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A SACKS REAL OUT OF NOWHERE

JAKOB KELLNERT AND SAHARON SHELAH?

ABSTRACT. There is a proper countable support iteration of length w adding
no new reals at finite stages and adding a Sacks real in the limit.

1. INTRODUCTION

Preservation theorems are a central tool in forcing theory:
Let (P., Qa)a<c be a forcing iteration. Assume that @, is (forced
to be) nice for all & < €. Then P, is nicell

A niceness (or preservation) property usually implies that the forcing does not
change the universe too much. Among the most important preservation theorems
are:

The finite support iteration of ccc forcings is ccc. [§]
and
The countable support iteration of proper forcings is proper. [0]

In this paper we investigate proper countable support iterations, so the limits are
always proper. Many additional preservation properties are preserved as well, for
example w“-bounding (i.e., not adding an unbounded real). This is a special in-
stance of a general preservation theorem by the second author (“Case A” of [7]
XVIII §3]) which is also known as “first preservation theorem” [I Section 6.1.B]
or “tools-preservation” [4, Section 5], see also [5, Theorem 2.4]. Many additional
preservation theorems for proper countable support iterations can be found in [7],
or, from the point of view of large cardinals, in [9].

We investigate iterations where all iterands are NNR, which means that they
do not add new reals. So the iterands (and therefore the limit as well) satisfy all
instances of tools-preservation. However, it turns out that the limit can add a new
real r. The first example was given by Jensen [3], and the phenomenon was further
investigated in [7, V]. So what do we know about the real 7 We know that it has
to be bounded by an old real (i.e., a real in the ground model), corresponding to the
iterable preservation property “w“-bounding”. r will even satisfy the stronger Sacks
property. In particular r cannot be, e.g., a Cohen, random, Laver or Mathias real.
In the previously known examples, the proof that a new real r is added is rather
indirect and does not give much “positive” information about r. So it is natural to
ask which kind of reals can appear in proper NNR limits. Todd Eisworth asked this
question for the simplest and best understood real that satisfies the Sacks property,
the Sacks real. In this paper, we show that Sacks reals indeed can appear in this
way:
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LOften preservation theorems also have the (weaker) form “If € is a limit, and all P, are nice
for o < €, then P is nice.”
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~F
FIGURE 1. F,, is the front of n-th splitting nodes.

Theorem 1. There is an iteration (P, Qn)n<w such that each Q,, is forced to be
proper and NNR and such that the countable support limit P, adds a Sacks real.
Moreover, P,, is equivalent to S * P’, where S is Sacks forcing and P’ is NNRA

The Theorem can be interpreted in two ways:

On the one hand, it indicates limitations of possible preservation theorems: “Not
adding a Sacks real” is obviously not iterable (even with rather strong additional
assumptions).

On the other hand, it shows that Sacks forcing is exceptionally “harmless”: It
satisfies every usual iterable preservation property] So the Sacks model (the model
constructed by starting with CH and iterating ws Sacks forcings in a countable
support iteration) has all the corresponding properties as well[§

In a continuation of this work we will say more about the kind of reals that can
be added in limits of NNR iterations (e.g. generics for other finite splitting lim sup
tree forcings). It turns out that many of these reals can appear at limit stages, but
some of them not at stage w, but only at later stages, e.g. w?.

We thank a referee for suggesting several improvements in the presentation.

2. SACKS CONDITIONS AS SQUARES OF TERMS

In this section, we introduce the forcing notion Q., which is forcing equivalent
to Sacks forcing. We will later work with @, in the proof of Theorem [l

A Sacks condition (or Sacks tree) is a perfect tree T C 2<¢¥. Given T, we call a
node t a splitting node if ¢ has two immediate successors in 7.

Let F,, be the set of the n-th splitting nodes, cf. Figure[l So ¢ € F;, means that
t is a splitting node and that there are n splitting nodes below ¢. Since T is perfect,
F,, is a front, which means that every branch through T meets F, exactly once.
Being a front is stronger than just being a maximal antichain, and due to Konig’s
Lemma every front is finite.

A branch b through T is an element of 2¢ and therefore a sequence (bg, b1, .. .)
for some b,, € {0,1}. Intuitively speaking, we can describe “the arbitrary branch”
b of T by interpreting each b,, to be a term t, (o, ..., 2, ), where the value of ¢,, (0
or 1) depends on x; for I < n, and x; is a variable with values in {0, 1} that tells us
whether we choose the left (0) or right (1) path at the front Fj.

A more formal description of terms can be found in Definition 4] but a simple
example is much more instructive: In the tree T' of Figure[Il the sequence of terms

2We do not claim that P’ is proper.

3More exactly: Sacks forcing satisfies every property X such that: Every proper NNR forcing
satisfies X, X is preserved under proper countable support iterations, and if P does not satisfy
X, then P x @ does not satisfy X either for any NNR Q.

40f course this is already known for many of the popular properties, cf. or [9], which shows
that in some respect Sacks forcing is the “most tame” forcing possible. This corresponds to the
fact that all of the usual cardinal characteristics (apart from the continuum) are X; in the Sacks
model.
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begins as follows:

if 2 = 0,
o ta=41 ifzg=0andz; =1,

x1 otherwise.

ro9 if xg =0and z1 =0,
to =x9, 1
0 0 ! {1 otherwise,

We will use the following notation:

2.1) Given a Sacks tree T, the sequence t of terms defined as above is
' called the canonical term sequence for 7.
Let a be an assignment, that is a map that assigns each variable a value in {0, 1}.
Then a can be extended to evaluate terms ¢ to t oa € {0,1}, so we can evaluate
the term sequence ¢ = (tg,t1,...) to

toa:=(tpoa,tyoa,...) € 2.

If £ is the canonical term sequence for T and a an assignment, then foa is a branch
through T'. Moreover, every branch can be obtained this way:

(2.2) T={toaln: n €w, aan assignment}.

The following property is trivial, but important: Fix n. Then there is a finite
set I such that we can determine the value that is assigned to x,, by an assignment
a provided we know the values (¢; 0 a);e;. We denote this by the following: For a
canonical term sequence ,

(2.3) each x,, is determined by finitely many ;.

(Proof: Let [ be the maximum of the heights of the nodes in F,. Set I = {0,...,1}.)
In the example above, x( is determined by tg, and z1 by (o, t1,t2), but not by
(to, t1).
Let T" C T be a perfect subtree, and call the canonical term sequence (g, ), ... ),
written as terms in the variables a{, z],.... In the example of Figure[I] we get:

to=1, t,=1, t,=ux.

The fronts F) “refine” F,: Ift € F), thent > s for a unique s € F,,. So the variables
(xq, ..., x)) give at least as much information (about the branch) as (zo,...,2;). In
other words, we can calculate the value of z,, given the values (zf, ...z}, ), and we
write this dependence as a term ¢, (x(, ..., ). This defines a function (or: term
sequence) ¢ that assigns to each variable x, a term ¢, (g, ..., 2}). We will call ¢
a substitution. So for every assignment a of the variables 2/, we get the same result
when we apply a to the term sequence ¢ as we get when we apply ¢oa to t. In
other notation, ¥ =t o ¢.
In the example, the substitution ¢ has the following values:

zo = dolz() =1, @1 = ¢1(x(, ) = x4,

It is easy to check that, e.g., t5(z(, ], z5) = xy is indeed the same as t3(zo, 21, 22)
after applying the substitution ¢, i.e., ty, =t o ¢:

ro ifaxg=0and z;1 =0 ¢2if 1 =0 and 25 =0
to =<1 ifag=0and 21 =1 t20¢: 11f1:0and$6:1 ::L'6
x1 otherwise. x(, otherwise

Also, each 7 is determined by finitely many ¢;. This means: For each j there is

a finite set I such that the following holds: If a,b are assignments of {x{,z],...}
that map z to different values, then (¢; o a)ier # (¢; 0 b)ier. (Proof: Pick | € w
such that each node in Fj is longer than every node in F; , and set I = {0,...,1}.)
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So far, we used different variable symbols (z; and x}) for variables used in ¢ and
" (in the hope to make the concept of substitution a bit clearer). Of course this
is not necessary, and we will only use z; in the following. We will see that the
following partial order S* is equivalent to Sacks forcing: S* consists of sequences
of terms (t;);c., using the variables z; (j € w) such that

(i) t; depends only on z; with j <, and

(2.4) (ii) each x; is determined by finitely many ¢;.

The order is defined as follows: # is stronger than ¢, if there is a substitution ¢
such that ' =t o ¢ and

(2.5) (i) ¢; only depends on z; with j < ¢, and

’ (ii) each x; is determined by finitely many ¢;.

It is easy to check that < is reflexive and transitive; and that o is associative:
The identity substitution witnesses ¢ < t; and if #/ = to ¢ and "/ = ' o ¢/ then
P = (fod)od) =fFo(dod)

We could omit ([Z3))(ii): If ¢ is any substitution, and if ¢ and o ¢ both are in
S*, then ¢ satisfies (ii) anyway.

Subsitutions (as defined in (2Z5])) are obviously exactly the same as conditions
in S* (as defines in (Z4))). This fact is not deep or of any real importance, but it
will simplify our notation. So let us describe this effect once more:

Assume that 5 and ¢ both are conditions in S*. We can interpret ¢ as a substitu-
tion ¢ such that ¢, = t,,. (Le., t,(xf, ..., 2} ) calculates the value of x,,.) Then sot
is again element of S* (and stronger than 5). On the other hand, if ¥ is stronger
than 5, then this is witnessed by a substitution ¢, which we can in turn interpret
as element of S*.

We can interpret a ¢ € S* as continuous function from 2% to 2%, and map ¢ to
its image, or to the associated tree:

Lemma 2.1. Let ¥ map t € S* to {(toa)[n : n € w,a an assignment}. Then
U is a surjective complete embedding (in particular order preserving) from S* into
Sacks forcing.

Proof. W(t) is a perfect tree: Pick any s = (foa)ln € ¥(¢). Note that tg,...t,—1
use a finite set A of variables. Pick x; ¢ A. Then x; is determined by to,...%—1
for some [. Pick assignments b, c extending a[A such that x; o b # z; o c. Then
(tob)|l # (toc)ll (otherwise they would determine the same value for z,), so we
get two incomparable nodes in ¥(#) both extending s.

We see from ([Z2)) that ¥ is surjective. It is clear that ¥ preserves <.

U preserves L: Assume that U(f) and ¥(5) both contain the perfect tree T
By thinning out 7', we can assume the following: If [ is the length of a node in
F,, then t1(Z),...,t(Z) determine z,, and the same holds for 5. Let #(Z') €
S* be the canonical sequence of T. So z{, ...z, _; determine a node in F,, and
therefore sufficiently many ¢1,...,%;_1 to determine x,. This defines a substitution
¢ witnessing that 7 is stronger than ¢. The same applies to 3. O

Of course ¥ is not injective. For example, if we simply interchange x¢ and x;
in a suitable sequence , then we can still get a valid term sequence (different from
the original one), but the image under ¥ will be the same.

In S*, the index set of the term sequence is w. We will later need w X w-sequences;
so we will just identify w with w X w, using a canonical order. See Figure

1
(2.6) T:w X w — w is defined by 7(n,m) =n + §(n+m)(n+m+ 1).
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FIGURE 2. We use a canonical ordering of w x w. The node (1,2)
corresponds to 7. The nodes (n,m) smaller than (1,2) all satisfy
n+m<142<4, asin (23).

The bijection 7 defines a linear order of w x w of order type w:

(2.7) (4,7) < (n,m) iff 7(i,7) < 7(n,m)

We will later use the following trivial fact:

(2.8) Ifi+j<mnand (i,5) < (i,5) then i’ + 5 < n.
We now rewrite S* in the form of w X w-sequences:

Definition 2.2. Q. consists of squares of terms (¢, m)n,mew using the variables
xij (1,7 € w) such that

(i) tn,m depends only on z; ; with (4, j) < (n,m), and

(ii) each x; ; is determined by finitely many t,, ..
The order is defined as follows:  is stronger than 3, if there is a condition ¢ € Q.
such that ¢ = 50 ¢.

Since @, is isomorphic to S*, Lemma 2.1] gives us:
Corollary 2.3. Q. is forcing equivalent to Sacks forcing.
We now add the a formal definition of term, assignment and substitution:

Definition 2.4. e Let X be aset. We will call an element v € X a variable
(or: variable symbol). We will interpret v as a “binary variable”, i.e., the
value of v is 0 or 1. In this paper, we will use X = {z; : i € w} and
X={z;;:1,jecw}

e An X-term t consists off a sequence (vg, . ..,v—1) for some 0 <[ < w and
v; € X, together with a function f : 2! — 2. (So for [ = 0, the sequence
of variables is empty and the term is a constant.) We usually write terms
as t(vp,...,v—1). Abusing notation, we identify the variable v with the
“identity term” corresponding to (v),Id.

e An assignment a is a function X — 2. Assignments extend to all X-terms
in the natural way. In other words, given an assignment a, we can apply
a to a term t to get an element of 2. We denote the result of applying a
to a term (or variable) ¢t by toa € 2.

e Similarly, a substitution ¢ maps X to X-terms. Equivalently, a substi-
tution is a sequence (¢, ),ex of X-terms indexed by X. Again, we can
extend a substitution to act on all X-terms, and we write t o ¢ for the
result. We can also apply substitutions to sequences t = (£, ),cx of terms
(indexed by X), the result ¢ o ¢ is another sequences of terms indexed by
X. The application of substitutions is associative: For term sequences 7,
5 and ¢, all indexed by X, we get 7o (50t) = (Fo3)ot.

5Formally we could let ¢ be a triple (X, (vo,...,v—1), f), to guarantee that X is disjoint to
the terms built from it.
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e The variable (or term) s “is determined by the terms to, . .. ¢,” means that
(tooa,...thoa) = (tpob,...,t, 0b) implies soa=s0b

for all assignments a and b. In other words, if we know the value of tg, . . . t,,
we can infer the value of s.

e According to our formal definition, two terms that depend on different
variables are distinct (even if these variables are not relevant). However,
we will only be interested in terms “as functions”, i.e., modulo the following
equivalence relation: ¢ =* s means that t o a = s o a for all assignments a.
In particular, the last = sign in Definition really means =* etc.

3. A SIMPLE CASE

In the rest of the paper,  always denotes a countable limit ordinal.

In this section, we construct a proper, NNR countable support iteration and
argue that the limit adds a real that it is similar to a Sacks real (i.e., it adds a
generic object for a forcing that looks in some way similar to the ). defined in the
previous section). In the rest of the paper, we deal with an analog (but notationally
more complicated) construction that actually adds a Sacks real.

So the purpose of this section is to give some idea of the constructions we use to
prove Theorem [Il using a somewhat simplified notation. The reader who does not
feel the need of such an introduction can safely continue with the next section.

We do not give any proofs in this section, but refer to the proofs of the more
general statements. Caution: We use the same symbols for the simpler objects in
this section and for the analog constructions in the rest of the paper.

The forcing iteration will start with a preparatory forcing P, followed by Qo, Q1, . ...
P« P, stands for P% Q% --- % Q,_1. We will also use the countable support limit
of P P,. Since all forcings are proper, this countable support limit is the same as
P« P,,, where P, is the P-name for the countable support limit of the P,.

The preparatory forcing adds cofinal subsets vs5 ., C 0 of of order type w for
every limit ordinal § < wy and n,m € w. In more detail:

Definition 3.1. A condition $ in P consists of a limit ordinal ht(p) € wy and a
sequence (u57n,m)0<5<ht(ﬁ)ﬁnym€w, such that vs ., C 0 is cofinal and has order type
w, and Vs pm, and Vs, m, are disjoint for m; # mg. P is ordered by extension.

So P is o-closed.
Definition 3.2. Qo is (the P-name) for 2<“1, ordered by extension.

So Qo is o-closed as well, and adds the generic sequence 79 € 2.
Given Px P, = P % Qg * --- ¥ Q,,—1 such that @, _; adds the generic sequence
Nn—1 € 2¢!, we define the P x P,-name @,, (see also Figure Bl(a)):

Definition 3.3. Let ¢ be a partial function from w; to 2, 6 C dom(q). ¢ and 7,—1
cohere at 6 + m, if 7,—1(6 + m) = g(a) for all but finitely many o € vsp—1,m.
Abusing notation, we just say ¢ coheres with n,_1(0 + m).

We set ¢ € Q.,, if ¢ € 2<“1 and ¢ coheres with 1, _1(d+m) for all § < dom(q), m € w.

Lemma 3.4. The following is forced by P, :
(1) If ¢ € Qn, ¢' € 29°™9 and ¢'(a) = q(a) for all but finitely many o €
dom(q), then ¢’ € Q..
(il) Qn s sepamtiveﬁ and adds a generic sequence 1, € 2%t defined by UqEG(n) q.
(iii) If n > 0, then @, is not o-closed.

6That is, for every p € @ there are q1,q2 < p such that q1 L ga2.
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FIGURE 3. (a) ¢ coheres with n,,_1(d+m). The gray area indicates
Vsn—1,m- (b) An element of R: py s+m = Tp,m. The term p, o
only depends on x; ; with ¢ < n. (c) Filling in the term x4 at
at various positions: In the bottom row, I » contains 6 and 8; the
1 x w-blocks where the terms x4 2 are added (indicated by the gray
area) propagates up-left.

(iv) Q. is proper and NNR, i.e., Q, adds no new real.

For a proof, see Lemmas [4.7], and LTTl Note that (i)—(iii) are very easy, and
(iv) is straightforward (but a bit cumbersome).

Lemma 3.5. P x P, adds a new real. In particular, the ]S-genem'c element v
together with (0, (Mm))n.mew determines the generic filter.

Proof. If we know vy n—1,m and 0, (1) for all I € w, then we can determine 7,,—1 (w+
m). So if we know all 5, ., and all n,(m) for § < wi,n,m € w, then we can by
induction on o < wy calculate all 0, («) for n € w. O

We now define a dense subforcing R of P * P,. See Figure B(b). We use the
notion of variable, term, assignment and substitution, as in Definition 2.4l for the
set of variables X = {xz;; : i,j € w}.

Definition 3.6. R = U6<w1 Rs+w- A condition p in Rsy,, consists of p and p such
that

pe P, ht(p) =6+ w.

P = (Pn,a)new,acstw-

Dn,s+m is the term xy, .

For oo < 6, pp, is a term using only variables z; ; with ¢ < n.

For a < 6 limit and n,m € w, pn.a+m = Pnt1,¢ for all but finitely many
C € Vanm-

We identify two conditions p and ¢ if p = ¢ and py,,o = @n,o for alln € w, a0 < 6.

We can interpret p € R as a condition (5, p(0),p(1),...) in P * P,: After forc-
ing with P % P,, we have the generic sequences (Mi )i<n. This defines a canonical
assignment of x; ; for i < n, namely x; ; := 7;(d + j). This assignment evaluates
(Pn.a)a<s to a condition in Q,, (assuming that p is element of the P-generic filter),
and we define p(n) to be that condition. Using this identification, we get:

Lemma 3.7. R is a dense subset ofj6 * P,.

For a proof, see Lemma .8 The proof is again a bit cumbersome, and uses sim-
ilar arguments (chains of countable elementary submodels) as the proof of B.4iv).
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Note the following simple properties for p € Rs4,:
o If § = w, we get (Vn,m)(3°K)pnt1k = Tnym-
o If § =w+w, we get (VYn,m)(I®k)pni2.k = Tnm.
o If § =w-w, then we get (Vn,m)(3°n")(3°M )pn m’ = Tn,m.-
Actually, the last item holds for all § > w-w, which can easily be seen by induction;
and we get some kind of converse as well:

Lemma 3.8. Assume that (r; ;)i jew s a matriz of terms such that
(i) ri; depends only on Xy m with n <1,
(ii) (Vn,m)(3°n)(3°m ) rp m: = Tn.m
(iii) (Vn)(3°k)rn.r = 0.
Then there is a p € Ryt such that v, j = p; ; for all i,j € w.

Proof (sketch). We have to define a suitable p (i.e., the sequence (Vo n,m)a<w,n,mew)
as well as p; o fori cwandw <a <w-w.
We deal with one variable after the other, see Figure[Bl(c). Assume we are dealing
with @, . Set
Lim={n">n+2: (3%k)rp i =Tpm}

According to (ii), I, is infinite. We define vy n.m C [w,w - w[ such that
Vwmom N[ w, (i 4+ 1) - w]

contains a single element (not used so far) if i+m+1 € I, ,, and is empty otherwise.
We set 141,0 = Tn,m for all @ € V. n,m; and propagate the z,, ,, diagonally down.

We repeat the same construction for all the other z,, ,,, and then set all the
remaining terms r, o = 0. To get coherence for these points as well, we just define
the remaining v’s in a way so that they only point to 7’s that are 0. At height w,
we use (iii) to do this, at other heights we just have to make sure to leave enough
space when choosing the elements of vs,, . O

We now describe how to “stack” a condition on top of another one to get a
stronger condition. See Figure[l(b) for a graphical illustration.

e If we “cut away the bottom part” of a condition ¢ € Rsys/4., at height 6,

then we get a condition ¢’ € Rs/1,. Formally we can define ¢’ as follows:
- ﬁ € q(/l,nym iff 6 + 6 € qﬁ-i-a,n,m-
- qg,a = qn,6+a-

We denote this ¢’ by ¢[[d,0 + 6" + w].

e We can stack any condition ¢’ € Rs 1, on top of some condition p € Rs+w,
resulting in some ¢ € Rs4s/4w such that ¢[[0,0 4+ 0" + w] = ¢’. Formally, ¢
is defined as follows:

- qlo=p.
— For a < d', we set 0 + 3 € Gsya,nm iff BE€ G 1m-
— For a < 0, we set ¢n 510 = @ o
— We define the substitution ¢ by ¢, m = q;, ,,, and set gn.a = pn,a© @
for all a@ < 6.
We denote this ¢ by p 91¢’.

Tt is clear that p 91¢" < p (interpreted as element of P P,). The converse is true
as well:

(3.1) If ¢ < p, then either ¢ = p or ¢ = p ¢, where ¢’ = ¢q[[ht(p), ht(q)].

The proof of BI]) uses the following simple fact: For every p € R,

every partial assignment of every finite A C {x;; : 4,5 € w} is

2
(3.2) compatible with p.
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In other words, if f : w x w — 2 is a finite partial function, then it is compatible
with p (interpreted as element of P P,,) that 1,,(§ +m) = f(n,m) for all (n,m) €
dom(f).

Given a p € Rs (we assume 0 > w - w), we can map p to the square of terms
o(p) = (Pn,m)n,mew- Then o maps R to Q.. in an order preserving way, where Q..
is defined as follows:

Definition 3.9. Q.. is the set of all sequences t = (¢; ;)i jew of terms such that
(i) tpn,m depends only on z; ; with i < n,

(i) (Yn,m)(3*°n/)(3°M )t m' = Trn.m,

s, if there is a substitution ¢ such that:

(ili) t;; =si0¢ foralli,j € w.

(iv) ¢n,m only depends on x; ; with i < n.

t<

Lemma 3.10. R (or equivalently: P Pw) adds a generic filter for Q..

Note that Q.. looks somewhat similar to the @@, defined in the previous section.
For Q. instead of Q,., the Theorem is the main part of Theorem [Il In the rest
of the paper, we will modify the constructions so that we actually end up with Q.
instead of Q.

Proof (sketch). We already mentioned that o : R — Q.. preserves <. Assume that
G is R-generic over V', and define

Gux ={1 €Qui: (Fpe G)a(p) <t}
It is enough to show the following:

(3.3) For p € R thereis a 5 <g,, 0(13) such that for all £ < 5 then there

' is an ¢ <p p such that o(q) < t.

Then the Lemma follows: First note that G.. does not contain incompatible
elements, since o is order preserving. Now assume that D C Q.. is dense, and
(towards a contradiction) that p forces that G... does not meet D. Then pick some
t < 5in D and some q as above, contradiction.

To show [B3), we define § € Q.. via the substitution ¢ witnessing 5 < o(p),
defined as follows: For each n, let (¢ m)mew enumerate (with infinite repetitions)
the constant term 0 and all variables x; ; with ¢ <n. So ¢ maps @, m, to the term
Grm- )

Now pick any t that is stronger than 5, witnessed by some substitution . Note
that ¢ o 1) satisfies the requirements of Lemma B8 So there is a ¢’ € R such that
o(q") = ¢o. Then p 94 is as required. O

In the rest of the paper, we will modify the constructions of this section in such a
way that we end up with Q. instead of Q... It turns out that this does not require
any new concepts, just a more awkward notation.

4. THE NNR ITERATION

In the rest of the paper, 0 always denotes a countable limit ordinal.
First we define a o-closed preparatory forcing P, which gives us for every limit
« € wy a subset of a of order type w and some simple coding sequences.

Definition 4.1. p € P if for some ht(p) < wi, p consists of sequences
Vs n,m; jé,n,’ma and fé,n,m,k for § < ht(ﬁ)a m,n, ke w,
such that

e each v5 5, is a cofinal, unbounded subset of § of order type w.
e my # my implies that vs,, m, and s, m, are disjoint.
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FIGURE 4. (a) 7, coheres with n,_1(d+m) above kg = 2. Vs n—1,m
is indicated by the gray area, js.n—1,m corresponds to the partition
of this area, fsn—1,m.r calculates gsn—1,m.x. (b) There are con-
ditions which determine the gray values, but these conditions are
not dense. (c) No condition can determine all gray values. (d) A
typical condition in P« P3: The gray area indicates the domain,
all the values are “constants”.

® jsn,m iS an increasing function from w to w.
o fsnm.k is a surjective function from 2Usnm(B)dsmm (B+1=1] 6 9,

P is ordered by extension.
Lemma 4.2. P is o-closed, and forces that 2% = R;.

Proof. In the P-extension V' define A5 by [ € Aj iff 6 + 21 € Vs4+w,0,0- By a simple
density argument, {As : § < w;y} contains all old reals and therefore all reals. [

Fix 0,n,m,k. Given vsn—1m, Jjsn—1,m and fsn—1m.x, we define the function
Gsn—1.mk : 2% — {0,1} the following way, cf. Figure Hi(a):

Fix n,, € 2°. For i € w, let (; be the i-th element of Vs n—1,m- et by =, (¢;). So
b= (b;)icw € 2. Look at b[[js.n—1.m(k), js.n—1.m(k+1)—1]. This is a 0-1-sequence
of appropriate length, so we can apply f5n—1,m k- We call the result g5 n—1.m k(7).
To summarize: Let (; be the i-th element of vs ,—1 ,,. Then we define

g&,n—l,m,k(n) = f(s’n_lﬂmvk((n(ci))jé,n—l,m(k)Si<j6,n—1,m(k+1))'

We will be interested in sequences (1, )ne. that cohere with respect to g5 mn,m. k-
We again refer to Figure dl(a):

Definition 4.3. Let 7,_1 and 7, be partial functions from w; to 2, § + m €
dom(n,—1), 6 € dom(n,), ko € w. We say that 7,,—1 and 7,, cohere at § +m above
ko, if 9p—1(0 +m) = gs.n—1,m,k(nn) for all k > ko. We say that 7,,—1 and 7,, cohere
at § + m, if they cohere above some ky. Abusing notation, we also say that n,
coheres with 7,-1(6 + m).

Let G be P-generic over V, and define in V[G] the forcing notion Qo:

Definition 4.4. p € Qo iff p € 2"*®) for some ht(p) < w;. Qo is ordered by
extension.

: So @ is o-closed and adds the generic 1y € 2¢'. Assume that n > 1, P * Py =
PxQo*- - *Qpn_1, and @,—_1 adds the generic sequence 7,1 € 2“'. Let G x G,
be P % P,-generic over V. In V[G x G,,], we define Q,, the following way:
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Definition 4.5. p € Q,, iff p € 2"(®) for some limit ordinal ht(p) < w; and 7,_;
and p cohere everywhere, i.e. at all § +m < ht(p) +w. @, is ordered by extension.

Notation 4.6. We denote the P- generic filter by G, weset Px P, = P%Qq*-

Qn 1, with generic filter G *G,,. Since P is proper, the countable support limit of
P x P, is the same as P x P,,, where P, is the P-name for the countable support
limit of the P,,. The generic filter of P x P,, is denoted by G % G,; and G(n) is the
Qn-generic filter (a P % P, 41-name, or equivalently a P % P,-name for a Q,-name).

Lemma 4.7. The following is forced by P % P,,:

(i) Conditions can be finitely modified: If ¢ € Q,, ¢ € 29°™@) and ¢/ (o) =
q(«) for all but finitely many o € dom(q), then ¢ € @y,.

(ii) If p € Qn and B > ht(p) is a limit ordinal, then there is a ¢ < p with
ht(q) = B. In particular, Q, adds the generic object n, = |JG(n) € 21
(which in turn determines the generic filter G(n)).

(i) @y is separative (and in particular nontrivial), and not o-closed forn > 1.

Proof. (i) is trivial.

(ii) Let (6;,m;)icw enumerate all pairs (4, m) such that ht(p) < § < S and m € w.
Define an increasing sequence p; of partial functions from 3 to {0, 1}:

Set po = p. For ¢ > 0, assume that dom(p;—1) = ht(p) U Uj<i Vs;m—1,m;- Lhen
Vs; n—1,m; Ndom(p;_1) is finite:

o If j < i and J; = &;, then m; # m; and vs, n—1,m, and Vs; n_1m, are
disjoint.

o If j <iand d; # 0, then v, n_1,m, N Vs, n_1,m; are finite (since vsn_1,m
is a cofinal subset of § of order type w).

e For the same reason, vs, ,—1,m,; Nht(p) is finite.

Therefore we can extend p;_1 to some p; by adding values at vs; n.m, \ dom(p;) that
cohere with 7,-1(d; + m;). (Recall that f5, n—1,m, & is onto.) Set p, = |Jpn, and
fill in arbitrary values (e.g., 0) at 5\ dom(p,,). This gives a ¢ < p with ht(q) = .

(iil) follows from (i) and (ii). O

Remark 4.8. For this proof, as well as for most of the following, the preparatory
forcing P is not necessary: The definition of Q,, works for any reasonably defined
sequences 7, j, f. Only in Section [ we need that these sequences are generic.
(Guessing with, e.g., a {-sequence is not enough, as discussed in Section [1)

Lemma 4.9. (n,)ney is determined by G and M (M))n,mew- In particular, PxP,
adds a new real.

Of course, we do not use any particular property of the countable support limit
here. More generally, we get:

Assume V' is an extension of V that contains some G and a sequence (G(n))new
such that G is P-generic over V and G(n) is Q,-generic over V[G*G,,]. Fix § < wy,
ng € w and f:w — w and set

T = (nn(a))nzno,6+f(n)<a<6+w-

Then (Gy)new is in V]G, z].
See Figure [(c).

Proof. By induction on 1 < h < ng, each n,(a) is determined for n > ng — h,
d+w-h<a<d+w-(h+1). By induction on limit ordinals § + w - ng < ¢’ < wy,
each 1, (a) is determined for § + w - ng < a < ¢’. O
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Remark 4.10. For all ng € w and f : w — w, there are conditions in P % P, that
determine all n,,(m) for n < ng or m < f(n), cf. Figure d(b). (The reason is that
P x P, does not add new reals, as we will see in the next lemma, and that each
Qn-condition can be modified at finitely many places.) However, these conditions
are not dense. (For exactly the same reason: There is a condition py stating that
(7n.(0))new codes (1, [w)new, via a simple injection from w X w to w. Then according
to the last Lemma, no p’ < py can determine all 7,,(0).)

Lemma 4.11. P« P, forces that Q,, is proper and does not add a new w-sequence
of ordinals.

Proof. Work in V' = V|G * G,,] and fix some large regular cardinal y*.

Let N* < HY (x*) be a countable elementary submodel containing G, nn—1 and
Po € Qn. Set §* = N* Nwy. Let (D;);e, list all dense subsets of @Q,, that are in
N*, and assume Dy = @Q,,. It is enough to show the following:

There is a ¢ < pg with ht(g) = 6* such that ¢ is stronger than some
pi € D; N N* for every i € w.

Then ¢ is in particular N*-generic, which shows that @,, is proper. And if f € N*
is a name for a function from w to the ordinals, then the value of f(n) is determined
in the dense set D;(,,y for some i(n) € w an therefore by ¢. This shows that no new
f is added by Q.

" So let us prove Il Pick (in V') a sequence (N;)ic., and a large, regular xy € N*
such that:

[ ] Nz S N*

e N, < H(y) is countable.

e Ny contains 1,—1 and pg, N;+1 contains N; and D, .

Set ﬂz = Nl Nwsi. So Supiew(ﬂi) = 0*.

Fix (in V') any n* € @y, of height 6*. In particular n* coheres with n,_1(d*+m)
for all m. Set

(4.1)

U; = {a S Vs* n—1,m : M < i,ﬁi <a< Bi-l-l}-
Each u; is finite. We will construct ¢ such that ¢ O n*[u; for all ¢ > 1. This
guarantees that g coheres with 7,,—1(6* +m) for all m € w.

Assume that p; € N;ND; is already defined. We extend it to p;+1 € Njp1ND;q1:
The finite sequence n*[u; 41 is in N;11, so we cal] (in N;41) extend p; first to some
P’ 2 n*luir1 in Qp. Then extend p’ to piy1 € Dirqg N Nitq.

Set ¢ = U,c,, pi- Then g isin Q,: We already know that ¢ coheres with 7, 1 (6*+
m). For o < ¢*, let i be such that o < ;. Then ¢ extends p;+1 which coheres with
Nn—1(ca +m). O

As an immediate consequence we get the following fact, illustrated in Figured(d):

Corollary 4.12. The conditions (P, po, - - ., pn—1) of the following form are dense in
PxP,: ht(p) = 6+w-(n—1) for some d, and in'V there is a sequence (pj,...,Ph_1)
such that p} € 204w (n=1=1) und p; is the standard namd for pl.

5. A DENSE SUBSET

We will now use the notions of variable, term and substitution as defined in
Definition 2:41 The set of variables we use is {xy ., : n,m € w}.

Assume that  is a sequence of terms (pp o )new,a<s- In V]G], p can be interpreted
as a promise that the generic sequence (7, )ne,, is compatible with p, i.e., that there

"by using L7, 11)
8 With “standard name for z” (z in the ground model) we mean the (canonical) name & that
evaluates to z for all generic filters.
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is an assignment a such that p, o 0 a = ny(«) for all n € w, 0 < §. Of course such
a promise can be inconsistent, for example if § = w and each p,, ,,, is (the constant
term) 0.

Definition 5.1. R = U6<w1 Rs+w- A condition p in Rsy,, consists of p and p such
that:

p e P, ht(p) =6+ 1 (or equivalently § + w).

p= (pn,a)n&w,a<6+w-

Dn,s+m is the term xy, .

If o < 6, then p,, o is a term that only depends on x;;, with [ < n.

For every m,n € w and o < ¢ limit there is a ky < w such that for all

assignments a, we get that (pn41,¢ © a)c<a coheres with py, o4m 0 a above
ko.

We interpret terms are functions, not syntactical objects, so we identify two
elements p,q of Rsi. if they satisfy p = ¢ and pp.o =" @n,o for all n,a; see
Definition 241

Elements of R can be interpreted as statements about the generic sequence:

Definition 5.2. The canonical assignment a§ assigns the value 1, (6 + m) to the
variable z, m. (So a§ is a P * P,-name.) We also use a§ as a P % P,-name for the
partial assignment that maps 7;(6 + m) to the variable z; ,, for all I < n.

Definition 5.3. Let i : R — P P,, map p € Rs1, to (,q(0),q(1),...) defined as
follows: For each n, g(n) is the P x P,-name for the sequence (pn,qa © a§)a<s-

Lemma 5.4. (i) i(p) actually is a condition in P x P,,.
(ii) i(p) is the truth value (in ro(P * P,) of the following statement: p € G,
and p is compatible with the generic sequence 1.
(iii) In particular, this truth value is positive. Moreover, the truth value remains
positive if we additionally assign specific values for finitely many of the
variables Ty .

Here, “p is compatible with the generic sequence 777 means: There is some as-
signment a such that p, 0 a = n,(«) for all @ < 0 + w. Since Py s+m = Tn,m, the
only assignment that can ever witness compatibility is the canonical assignment a§.

More formally, and slightly stronger, we can formulate the last item as: Given
frw—= wand (byi)newicfm) With by € {0,1}, the truth value of the following
statement is non-zero:

e e,

® Pnooaf=mny(a) foral a <6+ w,

e and additionally 7, (6 4+ 7) (or equivalently z,; o a§) is b, ; for all n € w
and i < f(n).

Proof. (i) it follows from the definition of R that each ¢(n) is a valid condition in
Q. (ii) The canonical assignment is the only assignment that can possibly witness
compatibility. (iii) Given f and b, ; as above, we can just extend ¢(n) to be the
name of some condition ¢’ in @, of height § + w (instead of just ¢) such that
¢ (0+1i) = by, for all i < f(n). For this we need, as usual, just Lemma [ 7(i,ii). O

Remark 5.5. e It is easy to see (similarly to 7)) that Rsi. is nonempty
for all §. We will only prove this (implicitly) for “stationary many” 4, in
Lemmal5.8 ¢”R is dense in P x P,,.

e In view of this Lemma, the proof of (iii) can be compared to Remark [T
While we cannot densely determine the gray area of Figure @(b), we can
densely determine such an area shifted up to some .
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FIGURE 5. Elements of R. (a) Dependence in both directions,
according to Lemma (b) Conditions can be stacked to get
stronger conditions. If on the other hand ¢ is stronger than p, then
it can be split accordingly.

If @ < 9, then p, o can be calculated from finitely many p; 54 with [ < n
(since py o is a term using variables x; ,, | < m, and p;s4m = Z1m). We can also
calculate values in the other direction:

Lemma 5.6. (i) pn.,a is determined by finitely many x5 with | < n.
(i) @p,m can be determined by finitely many pyy with 1 > n,k € w.

More generally, we get (cf. Figure[Bl(a)): If p € Rs4 and 8 < § (not necessary a
limit), then every p, o with §+w < a < § +w can be determined by finitely many
pic with [ > n,8 < ¢ < 4+ w. More precisely: There is a k € w and a sequence
(li, Gi)i<k such that I; > n, 8 < {; < f+w and for all assignments a, b the following
holds: If pp.o © @ # ppn,a 0 b, then (p, ¢, © a)ick # (P1,.¢c; ©b)ick-

Proof. By induction on a: Assume a = S+ w + m. Then (pn+1,¢)c<p+w coheres
with p, . above some kg, so we can use fgiwn,m to get pno. Now assume that
the statement is true for all o < v, v limit. If @« = v + m, then p, . again is
determined by the values of certain p; ¢ with [ > n,8 < ¢ < v, each of which in
turn is determined (by induction) by finitely many py o with 8 < (' < f4+w. O

We can identify R with a subset of P x P,;:
Lemma 5.7. i : R — P x P,, is injective.
Proof. Fix p € Rs1w,q € Rs'4w, p # q. If p # §, then i(q) # i(p). So assume that
p = ¢ (in particular ¢’ = ). Since p # ¢, there is an (n,«) and a (finite, partial)
assignment a such that ¢, o © @ # pp.q © a. According to [5.4Liii), i(q) is compatible
with a. Let r < i(q) force that the generic sequences are compatible with a. Then

r forces that i(p) is not in the generic filter, since it determines a different value for
() than i(q). O

So we can interpret R as a subset of P x P,,;; and we usually do so, that is, we
will may just write p instead of i(p) and R instead of i R, as in the following:

Lemma 5.8. R C P x P,, is dense.

The proof is a bit cumbersome, but really just a modification of the proof of

Lemma 171
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Proof. Fix (p,p(0),p(1),...) € P P,, and a countable N* < H(x*) containing
(7, p(0),p(1),...). Set 6* = N* Nwy. It is enough to show:

(5.1) There is a ¢ € Rs+ 4., such that i(q) < (p,p(0),p(1),...).

The P % P,-condition (p,p(0),...,p(n)) will be denoted by p[n. For ¢ € R and
n € w, we set

q(n) = (gn,a)a<s +w and qln:=(q,q(0),q(1),...,q(n — 1))

Just as ¢ can be interpreted as a condition in P * P, in a canonical way (cf. B4,
we can interpret ¢[n as a condition in P x P,. In particular, “q[n forces ¢” means
the following:

If GxG,, is PxP,-generic over V, if G contains ¢ and if 1, . s M1

are compatible with (¢; o)i<n,a<é*+w, then ¢ holds in V|G * G,,].

Let us call an antichain F in P * P, nice, if every condition e in E has the form

of Corollary [£.12 These conditions are dense, so we get:

For alln € w, X € V and all 7 such that P x P, forces that TeX
(5.2) there is a nice maximal antichain B deciding 7. L.e., for each b € B

there is an 2° € X such that b forces 7 = z°.

The induction hypothesis. We will construct § in Q of height 6* + w and, by
induction on n > 0, the condition ¢(n) — i.e., the terms (¢n,a)a<s+ depending on
variables x; ; with 7 < n — such that the following holds:

(i) gql(n + 1) satisfies the conditions on elements of Rg« .
(ii) q[(n+ 1) is P % P, -generic over N*.
(iii) ¢[(n + 1) is stronger than (p,p(0),...,p(n)).
(iv) ¢l(n + 1) decides every nice maximal antichain E of P % P, in N* by
finite case distinction.
More formally: Ttem (i) means

(i) for all m € w and a < §* limit there is a kg < w such that for all as-
signments a, we have that (gn ¢ © a)¢<q coheres with ¢n—1,a4m © @ above
ko.

And item (iv) means: For every nice maximal antichain E of P P, in N* there
is an I¥ € w, a sequence (ef’,. ..eﬁg_l) of elements of E'N N* and a sequence
(tF,... ,tﬁgfl) of terms using only variables z; ; with ¢ < n+ 1 such that ¢[(n+1)
forces the following;:
(iv)" There is exactly one k < I¥ such that tFoa$. = 1 (cf.[52), and ef € GxG,,
for this k.
This implies the following (where we apply Lemma [54iii)):
(v) For all partial assignments b of the (finitely many) variables used in any
of the tkE there is exactly one k < I¥ such that tkE ob=1.
Note that (iii) (for all n) implies (&I).
Step 1: Finding q. First extend p to p’ such that ht(p’) = §* and such that for
every dense subset D of P in N* there is an d € D N N* weaker that j’ (this is
possible since P is o-closed). In particular, ' is P-generic over N*, and if E C P

is a maximal antichain in N*, then p’ decides the e € E that will be in the generic
filter (and e € N*)H

9 80 p’ decides “everything” about N*[G]. Of course, N*[G] is not an element of V (since it
contains, e.g., G). But every formula about N*[G] (with parameters in N*) is already decided in
V “modulo p’”, since every such formula is decided by an antichain. We can find such a strong
P’ since P is o-complete, and we can do the same for PxP. However, for n > 1, @, is not
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We further extend p’ to ¢ by adding some arbitrary value at §*. So ht(q) = §*+1
(or equivalently §* + w).

Step 2: Finding q(0). This case, n = 1, is simple since Qg is o-closed.

We have to define the (constant) terms (go,a)a<s+- Let (D;)ic., enumerate all
P-names in N* for open dense subsets of Qp, such that Dy = Qg

We now define r,, and s,, for n € w such that:

(a) 7, is a P-name in N*, forced by p to be a Qo condition and element of

D,.

(b) s, is a 0-1-sequence in N*, forced by ¢ to be ry,.

(¢) rp4q is forced to extend s,,.
Set 79 = p(0). This satisfies (a). Given an 7, satisfying (a), note that P does
not add new countable sequences of ordinals. So every condition in Qév *[G], in
particular r,,, already exists in the ground model N*. So r, is decided by a maximal
antichain, and therefore by ¢, to be some sequence s, € N*; satisfying (b). Also,
since s,, € 2<¥1 N N*, we can find in N* a P-name Tnt1 for an element of D14
extending s,,.

Fix oo < 0%, and set qo o to be the term with constant value s, («) (for sufficiently
large n). This defines ¢(0). So § forces that that ¢(0) is Qo-generic over N*[G], i.e.,
(4,q(0)) is P % Py-generic over N* and forces that (p,p(0)) € G * G1. So (i)(iii)
are satisfied. Now fix some nice, maximal antichain E C P x P, such that F € N*.
Every e € F is of the form (€, ¢e(0)) for a 0-1-sequence e(0) in V. If e € N*, then &
and e(0) have height less than ¢*. In particular, every e € ENN* is either extended
by (g,¢(0)) or is incompatible with it. Since EF € N* is a maximal antichain, and
since (g, ¢(0)) is P % Pi-generic over N*, we know that there has to be exactly one
e* € E compatible with (g,¢(0)), and e* € N*. In other words, (¢,¢(0)) decides
the element e* € EN N* that is going to be in G' % G1. So to satisfy (iv)’, we can
set IE =1,tF =1, el =e*.

Step 3: The successor step. Now things get a bit more complicated, since @,, is
not o-closed any more. We assume that the induction hypothesis (i)—(iv) holds for
n — 1. So we already have ¢[n want to find gy, o for 0 < a < §*. As previously, we
let (D;)icw enumerate all P % P,-names in N* for open dense subsets of Q. (and
we set Dy = Qn).

First we fix (in V') a term-sequence (t},)ae|y such that:

mew Vé* n—1,m
o If o € s« ;,—1,m, then ¢}, only depends on 2,1 .
e For all m € w, the sequence t* coheres with ¢,—1 64+ (which is just
Tn—1.m) above some ko.
e For every 3 < 6%, the partial sequence t*[3 uses only finitely many vari-
ables.
We can find such a sequence since the fs« ,,—1,m 1 defined by ¢ are surjective and
the vs« n—1m are disjoint (for different m) cofinal subsets of 6* of order type w.
We will construct in V' by induction on ¢ € w
e a finite set v; of variables z; ; with | < n,
e for every (partial) assignment a of v; a P % P,-name ri in N¥,
e a finite set w; of variables x; ; with [ < n,
e for every assignment b of w; a 0-1-sequence si-’ in N*,
e an ordinal 5; < 0*,
such that the following holds:
(a) vig1 D w; D v;.

o-complete, and we will not be able to decide everything with the generic condition g(n); but we
will still be able to decide “modulo finite case distinction”.
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(b) If @ is an assignment of v;, then r? is a name (in N*) for an element of D;.
(c) If b is an assignment of w; and a its restriction to v;, then (q[n)&b forced™]
si-’ =g

Set wog = (). So there is only one assignment, the empty one, of wg. We set
= p(n) Assume that for some ¢ > 0 we already have w;, and r{ for all
assignments a of w;. Fix a. Note that P x P,, does not add any new countable
sequences of ordinals, so according to (5.2) ¢ is decided by a nice maximal antichain
E of Px P, in N*. Using item (iv) of the induction hypothesis, we choose the
sequences (ef,...ef3) of and (t§,...,t5). Let v’ be the (finite) set of variables
used in any of the t. Set v? = w; Uv'. Let b be an assignment of v¢ extending
a. According to (v), there is a unique k < I¥ such that ¢/ ob = 1. We call this
element k(b). The element ekE(b) determines r¢ to be a specific 0-1-sequence of V|
and we call this sequence s. Note that s? € N*. We can do this for all assignments
a of w;, and set v; = |Jvf.

We still have to construct f3;, w;y+1 and ri-’H. We pick in N* a P % P,-name N

for a countable elementary submodel of HYI¢*G»l(y) containing D;y; and all the
(finitely many) s?. Since N Nw; is an P % P,-name for an ordinal, there are only
finitely many possibilities modulo ¢[n, and we can choose 8; € N* Nw; larger than
every possibility for N Nws.

The terms t}, for oo < §; use only a finite set w’ of variables (of the form x,_1 ).
Set w;+1 = v; Uw'. Fix an assignment a of w;y1 and let b be the restriction to v;.
Fix the index set

I = {Oé < ﬂz : (3] < ’L)Oé S 1/5*7”,17]'}.
The finite set [ is in N*. Set
= (t*ob)|I.

This is a finite partial function in N* from I to {0,1}. We define the P % P,-name
ri 1 in N* by the following construction in N*[G % Gp]: (Let d be some fixed
element of D;1.)

e Assume that ' = N Nw; < fB;. (Otherwise set r{,, = d.)

e Assume that s is a Q,-condition. (Otherwise set rf,, = d.)

e In IV, extend s? to some Q,,-condition containing Z[(3'\ht(s?)). (As usual,
use [L7] inside N.)
Again in N, pick some condition r{,; in D;,; extending s’. In particular,
r;+1 has height less than ;.

This ends the construction. We can summarize all the possibilities of s¢(«a) into
the term gy, (depending on the variables in v;). This defines g(n).

It remains to be shown that g[n + 1 satisfies the induction hypothesis.

For (i)', first assume a < d*. Let D; be the set of conditions of length > «.
Let gn—1,a+m be determined by the finite set v of variables, and set v = v U v;.
Fix an assignment b of '. In particular b determines gn—1,a+m as well as ¢(n)[a,

b

since g(n) “extends” s; € D, (where I’ is the restriction of b to v;). Since gn

is compatible with the finite assignment b, we know that g(n) o bfa coheres with

10 por z € ]E’>|<Pm x&b is the truth value (in ro(]-:’*Pn)) of the following statement: x € G*Gn,
and b is compatible with no,...,nn—1, i.e., for every x; € w;, we have n; 5«1 = x5 0b. For
this notation we can use z = p|n, and also © = ¢|n, since we can canonically interpret g[n as
element of P x Pn.

HNMore formally, we should set

Ty =

0 {p(n) if p(n) € Qn

0 otherwise,

since p(n) is forced to be in @Qn by p|n, not by the empty condition.
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Gn—1,a+m © b above some kg. So we can set kg to be the maximum of all the kg for
all assignments b of v'.

Now assume o = 6* and m € w. Pick v € vs+ n—1,m \ Bm. Look at the term g, ~.
According to the construction,

Gnyob=s(7)ob=1t50b

for all assignments b, and therefore g(n) coheres with x,_1 .
Let us now show (iv). Let E € N* be a nice, maximal antichain of P * P, ;.
Let D be the P x P,-name for the following open dense subset of @Q,,

D={q<e(n): ecEenecGxG,}

We know that D appears as some D; in the list of dense sets in N*. Fixing an
assignment a of v;, we get s¢ in N* such that s¢ € D;[G * G,]. We set

A®={eln: e€ E,e(n) C 5%}

This is a nice P % P,-antichain and maximal under (¢n)&a. We can extend it to
a nice maximal antichain B®. By induction hypothesis, we can determine modulo
¢In the element b of B® chosen by G % G,, filter by finite case distinction. Then
b~ s¢ is the element of E chosen by G % Gpy1. Combining the finite case distinction
for the s¢ with the finite case distinctions for the according B gives the desired
result. O

Since R is a subset of P x P, it is also a partial order (and since it is dense, it
is forcing equivalent to P x P,,). We now show that we can interpret the order on
R in a different way, using substitutions of terms:

Definition 5.9. Let p € Rsy, and ¢ € Rs4,. We call ¢ term-stronger than
p, if either p = ¢ or if the following holds: ¢ < p (in particular ¢’ > §), and
Dn,a © ¢ =" qn,q for all @ < ¢ and for the substitution ¢ defined by ¢p m = @n,54m-

(Again, recall that we interpret terms as functions, so we use =* as defined
in2Z4])
Lemma 5.10. The condition q € R is term-stronger than p € R iff i(¢) < i(p).

Proof. Assume that ¢ is not term-stronger than p. If ¢ is not stronger than p in P,
then i(q) cannot be stronger than i(p). So assume ¢ < p. According to the definition
of term-stronger, q;,o =" pi,o © ¢ fails for some [, . These terms depend on finitely
many variables , ., and there is a partial assignment a of these variables such
that g1q © @ # pr.a © ¢ 0 a. According to Lemma [5(iii), we can force the generic
sequence to be compatible with ¢ and a. Then i(q) is in the generic filter, but i(p)
is not, contradicting i(q) < i(q). O

If ¢’ is a condition, then (g, ,,,)n.mew can be interpreted as substitution: For
p € Rsyw and ¢’ € Ry 4y, we can stack ¢’ on top of p — overlapping at [d, § +w[ —
to get a condition ¢ € Ry 4w stronger than p, cf. FigureBl(b). We write g = p 91 ¢’.
More precisely:

Definition 5.11. For p € Rs,, and ¢’ € Ry 4., we define the condition ¢ = p 9 ¢’
in Rsis/ 4+ as follows
e gl(6+1)=np.
e G(a) for @ > § + w is defined the following way:
Vnga,n,m = {6 + 6 : ﬁ € ng,n,m}’
jg-{-a,n,m = jgf,n,m’
fz?Jra,n,m,k = g,n,m,k'
® On,5+a = q';z,a'
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FIGURE 6. (a) If ¢ is stronger than pl and pe, then ¢ ,,, is constant
for all m. (The gray area indicates constant terms; the P parts are
not displayed.) (b) If py, p2 are compatible (i.e., weaker than some
q), they do not have to be comparable.

o If o < 6, then g0 = pn,a0¢ for the substitution ¢ defined by ¢y, =

.
Fact 5.12. (i) If p € Rsy, and ¢’ € Ry/ 4w, then p ¢’ is stronger than p.
(ii) If ¢ € Rsys+w is stronger than p € Rsy,, then we can “split” ¢ into
p € Rsiw and ¢’ € Rer1y, such that ¢ =p 9 ¢’.

Remarks 5.13. e Of course we generally cannot split a condition at every
level: If ¢ € Rsryy and &' < §”, then we generally do not get ¢ = p 9 ¢’
for some p € Rs/4q,-

e The Fact shows that for all ¢ € R there are only finitely many p > ¢, see
Figure [6f(a).

e Note that two compatible conditions generally are not comparable, see
Figure [6(b). (Otherwise, according to the previous item, R would be
isomorphic to a tree of height w and therefore collapse the continuum.)

e The situation is similar to ), defined in Section The conditions that
are stronger than some p € R are exactly those with another condition
¢ € R stacked on top.

6. SACKS REALS AS SQUARES OF TERMS AGAIN

We will now investigate the relation of R and Q.. Given a p € R, we can restrict
p to an w X w-matrix of terms:

Definition 6.1. For p € R, set (p) = (Pn,m)n.mew-
Note that

(6.1) o(p14q)=0o(p)oo(d).

So stacking ¢’ on top of p translates to applying o(¢’) (as substitution) to o(p).
Generally o(p) will not be element of Q,, and for a { € Q. there generally is

no p € R such that o(p) = ¢. The reason is that some obvious conditions on the

term-matrix are incomparable: In @Q)., we require

t;,; only depends on x , such that (n,m) < (3, j),
whereas every o(p) obviously satisfies
p;,; only depends on x,, ,,, such that n <.
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We will now define a dense subset R" C R such that ¢’ R’ C Q., and such that
R’ adds a Q.-generic object. This proves the first part of Theorem [, since Q, is
forcing equivalent to Sacks forcing and R’ is (as a dense subset) equivalent to R,
which in turn is dense in P x P,,. So P x P,, adds a Sacks real.

Lemma 6.2. (i) There is an 1> € Ry.wiw such that o(r®) € Q. and o(p 9
r2) € Q. for all p € R.
(ii) There is an r™¥ € R, 1., such that for all ¢ € Q. thereis anr € Ry.yw
with o(r™#) o ¢ = o(r).

We postpone the proof to the end of the section. We set
R ={p9r®:pc R}

This is a dense subset of R, since p 9 r® < p for all p. As a consequence of the
previous Lemma, we get:

o).

Corollary 6.3. (a) Ifl € R' and p <gr l, then o(p 11?)
t then there is an

(b) If p € R then there is an § < o(p) such that for all
q <pin R such that o(q) <. )
(¢) The forcing notion R’ adds a generic for Q.. So Px P,, adds a Sacks real.

<qQ
<s

Proof of the Corollary. (a) Assume that p =1 9¢". Then o(p 972) = (1) o o(¢
r2); and o(¢’ 9r?) is an element of Q. and therefore witnesses that o(p 9 72) is
stronger than o(1).

(b) Set 5 = o (p Tr™t 972) and let ¢ witnesses t < 3, i.e., ¢ € Q. and

t=50¢=0c(p) oo™ ) oc(r?®)o¢.
o(r®) o ¢ € Q., so by Lemma (i), there is an € R such that
o(r) = o(r™) oo (r®) 0 ¢, s0

alpr)=o(p)oo(r) =50¢="1.
Set ¢ =p 97 972, Then ¢ € R’ and ¢ < p. Furthermore,

o(q)=0c(par)oo(r®) =too(r®) <1.

(¢) Let G’ be R'-generic over V. We show that the following set is @Q.-generic filter
over V:

(6.2) G.={reQ.: (3qeG)o(q) <7}

First note that G, does not contain incompatible elements: Assume that 7 and 7
are in G,. Then there are l1,ls € G’ such that o(l;) < r;. Since G’ is a filter, there
is some p < ly,ls in G’. The set
{p" 2 p <p}

is dense below p, so there is some ¢ = p’ 97° in G’. According to (a), the ¢ satisfies
o(q) <o(lr),o(l2).

Now assume that D C @, is dense, and (towards a contradiction) that p forces
that G, does not meet D. Then pick 5 as in (b), pick { < 5 in D and pick ¢ again

asin (b). So ¢ forces that o(p) < tisin G, a contradiction. So we know that (G.2])
is generic. (I

It remains to prove Lemma All these facts are easy to see, but a bit
cumbersome to write down formally. So the reader might be better off draw-
ing a picture than reading the proof. Fix an injective function from w<% to w,
(a1,...,a;1) = "ay,...,a;", with coinfinite range.
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The construction of 2. All we need is a r® € Ry, satisfying the following:

(6.3) r& .. only depends on variables x; ; such that i + j < n.

n,m
Then, if we stack 7 on top of any p € Rsi,, the resulting ¢ = p 9 72 will
satisfy (G3) as well. Also, every element ¢ of R satisfies that each z; ; depends on
finitely many g, ,,, for n,m € w, according to Lemma [5.6]ii). Therefore o(p 1 72)
will satisfy all requirements for an element of @, which proves Lemma [62]1).
We now construct 2.

e When defining 7, only the v part is nontrivial; we set each Jonym t W — W
and fo n,mk : 2 = 2 to be the identity function for all o, n,m, k[

e We deal with one variable at a time. Assume that we deal with 2, m,-

o Set Vywngmo = {w-k+"no,mo "1 k> mg}.

For o € Vyy.w,ng,me» We set T’ﬁ)-‘,—l,a = Tng,mo-

e Ifn=ng+1forsomel >1,if m ="agp,a1,...,a; " with ag = ng, a1 = my,
and if k > mg — [, then set V.(k41),n,m = {w-k+"ao,...,a;,j7: j € w},
and for a € V. (k41),n,m» We set 7"$+1,a = Tny,mo-

e We repeat this for all z; ;. (Note that the vy . defined for different m
will be disjoint).

e So far, whenever we have defined some g, ,, to contain a, we also guar-
anteed that T$+1,a and rﬁ 5+m are the same variable.

e We now set all rﬁa that are undefined so far to be the constant term 0,
and define every vg , », that is undefined so far in a way such that every
member « of vg , ,, satisfies rﬁﬂﬁa = 0. (Here, we use that the coding
function has coinfinite range.)

It is easy to see that the object r® defines this way is element of R. Each rﬁa is

either an x,, m, or 0. If rﬁm = Tng,me, then n > mg + ng. Given n, rﬁm =0 for

infinitely many m.

mult

The construction of r . We will first show the following:

Lemma 6.4. If (pn,m)n,mew Satisfies

1. pn,m s a term depending only on x; ; with i <n,

2. (Vn) (3°m) pp,m =0,

3. (Vi,5) (3%n) (VM) (3mg, ... my > M)z, ; is determined bY Ppmes - - - » Prm »
then there is a q € Ry.w+w Such that o(q) = p.

Proof. The proof is very similar to the preceding construction. The reader might
just consult Figure Blc).

Assume we have such a sequence p. We have to define ¢ € R,,.,,+.,. We already
know that gy m = pn,m for n,m € w.

We more or less repeat the construction above, to get all ¢,, o and all vg ;, p, but
only for f > w + w, and we deal with v, later. Assume we are dealing with
Tng,mo- et

Lngmo = {n' > no+2: (YM) (3mg, ... mj > M) Ty m, is determined by prs s, - - - s Prs oy }-

According to assumption (3), I, m, is infinite.
For all & > w limit and all n,m,k we will set jo nm and fonm to be the
identity functions.
We set
Viwnomo = 10w+ "ng,mo "t i +mo+ 1€ Ly mgt-
(SO Vew,ng,mo N [0+ w, (i + 1) - w[ contains a singleton if ¢ + mo + 1 € Iy my»
and is empty otherwise.) We set ¢ny+1,0 = Tng,me 0 all & € Uy ng,me; and

12This corresponds to the simpler version of P in Section
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“propagate the x,, m, diagonally down”: If n = ng +{ for some [ > 1, if ¢ > 0 and
t+m+1 € Iy, m,, and if m ="ag, a1, ...,a; " such that ag = ng, a1 = myg, then set
V(it1)-wn,m = {’L cw+"ag,...,a;,7: 5 € w}.

We iterate this for all z,,, ,, and set all ¢, o that have not been defined in this
process to be the constant term 0. Also we set the vg , », for § > w that have not
been defined yet to contain only o > w such that ¢, +1, = 0. (Remember that the
coding had coinfinite range.)

So we have all ¢, and all vg 5 m, jg,n,m and fgnm.i for > w.

We still have to define vy, n.m, Ju,nm and funmk. For this, we use a simple
book-keeping: At stage i, there are only finitely many pairs (n,m) for which any
of these objects are already partially defined. For all of these (n,m), we also have:
Vy.m,m is defined up to height M,, ,, ju n,m is defined up to some h, ,, such that
Jomm(hnm —1) = My m — 1 fu nmi is defined for exactly the k < hy . Let M
be the maximum of all Mnﬁm for a given stage.

The book-keeping gives us an (ng, mo) and an (n, m) such that ¢, w+m = Tng,me-
By our construction, we know that z,, ,,, can be determined by finitely many and

arbitrary large ¢p+1,m/. Fixmg, ..., mj_, bigger than M such that In+1,mps -+ dnt1,m)_,

determines &y m,. Extend v, ,, m/ to contain exactly {my, ..., m;}, continue jo, 5 m/
by setting juw,n,m’ (An,m) = Mp,m+1—1 and define fo, n.m’ n, . so that it calculates
Tng.mo -

At the end, again set the v, , , that have not been defined in this process to
contain only m’ such that g,41,,» = 0. To be able to do this, we use at height w
assumption (2). O

mult

We can now define r We can take any condition in R satisfying

o % only depends on z;,; with i+ j < n.

° Every x;,; with i 4+ j < n, as well as the constant 0 term, occurs infinitely
often in {r™* : m € w}.

If we set p = r™t o ¢ for some ¢ € Q,, we get:

® py.m only depends on x; ; with i 4+ j < n. (Due to (Z8).) So we satisfy
(1).

e For all n, infinitely many p,, ,, are 0. So we satisfy (2).

o z; ; is determined by (¢y, r, )icr. Fix any n bigger than max(l;+k; : i € I).
Then z; ; is determined by finitely many p,, », (where we can pick the m’s
arbitrarily large). So we satisfy (3).

So Tmult

desired.

o ¢ satisfies all assumptions of the previous Lemma, and we get a g as

7. THE QUOTIENT FORCING.

It might look tempting to assume ¢ to construct the coding sequences 7, j, f
instead of using the preparatory forcing. (We just have to “guess” correctly suf-
ficiently often for the proofs to work.) However, this is not possible: Otherwise,
Sacks forcing would be equivalent to P, (since P, adds a Sacks real s which in
turn determines the P,-generic filter G,). But Sacks reals are minimal, and the
Qo generic g € 2! is not in the ground model V. Therefore V[s] = Vo], a
contradiction to the fact that V[ng] does not add new reals.

In particular, if we look at P, in V[G], then P,, does not add a Sacks real (over
VIG)]), Jjust a Sacks real over V.

So P % P, adds a Sacks real s but is not equivalent to Sacks forcing, and s does

not determine the P- generic object G. However, every new w-sequence is already
added by s:
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Lemma 7.1. If G x G, is P * P, -generic over V, and if r € V[é x Gy is an
w-sequence of ordinals, then r € V[s]. Here we set s = (7n(m))n,mew, the Sacks
real over V.

Proof. If § € G has height 8, then s together with ¢ determines G, up to height ¢
for all n (just as in Lemma [9). So if N < H(x) and ¢ € G has height N N wy,

then s together with ¢ determines whether r» € G x G, for any r € RN N.
Assume towards a contradiction that p € R forces that f is an w-sequence
of ordinals not added by s. Choose an N < H(x) containing p, f, and an N-
generic ¢ < p. Each f(n) is decided by some maximal antichain A€ N. But for
each a € AN N, s together with ¢ determines whether a is in G. In particular,
fIG) € Vs]. O

This proves the second part of Theorem[T} Since R forces that there is some Sacks
real over V and since Sacks forcing is homogeneous, R can be factored as Sacks
composed with some P’. Since the Sacks real already adds all new w-sequences, P’
is NNR.
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