Ty forall7 € T,0€B
To = Vol|% | Toso To|To DT, | VYV T, for 7 € BU{0}, 0 €B

For an arbitrary set A we write A Fg ¢ if ¢ is derivable from a subset of A in system S. We drop
the subscript when obvious or irrelevant. Note that we trivially have weakening with this definition, i.e.,
if AF ¢ then A’ F ¢ for any A’ D A.

In the rest of this section we assume a fixed set of base types and fixed sets of constants Y. for each
type 7 € T. We assume T, T, etc. to refer either to PREDw or PRED2j, depending on the context.

The systems contain only D and V as logical operators. However, it is well-known that all other
connectives may be defined from these with the help of the second-order propositional universal quantifier.

We denote by t[z/t'] a term obtained from ¢ by simultaneously substituting all free occurences of x
with ¢'.

Definition 2.2. A full model for PREDw® is a pair
M=({D:[7eT}I)

where each D, is a nonempty set for 7 € B, D, = {T, L}, each D,,_,, is the set of all functions from
D;, to D,,, and T is a function mapping constants of type 7 to D,. The interpretation function [] and
the satisfaction relation |= are defined in the standard way. It is well-known and easy to show that
A FprEDwe ¢ implies A = .

The rest of this section is devoted to introducing a simplified variant of Kripke semantics for PRED2,
and proving it sound and complete. The development is mostly but not completely standard.

Definition 2.3. A Kripke pre-model of PRED2g is a tuple
M=(5,<AD, |7€T},I,q)

where § is a set of states, < is a partial order on S, the set D, is the domain for type 7, the function
- is a binary application operation, I is an interpretation of constants, and ¢ is a function assigning
upward-closed (w.r.t. <) subsets of S to elements of D,. A set X C S is upward-closed w.r.t. < when
for all 51,82 € S, if 51 € X and s1 < s5, then s5 € X as well. We sometimes write saq, Saq, €te., to
stress that they are components of M. Furthermore, the following conditions are imposed on a Kripke
pre-model:



e D. is nonempty for any T,
e for any dy € D;,,,, and ds € D,, we have dy - ds € D,,,
e I(c) € D; for any c € X,

A valuation is a function that, for all types 7, maps V, into D,. When we want to stress that a
valuation is associated with a structure M, we call it an M-valuation. If v is a valuation, d € D, and
x, is a variable of type 7, then by u[z,/d] we denote a valuation u’ such that u'(y) = u(y) for y # =,
and u(z,) = d. For a given structure M and an M-valuation u, an interpretation [J%, (sometimes
abbreviated by []) is a function mapping terms of type 7 to D,, and satisfying the following:

e [z]* = u(z) for a variable z,
o [c]* =1I(c) for c € X,

o [tatz]" = [ta]" - [t2]"

For a formula ¢, a state s and a valuation u we write s,u lFaq @ if s € ¢([]%y). Given a set of
formulas A, we use the notation s, u lFaq A if s,u Ik ¢ for all ¢ € A. We drop the subscript M when
obvious or irrelevant.

A Kripke model is a Kripke pre-model M satisfying the following for any state s and any valuation u:

e s,ulk o D iff for all s' > s such that s',u Ik ¢ we have s',u IF 1,
o s,ulk Ve, .o for x, € V, iff for all ' > s and all d € D, we have s, u[z./d] IF ¢,
o s, ul¥Vp.pforpelV,.

We write A IF ¢ if for every Kripke model M, every state s of M, and every valuation u, the condition
s,u lkFaqr A implies s, u lFaq .

Remark 2.4. What we call Kripke semantics is in fact a somewhat simplified version of the usual notion.
It is not much more than a reformulation of the inference rules. There are no conditions for connectives
other than V and D, so for instance with our definition s, u IF ¢ V % need not imply s, u Ik ¢ or s,u - 1,
where ¢ V 9 is defined in the standard way as Vz,.(¢ D ) D (¥ D @) D ,. We also assume constant
domainsP The resulting notion of a model is quite syntactic, which allows us to simplify the usual
completeness proof considerably.

Another peculiarity is the presence of the function ¢. It may seem superfluous, but it is necessary
in the Kripke semantics for illative systems in Section [3] where we do not know a priori which terms
represent propositions. For the sake of uniformity we already introduce it here.

Lemma 2.5. If M is a Kripke model, x € V., tg € T, t € Tr» and 7" # o, then:

[t[z/toll %4 = (#1534
where we use the notation u' for u[z/[to]"].

Proof. Straightforward induction on the size of t. |
Lemma 2.6. If M is a Kripke model, x € V;, t € Tr, ¢ € T, and v’ = u[z/[t]"], then for all states s:
s,ulkplx/t] it s,u I

Proof. We proceed by induction on the size of ¢. If ¢ is a constant, a variable, or ¢ = tjt5, then the
claim follows from Lemma

Assume ¢ = @1 D 3. Suppose s, u Ik @1[x/t] D p2[x/t] and let s’ > s be such that s, u’ I ¢1. By
the TH we have s',u Ik p1[z/t], hence s',u IF pao[z/t]. Applying the TH again we obtain s’,u’ IF ¢5. This
implies that s,u’ I ¢. The other direction is analogous.

Assume ¢ = Vy.¢p. Without loss of generality y # « and y ¢ FV (t). Suppose s, u IF Vy.po[z/t], and
let s > s and d € D,. We have ', uly/d] IF po[z/t]. By the IH we obtain s’ u'[y/d] I ¢o. This implies
s,u’ IF Vy.pp. The other direction is analogous. |

2A reader concerned by this is invited to invent an infinite Kripke model (as defined in Definition B3) falsifying the
Grzegorczyk’s scheme V(¢ V p(x)) D ¥ V Vzp(x). This scheme is not intuitionistically valid, but holds in all models with
constant domains, in the usual semantics.



Theorem 2.7. The conditions A - ¢ and A F ¢ are equivalent.

Proof. By induction on the length of derivation we first show that A F ¢ implies A IF ¢. Note that it
suffices to show this for finite A. The implication is obvious for the axiom. Assume A F ¢ was obtained
by rule V;. Then ¢ = Vz.¢) for x € V;, x ¢ FV(A). Let M, s,u be such that s,u -y A. Hence for
all 8 > s we have s',u lFaq A, and s, u[z/d] IFaq A for any d € D, because ¢ FV(A). So by the
inductive hypothesis we obtain s',u[z/d] IFaq ¢ for any d € D,. By the definition of a Kripke model,
this implies s, u IFaq Vz.t0. The remaining cases are equally straightforward. Lemma is needed for
the rule V..

To prove the other direction, we assume that Ay ¥ ¢o and construct a Kripke model M and a
valuation u such that for some state s of M we have s, u IFaq Ag, but s, u ¥ @g.

First, without loss of generality, we assume that there are infinitely many variables not occuring in
the formulas of Ag. We can do this because extending the language with infinitely many new variables
is conservative. The states of M are consistent sets of formulas A’ D Ag, i.e., A’ I/ L, which differ
from Ag by only finitely many formulas. The ordering is by inclusion. For any type 7 as D, we take
the set of terms of type 7. Let v be a valuation. Given a term ¢, we denote by t" a term obtained
from ¢ by simultaneously substituting any variable x € FV () by the term v(z). We obviously assume
that no variables are captured in these substitutions, which is possible because we treat formulas up to
a-equivalence. We define the interpretation I by I(c) = ¢. We also set 1 - to = t1t2. Notice that now
[t]* = t”. Further, we define the function ¢ of M as follows: ¢(p) = {A | A F ¢} for a formula ¢,
where A ranges over sets of formulas which are valid states. Note that A, v Ik ¢ is now equivalent to
A F V. Finally, we set u(z) = .

Given a formula ¢, a state A, and a valuation v, we show by induction on the size of ¢ that A v Ik ¢
satisfies the conditions required for a Kripke model. If ¢ = ¢ D %, then we need to check that
Al ¥ Dy iff for all A’ O A such that A’ is a valid state and A’ F ¢?, we have A’ + Y. Sup-
pose the right side holds and take A’ = AU {p"}. If A’ is a valid state then A’ F ¢, hence by rule D;
we obtain A F ¢V D Y. Because A extends Ay by finitely many formulas, so does A’. Hence if A’ is
not a valid state, then it is inconsistent. Then obviously A’ - ¥ anyway, so we again obtain the left
side by applying rule D;. The other direction follows by applying D, and weakening finitely many times.

Similarly, if ¥ = Vx.p, then without loss of generality we assume v(z) = x, « € V;, and check that
A F Vz.o¥ iff for all valid states A’ D A and all t; € D, we have A’ F <p”/ where v/ = v[z/t1]. If the
right side of the equivalence holds, then it holds in particular for ¢; = y such that y ¢ FV (A, "), and
A’ = A. Such y exists, because we have assumed an infinite number of variables not occuring in the
formulas of A,, and A extends A, by only finitely many formulas. By rule V; we obtain A F V,¢",
which is a-equivalent to the left side, and we treat a-equivalent formulas as identical. Conversely, if
A b V.Y, then by rule V. and weakening we obtain A’ F ¢?[x/t]. This is equivalent to A’ F ¢ where
v =wlz/t].

It is now a matter of routine to check that M is a Kripke model. Obviously, in this model we have
Ao, ul¥ @, i.e., Ag ¢ [po]™ = s(wo), because Ag ¥ pg. On the other hand, Ag,u IF 1) for every ¢ € Ay.
This proves the theorem. O

3 Illative systems

In this section we define the higher-order illative systems Z,,, Z¢ and the second-order illative system Zj.
We also define a semantics for these systems.

Definition 3.1. By T(X) we denote the set of type-free lambda-terms over some specific set 3 of
primitive constants, which is assumed to contain =, L and A, for each 7 € B where B is some specific
set of base types.

We use the following abbreviations. The term D is usually written in infix notation and is assumed



to be right-associative.

= ry.E(Kz)(Ky)
= Xaxyf.Zx(Azy(fz2))

The constant = functions as a restricted quantification operator, i.e., ZAB is intuitively interpreted as
Va.Ax O Bx. The intended interpretation of LA is “A is a type”, or “A may be a range of quantification”.
The term H stands for the “type” of propositions, and FFAB denotes the “type” of functions from A
to B. The constants A, denote base types, i.e., different sorts of individuals. We use a notion of types
informally in this section.

For systems of illative combinatory logic, judgements have the form I' - ¢ where I' is a finite subset
of T(X) and ¢t € T(X). The notation I',¢ is an abbreviation for ' U {¢}.

I = Xz

S = dayzaxz(yz)
K = Jlyx

H = M. L(Kx)
D

F

The system Z,, is defined by the following axioms and rules.

Axioms

(1) I ¢+t

(2) THLH

(3) THLA. forTeB
Rules

'kt t1 =gn t 't
) 1 1 =8n t2 I

Eq: i
d TFt, - Ht

T F Syt Tt tits
e T F tots

—_ F, tl.fC F tQ.T F F Ltl
' Ztits

X ¢ FV(F,tl,tQ)

=

. F,tLCE H H(tg.’L‘) 'k Lfl
i T - H(Ztty)

X ¢ FV(F, tl,tg)

Dt Lt,  TFLh
b T F L(Ftits)

X ¢ FV(F,tl,tQ)

The system Z¢ is Z,, plus the axiom of double negation:
I'F=ZH (Az.((z D> 1) D>1l)Dux)

where | =ZHIB

The system Zy is Z,, minus the rule Fr. The rule Fj allows us to quantify over functions and
predicates. Obviously, the system becomes more useful if for 7 € B we can add constants ¢ representing
some elements of type 7, axioms A.c, and some axioms of the form e.g. p(fec1)(gea) where f, g are
constants representing functions and p is a predicate constant (i.e. of type 71 — 72 — 0). That most
such simple extensions are consistent with Z,, is a consequence of the model construction in Section

3Note that here the symbol L is an abbreviation for a term in the syntax of Z,, which is distinct from previous uses
of L.



For an arbitrary set I', we write I" -7 ¢ if there is a finite subset IV C I' and a derivation of IV - ¢ in
an illative system Z. The subscript is dropped when obvious from the context.

Lemma 3.2. The following rules are admissible in Z,, and L.

I'Et1 Dt 't I'ti -t ' Ht
p . 1 2 1 p . 112 1

e - [

I'Fty I'Ft1 Do
It - Hts '+ Hty 'kt
ol Weak : ——
T+ H(t; D ty) Dt -t
Proof. Routine. [l

Definition 3.3. A combinatory algebra C is a tuple (C, -, S, K), where - is a binary operation in C' and
S, K € C, such that for any X,Y, Z € C we have:

« S XY -Z=(X-2)-(Y-2),
e K- XY =X.

To save on notation we often write X € C instead of X € C. We assume - associates to the left, and
sometimes omit it.

A combinatory algebra is extensional if for any My, Ms € C, whenever for all X € C we have
M1 X = M>X, then we also have My = Ms.

It is well-known that any combinatory algebra contains a fixed-point combinator and satisfies the
principle of combinatory abstraction, so any equation of the form z -z = ®(z,z), where ®(z,x) is an
expression involving the variables z, = and some elements of C, has a solution for z satifying this equation
for arbitrary x.

Definition 3.4. An dllative Kripke pre-model for an illative system Z (Z € {Z,,,Z¢,Zp}) with primitive
constants ¥, is a tuple (S, <,C,I,s), where S is a set of states, < is a partial order on the states, C is
an extensional combinatory algebra, I : ¥ — C is an interpretation of primitive constants, and ¢ is a
function assigning upward-closed (w.r.t. <) subsets of S to elements of C. We sometimes write o, Sa,
etc., to stress that they are components of M.

Given an illative Kripke pre-model M, the value [¢]%, of term ¢ under valuation u, which is a function
from variables to C, is defined inductively:

o [z]“ = u(z) for a variable x,

o [c]* = I(c) for a constant c,

o [tata]" = [ta]" - [t]",

o [Az.t]“ is the element d € C satisfying d - d’ = [t]* for any d’ € C, where v’ = u[z/d'].
Note that the element in the last point is uniquely defined because of extensionality and combinatorial
completeness of C.

To save on notation, we often confuse Z, L, etc. with [=]%,, [L]%,, etc. The intended meaning is
always clear from the context. The subscript M is also often dropped.

Intuitively, for X € C the set ¢(X) is the set of all states s such that the element X is true in s. The
relation < on states is analogous to an accessibility relation in a Kripke frame.

An illative Kripke model for 7, is an illative Kripke pre-model where ¢ satisfies the following conditions
for any X,Y € C:

(1) if s € (LX) and for all s’ > s and all Z € C such that s’ € ¢(XZ) we have s’ € ¢(YZ), then
s €¢(EXY),

(2) if s € ¢(EXY) then for all Z € C such that s € ¢(XZ) we have s € ¢(YZ),

(3) if s € ¢(LX) and for all s > s and all Z € C such that s’ € ¢(XZ) we have s’ € ¢(H(Y Z)), then
s €¢(H(EXY)),



(4) if s € ¢(LX) and for all s’ > s such that s’ € ¢(XZ) for some Z € C, we have s’ € ¢(LY), then
s € o(L(FXY)),

(5) if s € ¢(X) then s € ¢(HX),
(6) ses(LH),
(7) s€c(LA;) for T € B.

An illative Kripke model for Zj is defined analogously, but omitting condition {@). A model is a classical
illative model if it satisfies the law of double negation: if s € ¢(HX) and s € ¢((X D L) D L) then
s € ¢(X), where L = ZHI. Tt is not difficult to see that every one-state illative Kripke model is a
classical illative model. For a classical illative model with a single state s we define the set 7 of true
elements by 7 ={X € C| s € ¢(X)}. Note that ¢(X) may be empty.

For a term t and a valuation u, we write s, u IFaq t whenever s € ¢([t]%,). For a set of terms I', we
write I' IFz ¢ if for all Kripke models M of an illative system Z, all states s of M, and all valuations u
such that s,u lFaq t/ for all # € T, we have s,u IFaq t. Note that s, u lFaq ¢ implies s, u IFaq t for 5" > s,
because ¢(X) is always an upward-closed subset of S, for any argument X.

Informally, one may think of illative Kripke models as combinatory algebras with an added structure
of a Kripke frame.

Fact 3.5. In any illative Kripke model the following conditions are satisfied:

(1) if s € (HX) and for all s' > s such that s’ € ¢(X) we have s' € ¢(Y), then s € (X DY),

(2) if s€g(X DY) then s € ¢(X) implies s € ¢(Y),

(8) if s € (HX) and for all s > s such that s’ € ¢(X) we have s’ € (HY), then s € c(H(X D Y)).
Theorem 3.6. The conditions I' -z t and I -7 t are equivalent, where T =1, or T = 1.

Proof. We first check that I' k7 ¢ implies I' Iz ¢, by a simple induction on the length of derivation. It
suffices to prove this for finite I'. The implication is immediate for the axioms. Now assume I' - ¢of
was obtained by rule =Z., and we have s,u IFxq I'. Hence, by the inductive hypothesis s,u IFaq =t1to
and s,u IFaq t1t, which by condition (2) in Definition B4l implies s, u IFaq tot. Assume I' b Etito was
obtained by rule Z;, and that s,u IFy I'. Let s’ > s and Z € C be such that s" € ¢([t1]%, - Z). We
therefore have s',u’ Ik pq T, t1x, where v’ = u[z/Z] and x ¢ FV (T, t1,t2). So by the inductive hypothesis
we obtain s, u’ IFaq tox. Because x ¢ FV(t2), this is equivalent to s’ € ¢([t2]%, - Z). The inductive
hypothesis implies also that s € ¢(L - [t1]%,). We therefore obtain by condition () in Definition 4] that
s,u IFaq Et1to. The other cases are equally straightforward and we leave them to the reader. In the case
of rule Eq the extensionality of C is needed.

To prove the other direction, we assume I'g ¥z g, and construct an illative Kripke model M and a
valuation u such that for some state s of M we have s, u IFaq T'g, but s, u W aq tg.

We construct the model as follows. First of all, we assume without loss of generality that there are
infinitely many variables not occuring in I'g. As states we take all sets of terms I'' O T'g which extend T'g
by only finitely many formulas. The ordering is by inclusion. The combinatory algebra C is the set of
equivalence classes of Sn-equality on T(X). We denote the equivalence class of a term ¢ by [t]g,. We
define I(c) = [c]gy for ¢ € 3. The function ¢ is defined by the condition: T' € ¢([t]g,) iff ' Fz ¢ and T
is a valid state. This is well-defined because of 8n-equality in rule Eq. The valuation u is defined by
u(x) = [z]g,. Note that [t]%, = [t]sy-

We now show that this is an illative Kripke model. We only need to check the conditions on ¢. It
is obvious that ¢(X) is upward-closed for any X € C because of weakening. Assume that I' - L¢;, and
for all IV D I" and all terms ¢3 such that IV - ¢1£3 we have I  tot3. Then, in particular, this holds for
I =T U {t1z} and t3 = z, where z is a variable, x ¢ FV(I',t1,t2). Such a variable = exists because T’
differs from I'y by only finitely many formulas, and there are infinitely many variables not occuring in
the formulas of I'g. Therefore, by rule Z; we have I' = St ts, hence I' € ¢([Et1t2],). This verifies
condition (). Conditions @), (@), @) and (@) are verified in a similar manner, using rules 2., Ep, FL,
and H;, respectively. Condition (B]) is immediate from the axiom I'  LH. Condition (@) follows from
the axioms I' = LA, for 7 € B.



It is obvious that T'g, u ¥ q to, 1.e., To ¢ <([to]sn), because I'g ¥z to. Clearly, we also have T'o, u lFaq t
for all ¢t € I'y. This proves the theorem. [l

Remark 3.7. Note one subtlety here. The above theorem does not imply that Zy or Z,, is consistent.
This is because we allow trivial Kripke models, i.e., ones such that ¢(X) = & for any X € C, and it is
not obvious that nontrivial ones exist. Indeed, if we dropped the restriction s € ¢(LX) in condition ()
in Definition [3:4], then all illative Kripke models would be trivial. To see this, let X € C and s € S be
arbitrary and consider the element T € C defined by the equation T = T D X. Note that dropping
s € ¢(LX) in condition (1)) in Definition B4 means dropping s € ¢(HX) in condition () in Fact
For any s’ > s we obviously have s’ € ¢(T D X) whenever s’ € ¢(Y). By condition () in Fact we
conclude that s’ € ¢(X) whenever s’ € ¢(T). Therefore, by condition (1) in Fact B35, we have s € ¢(T).
Hence, s € ¢(T D X) as well, so again s € ¢(X). Thus ¢(X) = S. This argument is essentially Curry’s
paradox.

For convenience of reference we state the following simple fact about one-state classical illative models
for Z¢, as we will be constructing such a model in the next section. Recall that for a classical illative

W

model with a single state s, the set 7 of true elements is defined by 7 = {X € C| s € ¢(X)}.

Fact 3.8. For a one-state classical illative model for IS the conditions on ¢ may be reformulated as
follows:

(1) if LX € 7 and for all Z € C such that XZ € T we have YZ € T, then ZXY € 7,

(2) if EXY € T then for all Z € C such that XZ € T we have YZ € 7,

(3) if LX € 7 and for all Z € C such that XZ € T we have H(YZ) € , then H(ZXY) € 7,
(4) if LX € 7, and either LY €  or there is no Z € C such that XZ € 7, then L(FXY) € 7,
(5) if X € T then HX € 7,

(6) LH € 7,

(7) LA, € T forT € B.

4 The model construction

In this section we construct a model for Z¢. The construction is parametrized by a full model for classical
higher-order logic.

4.1 Definitions

In this subsection we give definitions necessary for the construction and fix some notational conventions.

Definition 4.1.1. We define the set of types T+ by the following grammar:

TH o= Ti|wle
Ti o= T|Th—-Tlw—T
T o= o|B|T—>T

where B is a specific finite set of base types. Intuitively, the type o is the type of propositions, w is the
type of arbitrary objects, € is the empty type.

For the sake of simplicity we use the following notational convention: we sometimes write 7 — ¢ for
€ when 7 # ¢, ¢ — 7 for w, and 7 — w for w. There is never any ambiguity because 7 — ¢ etc. are not
valid types according to the grammar for 7+. This convention is only to shorten some statements later
on. We also use the abbreviation 7{* — 75 for 71 — ... = 71 — T2 where 71 occurs n times (possibly
n =0). O



From now on we fix a full model N'= ({D; | 7 € T}, I) of classical higher-order logic and construct a
one-state classical illative model M for Z¢. We assume that 7 C T defined above corresponds exactly
to the types of N, and that the base types B correspond exactly to the base types used in the definition
of the syntax of Z§.

We will define the universe of the model as the set of equivalence classes of a certain relation on the
set of type-free lambda-terms over a set ¥+ of primitive constants, to be defined below. We assume
these terms to be different objects than the terms of the syntax of Z5. We also treat lambda-terms up
to a-equivalence, i.e., terms differing only in the names of bound variables are considered identical.

Definition 4.1.2. We define a set of primitive constants ¥, and a set of canonical terms as follows.
First, for every type 7 # w we define by induction on the size of 7 a set of canonical terms of type T,
denoted by T,. We also define a set of constants X, for every type 7 ¢ {w,e}U{w — 7 | 7/ € T},
i.e., we leave X, undefined if 7 is not of the form required. First, we set T, = (. In the inductive step
we consider possible forms of 7. If 7 € T (i.e. it does not contain w or €) then we define ¥, to contain
a unique constant for every element d € D,. Weset T, =X,. f 7 ¢ T, 7 =71 — 75 and 71 # w, then
denote by ¥, a set of new constants for every (set-theoretical) function from T,, to T,,. Again we set
T, =%,. If T =w — 7 then T, consists of all terms of the form Az.p where p € T,,

The symbol ¥4 stands for a set consisting of distinct new constants A, for each base type 7 € B.
Finally, we set * = {Z, L} US4 UJ. =, where the index in the sum ranges over 7 ¢ {w,e} U {w —
7' | 7 € Tt}. For the sake of uniformity, we use the notation T, for the set of all type-free lambda
terms over 7. Note that terms in T, are not necessarily canonical and all canonical terms are closed.

Note that for 7 € T the set X, contains a unique constant for every element of D,. Hence for each
7 € T there is a natural bijection from Y. onto D,. We denote this bijection by 7.

We now define a mapping F such that for p € T,, -, we have F(p) : T,, — T,,, where 11 — 72 € T7.
Ifm - ™= € 7T then m,» € T, T, = ¥;, and both 7., and 7., are defined. In this case we set
Fle)(er) = nt (mr—ry(€) (77, (1)) for ¢ € 87y, 01 € 87 Iy — 70 ¢ T and 71 # w then also
T, - = Xr, - and by our construction to each ¢ € ¥, _,,, corresponds a set-theoretical function f.
from T,, to T,,. In this case we set F(c) = f.. Finally, if p € T, then p = Az.p’ and by F(p) we
denote the constant function from T, to T, whose value is always p’. Note that because N is assumed
to be a full model, so by our construction if ;1 — 75 € 71 and 71 # w then for every set-theoretical
function f from T, to T,, there exists a constant py € ¥, _,,, such that F(ps) = f.

By T € X, we denote the constant corresponding to the element T € D,, by L € 3, the one
corresponding to L € D,. Note that X, = {T, L}, because D, = {T, L}.

Note that if 71,72 # w and 71 # 75 then T,, NT,, = 0. Hence every canonical term p may be assigned
a unique type 7 # w such that p € T,. When talking about the canonical type, or simply the type, of a
canonical term we mean the type thus defined. O

An n-ary context C is a lambda-term over the set of constants X*U{Oy,...,0,}, where Oy,...,0, ¢
¥*. The constants Oy,...,0, are the bozes of C. If C is an m-ary context then by C[t1,...,t,] we
denote the term C' with all occurences of O; replaced with ¢; for ¢ = 1,...,n. Unless otherwise stated,
we assume that the free variables of t1,...,t, do not become bound in Cl[ty,...,t,]. By a context we
usually mean a unary context, unless otherwise qualified. In this case we write O instead of Oj.

In what follows «, (3, etc. stand for ordinals; ¢, t1, to, 7, r1, T2, ¢, q1, g2 etc. stand for type-free
lambda-terms over X7 from which we build the model; ¢, c1, ca, etc. stand for constants from X7; 7,
T1, T2, etc. stand for types; p, p1, p2 stand for canonical terms (i.e. terms p € T, for 7 # w); and C, C’,
C1, C5, etc. denote contexts; unless otherwise qualified.

The following simple fact states some easy properties of canonical terms. It will sometimes be used
implicitly in what follows.

Fact 4.1.3. If p is a canonical term then:
(1) p=Xxy...xn.c wheren >0, c € X, for some T (soT#w—711), and p € Tyn_sr,

(2) if p = C[t] then either C = Az ...x,.0 and t is a canonical term, or C' = p.

4Formally, terms are a-equivalence classes of certain strings, i.e., by Az.p we mean the a-equivalence class of the string
"Az.p”, so e.g. Ax.p and A\y.p are the same, which we denote by Ax.p = A\y.p.
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For each ordinal o we inductively define reduction systems R, and I/%;, a relation ~, between terms
and types in 77, and a relation =, between terms and canonical terms. Formally, all these notions
are defined by one induction in a mutually recursive way, but we split up the definitions for the sake of
readability. These definitions are monotone with respect to «, so the induction closes at some ordinal,
i.e., the relations do not get larger after this ordinal.

First, let us fix some notations. We write R, for U5<a Rg, =<q for U,@<a =8, ~<q for U,@<a ~3.
We use the notation = for identity of terms up to c-equivalence. By —<, we denote the reduction
relation of R, by =%, the reflexive closure of <4, by =<« the transitive reflexive closure of =<4,
and by =<, the transitive reflexive symmetric closure. We write [t], for the equivalence class of a term
t w.r.t. the relation =<,. Analogously, we use the subscript <, for relations corresponding to R,

and —,, for relations corresponding to ]/%; We drop the subscripts when they are obvious or irrelevant.

Notation 4.1.4. In what follows a term of the form Kt should be read as Az.t where x ¢ FV (t), a term
Ht as LA\x.t where © ¢ FV(t), and Ftits as Af.Et; (Ax.t2(fx)). We adopt this convention to shorten
notations. O

Before embarking on the task of rigorously constructing the model we explain the intuitive meaning
of various notions formally introduced later. This is necessarily informal and at points rather vague.

Informally speaking, we identify types with sets of terms. A base type corresponds to the set of all
constants of this type, the type o to the set of all propositions, the type w to the set of all terms, the
type € to the empty set, and a function type 7 — 7o to the set of all terms ¢ such that for all terms ¢;
of type 7 the term tt; has type 7». It is known at the beginning of the transfinite inductive definition
exactly which terms have base types, but not so for type o or function types. During the course of the
induction new terms may obtain types. If r is a term, and « an ordinal, then by r ~», T we mean that
at stage a in the induction, r has been shown to be “true”. If r = F A, A.,t, we interpret this as saying
that, at stage « in the induction, the term ¢ has been shown to have type 71 — 7. It may be that for all
B < o we may have FA, At g T, yet FA At~ T. So the fact that ¢ has type 71 — T becomes
known only at stage a of the induction. Our induction stops when no new typings may be obtained
and no new terms may become true or false, i.e., when we have all information we need to construct the
model.

Note that canonical terms may obtain types different from their canonical types. For instance, a
term of the form A\z.c where ¢ € X will ultimately obtain the type w and all of the types 7 — 7 for any
type 7’. As far as canonical terms are concerned, we mostly care about their canonical types, and it is
known beforehand what types these are.

In R, we will have reduction rules of 8- and n-reduction, and rules of the form ¢p — F(c)(p), where
c€ X and p € T, We will also add some other rules to make certain terms “indistinguishable”,
as explained in the paragraph below.

Intuitively, t >, p is intended to hold if p € T, is a “canonical” term which is “equivalent” to t in
type 7, basing on the information we have at stage a. Let us give some examples to elucidate what we
mean by this. For instance, suppose we have two distinct (hence disjoint) base types 71 and 72, and
two functions Id,, -, € D, and Id,,,-, € D,,_,,, which are identities on D,, and D,, respectively.
In ¥ we will have two canonical constants id,, ., and id,,_,,, of type 71 — 71 and T2 — 72 respectively,
associated with the functions Id,, ., and Id,_,, i.e., such that F(id,, -, ) = T Lo Id, - om; and
F(idryosry) = T, Lo Id;,—r, © mr,. The reduction rules associated with id,, ., will be id,, ., ¢ — ¢ for
every canonical constant ¢ of type 71, and analogously for id,,_,,,. Note that id,, - ¢ will not form
a redex if ¢ is a canonical constant of type different from 7;. Now we have both A\x.x >; id,, -, and
Az.x »1 idr,—,, because Az.x behaves exactly like id,, -, when given arguments of type 71, and exactly
like id;,—,, when given arguments of type 7». In fact, we will define the reduction systems R, so as
to make Az.x and id,, ., indistinguishable, for sufficiently large o, wherever a term of type 71 — 7 is
“expected”. For instance, for any reduction rule in R, of the form pid, _,r, — ¢, where p is a canonical
term of type (71 — 71) — 7 for some 7, we will add to R,41 a reduction rule p (Azx.z) — c.

In the case p € {T, L}, the relation ¢t >, p encompasses a definition of truth. The condition ¢ >, T
means that ¢ is certainly true, basing on the information from the earlier stages § < a of the inductive
definition. So if t >, T then ¢ should behave like T wherever a truth-value is expected. If ¢t >, L, then
t is certainly not true.

If t # p then we never have t -, p for a canonical term p of some base type T € B3, because no term
different from p behaves like p if the type of p is an atomic type different from o.
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Notation 4.1.5. We use the notation t ~», p when t —<4 t' =, p. We write ~,, for U,@<a ~ 3.

Informally, t ~», p holds if we can reduce ¢, using the rules of R, to a term equivalent to a canonical
term p in the type of p basing on what we know at stage « of the inductive definition. A careful reader
will notice that what we ultimately really care about is the relation ~, not >,, because we want to
identify R,-equivalent terms. The relation > is needed chiefly to facilitate the proofs.

The condition t ~, 7 is intended to hold if ¢ “represents” the type 7 basing on what we know at
stage a, i.e., it is a “predicate” which is true when applied to terms of type 7, and is never true when
applied to terms which are not of type 7. In other words, Lt ~», T and for all terms r known to be
of type 7 we have tr ~», T, but we should not have tr ~+, T for any r which is not of type 7. So for
instance for each type 7 € B we should have A, ~, 7 for sufficently large a. Because ¢ is the empty
type, if t ~, € then we should never have tr ~», T for any term r. Since w is the type of arbitrary
objects we should have t ~,, w if for all terms r we have tr ~»., T.

Having explained the intuitive meaning of the relations, we may proceed to formal definitions. The
definition below depends on the definition of >, and thus on >3 for 8 < a.

Definition 4.1.6. A reduction system is a set of reduction rules over a specified set of terms, i.e., a set
of pairs of terms. In all reduction systems we consider we assume the set of terms to be the type-free
lambda-terms over X 7. Instead of writing (¢1,%3) € R we usually say that t; — ¢2 is a reduction rule
of R. Given a reduction system R we define its associated reduction relation — g by: t1 — g to iff there
exists a context C' with exactly one box and terms r1,r2 such that t; = C[r1], t2 = C[r2] and 11 — ro is
a rule of R. In contrast to all subsequent uses of contexts, here we allow the free variables of 1 and 79
to become bound in C[rq] or C[rs].

We define R, to contain the following reduction rules:
e for a = 0: rules of §- and n-reduction,

e for a > 0: rules ¢t — po for every ¢ € ¥, ., (s0 71 # w), every pa € T,, and every term ¢ such
that ¢t =<, p1 and F(c)(p1) = p2.

We set RQ:R<QU1/%;. |

Definition 4.1.7. The relation ~,, is defined by the following rules. Recall that 74 — ¢ = € for 7, # ¢,
E—=>Tp=w,and 7] > W =w.

TEB
A): — H): —
(#) Ar ~o T (H) H~yo0
tr~oeg T t~oeq L
(Kw) : ——=— (Ke) : ——=—
Kt~ w Kte~,¢
ti~<a t2 ~<a T2

(F) :

Ftth ~No T1 — T2

(F') - b1 ~<a T Az.by ~cao T2 frw ¢ FV(t1,t2)
’ A .Ety(Axtalz/ fx]) ~o 71— T2

t1 ~<a T1 to ~ea T2 € {w, e} [ ¢ FV(ty,t)

(F): =
)\f..:tlﬁg ~o T1 — T2

(Fw) . tq ~<a € (Fw’) . tq ~<a €

' )\f.Etltg ~Nao W ' Etl ~Nao W

The above definition depends on the definitions of Rg, ~g and =g for § < o. The next definition
of >, depends on the definitions of Rg and ~g for 8 < «, and on >4

Definition 4.1.8. We define the relation ¢ >, p for canonical terms p by the following conditions:
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e p >, p if the canonical type of p is o or a base type,

o t >, p if the canonical type of p is 1 — 72 and ¢ is a term such that for any t; € T,, we have
tt1 ~ <o F(p)(t1). Note that we allow 71 = w but not 1, = e.

In particular, T >, T and L >, L by the above definition. For p € {T, L} we give additional
postulates. For a > 0 we postulate ¢ >, T for all terms ¢ such that at least one of the following holds:

(AT) t = A,c where T € Band c € %,

(ET) t = Ztyto where tq, to are terms such that there exists 7 s.t. t; ~, 7 and for all t3 € T, we have
t2t3 < Ta

(LT) t = Lty and t; ~, 7 for some type 7.
Finally, when o > 0 we postulate ¢ >, L for all terms ¢ such that:
(EL) t = Ztq1to and there exists a type 7 such that:

ety ~, T, and
e for every term t3 € T, we have totg ~r <o T O toty ~>cq L,

e there exists a term t3 € T, with tots ~ o, L.

The intuitive interpretation of Ztyts is restricted quantification Vx.t1x D tox, but t; is required to
represent a type, if Zt1to is to have a logical value. In illative combinatory logic the notions of being
(representing) a type and being eligible to stand as a quantifier range are equivalent. It turns out that
the types of Z¢ are just the types defined by 7+. This explains putting t; ~, 7 in some of the cases
above.

During the course of the transfinite inductive definition some previously untyped terms ¢ will obtain
types, e.g. a statement of the form F'A, A,,t will become true at some stage a. At that point we need
to decide which term among the canonical terms of type 7 — 7o behaves exactly like ¢. The whole
correctness proof rests on the fact that this decision is always possible. That we may choose such a
canonical term implies that quantifying over only canonical terms of a certain type 7 is equivalent to
quantifying over all terms of type 7. This justifies restricting quantification to canonical terms in the
above definition of t =, T.

Let us now give some examples illustrating the above definitions.

Example 4.1.9. Suppose we have a base type 7 and Id e D, is the identity function on D,. Let
Id=n-toldom,,ie, Id(c) = ¢ for any ¢ € ¥,. There is a constant id € ¥, _,, such that F(id) = Id.
We show Az.z 1 id. Let ¢ € ¥, = T,. We have (A\z.x)c =<1 ¢, because R« = Un<1 R,, = Ry and Ry
contains the rules of S-reduction. We also have ¢ =1 ¢ = F(id)(c) by the first part of Definition 1.8
Therefore (Az.x)c ~<1 ¢. Since ¢ € X, was arbitrary, we obtain Az.x >, id by the second part of
Definition T8

Now we show that Ayz.x >2 Ay.id. We have Ay.id € Ty,—+—,. Solet t € T,,. We have (Ayz.z)t =<2
Az.xz. We already proved that Az.z >7 id. Note that F(\y.id) is the constant function from T,, to T,
whose value is always id. This implies that (A\yz.z)t ~<o id = F(Ay.id)(¢) for any ¢ € T,,. Hence
Ayx.x =9 Ay.id.

Let p € X((w—r)—r)—r be such that F(p)(f) = F(f)(Ay.id) for f € X(,7)-,. As another ex-
ample we will show that Az.z(Ayz.z) =4 p. So suppose f € X(,5rr = Twor)mr. We have
(Az.z(Ayz.2))f =<4 f(Ayz.z). We proved in the previous paragraph that Ayz.xz =2 Ay.id. By the second
part of Definition we obtain f(Ayx.z) —=3 F(f)(Ay.id). Hence (A\z.z(Ayz.z))f —<4 F(f)(Ay.id)
for any f € ¥(,5r)—;. Obviously we have F(f)(Ay.id) =o F(f)(Ay.id) by the first part of Defini-
tion I8 because the range of F(f) is included in %.. Recalling that F(p)(f) = F(f)(Ay.id) for any
J € E(w—r)—r We obtain A\z.z(Ayz.xz) =4 p by the second part of Definition

Lemma 4.1.10. For a < 8 we have the following inclusions: Ry, C Rg, ~o C ~g, and = C >3.

Proof. Follows easily from definitions. O
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It follows from Lemma by appealing to the well-known Knaster-Tarski fixpoint theorem that
there exists an ordinal ¢ such that ~¢ = >~ and R = R<¢. This simple fact may also be shown directly
as follows. Suppose ( is an ordinal with cardinality greater than (T, U {0})* and there is no a < ¢
such that R, = R<, and >, = ><4. Then for each a < ¢ either R, \ Rcq O >4 \ =<4 IS non-empty.
Because R, C T, x T, and »=,C T, x T,,, we may thus define, using the axiom of choice, an injection f
from ¢ to (T, U {O})* (recall that in set theory an ordinal ( is the set of all ordinals less than (). If
R, \ R<, is non-empty, then let f(a) = (t1,t2,0,0) where (t1,t2) € Ro \ R<q is chosen arbitrarily.
Analogously, if >, \ =<, is non-empty, then let f(a) = (0,0, ¢y, t2) where (t1,t2) € >4 \ =<q 18
chosen arbitrarily. Since R, C R<g and =, C =g for a < 3, we have f(a) # f(f8), so f really is an
injection. But this implies that the cardinality of ¢ is not greater than the cardinality of (T, U {O})%.
Contradiction.

Let ¢ be an ordinal such that B¢ = R<¢ and >=¢ = >.¢. We may assume without loss of generality
that also ~¢ = ~~¢. In what follows we will use the notations R, >, ~», etc. for R¢, ¢, ~¢, etc.

Finally, we are ready to define the model M for Z¢.

Definition 4.1.11. The one-state classical illative Kripke model M is defined as follows. We take the
combinatory algebra C of M to be the set of equivalence classes of =r. We define the interpretation I
of M by I(c) = [c]r. We define the set .7 of true elements of M by J ={deC|3t.d=[tlpAt~ T}.

4.2 Correctness proof

In this subsection we prove that the preceding lengthy definition of M is actually correct, i.e., that M
is a classical illative Kripke model for Z¢.
Below we will silently use the following simple lemma, without mentioning it explicitly every time.

Lemma 4.2.1. If A\Z.Et1ts — \Z.t then t = Zt|t, where t; — t| and ta — t,,. An analogous result holds
when \T. Aty — ALt for T € B, and when AX.Lty — AZ.t. Here the reduction — may stand for any of

T<a; <as etc.

Proof. This follows from the fact that there are no reduction rules which involve Z, L, or A, for 7 € B,
so the reductions may happen only inside t; and ts. [l

Note that together with our convention stated in Notation ET.4l regarding the meaning of Hty,
Lemma [£2.T] implies that if Ht; — ¢ then ¢t = Ht} where t; — t].

The proof of the following lemma illustrates a pattern common to many of the proofs below. We give
this single proof in full, but when later an argument follows this same pattern we treat only some of the
cases to spare the reader excessive tedious details.

Lemma 4.2.2. Ifxq,...,z, are variables, n > 1, and C is a context, then the following conditions hold:
(1) ift »<ot' and t =Clx1... 3] then t’ = C'[x1 ... 2] and C[t"] - <o C'[t"] for any term t”,
(2) if Clz1...2n] =a p then C[t] =4 p for any term t,
(3) if Cly ... 2] ~ao 7 then C[t] ~q T for any term t.

Proof. Induction on a.

First, we show (I) by induction on the length of the reduction C[z;...x,] —<o t'. The only
interesting case is when cC[zy ... x,] —<q p2 by virtue of Clz; ... x,] =< p1. But then by part @) of
the TH we have C[t"] >=<4 p1, s0 cC[t"] —<a p2.

Next we shall verify @). If C[z1...zy,] ~a 7 is obtained by rule (A) or (H), then C = A, for 7 € B
or C' = H, and the claim is obvious.

If Clay...2p] ~o 7 is obtained by rule (Kw) or (Ke) then 7 € {w,e} and Clx; ...2,] ~<q ¢ for
ce{T, L1}, ie, Clxy...2p] »<a t’ ><a ¢. By part [0) of the IH we obtain t' = C’[zy...xzy] where
C[t] »<a C'[t]. Then by part [@) of the ITH we have C'[t] =<, ¢. Hence C'[t] ~<q ¢, so C'[t] ~q T by
rule (Kw) or (Ke).

If Clxy...xn] ~q T is obtained by rule (Fw) then 7 = w, C = Af.2C1Cs and Cixy ... 2,] ~<q €.
By part [3) of the TH we obtain C4[t] ~«<4 €, and thus C[t] = Af.EC}[t]Ca[t] ~ w by rule (Fw).
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If Clzy...2pn] ~q T is obtained by rule (Fw’) then 7 = w, C = ZC; and Ci[z1...2,] ~<a €. By
part [B)) of the TH we obtain C1[t] ~<, €, and thus C[t] = EC[t] ~4 w by rule (Fuw’).

If Clz1...2n] ~o 7 is obtained by rule (F) then 7 = 747 — 7 and C = A\f.2C1(Az.Cs(fx)) where
Cilxy ... 2] ~eo 11 and Caxy ... 2y ~<q T2. But then by part () of the IH we have C4[t] ~<, 71 and
Cs[t] ~<q T2, which implies C[t] = A\f.2C [t](Ax.C2[t](fz)) ~a T

If Clxy...xy] ~q 7 is obtained by rule (F’) then 7 = 71 — 7 and C = Af.EC; (\x.Cs[z/ fz]) where
Cilz1 ... xpn] ~<a 11 and Az2.Cofz1 ... 25] ~<q T2. But then by part (B) of the IH we have C1[t] ~<4 71
and Az.Cs[t] ~<qo T2, which implies C[t] = A\ f.2C [t](A\x.Ca[z/ fx][t] ~a T (recall that by our convention
regarding contexts, the free variables of ¢ are assumed not to become bound in C[t]).

Finally, if C[xy...2,] ~q T is obtained by rule (F”) then 7 = 71 — 7 and C = A\f.2C;Cs where
Chlzy ... xpn] ~<o 71 and Cofzy ... 25] ~<q T2 € {w,e}. But then by parts (Il) and (@) of the IH we have
C1[t] ~<a 71 and Caft] ~<4 T2, which implies C[t] = Af.EC: [t]Ca[t] ~a T.

Now we check condition [@)). Suppose C|x; ...x,] =4 p for a canonical term p. If Clzy...x,] = p
then the claim is obvious because canonical terms are closed, so C[t] = C = Clz1...x,]) = p. If the
canonical type of p is 71 — 7o then by definition for any t; € T,, we have Clx1 ...x,]t1 ~ <o F(p)(t1).
By parts ([2) and @) of the IH and by the definition of ~, we obtain C[t]t; ~<o F(p)(t1). Hence
Clt] o p.

Suppose p= T. If C[z1...2,] o T then one of the conditions (A]), (E) or (L") in Definition EET.§
must hold. If (A]) holds then the claim is obvious, because C[z; ...z,] is closed.

If (27) holds then C = ZC;Cy and there exists 7 such that Cy[z;...7,] ~o 7 and for all ¢ € T,
we have Calx1 ... 2]t ~ < T. By claim (B]), which has already been verified in this inductive step, we
obtain C[t] ~, 7. By parts (Il) and () of the IH we conclude that for all ¢’ € T, we have Ca[t]t’ ~o T.
Therefore C[t] = EC1[t]Ca[t] =a T.

If condition (L) holds then C = LC; and Cy[z; ...2p] ~q 7 for some type 7. By calim (B), which
has already been verified in this inductive step, we obtain Ci[t] ~q 7. Therefore C[t] >, T.

It remains to verify the case C[xy ... 2,] =4 L. Assuming Oz ...x,] o L, the condition (Z+) must
hold. Then the claim again follows by applying the already verified condition (@) and parts (1) and (2I)
of the inductive hypothesis. [l

Corollary 4.2.3. If t; ——, t| and the free variables of ta do not become bound in t1[x/ts], then
tl[:C/tQ] ——a tll [z/tg]

Proof. If a = 0 then this is obvious. If @ > 0 then assume without loss of generality that c¢t; ——, p2 =t}
by virtue of t; =<, p1. But then by part [2)) of Lemma[£.22 we have t;[x/ta] >=<q p1, SO ct1[x/t2] ==
pa2 = t][x/t2], since the canonical term ps is closed. O

Lemma 4.2.4. If Kt ~, T thenT=w or T =«¢.

Proof. Induction on «. The non-obvious case is when Kt = \f.Et1 (Ax.ta[z/fx]) ~q 71 — T2 is obtained
by rule (F'), and t; ~<, 71 for 71 # €, and Az.tg ~<, T2. But then t = =t (Ax.t2[z/fx]) and z ¢ FV (t2).
Since Kty ~~4 T by the inductive hypothesis we conclude 7 = w or 7 = €. In either case 7 = w or
T =¢. g

The next lemma and Lemma [£.2.12] are the two key technical lemmas justifying the correctness of
our model construction.

Lemma 4.2.5. For all ordinals «, B the following conditions hold:

(1) Ry and Rg commute, i.e., if t —<q t1 and t —<p ta then t1 —<g t' and ty <o t' for some
term t’,

(2) if t1 o p and t1 —<g ta then ta =4 p,

(8) if t = p1, t =5 p2 and p1,p2 € T, then p1 = pa,
(4) if t1 ~o T and t1 —<p to then tg ~q T,

(5) ift ~o 71 and t ~g o then 1 = 7o,

(6) if t ~o w then tr ~> <o T for all v, and if t ~4 € then tr ~.o L for all r.
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Proof. Induction on pairs («, 8) ordered lexicographically. Together with every condition we show its
dual, i.e., the condition with o and 8 exchanged. We give proofs only for the original conditions, but it
can be easily seen that in every case the dual condition follows by exactly the same proof with « and
exchanged. Note that for a proof of a condition to be a proof of its dual, it suffices that we never use
the inductive hypothesis with 3 increased.

First note that conditions (Il) and () imply that if ¢; ~, p and t; —<g t2, then t3 ~, p. Indeed, if
t1 »<a t] = p and t; < t2, then by [I)) we have ty —<q t) and t] —<p t5. Hence by (@) it follows
that t}, =4 p, S0 ta ~q p.

Instead of () we prove a stronger claim that I/%; and ]/%; commute. Condition () follows from this
claim by a simple tiling argument, similar to the proof of the Hindley-Rosen lemma.

If « = 8 = 0 then the claim is obvious, because Rg = Ry is the ordinary A\3n-calculus. We therefore
check that Ry commutes with R, for a > 0. We show that if ¢ —_, t; and ¢t —3, t> then there exists
t3 such that t; —»% t3 and to —_4 t3. The claim then follows by a simple diagram chase. First suppose
t = (Az.r1)re =g ri[z/re] =tz and 11 ——4 r}. Then by Corollary 2.3 we have r[z/r2] —=q r|[x/T2].
Also obviously (A\x.rj)re —g ri[z/r2]. If t = (Ax.r1)re —p ri[z/re] = te and ro ——o 75 then the claim
is obvious. Suppose t = Az.ra —, r where ¢ FV(r). The only interesting case is when r = ¢ and
Cx ——q p2 by virtue of z >, p1. But then by part (2) of Lemma .22 we have p’ =, p1 for p' # p;
with p’ of the same canonical type as p;. This is, however, impossible by part (@) of the IH. Without
loss of generality, the only remaining case is t = ct’ ——, t1 = F(c)(p), t' =<a p, ta = cth, and t’ —g,, th.
By part (@) of the TH we obtain th —<a p- Therefore t5 = cth —=o F(c)(p) = t1.

We now check that R commutes with Rg for a, 8 > 0. It suffices to show that if ¢t ——_, ¢t; and
t ——g t2 then there exists t3 such that ¢; _>:B t3 and to —=, t3. If the redexes do not overlap then this
is obvious. Suppose they overlap at the root, i.e., t = ct/, et/ —_, t1 = F(c)(p1) where t' =, p1, and
ct’ —=p ta = F(c)(p2) where t' -5 p2. But then p; and py are canonical terms of the same type, which
is determined by the type of ¢. So by part (@) of the IH we obtain p; = pa. Hence t; = to. If the overlap
does not happen at the root, then without loss of generality t = ct’, ct’ ——, t1 = F(c)(p) where t' =, p,
to = cth, and t' —_p t5. By part (@) of the IH we obtain t§ =<4 p, 80 ta = cth ——o F(c)(p) = 1.

Now we shall prove {@l). If t1 = A; ~o 7 for 7 € B or t; = H, then the claim is obvious. If
t1 = Kt} ~q wand t] ~< T, then to = Kt, t) —<pa th, and by parts (1) and (@) of the IH we have
th ~ < T. Hence tg ~, w. If t1 = Kt| ~, € and t} ~~, L the proof is analogous.

If t; ~o 71 — T2 follows by (F) then t; = A\f.Zt1 (\z.t?(fx)) where t} ~—, 71 and t? ~~, 7. Without
loss of generality, we may assume t; —<g %2, i.e., the reduction t; —<g t» consists of a single step. Then
ty = Mf.Etys with t1 =25 t3 and Az.t3(fr) —Z5 s. By the TH we have t3 ~<o 7. If 1§ = Az.51 and
s = Az.s2[z/fx] then ty ~o 71 — 72 by (F/). It is impossible that t?(fz) is a redex with t? a constant.
Indeed, then fx >.s p for some canonical p. Using the definition of > and noting that a term of the form
frwi ... wy is not a —,-redex for any y because f is a variable, we may conclude that fzw; ... w, >, p’
for some «y,ws,...,w, and some canonical p’ of type o or base type. But this contradicts the definition
of . Therefore, the only remaining possibility is s = Az.t3(fx) with 7 =2 t5. By the IH we obtain
t2 ~ <o T2. Therefore ty ~o 71 — 72 by (F).

If t] ~q 71 — 72 follows by (F') then t; = Af.Zt}(\x.t2[2/fz]) where t1 ~_, 71 and A\z.t3 ~_, To.
Without loss of generality, we may assume ¢; —<g t2, i.e., the reduction ¢; —»<g t2 consists of a single
step. By Lemma 2Tl we have t; = Af.Stysy where t} =25 t5 and Az.t3[z/ fz] =25 so. We show that
so = Ax.t3[z/ fx] with t3 - <5 t3. Suppose the contraction in Az.t3[z/fx] occurs at the root. Then this
must be an 7-contraction, and because x ¢ FV (t?) we have t3 = 2. But then \z.z ~~, 7. By inspecting
the definition of ~_, this is seen to be impossible. Hence the contraction does not occur at the root,
and thus it follows from Lemma 2] and Lemma that sy = \x.t3[z/ fz] with 3 - <5 t3. By the
IH we obtain t% ~<q T1 and )\z.t% ~<q To. Thus tg ~ 71 — To.

If t; ~q 71 — T2 follows by (F”) then t; = A\f.Ztit? with t} ~., 71 and t3 ~, T2, with f & FV(¢3).
Since t3 # f we have to = A\f.Et3t3 with t{ »<z t3 and t7 - <4 t3. By the IH we obtain ¢} ~., 7 and
t% ~Neaq T2. Thus to ~o T1 — To.

If t; ~q w follows by (Fw) then t; = \f.Zt{t? and t] ~-, e. Without loss of generality we assume
t1 —<g t2. There are two possibilities.

o to = \f.Et}t3 with t§ »<5 t) and t3 —<5 t3. Then t3 ~—, € by the IH, so t3 ~, w by (Fw).

e ty = =t}. Then ty ~, w follows by (Fw').
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If t1 ~q w follows by (Fw') then t; = Zt], t] ~<qo € and to = =t with t] —<g t5. Then th ~<, € by
the TH. Thus t5 ~, w.

We show (). If t1 = p then ¢; is in Rg-normal form, so there is nothing to prove. If t; Z p, t1 =4 p
and t; —»<g to, where p € T, _,,,, then by definition for all p; € T, we have t;p1 ~<q p2, Where
p2 = F(p)(p1). But then by parts ([{l) and (@) of the inductive hypothesis tap; ~<qo p2, 80 t2 =4 p.
Therefore suppose t; =, T. When ¢; >, L the argument is similar. If « = 0 then the claim is obvious,
because the right sides of the identities in the postulates for ¢; ¢ T are normal forms. If & > 0 then
assume t; —»<g to, t1 = Ztit? and condition (ET) in the definition of t; =, T is satisfied, i.e., there
exists 7 s.t. t1 ~, 7 and for all t3 € T, we have t?t3 ~»—, T. When any of the other conditions in the
definition of t; >, T is satisfied instead of (£7), then the proof is analogous. By Lemma 21l we have
ty = Ztit3 where t] <5 t) and t7 —<g t3. By (@), which has already been verified in this inductive
step, we obtain t3 ~, 7. It therefore suffices to check that for all t3 € T, we have t3t3 ~», T. But for
ts3 € T, obviously t3t3 ~+ . T, 50 t3t3 ~+.o T by parts () and @) of the IH.

We show (@). Suppose t ~, w. When t ~, e the argument is similar. If ¢ ~, w is obtained by
rule (Kw) then the claim is obvious. If ¢ ~, w is obtained by (F) then ¢t = Af.Zt;(Az.t2(fx)) with
fix & FV(ty,t2), t1 ~<o 71 and to ~<, To. Because 7 = w we must have 1 = ¢ or 72 = w. Since
tr =5 Et1(Ax.ta(rx)) it suffices to show =ty (Ax.t2(rx)) =<o T. If 71 = ¢ then this follows from (ZT)
because T, = (). So assume 73 = w. Let v < a be such that ¢; ~y 71 and ty ~, w. Let t3 € T,. By
part (@) of the IH we have (Az.t2(rz))ts —p ta(rt3) ~<, T. Hence Etits =co T by (ET). If t ~ w is
obtained by (F”) then the argument is analogous to the case for (F). If the derivation of t ~, w is by
(Fw) then t = Af.Et1te with ¢4 ~<o €. Then tr — Zt1(t2[f/r]) ><a T by definition. When ¢ ~, w is
obtained by (Fw’) the argument is analogous to the case for (Fw). The only other possiblity is that ¢ ~, w
is obtained by rule (F’). Then t = \f.Et; (Ax.t2[z/ fx]), t1 ~<q 71 and Az.ta ~, To. It suffices to verify
that Zt;(Az.(Az.t2)(rz)) =<a T, because for ¢’ = Zt1(Ax.ta[z/rz]) we have Et1(Az.(Az.t2)(rz)) —p t/
and tr —g t’, so then ¢’ =, T by part (@) of the IH, which implies tr ~»~, T. But the argument to
show =t (Ax.(Az.t2)(rz)) =< T is analogous to the case for (F).

We show (). Suppose t ~ 71 and t ~g 1. If t = A, for 7 € B or t = H then the claim is obvious.
So suppose t # A, for 7 € B and t # H. First assume that both t ~, 7 and ¢t ~g 72 are obtained by rule
(F"). Hence 71 = 74 — 72, 7o = 73 — 74, and t = Af.Zt; (Ax.ta[z/ fz]) where t; ~—o T, A2.to ~cq T2,
t1 ~<p 74 and Az.ty ~<p 75. By the IH we obtain 7{ = 71 and 72 = 75. Hence 11 = 72. If one of t ~, 71
or t ~g T is obtained by (Fw) and the other by (F), (F’) or (F”), or one by (F) and the other by (F’),
or both are obtained by (F), etc., then the argument is similar. If one is obtained by (Kw) and the other
by (Ke), then the claim follows from parts (2] and (@) of the IH. The only other possibility is, without
loss of generality, when ¢ ~, 71 is obtained by (Kw) or (Ke) and ¢ ~g 72 by (F), (F), (F”) or (Fw).
Then t = Kt'. So by Lemma .24 we have 71,72 € {w,e}. For instance, suppose 71 = w and 75 = &.
By (@) and its dual, which we have already verified in this inductive step, for all t3 we have tt5 ~<q T
and tt3 ~<g L. By parts () and (2)) of the IH this implies the existence of ¢4 such that ¢4 =<, T and
ts >=<p L, which contradicts part (3) of the IH.

It remains to verify B)). If 7 € B then this is obvious. Suppose 7 = 71 — 72 € T1. Note that for all
t1 € T, we have F(p1)(t1) = F(p2)(t1). This follows from the definition of =, for 7 =7 — 7 € Tq,
from parts (1)), @) and (B]) of the IH, and from the fact that canonical terms are in normal form. Now,
if 1 = w then p; = Az.p} and ps = Az.ph. Thus for any ¢; we have p] = F(p1)(t1) = F(p2)(t1) = pb,
S0 p1 = pa. If 71 # w then the claim is immediate, because T, r, = X7, 7, for 71 # w was defined to
contain exactly one constant for every function from T,, to T,.

The last remaining case is 7 = o. Thus, suppose t =, T and ¢ =g L. It is easily seen that this is
possible only when the conditions (ET) and (El) are satisfied. So we have t = Zt1t9 and there exists 71
such that t; ~, 71 and for all ¢’ € T,, we have tot’ ~»., T. There also exists 5 and t3 € T,, such that
t1 ~g 7o and taot3 ~<p L. But by @) we have 1 = 1. Hence tot3 ~<o T and fat3 ~<g L, which
contradicts the inductive hypothesis. [l

Corollary 4.2.6. Ift =<4 t' then t ~4 T is equivalent to t' ~, T.
Proof. Follows from conditions (I]) and ([@)) in Lemma 2.5 O

Corollary 4.2.7. If t ~,, p1 and t ~, p2 where p1, pa are canonical terms with the same canonical
type, then p1 = ps.
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Proof. Follows from conditions (IJ)-([@]) in Lemma O

Lemma 4.2.8. Let t; and ty be terms. If for all terms tg we have titg =<q tato then t; =<4 ta2. In
particular, the combinatory algebra of M, as defined in Definition[{.1.11), is extensional.

Proof. If t1tg =<q tatp for all terms ty then in particular t12 =<, t2x where z is variable which does
not occur in t; and tp. Hence £ ¢ Ax.t12 =<o AT.t2x = t2. Therefore t; =<, to. O

The rank of a type 7, denoted rank(r), is defined as follows. If 7 € BU {o,w, e} then rank(7) = 1.
Otherwise 7 = 71 — 72 € 71 and we set rank(7) = max{rank(r1) + 1,rank(72)}. By the rank of a
canonical term we mean the rank of its canonical type.

We write t >, t’ if there exists an n-ary context C, terms t1,...,t,, and canonical terms p1,..., pn,
such that t; =4 p; fori =1,...,n, t = Clt1,...,t,] and t' = C|p1,...,pn]. If the maximal rank of
P1,. .., Pn is at most k then we write ¢t >F ¢/ and if it is less than k we write ¢ >5F t/.

Recall that whenever we write C[ty,...,t,] we assume that the free variables of ¢1,...,t, do not
become bound in C[t1,...,,].

Lemma 4.2.9. Ift >, p and 1, ...,x, & FV(t) then Ax1 ... 25t =apk AT1 ... Tg.p.
Proof. Easy induction on k. O
Lemma 4.2.10. Ift >™ Friry then t = Frire with r1 >™ ri and ro >™ r}.

Proof. This follows from Friry = Af.Zri(Az.ry(fz)) and from the fact that canonical terms are closed
and do not contain Z. O

Lemma 4.2.11. Ift >" Af.Eri (\x.rh[z/ fz]) with x, f ¢ FV(r}) then one of the following holds:
o t = \fEri(A\x.ralz/fx]), x, f & FV(re), r1 >" 1 and ro >™ rhy, or
o t = \f.Brira, 2 ¢ FV(rh), r1 >™ r} and ro >™ Az},

Proof. Let ¢ = Ax.rh[z/fx]. Since t >™ Af.Eriq there exist contexts C7,Cs, terms tq,...,t, and
canonical terms p1,...,pg, such that t; =, p; for i = 1,... k, t = M. 2ECi[t1,...,t]Calt1,. .., tk],
ri = Cilp1, ..., pr] and g = Calp1,. .., pr]. We take 11 = Ci[t1,...,tx]. If Co = Ax.(C4)[z/(fx)], then
Cllp1,...,px] = 14 and we take ro = Ch[t1,...,t;]. Otherwise z ¢ FV(rh) and Ax.rl, = p; for some
1 <4 <k. Then Cslty,...,tx] =t; = p; and the second point in the statement of the lemma holds. O

Recall that we use the notations R, >, ~», >, etc. without subscripts to denote R¢, ¢, ~¢, >¢,
etc., where ¢ is the ordinal introduced just before Definition LTIl For this ordinal we have >, = >¢,
R: = Re¢, etc.

Lemma 4.2.12. Ifty, to, t3 are terms, p is a canonical term, and T is a type, then for every ordinal «
and every natural number n the following conditions hold:

(1) if t1 >" o >-apthent1>-p,
(2) if t1 >" tg ~o T then ty ~ T,
(3) ’Lftl >>n t2 7 <a tlz then tl ‘»Rt/l >>n tlz

Proof. Induction on pairs (n, &) ordered lexicographically, i.e., (n1, a1) < (ng, asz) iff n1 < ng, or n; = no
and oy < as.

First we verify condition (). Suppose t; >" ta ~, 7. If t3 ~, T is obtained by rule (A) or (H) then
to = A, for 7 € Bor tos = H, so t; =ty and the claim is obvious.

If ty ~4 7 is obtained by rule (Kw) or (Ke) then to = Kt), 7 € {w,e} and t§ ~ ., c where c € {T, L},
Le., ty = <q ty =<q ¢ for some t5. Hence t; = Kt| >" Kty = ta, and thus ) >7 t5 <4ty =<a ¢. By
part ([B)) the IH there exists t{ such that t{ —pg t{ >" t§ =, c. By part (D)) of the IH we obtain ] ~ c.
Hence t1 ~ .

If ty ~, 7 is obtained by rule (Fw) then 7 = w and t2 = Af.Zr|r}. Then we must have t; =
AfErire >™ Af.Erry where 11 >™ 1] ~.4 €. So by part [@) of the inductive hypothesis r; ~ e.
Therefore t; ~w = 7 by rule (Fw). If t3 ~4 7 is obtained by rule (Fw’) then the argument is similar.
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If ty ~, 7 is obtained by rule (F) then to = Frir} and by Lemma E2T0 we obtain t; = Frire >"
Frirh where 1 >™ r] and ro >™ rh. We have 7 =171 — 72, 11 > 1] ~<q 71 and ro >" 15 ~,, T2. By
part (@) of the TH we obtain r; ~ 7 and ro ~ 2. Therefore t; = Friry ~ 7 by rule (F).

If t5 ~, 7 is obtained by rule (F') then to = Az.2Zri(Ax.rhz/fx]), T = 71 = T2, 7] ~<q 71 and
Az.rh ~<q T2. By Lemma [£2.TT] there are two cases.

o ty = MN.Eri(Avrg(z/fa]), o, f ¢ FV(r2), r1 >" r] and ro >" 1. Then 7o >" r] ~., 7 and
Az.rg >™ Az.rhy ~.o To. By part @) of the TH we obtain 7, ~ 71 and Az.ry ~ 79. Therefore
t1 = Frire ~ 7 by rule (F').

oty = Af.Erire, z ¢ FV(ry), r1 >" ri and ro >" Az.ry. By part (@) of the IH we obtain r; ~ 7
and ro ~ To. Since K1} ~4 T2, by Lemma [£.24] we have 72 € {w,e}. Therefore t1 = Frirg ~ 7
by rule (F).

The remaining case is when to ~, 7 is obtained by rule (F”). Then to = Af.Zrirh, t1 = Af.Eriro,
71 "] ~eq 11oand T ™ 1l ~oo T2 € {w,e}. By part @) of the ITH we obtain 79 ~ 7 and 71 ~ 7.
Hence t1 ~ 1 — T».

Now we verify condition (). If t3 = p then t; > p. By (0) in Fact EE1.3] we have p = Axy ... 2y.c, SO
by definition of >, there exist a unary context C, a term ¢’, and a canonical term p’ such that t; = C[t'],
p =Clp] and t' > p'. If C = p then the claim is obvious. Otherwise C' = Azy ...z.0 where k < n,
p €T, and p € Tyk_,,, by @) in Fact £T.3l By Lemma [£2.9 we obtain t; = C[t'] = Az ... xp.t' =
Axy...xp.p = Clp'] = p.

Next assume that p € T, where 7 = 7y — 7 € T;. Thus for all t3 € T, there exists t, such
that tots —<q th =<a F(p)(t3). Then obviously tit3 >" tats —<q th, so by part [B]) of the inductive
hypothesis there exists ¢} such that t1t3 — gt} >" th =<o F(p)(t3). Using part () of the IH we obtain
tits > g th = F(p)(t3). This implies t; = p.

The remaining case to check is p € T,. Suppose p = T, s0 t1 >" to =, T. If p = 1, ie.,
t1 >™ ty =4 L, then proof is similar. We consider all possible forms of to according to the definition of
to =q T. Ifto = A,;cfor 7 € B then t; = 9, because if ¢ is a canonical constant of a base type 7 then the
condition ¢t = cimpliest = c. If to = T then t; = to = T and the claim is obvious. Suppose condition (=)
in the definition of to =, T is satisfied. Then t; = Zrqre >™ Erir) =ty where 11 >" rf and ro >™ 7).
By definition of >, there exists 7 such that r; ~, 7 and for all t3 € T, we have rhts ~-, T, ie.,
rhts —<q th <o T. Since 11 >™ r] ~o 7 we conclude that m ~ 7 by condition () which we have
already verified in this inductive step. Because for all t5 € T, we have rots >" rhts — <o th =<a T,
so by part (@) of the IH for all t3 € T, there exists ¢4 such that rot3 —g t§ >" t§ =, T. Hence
rot3 ~ T by applying part (1) of the IH. Therefore ¢t; > T by the definition of >. Finally, assume the
condition (LT) in the definition of to =, T is satisfied. Then to = Lt}, with t, ~, 7 for some type 7.
Since t1 >™ to we must have t; = Lt} with ¢} >™ ¢, ~, 7. By condition (2)), which we have already
verified in this inductive step, we obtain ¢} ~ 7. Therefore t; = Lt} = T.

It remains to prove ([B). It suffices to consider a single reduction step, i.e., to show that t; >"
to —<q th implies t; —p t) >" t;. We have t; = Clry,...,rg] and to = Clp1, ..., pr] where r; = p;
and rank(p;) < n, for ¢ = 1,...,k. Denote by Co[p1,...,pr] the contracted redex in to, where the
boxes in Cy correspond to appropriate boxes in C'. By C, we denote the surrounding context satisfying
C = C.[Cy,04q,...,0]. Tt follows from the definition of R, that there are four possibilities: Cy = Ax.Crx
where z ¢ FV(C1), Co = (A\x.C1)Ca, Cy = ¢oCh for ¢ € Xy ry, or Cy = 0,C1 for some 1 < ¢ < k. In

the first two cases we have ths = C.[C)[p1,---,pk)s P15 - - -, pr] Where Cy —<o Cf, so we may just take
th = Ce[Cllr1y -y k], 715 - TR

Otherwise the contraction in ¢; produces some canonical term p, i.e., Co[p1, ..., px] =<a p- It suffices
to prove:

(%) there exists ¢ such that Co[r1,...,75] »r ¢ > p, and if t Z p then rank(p) < n.

Indeed, if (%) holds then simply take t| = C.[t,r1,...,rk]. We have t1 = C.[Co[r1,...,Tk], 71, ..., 7k] &R
Celt,r1,...,ri] =t} and th = Ce[p,71,...,7%]. Now it is easy to see that ¢§ >™ th: if ¢ = p then we
take C.[p, 01, ..., O] as the context required by the definition of >>", otherwise we take C. noting that
t > p and rank(p) <n.

If Co = ¢oCy then Cilp1,...,pk] =<a p' where F(c)(p') = p. We conclude Cy[ri,..., 1] >
by part () of the IH and the fact that Ci[r1,...,rx] >™ Cilp1,...,pk]. Therefore Co[ri,..., 7k
cCir1,...,m] = r p and we are done.

/

hS]
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Suppose Cy = 0;C; where 1 < i < k. First assume that p; is a canonical constant of type 7 — 7.
As in the previous paragraph we have Ci[p1, ..., pk] =<a p/ where F(p;)(p) = p, so Cilr1,...,r¢] = p
by part (@) of the IH. Obviously rank(p) = rank(7z) < rank(my — 72) = rank(p;) < n and rank(p’') =
rank(m) < rank(r;) + 1 < rank(my — 72) = rank(p;) < n. Let r = Cy[ry,...,rg]. We have r = p’ and
rank(p') < m, so r;r ><" r;p’ where the context required by the definition of >><" is r;0. Since r; > p;
and the canonical type of p; is a function type, we conclude by definition of > that r;p" ~ F(p;)(p) = p.
Note that we may have r; = p;, but then the condition r;p’ ~ p is satisfied anyway, by definition of
F. Therefore there exists t’ such that r;r ><" r;p’ > t' = p. By part @) of the inductive hypothesis
there exists ¢ such that r;r —¢ ¢ >><<" t'’ = p. Applying part () of the ITH we obtain ¢ > p. Hence

Colri,...,re] =1iCilr1, ..., k] = rr — g t = p where rank(p) < n, so (x) holds.

Now suppose that p; = Az ... 2py.c for m > 0. We have Cy[r,...,rg] = riCi[r1, ..., m] with r; > p;.
By the definition of > we conclude that there exists ¢ such that r;C1[r1,...,75] »r t = AXa ... Zpm.c = p.
Obviously we also have rank(p) < rank(p;) < n. Thus (*) holds. O

Corollary 4.2.13. Ift > p1 and C[p1] ~ p2, then C[t] ~ pa.

The above corollary states that our definition of > is correct. If ¢t > p; then ¢ behaves exactly like p;
in every context C such that C[p;] has an “interesting” interpretation.

The following final lemmas show that the conditions on 7 required for a classical illative model are
satisfied by M.

Lemma 4.2.14. If Ht ~ T thent~oq T ort~cq L.

Proof. Keeping in mind the convention regarding the meaning of Ht, we note that if Ht ~», T then
Ht <o L(Kt') =4 T where t <, t'. Thus it suffices to show that for any term ¢, if L(Kt) =, T then
t~sq T ort~sqy1 L. Assume L(Kt) =, T. Then the condition (L) must hold, so Kt ~, 7 for some
type 7. By Lemma 2.4l we have 7 = w or 7 = . Assume 7 = w. The other case is analogous. By (@]
in Lemma 25 we have Ktt ~»., T. Since Ktt —g t, by Corollary .26l we have t ~, T. O

Lemma 4.2.15. If p € T, and 7 # w then p = p.
Proof. Induction on the size of . O
Lemma 4.2.16. Ift ~, 7 then for all ty € T, we have ttg ~ T.

Proof. Induction on a. If t ~, 7 is obtained by rule (A), (H), (Kw) or (Ke), then the claim is obvious.
If 7 = w then the claim follows from (@) in Lemma If 7 = ¢ then the claim is also obvious. So we
may assume 7 = 71 — 72 ¢ {w,e}. Then the only remaining cases are when ¢ ~ 7 is obtained by (F)
or (F'). Then t =g Ftity, T = 71 — T2, t1 ~<q 71 and ty ~<q T2. Suppose tg € Tr, —-,. Then for
all 71 € T,, there exists ro € T,, such that tor; =g 72, by Definition 1.8 because if 71 # w then
r1 = r1 by Lemma Also, we have Ftitaty =<0 Et1Ay.ta(toy). Hence (Ay.ta(toy))r1 —r tors.
Because ty ~<q T2, we have targ ~ T by the TH, so (Ay.t2(toy))r1 ~ T. Therefore Zt; \y.ta(toy) = T
by condition (Z] ). Hence, by Corollary EE2.6, we obtain Ftitat’ ~ T. O

2

Lemma 4.2.17. Ifty ~, 7, T #w, T # € and ti1ts ~ T, then to ~ p for some p € T.

Proof. Induction on a. If t; ~, 7 is obtained by rule (A) then t; = A, for 7 € B, and Aty g t' =T.
So t' = A,t, where to — g t},. By Definition f-T.8 we have t;, = ¢ for ¢ € T,. Hence to ~ c¢. If t; ~, 7 is
obtained by rule (H) then t; = H and t3 ~ ¢ € {T, L} by Lemma 2,14

The only remaining case is when t1 ~, 7 = 71 — 72 is obtained by (F) or (F’). Then t; =g Frira ~q
T =171 — To Where 11 ~—q T1, T2 ~<q T2. We may assume 71 # €, 7o #* w and T» # €, since otherwise
7 =wor 7 = e By Corollary 26 we have Erj\y.ro(toy) ~ T, so Zrirh = T where r1 —pg i,
Ay.ro(tay) — g rh. By inspecting Definition 1.8 we see that the only possible way for Zrir, = T to
hold is when condition (2 ) is satisfied, i.e., there exists 7/ such that 7| ~ 7/ and for all t3 € T, we have
rhts ~ T. By @) in Lemma[L.2.5 we have r} ~.,, 71, so it follows from (@) in Lemma 2.8 that 7/ = 7.
Therefore for any ¢35 € T, we have rits ~ T. Since 7a(tat3) =<0 (Ay.r2(t2y))ts —r Thts, we obtain by
Corollary 2.8 that ro(tats) ~ T for any t3 € T,,. Because ro ~<, T2 where 72 # w and 72 # €, we
conclude by the inductive hypothesis that the following condition holds:
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(%) for all t3 € T, there exists pas € T,, such that tats ~ po.

Note that ps depends on t3.

If 4 # w then T, _ ., contains a constant for every set-theoretical function from T, to T.,. In
particular it contains a constant ¢ such that for every p; € T, we have F(c)(p1) = p2 where p; € T, is
a term depending on p; such that tap; ~ p2. Such a py exists by (x). Therefore by definition of > we
have t5 > c € T,.

If 71 = w then it suffices to show that there exists a single p’ € T,, such that for all ¢35 we have
tots ~ p'. Indeed, if this holds then to = Kp' € Ty_,, = T,. Let = be a variable. Obviously z € T, so
by (x) there exists p’ € T,, such that tox ~ p/, i.e., tax > t' = p’ for some term ¢'. Taking C = t,0,
we conlude by conditon (1)) in Lemma that ¢ = C'[z] where C[ts] —r C'[t3] for any term r. By
condition (Z) in Lemma we have C'[t3] > p’ for any term t3. Therefore for any ¢3 there exists 4
such that tots —pg th > o/, i.e., tats ~ p’. This p’ depends only on x, but not on t3, so our claim has
been established. |

Lemma 4.2.18. The following conditions are satisfied.
o If Lty ~ T and for all t3 such that t1t3 ~ T we have tots ~ T, then Stito ~ T.
e If Lty ~ T and for all t3 such that t1ts ~ T we have H(tats) ~ T, then H(Zt1t2) ~ T.
e If Lty ~ T, and either Lto ~ T or there is no ts such that t1ts ~ T, then L(Ft1ta) ~ T.

Proof. Suppose Lt; ~ T. By definitions we have t; - t] ~ 7 for some type .

Assume that for all ¢3 such that t1t3 ~ T we have tot3 ~ T. Let ty € T,. Then by Lemma 4276 we
obtain t{tg ~ T. Because titg =g t}to, by Corollary L2.6] we conclude t1tg ~ T. Then by assumption
tatg ~ T. Therefore by (E:) we obtain Zt{ty = T. Hence Ztito ~ T.

Assume that for all ¢3 such that t1t3 ~ T we have H(tat3) ~ T, S0 tats ~ T or tatz ~ L by
Lemma 214l If for all ¢35 such that t1t3 ~ T we have tat3 ~ T, then Ztity ~ T by the previous
paragraph. Otherwise using Lemma FE2.16, Corollary £2.6 and (Z1) we may conclude Zt;t3 ~» L by an
argument analogous to the previous paragraph. In any case H(Zt1t2) ~ T by (LT), and (Kw) or (Ke).

Assume Lty ~ T. Then to —»p th ~ 7. Then Ftth ~ 7 — 7/, so L(Ftite) - r L(Ftith) = T.

Finally, assume there is no t3 such that t1¢3 ~ T. Then there is no t3 such that tijt; ~ T. By
Lemma 217 and (@) in Lemma we must have 7 = . Then L(Ftit2) ~ T by (Fw), (L") and
Corollary O

Lemma 4.2.19. If St1to ~ T then for all terms ts such that t1t3 ~ T we have totg ~ T.

Proof. If Etyty ~ T then St1ts —»g Ztity = T where t; —g t} and to —g th. The only possibility
for Z¢it, = T to hold is that condition (Z") holds for Zt;t,. Thus ¢} ~ 7 for some type 7. Suppose
tit3 ~ T. By Corollary 2.6 we have t]t3 ~ T. Because tats — g thts, it suffices to show that thts ~ T.
If 7 = w then this is obvious by definition of (7). We cannot have 7 = ¢, since if t; ~ ¢ then by (@)
in Lemma and by Corollary 2.7 there is no ¢ such that ¢jt ~ T. If #{ ~ 7 # w and 7 # ¢, then
we use Lemma 217 to conclude that there exist t; and p € T, such that t3 —g t5 = p. Because (Z;)
holds for Etjth, t) ~ 7 and p € T, we have thp ~ T. Since t5 > p, taking C' = t4,0 we conclude by
Corollary 2 T3] that t4ts ~ T, so thts ~ T. O

Theorem 4.2.20. The systems I, and L, are strongly consistent, i.e., ZHI 1is not derivable in them.

Proof. We verify that the structure M constructed in Definition [£T.11] is a one-state classical illative
model for Z¢. Tt follows from Lemma 2§ that the combinatory algebra of M is extensional. Corol-
lary 2.0l implies that [t|g €  is equivalent to t ~» T. We need to check the conditions stated in Fact B8l
Conditions (1), @) and @) follow from Lemma 218 Condition (@) follows from Lemma [£.2.T9 Con-
ditions (@), (@) and (@) follow from definitions.

It is also easy to see that |y ZHI. Indeed, otherwise we would have ZHI ~» T, which is possible
only when (=) is satisfied for ZHI. Thus H ~ 7 for some type 7, and for all t € T, we have It ~ T,
so t ~ T by Corollary LZ8l It is easily verified by inspecting the definitions that we must have 7 = o.
But then | ~» T which is impossible by Corollary [£2.7

Therefore, by the soundness part of Theorem B.6] the term ZHT is not derivable in Z¢, and hence

neither in Z,,, which is a subsystem of Z¢. (|
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5 The embedding

In this section a syntactic translation from the terms of PRED2; into the terms of Z; is defined and
proven complete for Zy. The translation is a slight extension of that from [BBD93]. The method of the
completeness proof is by model construction analogous to that in the previous section. Relinquishing
quantification over predicates and restricting arguments of functions to base types allows us to signifi-
cantly simplify this construction and to extend it to more than one state.

We use the notation T for the set of types of PRED2j. Recall that T is defined by the grammar
T == o|B|B— T, where B is a specific set of base types. We assume that B corresponds exactly to
the base types used in the definiton of Zy. We fix a signature for PRED2, and by Y, denote the set of
constants of type 7 in this signature. We always assume that all variables of PRED2, are present in the
set of variables of 7.

Recall that by T(X) we denote the set of type-free lambda terms over a set of primitive constants
>, which is assumed to contain =, L and A, for each 7 € B. We also assume that ¥ contains every
constant ¢ € ¥, for any 7 € T. For the sake of uniformity, we will sometimes use the notation A, for
H. For every composite type 7 = 171 — 72 € T we inductively define A, = FA., A,;,. We use the same
notational conventions concerning Kt, Ht, etc. as in Section [4

Definition 5.1. We define inductively a map [—] from the terms of PRED2 to T(X) as follows:
e [x] =z for a variable z,
e [c¢] = ¢ for a constant c,
o [tata] = [t1][ta],
e [p 29l =Tl D [¥],
o [Vz.p] =ZA \x.[p] for z € V.

We extend the map to finite sets of formulas by defining [A] to be the image of [—] on A. We also
define a mapping I' from sets of formulas to subsets of T(X), which is intended to provide a context for
a set of formulas. For a finite set of formulas A we define I'(A) to contain the following:

o A x forall z € FV(A) s.t. x € V-, and all types T,
e A.cforall c € ¥,, and all types 7,
e LA, for all T € B,

e A,y for all 7 € B and some y € V. such that y ¢ FV(A).
Lemma 5.2. For any 7 € T and any A there exists a term t such that T'(A) bz, At.

Proof. First note that by a straightforward induction on the size of 7 we obtain I'(A) - LA, for any
type T.

We prove the lemma by induction on the size of 7. If 7 € B then A,y € T'(A) for some variable y. If
7 = o then notice that e.g. - H(LH). If 7 = 71 — 75 then we need to prove that T'(A) - FA, At for
some term t. Because I'(A) - LA,,, it suffices to show that I'(A), A, x + A, (tx) for some term ¢ and
some = ¢ FV(I'(A),t). By the inductive hypothesis there exists a term t5 such that I'(A) F A;,t2. So
just take x ¢ FV(T'(A),t2) and t = Kto. O

Theorem 5.3. The embedding is sound, i.e., A FprEpa, ¢ implies [A],T(A, ) Fz, [¢].

Proof. Induction on the length of derivation of A Fprrp2, ¢, using Lemma The only interesting
case is with modus-ponens, as from the inductive hypothesis we may only directly derive the judgement
[A],T(A,¢),T(¢) Fz, [¥]. To get rid of I'(p) on the left, we note that if ¢ € T'(p) \ T'(A, %) then
t= Az forx € FV(p)\ FV (A, ). Now, by Lemma [5.2] there exists ¢’ such that T'(A,¢) bz, Art'. Tt is
not difficult to show by induction on the length of derivation that [AT],T(A,¥),T(p)[z/t'] Fz, [¢¥], i-e.,
that we may change A,z on the left to A,t’. To eliminate A,t' altogether, it remains to notice that if
F, tl I_Zo t2 and I l_Io fl then I '_IO tg.

If we had extended our semantics for PRED2j a bit by allowing non-constant domains, then we could
also give a relatively simple semantic proof by transforming any illative Kripke model for Zy to a Kripke
model for PRED2(, and appealing to the completeness part of Theorem [l
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The rest of this section is devoted to proving that the embedding is also complete.

Let NV be a Kripke model for PRED2y. We will now construct an illative Kripke model M such that
M will “mirror” N, i.e., exactly the translations of true statements in a state of N will be true in the
corresponding state of M. This construction is the crucial step in the completeness proof. It is similar
to the construction given in Section[d For the rest of this section we assume a fixed N.

We define a set of primitive constants ¥+ and the sets ¥, of canonical constants of type 7, just like
in Definition ET.2] but restricting ourselves only to the types in 7 (i.e. the types of PRED2;). Note
that there is a bijection §, between Y, and DJTV . We often drop the subscript in §,. We also include
in X% an infinite set X¥ of external constants. Note that X7 is disjoint from the signature ¥ of M
which we defined earlier. The terms over ¥ form the syntax. The terms over X1 are used to build the
model. To every constant ¢ € ¥ corresponds exactly one constant ¢t € X7 such that [¢] ,, = d(c¢t). This
correspondence, however, need not be injective, as there may be another constant ¢’ € X, ¢’ # ¢, such
that [¢'] = d(cT).

Let S be the set of states of N. By T € ¥, we denote the constant such that ¢u(6(T)) = S, and
by L € ¥, the constant such that ¢p(d(L)) = 0. In what follows p, o/, etc., stand for T or L. Note
that ¥, may contain other elements in addition to T and L. In this section we use t, 1, to, etc., for
closed terms, unless otherwise stated.

Definition 5.4. We construct a reduction system R as follows. The terms of R are the type-free
lambda-terms over 7. The reduction rules of R are as follows:

e rules of 8- and n-reduction,
e ccy g force X, p, 1 €5, and ¢y € X, such that F(c)(c1) = ca.
It is easy to see that R has the Church-Rosser property.

Definition 5.5. For each ordinal o and each state s € S we inductively define a relation >, between
terms and T or L. The notations ~% ,, ~%, etc., have analogous meaning to those in Section [l
We postulate t >3, T for & > 0 and all closed terms ¢ such that:

(1) t = c for some ¢ € 3, such that s € ¢ar(d(c)), or
(2) t =LA, for some T € B, or

(3) t=LH, or

(4) t=A,cforteBandce X, or

(5) t=Hec for c € X,

When a > 0 we postulate ¢ =7, T for all closed terms ¢ such that one of the following holds:
(E71) t ==2A,t1 where 7 € BU {0} and t; is such that for all s’ > s and all ¢ € ¥, we have t;¢ via T,
(P1) t =E(Kt1)ta where
oty ~2, Torti~<, 1, and
e for all s’ > s such that t; via T we have ty - Kt} with >-S<,a T,
(Ht) t=Hty,and t; ~2, T or ¢ ~%, L.
Finally, we postulate ¢t >3, 1 for & > 0 and all closed terms ¢ such that one of the following holds:
(c1) t=ce X, and s ¢ g (0(c)),
(1) t=E2A;t; and 7 € BU {0}, and
o forall c € ¥, and all s’ > s we have tic «»ia T or t1c «»ia 1,

)

e there exist a constant ¢ € ¥, and a state s’ > s such that t1c “”S<la 1

(PL) t = E(Kt1)(Kts), and
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o ty~i, Tortg~2, L, and
e for all s’ > s such that ¢; «»‘ia T we have to «»ia T or ty «»‘ia 1.

e there exists s’ > s such that t; Mia T and t v‘ia 1.

In [Czal3d] this definition is incorrect. In fact, Lemma 5.9 of [Czal3] is false, because of the presence of
type €. To correct this we need to separately consider the case when = encodes implication, which is done
here by means of the rules (Pt) and (P, ). This change requires reworking the subsequent correctness
proof.

With the corrected definition, it is not obvious that for o < 3 we have >7, C =5 We will show this
only in Lemma[5.121 However, for o < 8 we obviously have -2, C =2 5, and consequently ~2, C~Z 5.

Lemma 5.6. Ift; -2 p and t1 —Rr ta then ta >3, p.
Proof. This follows by an easy induction on «, using the Church-Rosser property of R. |
Corollary 5.7. Ift =g t' then t ~% p is equivalent to t' ~2, p.
Corollary 5.8. Ift~3 T and t ~% L then there exists t' such that t' =5 T and t’ =% L.
Lemma 5.9. For all ordinals o and all s € S we have:
(1) ift =% T and s' > s then t =5 T,
(2) ift =5 L and s' > s then t =5 T ort =5 L.
Proof. Induction on a.
(1) Follows directly from the inductive hypothesis.
(2) The only non-obvious cases are with (£, ) and (P, ). Suppose t = ZA,t; = L with:

"
S

o for all c € ¥, and all s’ > s we have t;c «»‘i/a Tortic~%, 1,

1"
S

e there exist a constant ¢ € ¥, and a state s” > s such that t;c~%, L,

Let s’ > s. The first condition obviously still holds with s’ substituted for s. If the second condition
does not hold, then by the first condition:

e for all c € ¥, and all s” > s’ we have tic «»S!a T.

This implies ¢ =% T. The argument for (P ) is analogous.

Corollary 5.10. Ift ~3 T then t«»g: T for s’ > s.

Remark 5.11. The necessity of the above corollary is precisely the reason why it is not easy to extend
this construction to the case of full higher-order intuitionistic logic, i.e., when we have functions and
predicates of all types and more than one state. In that case we would need separate reduction systems R?
for each s and «, similarily to what is done in Section[dl But then it would not be the case that RS C RZ,
for s’ > s. Roughly speaking, this is because ¢ >3, L is interpreted as “¢ is not true in state s basing on
what we know at stage o, and not as “t is false in state s”. Thus we may have t =5 L and t =5 T
for some s’ > s. This by itself is not yet a fatal obstacle, because we really only care about t ~3 T
being monotonous w.r.t. state ordering. However, the condition ¢ > L would be used to define R},
which would make R}, non-monotonous w.r.t s. Thus ¢ ~2 T would not be monotonous either, as it is
equivalent to t —pgs t' =7, T. Hence the corollary would fail. This explains why we do not simply give
a single construction generalizing both the present one and the one from Section [

Lemma 5.12. For all ordinals o and all s € S we have:
(1) if t =%, p thent =%, p,
(2) if t =5 T thent #5 L.
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Proof. Induction on «. First note that the inductive hypothesis and Corollary 5.8 imply:
(x) if t~%, T then t b L.
Now, we check the conditions (1) and (2).

(1) The problem is with the universal quantification in (P1) and (P, ). For instance, consider (PT),
lLe,t=E(Kt)tz =3 T for some 3 < «a, with:

o 1 «»25 T or t1 “”S<,6 1,

e for all s’ > s such that ¢; “’>5<,ﬂ T we have to —» g Kt), with t} >-S<,ﬁ T.

Of course, we have t; ~%, T or t1 ~%, T. Suppose s” > s and #; N”S<la T. Ity ~2, T, then
ti 2 T by Lemma G Thus to —p Kt with # =25 T, 50 also t) =%, T. If & 2 L, then
131 “”s</5 T or tp “”s</5 T by Lemma The case t; “’)iﬂ T has just been considered. So suppose
(31 “’>S<,g L. Then t; Mia L which contradicts ().

(2) The claim is immediate for & = 0. Suppose t =5 T and ¢ > L. Then either ¢t = ZA,t; or

Assume t = EA;t1. Then, because ¢t =£ L, there exist ¢ € ¥, and s’ > s such that t1c¢ «»‘ia 1.
On the other hand, because t =% T, we have t;c ~»% T. This contradicts ().

If t = Z(Kt1)(Kt2) then the argument is analogous.
(|

It follows from Lemma [5.12] by a simple cardinality argument, that there exists an ordinal ¢ such
that -2 = -2 for all s € S. We use the notations >* and ~»* without subscripts for > and ~¢.

Definition 5.13. The structure M is defined as follows. We define the extensional combinatory algebra C
of M to be the set of equivalence classes of =g on closed terms. We take the set S of states of N to be the
set of states of M as well. For ¢ € ¥ we define the interpretation I of M by I(c) = [¢T]g, where ¢t € X7
corresponds to the element [c],,. The function ¢uq is given by caq(d) = {s € S| It.d = [t|g At ~* T},
where t is required to be closed.

Lemma 5.14. Let t1 and ts be closed terms. If for all closed t3 we have t1ts =g taots, then t1 =g to.

Proof. If tit3 =g tots for all closed t3, then in particular t;v =g tov for an external constant v not
occuring in t; and t2. By the Church-Rosser property of R there exists t such that t1v — g t and tov — g t.
Because there are no rules in R involving v, and v cannot be produced by any of the reductions, it is
easy to verify by induction on the number of reduction steps that ¢t = C’'[v], tyv = C1[v], tav = Calv],
Cy - C' and Cy - C’, where v does not occur in Cq, Cs or C’'. Hence t1x = C[z] =g Calz] = tox
for a variable x, and thus Az.t;x = Az.tox. Because R contains the rule of n-reduction, we conclude
that tl =R tQ. O

Lemma 5.15. Let C be a context and let p € {T,L}. If C[p] —r t then there exists a context C' such
that C — g C' and t = C'[p].

Proof. Because there are no rules in R involving p, the claim is easy to verify by induction on the number
of reduction steps. U

The following lemma is a much simplified analogon of Lemma [4.2.17
Lemma 5.16. Ift =° p; and C[p1] ~% p2 then C[t] ~° ps.

Proof. Induction on a.

Suppose t =° p; and C|[p1] ~3, p2. By Lemma [E 15 we have C — g C’ where C'[p1] >£ p2. It suffices
to show that C'[t] > pa.

First assume o = 0. The claim is obvious if C” does not contain O, so assume it does. Then by
inspecting the definitions we see that there are the following two possibilities.
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e If ¢/ = 0O and p; = py then the claim is obvious.
e If C'" = HO and py = T, then either ¢t = T or ¢t > L. Thus Ht > T by condition (HT).

Now let a > 0. If C" = ZA,Cy and po = T then for all ¢ € ¥, and all ' > s we have C1[p1]c via T.

We conclude by the inductive hypothesis that for all ¢ € 3, and all s’ > s we have C[t]c ~% T. Hence
C'lt] =5 T.
If ' =Z(KC1)Cy and ps = T then

o Ci[p1] ~%, T or Ci[p1] ~%, L, and
e for all ' > s such that Cy[pi] ~%, T we have Co - KC} with Ch[p1] =%, T.
By Lemma for all s’ > s we have:
() Cilpa] ~%, T or Cilp] ~%, L.

By the inductive hypothesis Cy [t] ~* T or Cift] ~* L. Let s = s be such that Cy [t] ~*" T. By (%)
we have C1[p1] ~%, T, because if Ci[p1] ~2, L then Ci[t] ~* L by the inductive hypothesis, which
contradicts Cy[t] ~* T by part 2 of Lemma 512 Hence, Cy - KCh with Cy[p1] =%, T, and by the
inductive hypothesis C4[t] ~+%, T. This implies C'[t] =2, T.

In all other cases the proof is similar. O

This finishes the more difficult part of the construction correctness proof. As in Section []it remains
to prove several simple lemmas implying that M satisfies the conditions imposed on an illative Kripke
model for Zy. For convenience we reformulate the definition of an illative Kripke model for Zy in terms
of the notions used to construct M.

Fact 5.17. If the following conditions hold, then M is an illative Kripke model for L.
(1) Ift1 =g ta then t; ~° T is equivalent to to ~*° T.
(2) Ift ~5 T then t ~% T for all s > s.
(3) If for all ts we have t1ts =g tats then t1 =g ta.
(4) If Lty ~* T and for all s > s and all ts such that t1t3 ~3" T we have tats ~° T, then Et1tg ~° T.
(5) If Ztita ~>° T then for all ts such that t1ts ~* T we have tatz ~>*° T.

(6) If Lty ~* T and for all ' > s and all t3 such that tits ~* T we have H(tat3) ~* T, then
H(Etth) ~5 T,

(7) If t ~*° T then Ht ~* T.
(8) LH ~* T,
(9) LA; ~° T for T € B.

Proof. Condition () ensures that s € cu([t]r) is equivalent to ¢ ~* T. Condition (2)) implies that for
any d € M the set ¢rq(d) is upward-closed. Condition (B]) implies that the combinatory algebra of M is
extensional. The remaining conditions are a reformulation of the conditions imposed on ¢ in an illative
Kripke model for Zy. (|

Lemma 5.18. Ht ~* T iff t ~% T ort~* L.
Proof. Follows directly from definitions. O
Lemma 5.19. If Lt ~*® T then exactly one of the following holds:

ot —»p A, for someT € B,

.t_»RH7
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ot »p Kt witht' ~5T ort' ~5 1.

Proof. Easy inspection of the rules in the definition of >5. That the conditions are exclusive is a
consequence of the Church-Rosser property of R. |

Lemma 5.20. The following conditions are satisfied.
e If Lty ~* T and for all s > s and all t3 such that t1t3 ~% T we have tots ~ T, then Ztqty ~° T.

e If Lty ~* T and for all s > s and all t3 such that tit3 ~% T we have H(tots) ~ T, then
H(Etltg) ~5 T,

Proof. Suppose Lt; ~+* T and for all s’ > s and all ¢3 such that t1t3 ~%" T we have totz ~° T. We
consider possible cases according to Lemma [5.19

oty »p A, for 7 € BU{o}. If c€ X, and s’ > s then A,c =" T,soalsotic~* T by Corollary 5.7
and thus tac ~* T. Hence ZA,t3 =° T by (E7). Therefore, Zt1to ~* T.

o t, »pr Kt} with t| ~* T or ) ~»* L. Let s’ > s be such that t| ~* T. Then t1t3 ~* T for
arbitrary closed t3, so tat3 ~s" T for any closed t3, in particular for 3 = v an external constant
not occuring in to. We have torv —p t) =" T. It is easy to see by inspecting the definitions that v
cannot occur in t5. Thus we also have tox — g t5. Therefore to <, Az.tox —r Kt5. So if there

exists ' > s such that #| ~* T then t, =5 Kt}, and for every such s’ > s we have t§ =% T.
Thus Z(Kt})(Kth) =° T, so ZEt1ta ~* T, by Corollary 5.7 If there does not exist s’ > s such that
t) ~* T, then also Zt1te ~* T.

The second claim is verified in a similar manner using Lemma [5.19] Lemma [5.18 Corollary 510 and
Corollary G171 O

Lemma 5.21. If Etity ~* T then for all s > s and all terms t3 such that tit3 ~%" T we have
tots ~5 T.

Proof. Suppose Et1tg ~* T. Then Ztity — g Ztjth =° T with t; - t;. There are three cases.

e 1 = A, where 7 € B and for all s’ > a and all ¢ € 3, we have the ~¢" T. Assume s’ > s and
t1tg ~° T. Then also A,t3 ~»* T by Corollary 5.7 This is only possible when t3 € X,. This
implies thts ~* T, so also tats ~*° T because to g th.

ety = H and for all & > s and all p € {T,L} C X, we have thp ~% T. Assume s > s and
t1tz3 ~* T. Then also Ht3 ~* T by Corollary 5.7l By Lemma (I8 either t3 ~* T or t3 ~% L.
In any case, we may use Lemma [B.16 to conclude tot3 ~° T.

o t) = Kt/ and for all s’ > s such that ¢/ ~*" T we have t) - KtJ with t§ =% T. Assume s’ > s
and t1tg ~* T. Then t/ ~* T by Corollary Bl So also tats3 ~* T by Corollary 51, because
to >R th with tl2/ =5 T,

O
Corollary 5.22. The structure M constructed in Definition[5.13 is an illative Kripke model for ;.

Proof. Tt suffices to check the conditions of Fact 517 Condition () follows from Corollary 571 Con-
dition () is a consequence of Corollary Condition (@) follows from Lemma (.14 Conditions ()
and (@) follow from Lemma Lemma [52T] implies condition (B). Conditions (@), (&) and @) are
obvious from definitions. g

Lemma 5.23. If 7 € T and c € 3, then for all states s we have Arc~° T.
Proof. Straightforward induction on the size of 7. |

It remains to prove that the values in A of formulas of PRED2g are faithfully represented by the
values of their translations in M. From this completeness will directly follow.
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Definition 5.24. Recall that for ¢ € X7, we denote by d(c) the element of A corresponding to ¢, if
there is one. We say that an M-valuation @ mirrors an N-valuation w, if for every variable z there
exists ¢ € X1 such that w(z) = 6(c) and w(z) = [c]g. In other words, w is the valuation assigning to
each variable x the equivalence class of the constant corresponding to the element w(x). Note that given
w the valuation w is uniquely determined.

To avoid confusion, from now on we use g1, ¢o, etc. for terms of PRED2y. By t1, t2, etc. we denote
closed terms from T(X1). We use ¢, ¢, ca, etc. for constants from ¥7.

Lemma 5.25. For any N -valuation w and any term q of PRED2y which is not a formula, we have
[[a11% = [clr for some ¢ € ¥ such that 6(c) = [q] -

Proof. Induction on the size of g. If ¢ is a constant then [¢] = ¢ and [[q]]%, = [¢]%; = Im(q) = [dr
for some ¢ € X1 such that 6(c) = [¢]p- If ¢ = x is a variable of type 7 € B then [¢] = z. So
[[q1]%, = w(x) = [c|r for ¢ € ©% such that w(z) = §(c), by definition of w.

Otherwise ¢ = ¢1¢2. Neither ¢; nor go is a formula, so by the inductive hypothesis [[q1]]% = [c1]r
and [[g2]]% = [calr where 6(c1) = [q1]%r and d(c2) = [gal}r. We have [q] = [a1][g2], so [[q]l}, =

a8 - [[a211% = [c1lr -m [e2]lr = [cico]r. Let ¢ € ST be such that 6(c) = d(c1) -a 6(c2).
In R there is a reduction rule cica — ¢ because F(c1)(c2) = ¢. Thus [c1c2]r = [¢]r. We also have

6(c) = [al% w la2l i = [ q20%r = [al i O

Lemma 5.26. For any formula ¢ of PRED2y, any state s, and any N -valuation w we have:
s,wlkny @ it s,w kg []

Proof. Induction on the size of ¢.

If ¢ is a variable or a constant, then our claim follows easily from definitions. If ¢ = ¢i¢o, then
neither g; nor ¢o is a formula, so by Lemma we have [[¢11]%, = [c1]r and [[¢2]]%( = [c2]r where
c1,¢0 € BT and 8(c1) = [q1]%, 0(c2) = [g2]¥r. We have [c1]g - [e2]r = [c1e2]r = [c]r for ¢ € ¥ such
that d(c) = d(c1) -ar 0(c2) = [t1t2] ¥y The claim now follows from the definition of >§.

If ¢ = ¢ D 4 then [¢] = [¢] D [¢]. Suppose s, W IFaq [@] D []. Let s’ > s be such that s', w IFar .
By the inductive hypothesis s’, w IFaq []. Note that we also have s', w - [¢] D [¢]. By condition (2]
in Fact we obtain ', w IFaq [t¢], which implies s’,w IFpr ¢ by the IH. From Definition 23] it now
follows that s, w IFar ¢ D 1. The other direction is analogous.

If ¢ = V.o where x € V;, 7 € BU {0}, then [Vz.p] = ZA, A x.[p].

Suppose s, @ IFaq [Va.p], ie., 5, @ lFag ZA Nz [p]. Let s > s, d € DY, and u = wlz/d]. There
exists ¢ € X1 such that u(z) = [¢]g and d(c) = d. The constant ¢ is a canonical constant of type
7 € BU{o}, so §',w IFap Are, by definition of M. We also have s',w -y ZA; Az.[¢], so we conclude
that s, @ ko (Az.[p])c. This implies s', @ IFoq [@], and hence s, w[z/d] IFar ¢ by the IH. Therefore
s, w IFar V., by Definition 2.3

For the other direction, we need to show that if s,w IFaq Va.@ then s,w Ik EAAz.[¢], where
7 € BU{o}. If v is an M-valuation and ¢ € T(X%), then by ¢’ we denote the term ¢ with every free
variable x substituted for a representant of the equivalence class v(x). By induction on the size of ¢
one may easily verify that [t]}, = [t"] »,, but Lemma [5.14]is needed for the case of lambda-abstraction.
Hence s,v Ik t is equivalent to t¥ ~»* T. Now the condition s, w Ik ZA; Az.[¢] may be reformulated
as ZA, (Mx.[p])? ~* T. Therefore it suffices to prove, assuming s,w IFxr V., that for all canonical
constants ¢ € ¥, of type 7 € BU {o} and all ' > s we have (Az.[¢])%c ~* T. Let u = wlz/5(c)].
We have U = @[z/c]. Hence (Az.[¢])Pc ~* T is equivalent to [¢]% ~»*" T, which is the same as
s, U lFaq [e]. Because s,w by Va.p, s’ > s and u = w[z/(c)], we conclude that s’,u Ik . By the
inductive hypothesis we obtain s, @ IF o [¢] which completes the proof. O

Theorem 5.27. The embedding is complete, i.e., [A],T'(A, @) bz, [@]| implies A FprED2, ©-

Proof. Suppose A ¥prepa, ¢. Let N be a Kripke model, v an N-valuation and s a state of A such
that s,v lFar A, but s,v War . We use the construction in Definition B3] to obtain an illative Kripke
model M. By Lemma[5.26] the condition s,v Ik v is equivalent to s, v IFaq [9]. Therefore 5,7 IFaq [A]
but s,v ¥ . Using Lemma [1.23] it is a matter of routine to verify that also s,v IFa T'(A, ). By the
soundness part of Theorem [B.6] this implies [A],T'(A, ¢) ¥z, [¢]. O
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6 Remarks and open problems

Remark 6.1. In this paper we use lambda-calculus with Sn-equality. Lambda-calculus with S-equality
or combinatory logic with weak equality could be used instead. The proofs and definitions would only
need minor adjustments.

Remark 6.2. It is clear that the methods presented here may be used to prove completeness of the
embedding of propositional second-order logic into an extension of ZP from [BBD93|. This extension
of TP is essentially Zy but with rules P;, P., Py from Lemma instead of the more general rules
for Z. Whether such an extension is complete for second-order propositional logic was posed as an open
problem in [BBD93].

The open problem related to Zy given in [BBD93] was whether full second-order predicate logic may
be faithfully embedded into it. We do not know the answer to this question. One problem with extending
our methods was already noted in Remark B.T1l It is not straightforward to extend our construction to
obtain a model with quantification over predicates and more than one state. Another obstacle is that
our construction of a model for Z¢ crucially depends on the fact that the model of higher-order logic
being transformed is a full model. Thus the construction cannot be used to show completeness of an
embedding of higher-order logic into Z¢,. Informally speaking, a full model is needed to ensure that no
“essentially new” functions may be “created” at later stages « of the inductive definition.

In [DBB98a] and [DBBI8b] two indirect propositions-as-types translations of first-order propositional
and predicate logic were shown complete for two illative systems ZF and ZG, which are stronger than
TP and Z=, respectively. It is interesting whether our methods may be used to obtain these results, or
improve on them.

Remark 6.3. In [Czall] we presented an algebraic treatment of a combination of untyped combinatory
logic with first-order classical logic. The model construction and the completeness proof there follow
essentially the same pattern as those presented here, but they are much simpler. The system in [Czall]
contains an additional constant Cond which allows for branching on formulas. It is not difficult to see
that we could add such a constant to Z, and our model construction would still go through.

Remark 6.4. The construction from Section M could also be used to show that classical many-sorted
first-order logic may be faithfully embedded into Z¢, but we omit this proof as it is analogous to that
from SectionBl We do not know whether Z¢ is conservative over stronger systems of logic, or whether Z,,
is conservative over intuitionistic first-order logic.
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