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COMBINATORIAL IMAGES OF SETS OF REALS AND

SEMIFILTER TRICHOTOMY

BOAZ TSABAN AND LYUBOMYR ZDOMSKYY

Abstract. Using a dictionary translating a variety of classical
and modern covering properties into combinatorial properties of
continuous images, we get a simple way to understand the inter-
relations between these properties in ZFC and in the realm of the
trichotomy axiom for upward closed families of sets of natural num-
bers. While it is now known that the answer to the Hurewicz 1927
problem is positive, it is shown here that semifilter trichotomy im-
plies a negative answer to a slightly stronger form of this problem.

1. Introduction and basic facts

Unless otherwise indicated, all spaces considered here are assumed to
be separable, zero-dimensional, and metrizable. Consequently, we may
assume that all open covers are countable [20]. Since every such space
is homeomorphic to a set of real numbers, our results can be thought
of as dealing with sets of reals.

1.1. Covering properties. Fix a space X . An open cover U of X is
large if each member of X is contained in infinitely many members of
U . U is an ω-cover if X is not in U and for each finite F ⊆ X , there
is U ∈ U such that F ⊆ U . U is a γ-cover of X if it is infinite and for
each x ∈ X , x is a member of all but finitely many members of U .
Let O, Λ, Ω, and Γ denote the collections of all countable open

covers, large covers, ω-covers, and γ-covers of X , respectively. Let
A and B be any of these classes. We consider the following three
properties which X may or may not have.

S1(A ,B): For each sequence {Un}n∈N of members of A , there exist mem-
bers Un ∈ Un, n ∈ N, such that {Un : n ∈ N} ∈ B.

Sfin(A ,B): For each sequence {Un}n∈N of members of A , there exist finite
subsets Fn ⊆ Un, n ∈ N, such that

⋃

n∈N Fn ∈ B.
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Ufin(A ,B): For each sequence {Un}n∈N of members of A which do not con-
tain a finite subcover, there exist finite subsets Fn ⊆ Un, n ∈ N,
such that {∪Fn : n ∈ N} ∈ B.

It was shown by Scheepers [17] and by Just, Miller, Scheepers, and
Szeptycki [10] that each of these properties, when A ,B range over
O,Λ,Ω,Γ, is either void or equivalent to one in the following diagram
(where an arrow denotes implication). For these properties, O can be
replaced anywhere by Λ without changing the property.

Ufin(O,Γ) // Ufin(O,Ω) // Sfin(O,O)

Sfin(Γ,Ω)

55
k

k
k

k
k

k

S1(Γ,Γ) //

55
l

l
l

l
l

l
l

l
l

l
l

l
l

l
l

l
l

l
l

l

S1(Γ,Ω) //

55
k

k
k

k
k

k

S1(Γ,O)

77
o

o
o

o
o

o
o

o
o

o
o

o
o

o
o

o

Sfin(Ω,Ω)

OO

S1(Ω,Γ) //

OO

S1(Ω,Ω)

OO

//

55
k

k
k

k
k

k

S1(O,O)

OO

Sfin(O,O), Ufin(O,Γ), S1(O,O) are the the classical properties of
Menger, Hurewicz, and Rothberger (C ′′), respectively. S1(Ω,Γ) is the
Gerlits-Nagy γ-property. Additional properties in the diagram were
studied by Arkhangel’skǐi, Sakai, and others. Some of the properties
are relatively new.
We also consider the following type of properties.

Split(A ,B): Every cover U ∈ A can be split into two disjoint subcovers V
and W which contain elements of B.

Here too, letting A ,B ∈ {Λ,Ω,Γ} we get that some of the properties
are trivial and several equivalences hold among the remaining ones.
The surviving properties are

Split(Λ,Λ) // Split(Ω,Λ)

Split(Ω,Γ)

OO

// Split(Ω,Ω)

OO

and no implication can be added to the diagram [20]. There are con-
nections between the first and the second diagram, e.g., Split(Ω,Γ) =
S1(Ω,Γ) [20], and both Ufin(O,Γ) and S1(O,O) imply Split(Λ,Λ). Sim-
ilarly, Scheepers proved that S1(Ω,Ω) implies Split(Ω,Ω) [17].
Let C, CΛ, CΩ, and CΓ denote the collections of all countable clopen

covers, large covers, ω-covers, and γ-covers of X , respectively.
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It is often the case that we do not get anything new if we replace
an ordered pair of families of open covers by the corresponding ordered
pair of families of clopen covers. However, some problems remain open.

Problem 1.1. Is any of the properties

(1) Sfin(Γ,Ω), S1(Γ,Γ), S1(Γ,Ω), S1(Γ,O);
(2) Split(Λ,Λ), Split(Ω,Λ), Split(Ω,Ω);

equivalent to the corresponding property for clopen covers?

In any case, the clopen version of each property is formally weaker.

1.2. Combinatorial images. The Baire space NN and the Cantor
space {0, 1}N are both equipped with the product topology. P (N), the
collection of all subsets of N, is identified with {0, 1}N via character-
istic functions, and inherits its topology. The Rothberger space [N]ℵ0 ,
consisting of all infinite sets of natural numbers, is a subspace of P (N)
and is homeomorphic to NN.
For a, b ∈ [N]ℵ0 , a is an almost subset of b, a ⊆∗ b, if a \ b is finite.

Definition 1.2. A semifilter is a nonempty family F ⊆ [N]ℵ0 con-
taining all almost-supersets of its elements. For a nonempty family
S ⊆ [N]ℵ0 ,

〈S〉 = {b ∈ [N]ℵ0 : (∃a ∈ S) a ⊆∗ b}

is the semifilter generated by S. If F = 〈S〉, then we say that S is
a base for F . A filter is a semifilter closed under finite intersections,
and a subbase for a filter is a family which, after closing under finite
intersections, becomes a base for that filter.

The names of the combinatorial notions in the following dictionary
are standard, and a good reference for these is Blass’ [4]. We say that
g ∈ NN is a guessing function for Y ⊆ NN if for each f ∈ Y , g(n) = f(n)
for infinitely many n. In this case, we say that Y is guessable. The
following will be used throughout the paper without further notice.

Dictionary 1.3. The negation of each property in the left column of
the following table is equivalent to having a continuous image in the
relevant space (NN in the first block, and [N]ℵ0 in the second) with the
corresponding property in the right column.



4 BOAZ TSABAN AND LYUBOMYR ZDOMSKYY

Sfin(O,O) dominating [14]
Ufin(O,Γ) unbounded [14]
S1(O,O) not guessable [14]
Ufin(O,Ω) finitely-dominating [19]

Split(CΛ, CΛ) reaping [20]
Split(CΩ, CΛ) ultrafilter base [20]
Split(CΩ, CΩ) ultrafilter subbase [20]
Split(CT, CT) simple P -point base [20]

The analogous assertions for countable Borel covers, with “continuous”
replaced by “Borel”, also hold [18, 20].

1.3. Semifilter trichotomy, reformulated. We now define one of
the paper’s main tools. Recall that the Fréchet filter is the set of all
cofinite subsets of N.

Definition 1.4. For a ∈ [N]ℵ0 and an increasing h ∈ NN, define

a/h = {n : a ∩ [h(n), h(n+1)) 6= ∅}.

For S ⊆ [N]ℵ0 , define S/h = {a/h : a ∈ S}. semifilter trichotomy is the
statement: For each semifilter S, there is an increasing h ∈ NN such
that S/h is either the Fréchet filter, or an ultrafilter, or [N]ℵ0 .

Remark 1.5. Semifilter trichotomy is consistent: Blass and Laflamme
[5], using a model invented for another purpose in Blass and Shelah [6],
proved that the inequality u < g, where u is the ultrafilter number and
g is the groupwise density number, is consistent. Laflamme [12] proved
that semifilter trichotomy follows from u < g.
In fact, Blass proved that semifilter trichotomy also implies u < g

[3], and thus semifilter trichotomy is equivalent to u < g.

When speaking of an element a ∈ [N]ℵ0 as an element of NN, we
do this by identifying a with its increasing enumeration. This identi-
fication gives a homeomorphism from [N]ℵ0 onto the set of increasing
elements in NN. Thus, we say that a family S ⊆ [N]ℵ0 is unbounded if
it is unbounded when viewed as a subset of NN.

Definition 1.6. An increasing h ∈ NN is a (flat) slalom for a fam-
ily S ⊆ [N]ℵ0 if for each a ∈ S, for all but finitely many n, a ∩
[h(n), h(n+1)) 6= ∅.

It is easy to see (e.g., [21]) that S has a slalom if, and only if, it is
bounded.

Corollary 1.7. A family S ⊆ [N]ℵ0 is bounded if, and only if, there is
an increasing h ∈ NN such that 〈S/h〉 is the Fréchet filter.
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Proof. 〈S/h〉 is the Fréchet filter if, and only if, for each a ∈ S, a/h is
cofinite, that is, h a slalom for S. �

Theorem 1.8. The following assertions are equivalent:

(1) Semifilter trichotomy.
(2) For each unbounded S ⊆ [N]ℵ0, there is an increasing h ∈ NN

such that S/h is a base for either an ultrafilter, or for [N]ℵ0.
(3) For each unbounded S ⊆ [N]ℵ0, there is an increasing h ∈ NN

such that S/h is reaping.

Proof. (1 ⇔ 2) S/h is always a base for 〈S〉/h. Use Corollary 1.7.
(2 ⇒ 3) Is trivial.
(3 ⇒ 1) Each intersection of two unbounded semifilters is unbounded

[4]. Let S be a semifilter, and assume that for each h, S/h 6= [N]ℵ0 and
is not the Fréchet filter. Then the same is true for S+ = {a ∈ [N]ℵ0 :
ac 6∈ S}. Let U be an ultrafilter. As S+, U are unbounded, F = S+∩U
is unbounded. Thus, there is h such that the semifilter F/h is reaping.
As F/h is a reaping subset of an ultrafilter U/h, F/h = U/h. It
follows that U/h ⊆ S+/h, and as U/h is an ultrafilter, we have that
S/h = (S+/h)+ ⊆ (U/h)+ = U/h is an ultrafilter. �

2. Warm up: Three basic results in ZFC

The results below were originally proved using sophisticated manip-
ulations of open covers. The combinatorial proofs given here are direct
generalizations of arguments from the theory of cardinal characteristics
of the continuum.

Theorem 2.1 (Scheepers [17]). Ufin(O,Γ) implies Split(CΛ, CΛ).

Proof. Assume that Y ⊆ [N]ℵ0 is a continuous image of X . As X has
the Hurewicz property, Y has a slalom h [21]. It suffices to show that
Y is not reaping. Indeed, let a =

⋃

n [h(2n), h(2n+1)). Then for each
y ∈ Y , both y ∩ a and y ∩ ac are infinite. �

Theorem 2.2 (Scheepers [17]). S1(O,O) implies Split(CΛ, CΛ).

Proof. Assume that X satisfies S1(O,O), and Y ⊆ [N]ℵ0 is a contin-
uous image of X . For each y ∈ Y , define fy ∈

∏

n[N]
2n by fy(n) =

{y(1), . . . , y(2n)}.
For each n, we can identify [N]2n with N and therefore identify

∏

n[N]
2n with NN in a natural way. Z = {fy : y ∈ Y } is a continuous im-

age of Y , and thus there is a guessing function g ∈
∏

n[N]
2n for Z. For

each n, let in, jn be distinct members of g(n)\{i1, . . . , in−1, j1, . . . , jn−1}.
Take I = {in : n ∈ N}, J = {jn : n ∈ N}.
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For each y ∈ Y there are infinitely many n such that g(n) = fy(n),
and therefore both I ∩ y and J ∩ y are infinite. As I ∩ J = ∅, Y is not
reaping. �

Scheepers proved in [17] that S1(Ω,Ω) implies Split(Ω,Ω). Kočinac
and Scheepers [11] proved that if all finite powers ofX satisfy Ufin(O,Γ),
then X satisfies Split(Ω,Ω). Both results are generalized in a single re-
sult from [20], asserting that if all finite powers of X satisfy Split(Ω,Λ),
then X satisfies Split(Ω,Ω). The same proof works in the clopen case,
but it is quite complicated. We give a simple proof.

Theorem 2.3 ([20]). If all finite powers of X satisfy Split(CΩ, CΛ),
then X satisfies Split(CΩ, CΩ).

Proof. Assume that X does not satisfy Split(CΩ, CΩ), and let Y ⊆ [N]ℵ0

be a continuous image of X which is a subbase for an ultrafilter. Note
that all finite powers of Y satisfy Split(CΩ, CΛ). For each k, define
Ψk : Y

k → [N]ℵ0 by

(a1, . . . , ak) 7→ a1 ∩ · · · ∩ ak

for each a1, . . . , ak ∈ Y . Ψk is continuous, and therefore its image sat-
isfies Split(CΩ, CΛ). As Split(CΩ, CΛ) is σ-additive [20], Z =

⋃

k Ψk[Y
k]

satisfies Split(CΩ, CΛ), and Z is a base for an ultrafilter – a contradic-
tion. �

3. When semifilter trichotomy holds

The second part of the following theorem was proved in [25], using
much more complicated arguments.

Theorem 3.1. Assume semifilter trichotomy. Then

Ufin(O,Γ) = Split(CΛ, CΛ).

In particular, Ufin(O,Γ) = Split(Λ,Λ).

Proof. By Theorem 2.1, it suffices to prove that every space X satisfy-
ing Split(CΛ, CΛ), satisfies Ufin(O,Γ).
Indeed, assume that a continuous image Y ⊆ [N]ℵ0 of X is un-

bounded. By Lemma 1.8, there is an increasing h ∈ NN such that
Y/h (a continuous image of Y , and therefore of X) is reaping. Thus,
X does not satisfy Split(CΛ, CΛ).
For the last assertion of the theorem, use Scheepers’ result that

Ufin(O,Γ) implies Split(Λ,Λ) [17], and the trivial fact that Split(Λ,Λ)
implies Split(CΛ, CΛ). �
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The following natural concept, due to Kočinac and Scheepers [11],
will appear several times in this paper. We introduce it using the self-
explanatory terminology of [16].

Definition 3.2. A cover U of X is γ-glueable if U can be partitioned
into infinitely many finite pieces, such that either each piece covers X ,
or else the unions of the pieces form a γ-cover of X . (Γ)ג is the family
of all open γ-glueable covers of X .

The Gerlits-Nagy property (∗) is defined in [9]. In [11] it is shown
that this property is equivalent to S1(Λ, .((Γ)ג

Corollary 3.3. Assume semifilter trichotomy. Then

S1(Λ, ((Γ)ג = S1(O,O).

Proof. S1(Λ, ((Γ)ג = Ufin(O,Γ) ∩ S1(O,O) [11]. Apply Theorems 2.2
and 3.1. �

A classical problem of Hurewicz asks whether Ufin(O,Γ) 6= Sfin(O,O).
Chaber and Pol [7] gave a positive answer outright in ZFC (see [22]).
However, we can show that a slightly stronger assertion is consistently
true. The property Split(Ω,Λ) is not very restrictive: E.g., it holds for
every analytic space [20].

Theorem 3.4. Assume semifilter trichotomy. Then

Ufin(O,Γ) = Sfin(O,O) ∩ Split(CΩ, CΛ).

In particular, Ufin(O,Γ) = Sfin(O,O) ∩ Split(Ω,Λ). �

Proof. Any base for [N]ℵ0 , when viewed as a subset of NN, is dominat-
ing. Thus, the proof is the same as in Theorem 3.1. �

Remark 3.5. Theorem 3.4 cannot be improved to get Ufin(O,Γ) =
Split(Ω,Λ) from semifilter trichotomy, since any analytic set (in partic-
ular, NN) satisfies Split(Ω,Λ) [20]. Moreover, some axiom is necessary
to get the equality in Theorem 3.4, since even the stronger property
S1(Ω,Ω) does not imply Ufin(O,Γ) [10].

Remark 3.6. In [25], a space X is called almost Menger if for each large
open cover {Un : n ∈ N} of X , setting Y = {{n : x ∈ Un} : x ∈ X} we
have that for each increasing h ∈ NN, Y/h is not a base for [N]ℵ0 . It
is shown there that if X satisfies Sfin(O,O) then X is almost Menger,
and we are asked whether the converse holds. As a base for [N]ℵ0 must
have cardinality c, we have that the answer is negative when d < c.
On the other hand, the proof of Theorem 3.4 shows that assuming

semifilter trichotomy, if X is almost Menger and satisfies Split(Ω,Λ),
then X satisfies Ufin(O,Γ).
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We now give a simple proof for the following result, which involves
no splitting properties.

Theorem 3.7 ([25]). Assume semifilter trichotomy. Then

Ufin(O,Ω) = Sfin(O,O).

Proof. Assume thatX satisfies Sfin(O,O), and that Y ⊆ NN is a contin-
uous image ofX . We may assume that all elements in Y are increasing.
Y is not dominating. Choose an increasing g ∈ NN witnessing that.
The collection Z of the sets [f ≤ g] = {n : f(n) ≤ g(n)}, f ∈ Y , is a
continuous image of Y in [N]ℵ0 . Thus, for each increasing h ∈ NN, Z/h
is not a base for [N]ℵ0 . By semifilter trichotomy, there is an increasing
h ∈ NN such that Z/h is a base for a filter F (F is either an ultrafilter
or the Fréchet filter). We will show that Y is bounded with respect to
F .
Indeed, define g̃ ∈ NN by g̃(n) = g(h(n + 1)) for all n. For each

f ∈ Y , let a = [f ≤ g]/h ∈ F . For each n ∈ a, choose k ∈ [f ≤
g] ∩ [h(n), h(n+1)). Then

f(n) ≤ f(h(n)) ≤ f(k) ≤ g(k) ≤ g(h(n+ 1)) = g̃(n).

Thus, a ⊆ [f ≤ g̃]. As a ∈ F , [f ≤ g̃] ∈ F . As F is a filter, g̃ witnesses
that Y is not finitely dominating. �

We have thus obtained a simple proof for the following.

Corollary 3.8 ([2]). Assume semifilter trichotomy. Then Ufin(O,Ω)
is σ-additive. �

4. Ufin(O,Ω) revisited

Now that we know that consistently Ufin(O,Ω) = Sfin(O,O), we
can step back to ZFC and ask whether some nontrivial properties of
Sfin(O,O) can be transferred to Ufin(O,Ω). This is the purpose of this
section.
In [23] it is proved that if X satisfies Sfin(O,O), then for each con-

tinuous image Y of X in NN, the set

G = {g ∈ N
N : (∀f ∈ Y ) g 6≤∗ f}

is nonmeager. In particular, this is true for Ufin(O,Ω), but this is not
the correct assertion for that property. For Y ⊆ NN, let

maxfin(Y ) = {max{f1, . . . , fk} : k ∈ N, f1, . . . , fk ∈ Y }.

Then X satisfies Ufin(O,Ω) if, and only if, for each continuous image
Y of X in NN, maxfin(Y ) is not dominating.

Theorem 4.1. For each space X, the following are equivalent.
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(1) X satisfies Ufin(O,Ω).
(2) For each continuous image Y of X in NN, the set

G = {g ∈ N
N : (∀f ∈ maxfin(Y )) g 6≤∗ f}

is nonmeager.

Proof. (2 ⇒ 1) nonmeager sets are nonempty.
(1 ⇒ 2) Assume that X satisfies Ufin(O,Ω) and Y ⊆ NN is a con-

tinuous image of X . If Y is bounded, then (2) holds trivially. Assume
that Y is unbounded. Let g be a witness for the fact that Y is not
finitely dominating. Take

Z = {[f < g] : f ∈ Y }.

Z is a subbase for a filter. Extend this filter to a nonprincipal ultrafilter
F . For each f ∈ Y , f ≤F g. As F is a filter, ≤F is transitive, so it
suffices to show that the set

G′ = {f ∈ N
N : g ≤F f}

is nonmeager. Since F is a nonmeager semifilter, this is true [22].
(For an alternative approach see [23] and Lemma 2.4 of Mildenberger,
Shelah, and Tsaban [13].) �

The proof of Theorem 4.1 turned out easier than the corresponding
one for Sfin(O,O). However, for Sfin(O,O) we get slightly more: If X
satisfies Sfin(O,O), then for each continuous image Y of X in NN, the
set

G = {g ∈ N
N : (∃f ∈ Y ) g ≤∗ f}

satisfies Sfin(O,O) [23]. To see why this is indeed more, consider the
following.

Lemma 4.2. Assume that Y is a subset of NN and satisfies Sfin(O,O).
Then Y is not comeager.

Proof. Assume that Y is comeager. To each f ∈ NN, assign the set

af = {f(0) + · · ·+ f(n) + n : n ∈ N}.

f 7→ af is a homeomorphism from NN to [N]ℵ0 . Thus, Z = {af : f ∈ Y }
satisfies Sfin(O,O) and is comeager. By a classical result of Talagrand
[1], for each comeager subset Z of [N]ℵ0 there is an increasing h ∈
NN such that 〈Z/h〉 = [N]ℵ0 . It follows that Z/h is dominating – a
contradiction. �

The following remains open.
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Problem 4.3. Assume that X satisfies Ufin(O,Ω), and Y ⊆ NN is a
continuous image of X. Does it follow that

G = {g ∈ N
N : (∃k)(∃f1, . . . , fk ∈ Y ) g ≤∗ max{f1, . . . , fk}}

satisfies Ufin(O,Ω)?

In the remainder of this section we will show that the auxiliary results
proved in [23] for Sfin(O,O), which are interesting in their own right,
also hold for Ufin(O,Ω).

It is consistent that Ufin(O,Ω) is not even preserved under taking
finite unions. In fact, this follows from the Continuum Hypothesis
(or even just cov(M) = c) [2]. However, something is still provable
about unions of spaces satisfying Ufin(O,Ω). Let cov(Dfin) denote the
minimal cardinality of a partition of NN into families which are not
finitely dominating. This is the same as the minimal cardinality of a
partition of any dominating family in NN into families which are not
finitely dominating. max{b, g} ≤ cov(Dfin), and it is consistent that
strict inequality holds [13].

Proposition 4.4. Assume that Z is a space, and I ⊆ P (Z) satisfies:

(1) For each finite F ⊆ I, there is X ∈ I such that ∪F ⊆ X;
(2) Each X ∈ I satisfies Ufin(O,Ω);
(3) |I| < cov(Dfin).

Then ∪I satisfies Ufin(O,Ω).

Proof. Assume that Ψ : ∪I → NN is continuous. By (2), for each
X ∈ I, Ψ[X ] is not finitely dominating, and therefore maxfin(Ψ[X ]) is
not finitely dominating. By (1),

maxfin(Ψ[∪I]) =
⋃

X∈I

maxfin(Ψ[X ]).

By (3), maxfin(Ψ[∪I]) is not dominating, that is, Ψ[∪I] is not finitely
dominating. �

As Ufin(O,Ω) is hereditary for closed subsets, Proposition 4.4 implies
the following.

Corollary 4.5. Ufin(O,Ω) is hereditary for Fσ subsets. �

Another interesting corollary is the following.

Corollary 4.6. Ufin(O,Ω) is preserved under taking countable increas-
ing unions. �

Finally, we have the following.
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Proposition 4.7. Assume that X satisfies Ufin(O,Ω) and K is σ-
compact. Then X ×K satisfies Ufin(O,Ω).

Proof. By Corollary 4.6, we may assume that K is compact (one can
also manage without that). Assume that U1,U2, . . . , are countable open
covers of X×K. For each n, enumerate Un = {Un

m : m ∈ N}. For each
n and m set

V n
m =

{

x ∈ X : {x} ×K ⊆
⋃

k≤m

Un
k

}

.

Then Vn = {V n
m : m ∈ N} is an open cover of X . As X satisfies

Ufin(O,Ω), we can choose for each n an mn such that for each finite
F ⊆ X , there is n such that F ⊆

⋃

k≤mn

V n
k .

Assume that F ⊆ X ×K is finite. Take finite A ⊆ X,B ⊆ K such
that F ⊆ A × B. Let n be such that A ⊆

⋃

k≤mn

V n
k . Then for each

a ∈ A, a×K ⊆
⋃

k≤mn

Un
k , and therefore

A×B ⊆ A×K ⊆
⋃

k≤mn

Un
k . �

Remark 4.8. All properties in the Scheepers diagram are hereditary
for closed subsets. As Ufin(O,Γ), Sfin(O,O), S1(Γ,Γ), S1(Γ,O), and
S1(O,O) are all σ-additive [24], they are all hereditary for Fσ subsets.
Galvin and Miller [8] proved that S1(Ω,Γ) is also hereditary for Fσ

subsets. Sfin(Ω,Ω) is equivalent to satisfying Sfin(O,O) in all finite
powers. As finite powers of Fσ sets are Fσ, Sfin(Ω,Ω) is also hereditary
for Fσ subsets. Similarly, S1(Ω,Ω) is equivalent to satisfying S1(O,O)
in all finite powers and is therefore also hereditary for Fσ subsets. By
Corollary 4.5, so is Ufin(O,Ω).

Problem 4.9. Are Sfin(Γ,Ω) and S1(Γ,Ω) hereditary for Fσ subsets?

5. The revised Hurewicz Problem for general spaces

As mentioned before, Theorem 3.4 may be considered a consistent
positive solution to a revised version of the original Hurewicz Problem
(which had a negative solution in ZFC).
Since this result is new, we prove that it holds in general, i.e., without

any assumption on the spaces.

Theorem 5.1. Assume semifilter trichotomy. Then

Ufin(O,Γ) = Sfin(O,O) ∩ Split(Ω,Λ)

for arbitrary topological spaces.
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Proof. Assume that X satisfies Sfin(O,O) ∩ Split(Ω,Λ). By Sfin(O,O),
we have that X is Lindelöf. In [11] it is proved that Ufin(O,Γ) =
Sfin(Λ, .((Γ)ג

1 As Sfin(O,O) = Sfin(Λ,Λ) [17, 10], we have that for
Lindelöf spaces,

Ufin(O,Γ) = Sfin(Λ, ((Γ)ג = Sfin(Λ,Λ)∩

(

Λ

(Γ)ג

)

= Sfin(O,O)∩

(

Λ

(Γ)ג

)

,

where
(

Λ
(Γ)ג

)

means that every element of Λ contains an element of .(Γ)ג

It therefore remains to prove this latter property.
Let U be a large open cover of X . As X satisfies Sfin(Λ,Λ), we may

assume that U is countable and fix a bijective enumeration U = {Un :
n ∈ N}. Let

Y = {{n : x ∈ Un} : x ∈ X}.

Choose an increasing h ∈ NN witnessing semifilter trichotomy for 〈Y 〉.
For each n, define

Vn =
⋃

k∈[h(n),h(n+1))

Uk.

Case 1. There are infinitely many n such that Vn = X . Let a ∈ [N]ℵ0

be the set of all these n. Taking g(0) = 0 and g(n) = h(a(n − 1)) for
n > 0, we have that the sets Fn = {Uk : k ∈ [g(n), g(n+1))}, n ∈ N,
form a partition of U showing that it is γ-glueable.

Case 2. There are only finitely many n such that Vn = X . Removing
finitely many elements from U , we may assume that there are no such n.
(We can add these elements later to one of the pieces of the partition).
Assume that Y/h is a base for an ultrafilter. Then for each finite

a1, . . . , ak ∈ X , there is n ∈ a1/h ∩ . . . ak/h, that is, a1, . . . , ak ∈ Vn.
Thus, V = {Vn : n ∈ N} is an open ω-cover of X . As Y/h is reaping, V
cannot be split into two large covers of X . This contradicts Split(Ω,Λ).
As Y satisfies Sfin(O,O), Y/h is not a base for [N]ℵ0 [25].
If follows that all elements in Y/h are cofinite, that is, for each

x ∈ X and all but finitely many n, x ∈ Vn. This shows that U is
γ-glueable. �

It is not always the case that theorems of the discussed sort can
be transferred from sets of reals to arbitrary spaces. We conclude the
paper with an example for that.
It is known that for sets of reals, Ufin(O,Γ) =

(

Λ
(Γ)ג

)

[21]. Had we

been able to prove this for general topological spaces, this would have

1The proof in [11] only requires that X is Lindelöf.
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made the last proof shorter. Unfortunately, this can be refuted in a
strong sense.

Proposition 5.2. There exists a hereditarily Lindelöf T1 space S sat-
isfying

(

Λ
(Γ)ג

)

, but not even Sfin(O,O).

Proof. Consider the topology τ on N generated by the sets {[0, n) :
n ∈ N}. τ gives a product topology ν on NN. (NN, ν) does not satisfy
Sfin(O,O): Indeed, consider the open covers Un = {Un

m : m ∈ N} with
Un
m = {f ∈ NN : f(n) ≤ m}.
Let µ be the topology generated by {U \A : U ∈ ν, A ⊆ NN is finite}

as a base, and take S = (NN, µ). Clearly, S is T1. As ν ⊆ µ, S does not
satisfy Sfin(O,O). As µ is contained in the standard product topology
on NN, S is hereditarily Lindelöf.
Assume that U ⊆ µ is a large cover of NN. As (NN, µ) is hereditarily

Lindelöf, we may assume that U is countable [20], and enumerate it
bijectively as U = {Un\Fn : n ∈ N}, where each Un ∈ ν and each Fn is a
finite subset of NN. Let D =

⋃

n Fn. For a sequence F = {Xn : n ∈ N},
and f ∈ NN, write fF = {n : f ∈ Xn}.
For each finite F ⊆ NN let g = maxF . Let n be such that g ∈ Un\Fn.

Then F ⊆ Un. It follows that V = {Un : n ∈ N} is an ω-cover of NN

by sets open in the standard topology on NN. Consequently, V is a γ-
glueable cover of NN (Sakai [15]). Then {fV : f ∈ NN \D} is bounded.
Note that for each f 6∈ D, fV = fU , and therefore {fU : f ∈ NN \ D}
is bounded. As D is countable, {fU : f ∈ D} is also bounded, and
therefore {fU : f ∈ NN} is bounded, that is, U is γ-glueable. �
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[2] T. Bartoszyński, S. Shelah, and B. Tsaban, Additivity properties of topological
diagonalizations, The Journal of Symbolic Logic 68 (2003), 1254–1260.

[3] A. R. Blass, Groupwise density and related cardinals, Archive for Mathematical
Logic 30 (1990), 1–11.

[4] A. Blass, Combinatorial cardinal characteristics of the continuum, in: Hand-

book of Set Theory (M. Foreman, A. Kanamori, and M. Magidor, eds.),
Kluwer Academic Publishers, Dordrecht, to appear.

[5] A. R. Blass and C. Laflamme, Consistency results about filters and the number
of inequivalent growth types, Journal of Symbolic Logic 54 (1989), 50–56.

[6] A. R. Blass and S. Shelah, There may be simple Pℵ1
- and Pℵ2

-points, and the
Rudin-Keisler ordering may be downward directed, Annals of Pure and Applied
Logic 33 (1987), 213–243.

[7] J. Chaber and R. Pol, A remark on Fremlin-Miller theorem concerning the
Menger property and Michael concentrated sets, unpublished note (October
2002).



14 BOAZ TSABAN AND LYUBOMYR ZDOMSKYY

[8] F. Galvin and A. Miller, γ-sets and other singular sets of real numbers, Topol-
ogy and it Applications 17 (1984), 145–155.

[9] J. Gerlits and Zs. Nagy, Some properties of C(X), I, Topology and its Appli-
cations 14 (1982), 151–161.

[10] W. Just, A. Miller, M. Scheepers, and P. Szeptycki, The combinatorics of open
covers II, Topology and its Applications 73 (1996), 241–266.
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