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Abstract

We developed a three-dimensional finite element model
of the electrical activity of the whole heart embedded in the
torso that is proposed as an useful tool to simulate ECG
signals both in healthy and pathological conditions. The
electrical activity of the cardiac tissue is reproduced with
the well-known bidomain model. The ionic current dynam-
ics is represented with a modified version of the FitzHugh-
Nagumo model. The model generates a controlled sponta-
neous activation in the sinoatrial node. The model repro-
duce realistic electrocardiographic signals both in healthy
and pathological conditions (e.g. ischemia).

1. Introduction

Mathematical modelling of electrical activity of the
heart is a growing field in modern cardiac research. Mod-
els of the electrical activity of the heart are important tools
for understanding cardiac functions and diseases. In addi-
tion, they can be employed for the simulation and design
of stimulating devices such as pacemakers and defibrilla-
tors. Several works have focused on the development of
mathematical models of the heart, e.g. [1–4]. Most of the
existing models are too complex, include only atria or ven-
tricles or avoid modelling the tissues surrounding the heart.

In this work, we present the development of a whole
heart-torso model aimed at electrocardiogram (ECG) sim-
ulation in healthy and pathological conditions. Our model
of the electrical activity of the heart is based on the bido-
main theory coupled with modified FitzHugh-Nagumo
(FHN) phenomenological model for the computation of
the action potentials (APs) in the different heart regions.
Compared to our previous work [5], we introduced the het-
erogeneous characteristics of the ventricular APs. In par-
ticular, we added the ventricular midcardium by modeling
APs differently than in the epicardial and endocardial re-
gions. Furthermore, we added the description of transient
outward current and improved the quality of the simulated
APs through the introduction of a new shape parameter.

Our model is able to generate realistic healthy and patho-
logical ECGs. The addition of the ventricular midcardium
and the new characteristics of the cell model have im-
proved the quality of the generated ECG which presented a
more realistic T-wave. Indeed, unrealistic T-wave was the
main flaw of our previous work reported in [5].

As example of pathological condition, we simulated an-
terior subepicardial ischemia. To reproduce the ischemic
AP we simply adjust some model parameters.

2. Methods

We developed a 3D model describing the electrical ac-
tivity of the heart composed by different regions defin-
ing torso, lungs, myocardium and cardiac chambers (Fig.
1). We implemented the model in finite elements (FE)
through Comsol Multiphysics (version 5.4, COMSOL AB,
Stockhlom, Sweden). As described in Fig. 2, we di-
vided the myocardium in different sub-domains describing
the sinoatrial node, atria, atrioventricular node, His bun-
dle, bundle branches, endocardium, midcardium and epi-
cardium.

Our model is based on the bidomain theory in which
the heart is represented as the coupling of the intracellular

Figure 1. Model geometry observed in the frontal plane.
The labelled points represent the probes used to simulate
ECG. The measurement unit is meter
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and extracellular continuous domains. According to the
bidomain theory, intracellular (φi) and extracellular (φo)
potentials are defined in each point of the heart volume
and are coupled by the cell membrane through the mem-
brane current. The membrane potential VM is defined as
the difference between φi and φo. As described in [5], by
applying the bidomain theory we obtain:

ξ
∂φi
∂t
− ξ ∂φo

∂t
−∇ · (ξki∇φi) = −ξIion (1)

ξ
∂φo
∂t
− ξ ∂φi

∂t
−∇ · (ξko∇φo) = ξIion (2)

where ki = σi

CM
, ko = σo

CM
and Iion is the ionic current

per unit of membrane capacitance (CM ). The ξ parameter
regulates the density of myocytes inside specific regions of
the myocardium and can be modified to regulate the am-
plitude of the single waves of the ECG.

For the definition of Iion we adopted the FHN phe-
nomenological model [6]. With respect to our previous
work we added the transient outward current in the defini-
tion of Iion for the ventricular regions (i.e. the His bundle,
the bundle branches and the myocardial wall), by means of
a new variable w:

Iion =kgc1(VM −B)

(
a− VM −B

A

)(
1− VM −B

A

)
+ kgc2u (VM −B) + kgc3w (VM −B) (1− du)

(3)

w is defined by the following equation:

∂w

∂t
=


kew+

(
VM −B

A
− dww

)
if

∂w

∂t
≥ 0 or

VM ≤ B + 5mV

−kew−w otherwise

(4)
The parameter dw regulates the strength of the outward
transient current, while ew+ and ew− regulate the raise and
decay time of the variable w and consequently of the tran-
sient outward current. We set dw equal to 1.2 in the epi-
cardium, 1.3 in the midcardium and 1.4 in the other ven-
tricular regions. ew+ and ew− were set to 0.5 and 0.03
respectively in all the ventricular regions. We also intro-
duced the new parameter g which affects the shape of the
AP and is defined piecewise:

g =

{
g1 if ∂VM

∂t < 0.1 and dww < 0.5

g2 otherwise
(5)

Also c3 is defined piecewise to avoid that the transient out-
ward current affects the phase 1 (i.e., the raise) of the AP:

c3 =

{
c+3 if ∂VM

∂t ≥ 0 and ∂w
∂t ≥ 0

c−3 otherwise
(6)

Figure 2. Heart subdomains.SAN:sinoatrial node,
AVN:atrioventricular node, HIS:His bundle, BNL:bundle
branches, ENDO:endocardium, MID:midcardium,
EPI:epicardium

We set g1 = 0.5, g2 = 1, c+3 = 0.1 and c−3 = 0.5 All
the other parameters and the refractoriness variable u were
already defined in [5]. In the supraventricular region we
maintained the Rogers-McCulloch formulation (i.e. g = 1
andw = 0) [7]. In the sinoatrial node the ionic current was
calculated through the classical rescaled FHN equation.

Ischemic AP is characterized by an increased resting po-
tential and reduced action potential duration (APD) and
upstroke [8–11]. Hence, we set B = −65mV , A =
70mV and e = 0.008 to reproduce this pathological con-
dition. Furthermore, conduction velocity is also reduced,
therefore we set the conductivity to 0.003 in the ischemic
region. As example, we simulated anterior subepicardial
ischemia.

The torso, the lungs and the cardiac chambers are con-
sidered passive conductors, so the governing equation is:

∇ · (−σ∇V ) = 0 (7)

where σ is the tissue conductivity and V is the potential in
the passive volume conductors.The values of conductivity
in the different tissues are the same used in [5]. All the
external edges of the torso are considered electrically in-
sulated. Instead, in all the edges connecting the heart and
the passive conductors we assumed the continuity between
the extracellular space and the passive conductors, while
the intracellular space is considered electrically insulated
from the external tissues. We placed nine probes on the
torso surface (Fig. 1) to simulate the 12 standard ECG
leads. In addition, we computed the heart vector defined
by the resultant heart dipole moment and its location. In
particular, the heart vector is obtained by minimizing the
difference between the second order moments of the equiv-
alent source (i.e., the heart dipole) and the real source (i.e.,
the dipole density distribution along the whole heart vol-
ume), as shown in [5].
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Figure 3. Membrane potential maps (mV) and heart dipole in the principal steps of a cardiac cycle. First column:
Spontaneous activation in the SAN. Second column: Atrial depolarization. Third column:Ventricular depolarization and
atrial repolarization. Fourth column: Ventricular repolarization
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Figure 4. Healthy simulation. Top: Action potentials in
the epicardium, midcardium and endocardium. Bottom:
Second Eithoven lead

3. Results

Fig. 3 shows the membrane potential maps in the princi-
pal steps of a cardiac cycle spontaneously activated by the
sinoatrial node. It also shows the equivalent dipole mo-
ment of the heart centered in its equivalent position. Note
that the heart dipole has the same direction during depo-
larization and repolarization of the ventricles, resulting in
same polarity of the QRS complex and T-wave. This is
possible thanks to the heterogeneity of the AP in the three
regions composing the ventricles, i.e. the epicardium, the
midcardium and the endocardium (Fig. 4). In particular,
the APD in the epicardial cells is lower than in the mid-

cardium and endocardium. Even if the midcardium has
been proved to contains M-cells with larger APD [12], we
assumed that, on average, the endocardial AP is longer due
to electrotonic coupling between adjacent cells. In fact, the
endocardium is activated by the Purkinje fibers, which are
characterized by very long APs, while the midcardial cells
(i.e. the cells composing the midcardium together with the
M-cells) have relatively short AP [13]. Our model can also
reproduce heterogeneous AP notch, thanks to the introduc-
tion of the transient outward current. Indeed, the notch of
the simulated AP is more prominent in the epicardial cells,
as well known in cardiac electrophysiology [14]. The in-
troduction of the new parameter g also provides a better
fit of the repolarization phase of the cardiac AP. As conse-
quence, the simulated T-wave is smoother and more real-
istic with respect to our previous results. Fig. 6 shows the
membrane potentials obtained in the epicardium in healthy
and ischemic regions during simulation of subepicardial
ischemia. In this condition, the heart dipoles are oriented
inward of the ischemic region during the ST segment (Fig.
5). Indeed, the anterior ischemia is associated with ST el-
evation in the precordial leads (Fig. 6). This result is co-
herent with the diagnostic tools currently used in clinical
practice [15].

4. Conclusion

We developed a finite element three-dimensional model
of the electrical activity of the heart. Our model includes
spontaneous activation in the sinoatrial node and is pro-
posed as a tool to simulate ECG under both healthy and
pathological conditions. Indeed, the model reproduces the
main changes induced by ischemia on the ECG signals and
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Figure 5. Potential map and heart dipole in presence of
subepicardial ischemia during the ST interval
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Figure 6. Ischemic simulation. Top: Action potentials in
the ischemic region, midcardium and endocardium. Bot-
tom: Second precordial lead

we believe it can be used to simulate also different condi-
tions. Moreover, with the modifications introduced in this
paper we add the description of transient outward current
in our model and improve the quality of the ECG signal.
In particular, the T-wave is more smoother and realistic. In
addition, the developed model could be useful for educa-
tional and research purposes regarding the study of cardiac
bioelectrical phenomena and their modifications induced
by pathological conditions. A possible improvement of
our model could be the use of anatomically realistic and
patient-specific geometry with increased space resolution,
including also anisotropic fiber conductivity.
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