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A SECOND ORDER LOGIC OF EXISTENCE!

NINO B. COCCHIARELLA

A. N. Prior in [9] has suggested an approach towards a second order logic of
existence where, following medieval logicians, we distinguish “between predicates
(like ‘is red’, ‘is hard’, etc.) which entail existence, and predicates (like ‘is thought
to be red’, ‘is thought of”, etc.) which do not.”? Let us refer to attributes (including
relational attributes) which are designated by the former kind of predicate as
existence attributes, or for brevity, e-attributes. It is suggested then that x exists’
be defined as ‘there is some e-attribute which x possesses’. In what follows, this
approach regarding the concept of existence is formalized semantically as well as
syntactically, and a completeness theorem is established corresponding to the
completeness (in a secondary sense, i.e., as including normal, nonstandard models)
of standard second order logic (as formulated, for example, in Church [1]).

In [2] (cf. the abstracts [3] and [4]), the present author formalized a complete
first order logic (with identity) of actual and possible objects which was there used
in the formulation of a complete first order tense logic.® The observation, which will
be proved here, was made by Prior that in a second order logic with e-attributes
quantification over actual objects can be appropriately defined so that every
theorem of the first order logic of actual and possible objects becomes a theorem of
second order logic with e-attributes. In effect, the definition (where ¢ is a formula,
« is an individual variable, and = is a 1-place predicate variable) is

e e

N\ ed =4 A o\ 7n(e) = ¢]
or, in idiomatic English, ‘every actual individual satisfies ¢’ is construed as mean-
ing ‘every possible individual which possesses some e-attribute satisfies ¢°.°

Received April 5, 1968.

11 am indebted to the referee for helpful suggestions in revisions of an earlier draft of this
paper. For a more philosophical discussion of the present system, especially of the substitu-
tion free form of its axiom set, cf. [7].

2 p. 161.

3 In [5], completeness theorems in modal logic were also established utilizing this first order
logic of actual and possible objects. In addition, completeness theorems for a logic of actual
objects and a tense logic with quantification only over actual objects were also established, as
well as subsequently a completeness theorem for a tense logic with quantification only over past
and present objects.

4 op. cit., p. 162.

5 Jt might be remarked, however, that the present formulation of second order logic with
e-attributes is not exactly in the form which Prior has in mind. In [9, p. 161f], Prior distinguishes
quantification over e-attributes from quantification over attributes in general by means of
different types of predicate variable. In the present version we do not make a distinction between

e
types of predicate variables but rather introduce as primitive a new quantifier A for quanti-
fication over e-attributes (when followed by a predicate variable and for quantification over ex-
isting or actual objects when followed by an individual variable).
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§1. Terminology. As primitive logical constants, we take -, the conditional

sign; A\, the universal quantifier; and /e\, the (restricted or) e-universal quantifier.
Terms, formulas and other syntactical expressions are understood in the usual
manner (cf. [6]), and for convenience we shall use ‘¢°, ‘4°, “x’ to refer to formulas,
‘a’, ‘B’, ‘y’ to refer to individual variables, ‘w’, ‘p’, ‘¢’, ‘7’ to refer to predicate
expressions, ‘{’, ‘n’, ¢ £’ to refer to terms, and ‘p’, ‘v’ to refer to both individual and
predicate variables. Regarding proper substitution of formulas for predicate

variables, we adopt the definition given in Church {1, p. 192f]. However, we shall

utilize the notation.
¢|:7T(°‘0: ‘ ¢ » an—l)]

in place of Church’s notation
[}

S‘"’(‘”o, : l/’ ’ an—1)¢

§2. The semantics of second order logic with c-attributes. In describing the
model-theoretic semantics of a logic in which we wish to distinguish actual objects
from possibilia in general, it is appropriate that a distinction be made between the
universe of actual (existing) objects of a given model and the (usually) wider domain
of discourse or set of possibilia of that model. In [2] and [3], such a notion of a
model for the first order logic of actual and possible objects there constructed was
characterized and in a way so as to preserve the essential content of Tarski’s well-
known procedures in this area. We retain that notion here and, of course, develop
or expand upon it for purposes of second order logic with e-attributes. Accordingly,
where L is a language, we say that 9 is a model suited to L, or for brevity, is an
L-model, if and only if there are sets 4, B, R such that A = (4, B,R), A< B
(i.e., the universe of actual objects of U is included in the domain of discourse or
set of possibilia of ), B # 0 (i.e., A is not devoid of possibilia though it may have
no actual objects), R is a function with L as its domain, and for all n, =, 8, (i) if
n € w and = is an n-place predicate constant in L, then R(z) € B* and (ii) if n€ w
and § is an n-place operation constant in L, then R(8) € BE"." We say that % is a
model if U is an L-model for some language L. By the universe of (actual objects of)
a model %, in symbols %y, the set of possibilia relative to ¥, in symbols £y, and the
language of U, in symbols Ly, we understand the sets A4, B and the domain of R,
respectively, where % = {4, B, R}>. If 0 € Ly, we set 0y = R(6).

Following Henkin in [8], we say, where L is a language, that B is a secondary

¢ Church’s definition must of course be amended to recognize that occurrences of predicate

e
and individual variables may be bound by cither of our two quantifiers, A, A.

7 As usual, we take » to be the set of natural numbers and read ‘7€ »” as *nis a natural
number’. In addition, where X and Y are sets, X¥ is understood to be the set of functions with
Y as domain and with ranges included in X. We understand each natural number to be the set
of natural numbers less than it and understand an n-termed sequence or an n-tuple, where n € w,
to be a function with » as its domain. Consequently, where n € w, B™ is the set of all n-termed
sequences whose constituents are in B.
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L-model if and only if there are an L-model % and an w-indexed family <F,>ncq
such that B = <U, {F, .0y and for each ne w, F, is a subset of the set of all
subsets of #§ (i.e., every member of F,, is a subset of Zy). We understand B to be
a secondary model, or for brevity a 2-model, if 8B is a secondary L-model for some
language L. Where B = <¥, (F)newy and B is a 2-model, we set %y = Uy,
Py = Pyand Ly = Ly,

We say that q is an assignment in a 2-model <%, <F,>nc.> if a is a function whose
domain is the set of variables (both individual and predicate) and which is such that
(1) for each individual variable «, a(e) € 2, and (2) for each n € w and for each »-
place predicate variable =, a(m) € F,. If a is such an assignment of values to vari-

ables, we understand a(': ): where p is a predicate or individual variable, to be that

assignment (of values to variables) which is identical to a in all respects except (at
most) in its assigning x to u.

The notion of the value of a term { or of a predicate expression « of a language L
with respect to a secondary L-model % and an assignment a in %, in symbols
Val({, ¥, a) or Val(m, ¥, a), is characterized recursively as follows: (1) if x is an
individual or a predicate variable, then Val(u, %, a) = a(u), (2) if = is a predicate
constant jn L, then Val(w, %, a) = my, and (3) if #n € w, & is an n-place operation
constant in L, and {o,- - -, {,_; are terms of L, then Val(8({y, - -, {n-1), U, @) =
au(val(zo, QI’ a)’ R Val(ln—lv QI: a))’

Where % is a 2-model and a is an assignment in 2, we characterize the notion of
satisfaction of an arbitrary formula of Ly (by a in %) by the following recursive
clauses: (1) if # € w, 7 is an n-place predicate expression of Ly, and g, - - -, {,_; are
terms of Ly, then a satisfies #({, - - -, {,-,) in % if and only if (Val((,, ¥, a),- - -,
Val({,-1, ¥, a)) € Val(m, U, a); (2) if ¢, 4 are formulas of L, then a satisfies (¢ — )
in ¥ if and only if either a does not satisfy ¢ in % or a satisfies 6 in A; 3) if p is a
formula of Ly and « is an individual variable, then a satisfies A a¢ in ¥ if and only

if for all x € #,, a(;) satisfies ¢ in % ; (4) if ¢ is a formula of Ly and « is an individual

variable, then a satisfies ;\a¢ in 2 if and only if for all x € %, a(;) satisfies ¢ in
A; (5) if ¢ is a formula of Ly, n € w, and = is an n-place predicate variable, then a
satisfies Aw¢ in % if and only if for all Fe F,, a(;) satisfies ¢ in %; and (6) if ¢ is
a formula of Ly, n€ w, and = is an n-place predicate variable, then a satisfies
/e\mﬁ in U if and only if for all FeF,, if F < %3, then a( ) satisfies ¢ in 2. If

ke
F
A is a 2-model, then a formula of Ly is said to be true in U if it is satisfied by every
assignment in 9.

In regard to the notion of secondary validity (logical truth) a certain rather natural
restriction must be imposed on 2-models to obtain what we, following Church,
shall call the normal 2-models, a restriction which in effect stipulates that in order
for a 2-model (¥, (Frdrewy to be relevant or normal, each F,, for n € w, must be
closed in a rather obvious way. What is desired is that we restrict our considera-
tions to those 2-models <¥, {F,>.c.> Which are such that whenever a condition can



60 NINO B. COCCHIARELLA

be specified by means of a formula ¢ of Ly with, say, n distinct free individual
variables, then there exists in F, an (n-place) attribute F (i.e., a set F & 2) such
that all and only those n-tuples of (possible) individuals of % possess (belong to) F
that satisfy the condition ¢. This rather obviously desired restriction can be cap-
tured as follows. We shall say that a 2-model 8B is rormal if and only if for each
formula ¢ of Lg, the formula \/mAag - - - Aen—am(e, - - -, ¢5-1) <> ¢]is true in B,
where n € w, 7 is an n-place predicate variable which does not occur free in ¢, and
@, - - - , &, are all the distinct individual variables occurring free in ¢.8

Accordingly, ¢ is said to be secondarily valid, or for brevity, 2-valid, if and only
if there is a language L such that ¢ is a formula of L and ¢ is true in every normal
secondary L-model.

§3. A substitution free axiom set for second order logic with e-attributes. In what
follows we present a complete (with respect to 2-validity) formulation of second
order logic with e-attributes by means of an axiom set whose characterization does
not require the notion of proper substitution of either a term for an individual
variable or of a formula for a predicate variable.

DrrmniTION. A formula 6 is a (second order) logical axiom if and only if there
are natural numbers n, k, individual variables «, 8o, * -+, Ba~1, Y0» * * * s Y ~1, Predi-
cate variables =, p, o, 7, a predicate or individual variable p, terms {, , and formulas
¢, i, x such that 8 is a generalization of one of the following formulas:

(A1) ¢ > —>¢)

A) [¢> == (¢ > (¢ —>X]

(A3) (~¢—> ~) > (> ¢)

(A2) A (3 — ) > (A ud = A i)

(AS) ¢ — A ué, where p does not occur free in ¢,

(A6) V7w A\ Bo A Bu-alm(Bos -+, Ba-1) & ¢,
where Bo,---, B._1 are all the distinct
individual variables that occur free in ¢
and = is an n-place predicate variable
which does not occur free in ¢,

(AD V a A plp(e) = p(D)], where « is an individual variable which
does not occur in ¢,

(A8) A plo(D) = p()] — (6 — ), where ¢, ¢ are atomic formulas, and ¢ is
obtained from ¢ by replacing an occur-
rence of { with an occurrence of 7,

® This characterization of normal 2-models differs somewhat from that given by Church in
(1, p. 308], as well as his equivalent alternative formulation on p. 316. (Church’s latter formula-
tion in effect would not require that «q, - -, @, be all the distinct individual variables with
free occurrences in ¢, but only that «y, - - -, a,_; be distinct individual variables whether they
occur in ¢ or not.) Nevertheless, it can easily be shown to be equivalent to either of Church’s
characterizations (with the understanding that we have a wider notion of formulahood involved),
and it has the virtue of being somewhat more obvious or perspicacious for obtaining the closure
conditions desired, especially in the light of the notion of definability. (This equivalence for

e
standard formulas, i.e., those in which A does not occur, follows directly from Theorem 1
below and the main result established in [6].)



A SECOND ORDER LOGIC OF EXISTENCE 61

(A9) A o —> )~ (A ob— A of),
(A10) /\ o —>/\ ad,
(All) /\ ™ \e/ T/\ Yo * '/\ 7k—1[7(76’ Tty 'yk—l)“‘)”(lgoa et ’B”-l) A 95],

where = is an n-place predicate variable
which does not occur free in ¢, 7 is a
k-place predicate variable distinct from =
and which does not occur free in ¢,
Bos * + + » Bn-1 are all the distinct individual
variables which occur free in ¢, and
Yo, **» Yx—1 are pairwise distinct indivi-
dual variables such that {yg, - - -, yx—1} S

{/30’ Y ﬁn—l}a
(AIZ) \e/ 7’/\ BO vt /\ ﬁn—1["(ﬁo, ] Bn—-l)(_) \/ TT(ﬁO: e 9ﬁn—1)]9

where B, -, B,-1 are pairwise distinct
individual variables,

A1) ABo - ABa-18ABo - ABaalV 71(Bos - » Bar) ~ 1.

We shall have only one inference rule in the present system, viz., modus ponens.
Derivation of a formula ¢ from a set I" of formulas is understood in the usual way,
and we say I yields ¢, in symbols I' F ¢, if ¢ is derivable from I. If " is empty, we
write ‘+¢’ for ‘I' I ¢° and say that ¢ is a theorem (of second order logic with
e-attributes) if k.

In [6], it was shown that (A1)-(A8) characterize a complete (with respect to
2-validity) axiom set for standard second order logic. A completeness theorem
(with respect to 2-validity) for the extension of the notion of standard formula to

that of formula (as defined here, i.e., as allowing occurrences of /e\) of course
requires axioms in addition to (A1)-(AS). .

THEOREM 1. If ¢ is a theorem of second order logic with e-attributes, then ¢ is
secondarily valid.

Proor. It is clear from the definition of satisfaction (and hence of truth) that
every logical axiom of any of the forms (A1)-(AS5), (A7)-(Al0) is true in any
secondary model (in the language of which it is formulable) and that modus ponens
preserves truth in every model. Moreover, that every axiom of the form (A6) is
2-valid is an immediate consequence of the definition of 2-validity. It remains only
to consider axioms of the forms (A11)-(A13); but as the proofs of 2-validity are
straightforward we will only detail the proof of (A12).

Suppose that i is an instance of (A12) formulable in a normal 2-model B =

(U, Fdnead. Then i =\/mABo - ABu-rlm(Bor- - *Bacn) >NV 77(Bose - -5 Bas )]

Assume now that a is an assignment in 8. Then, since B is normal, a satisfies

V"/\Igo T /\Bn—1["7'(/30, Y lgn—1) Aad \e/’”'(ﬁo, Tt Bn—l)] in B, this formula

being an instance of (A6). Accordingly, there is an FeF, such that for all
7By« Ba-z

X0y ** "y Xn—-1 Gg;{” <xo,' "’xn—1>EF lf and Only if a(Fxo « e xn—l

) satisfies
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\/7(Bo, - - - Ba-1) in B, ie., if and only if there is a G € F, such that G < 2
and {xq,** -, X,-1) € G; from which it follows that any n-tuple in F is an n-tuple
in some subset of %%, and therefore that F < %3. Consequently, a satisfies

VaABo -+« ABa-sln(Bos - - s Ba-1) = V77(Bo, -, Ba-1)] in B. We conclude
then that every instance of (A12) is 2-valid.

§4. Some theorems of second order logic with e-attributes. In order to prove that
our present axiomatic formulation is complete (with respect to 2-validity), we need
to establish some useful lemmas, the most important of which are the specification
principles regarding each kind of quantification. Where proofs are not given it is
understood that they proceed exactly as in the analogous standard situation. We
avoid writing obvious lemmas such as the deduction theorem. We utilize our
convention of having specific groups of Greek letters for the different kinds of
expression in what follows by not bothering to specify in each case the kind of
expression involved.

We presuppose the notion of a tautology or tautologous formula without going
into the definition here. Because of (A1)-(A3) and the completeness of sentential
logic, we have the following lemma.

LeMMA 1. If ¢ is a tautologous formula, then t¢.

LemMMA 2. IfTtéand Tt (d— o), thenT' F i

LEMMA 3. If 't ¢ and p is a predicate or individual variable which does not occur
free in any member of T, then I' F A ué.

LemMa 4. IfT+ ¢[z] and [ does not occur in any member of T, then I } A\ ag.

LemMA 5. IfTF ¢[:] and p does not occur in any member of T, then I' b A\n¢.
LemMMA 6. IfT F ¢ and p is a predicate or individual variable which does not occur

Jree in any member of T', then T" /e\p.qS.
Proor. Lemma 6 follows directly from (A10), (A13) and Lemmas 2 and 3.
(Q.EE.D.)

LeMMA 7. If p is a predicate or individual variable which does not occur free in ¢,

then +¢ —> Aus.
Proor. Lemma 7 follows trivially from (AS), (A10), (A13) and Lemmas 1, 2
and 3. (Q.E.D.)

LEMMA 8. FAad — ;\a¢.
ProOF. Lemma 8 is an immediate consequence of (A13) and Lemmas 1 and 2.

(Q.EE.D.) .

LeMMA 9. FAa(d — ) —> (Aah —> (A esh).

Proor. Lemma 9 follows directly from (A2), (A4), (A13) and Lemmas 1, 2
and 3. (Q.E.D.)

We note that Lemmas 8 and 9 are two of the axioms of the first order logic of
actual and possible objects formulated in [2] and [3]. The proofs for Lemmas 10,
11, and 12 are similar to the proofs of their analogues in the system of [6].
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LEMMA 10. If ¢ is obtained from ¢ by replacing a free occurrence of { by a free
occurrence of ), then F A= [7({) = m(n)] = (¢ — ¥) and F A= [2({) = =(n)] > (f — $).
For convenience let us use = for the sign of identity, definable (in the metalan-
guage) as follows:

{=9=q« /\"[‘”’(C) — 7(n)]

(where = is, say, the first 1-place predicate variable). Lemma 10, of course, establishes
the general form of Leibniz’ law as a theorem, i.e., F{ = n — (¢ — ¢), where ¢ is
obtained from ¢ by replacing a free occurrence of { by a free occurrence of 7.

LemMa 11.  If o does not occur in { and i is obtained from ¢ by proper substitution
of { for o, then F\ap — .

Lemma 12, to follow, is our general specification principle for possibilia.

LemMA 12. If ¢ is obtained from ¢ by proper substitution of { for o, then
FA e — .

Lemma 13, to follow, is one variant of our specification principle for actual
objects.

LemMA 13. If ¢ is obtained from ¢ by proper substitution of { for «, then

Frm(2) = (Aod — ).

PrOOF. Assume the hypothesis. Then,

FA oV 7n(@) > ¢] - (V 7)) > ) by Lemma 12,

F /e\ ad — (\e/ #m (L) — ) by (A13) and Lemmas 1 and 2, and
therefore
P am(l) = (A «b — ) by Lemmas 1 and 2. (Q.E.D.)

The formula </mr(() asserts (with respect to a 2-model B) that the referent of
{ (in B) possesses some e-attribute, and therefore that the referent of { (in 8B) is an
actual object (of B), i.e., that the referent of { exists (as an actual object of B).
Defining the predicate E! for existence is of course straightforward:

Ele) =4 V m(e).
In the first order logic (with identity) of actual and possible objects of [2] and
{3], assertion of the existence of the referent of { (in a model %) was captured by

means of the formula \/«e = ¢, which in the higher order context is understood to

be an abbreviation of \e/a A\7lmr(e) = m({)]. Accordingly, an alternative definition
of E! is

ENe) = ot VB A[n(B) = n()].

The following two lemmas, of which the proofs are straightforward, establish the
equivalence of these two alternative definitions of existence.

Lemma 14.  If«, B are distinct individual variables, then l-\e/ﬁ N#ln(B) > m()) >
(@),

LemMa 15. If o, B are distinct individual variables, then l‘\e/mr(a) - \7,3 A
w[m(B) > m(x)].
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LeMMA 16. If 4 is obtained from ¢ by proper substitution of { for « and B does not

occur in L, then I-\e/ﬁ NAr[z(B) = w()] —( /e\agé — ).

ProoF. Lemma 16 follows directly from Lemmas 13, 14, 3 and 12. (Q.E.D.)

LemMma 17. If ' is obtained from s by replacing an occurrence of ¢ by an occur-
rence of ¢', b¢ — ¢’ and t¢’ — §, then bp — ' and by — 3.

ProoF. By a simple inductive argument using Lemmas 1-3, 6, 7, (A4)-(A5) and
(A13). (Q.E.D.)

Levva 18, FAe VB Arln(8) - m(@)].

PROOF.

FA BIA 7(n(B) = (@) = A 7 ~ #(B)] = [A (@) > n(@)) = A 7 ~ ()]
by Lemma 12,

FA BIA 7B > 7(@)) > A 7 ~ 7(B)] > A 7 ~ 7(a)
by Lemmas 1, 2 and 3,

e e
FA B ~ A (@) = #(@)] > A 7 ~ 7(a)
by (A13) and Lemmas 17, 1 and 2, and
therefore

I-/c\ @ \7 B N wl#(B) — m(e)] by Lemmas 3, 1, 2 and (A13). (Q.E.D.)

Lemma 18 establishes that l-/e\a \e/,Ba = B. This formula (as a first order formula)
was taken as an axiom in the first order logic (with identity) of actual and possible
objects formulated in [2] and [3]. Accordingly, as modus ponens is the only inference
rule of that first order system and as each of its axioms is either an axiom or
derivable (by Lemmas 8, 9 and 18) as a theorem of the present system, then every
(second order analogue of a) theorem of the first order logic (with identity) of
actual and possible objects is a theorem of second order logic with e-attributes.

For the statement of the lemmas to follow we not only retain our convention
of using specific groups of Greek letters for the different kinds of expressions but
assume in addition that » is a natural number, = is an n-place predicate variable,
and o, - - -, @, are pairwise distinct individual variables.

We remark that Lemmas 19 and 20 are the analogues of Lemmas 10 and 11.
The analogue of Lemma 12, viz., the general specification principle for attributes,
is provable in the present system but as it is not needed to establish our complete-
ness theorem we avoid giving its proof here. Lemma 21 is a restricted analogue of
Lemma. 13. A more general version of the spec1ﬁcat10n principle for e-attributes is
provable, but, again, as it is not needed here we avoid giving its proof. The proofs
for Lemmas 19 and 20 are similar to the proofs of their analogues in the system of

(61.

LemMMA 19. If «, - -+, o, are all the individual variables that have free occur-

rences in b, then FN\og - - - Nty 1[m(e, - ‘,“n-l)H¢]—>(¢—>¢[ﬂ(a°" '5[;,%—1)])
and P\ -+ Now—1lmlerg,  + - an_) > $] — (¢[n(ao, . .!/.’, ocn_l)] —>¢)-

LemMA 20. If g, - -+, 0y are all the individual variables that have free occur-
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: . (g, < ¢+ y Op—
rences in ¥, and = does not have a free occurrence in qS[ G 1)], then

¥
l-/\mﬁ __>¢["(°‘0, ’ 'l/;s “n—l)].
LemMA 21. If «q, - -+, an_; are all the individual variables that have free occur-

. . 4 G A
rences in i, and w does not have a free occurrence in ¢>[ (s 25 1)], then

|‘\e/‘"' Ao - Negalm(eo, -+ tn_y) > $]— (/e\ﬂtﬁ - ¢['"'(Oto, . .l; an__l)]).
Proor. Assume the hypothesis. Then,

FA oo -+ A sl anr) ] > (- g[TE02 500)])
by Lemma 19,
A ﬂ[~¢ [‘”(ao, : 'l/;, “n—l)]__)(qg_, ~A o N eyl an_l)(—-)lll])]

by Lemmas 1, 2, and 6,
I,./\ T~ ¢["(a0’ * ‘!p., ¢xn—l):l
"’(/‘\ ""¢“>/e\ 7~ N N anoy[m(co, - -5 @no1) > $P])

by (A9) and Lemmas 1 and 2
F~¢[’”(“O’ ' 'l/;’ an—l)] _>;\ o~ ¢ 77(“0’ ' ‘l/;’ O‘n—l)]

by Lemma 7, and therefore
B 7 Ao A anslmoo -, )H¢]_>(/e\”¢_)¢[w(ao,-..,an_1)])

0 n—1 0> s Yn-1 ¢
by Lemmas 1 and 2. (Q.E.D.)

LEMMA 22. If = has no free occurrences in ¢ and oq, - - -, o, _4 are all the indivi-
dual variables that have free occurrences in ¢, then

FA @ -~ A an—1[¢'_>\7 wm(coy * * + 5 Gn-1)]
_>V 77'/\ Qg " - /\ “n—l[’”(ao’ t "“n—l)H¢]'

ProoF. Assume the hypothesis and let o be an n-place predicate variable
distinct from 7 and which has no free occurrences in ¢. Then,

I-\e/ 0/\ G - /\ 0‘n—l[a(o‘o, Tty o‘n—l)‘~> \e/ 7”7(0‘0’ Y an—l)]
by (A12),

I-/\ OV 77/\ oy '/\ “n-l[ﬂ(‘xO’ R } o‘n—l)“') 0’((10, Y O“n.—l) A ¢]
by (All),

l-\e/ 77/\ g * /\ an—l["(“O’ Y an—l)H\7 7777(“0’ Y an—l) A ¢]
by Lemmas 21 and 2,

T ANCIRRR ANC AP [ (7S ey s \e/ wm(coy "+ 5 Ona1) A @]

S VAN RERWANC R [ R VA L CTNECR Y )
> Ao A epoafmle, -, an_1) & ¢])
by Lemma 3, (A4) and Lemmas 1 and 2,

and therefore
5—J.8.L.
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FA @ -+ A nld =V 7leos -« » tn-1))

VAo A enslrlen -, i) 3]
by Lemmas 6, 7, (A9) and Lemmas 1 and

2. (Q.E.D.)
LemMa 23. If 7 has no free occurrences in ¢, p is a 1-place predicate variable
distinct from = and which has no free occurrences in ¢, and oy, - - - , an_, are all the

individual variables that have free occurrences in ¢, then for each natural number

i<nbFVrAog: - Aagalmleo, -, an_1) ] = Ao -+ Aag_1[d — V pp(e)].
ProoF. Assume the hypothesis. Then,

WV 7 A - A tnealm(@er -+ n_r) > ¢
_>(/\ 1"'\/ P /\ al[P(“i)H'”(aO’ vy an-l) A ¢]

>V p A alpla) ¢ A $])
by Lemma 21,

"V ™ /\ g+ /\ op_y[m(ao, « -5 @ y) & ] — V P /\ oylp(e) > ¢]
- by (All) and Lemmas 17, 1 and 2,
FV e A ale(e) > ¢]— [¢ =V ppl(e)]
by Lemmas 12, 6 (A9), and Lemmas 7,
1 and 2 and therefore

"\‘/ Ao Aagafm(eg, ) dl > A - A fd— </ pple)]
by Lemma 3, (A4), (AS5) and Lemmas 1
and 2. (Q.E.D.)

§5. A completeness theorem for second order logic with e-attributes. The proof
we give for the completeness theorem to follow is a natural extension of Henkin’s
proof for the completeness of standard second order logic. As we are dealing with
a wider notion of formulahood, however, it is requisite that we indicate the major
steps of the proof.

As usual, we say that a set I" of formulas is consistent if there is no formula ¢
suchthat ' F 4 and ' F ~¢, and where L is a language, we say that I is a maximally
consistent set of sentences of L if I is a consistent set of sentences of L such that for
each sentence ¢ of L, either ¢ € I' or I' U {~ ¢} is not consistent.

THEOREM 2. If T is a consistent set of sentences of a language L, then there exists
a normal secondary model B such that every sentence in I is true in 8.

Proor. Where A is the least infinite ordinal equinumerous with or greater than
L, we add to L new individual constants {o,---,{,,--- (x€A) and, for each
n € w, the n-place predicate constants #%,-- -, #%, - -+ (€ A) and call the resulting
language L,. Let 2,,%,,---,Z,,--- (1 € A) be an ordering of the set of sentences
¢ of L, for which there are an n € w, an n-place predicate variable o, an individual

variable « and a formula ¢ of L, such that ¢ is either \7a¢, Ve, \/ o, or \70«/:.
We define by ordinal recursion the chain Ty,---,T,,--- (€ A) as follows:
() Ty =T Q) if Ul V{Z,} is not consistent, then I', = U e, Ty; (3) if
Ue T U {2} is consistent, then
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(a) ifZ, = V«¢, for some formula ¢ of L, and some individual variable «, then

= Upeolu Y {:ﬁ [g]}, where ¢ is the least ordinal k¥ < A such that {, does not
occur in any member of | e, L',
(b) ifZ, = \/ g, for some formula ¢ of L, and some individual variable «, then

T, = Useslu Y {¢[Z], \G/TT(C,’)}a where = is the first 1-place predicate variable

and ¢ is the least ordinal £ < A such that., does not occur in any member of
U“EUFﬂ;

(© If Z, = VVo¢, for some formula ¢ of Ly, some n€ w, and some n-place
predicate variable ¢, then I', = |, I, U {qS [:"] }, where . is the least ordinal k
< A such that =}, does not occur in any member of {_,,I',; and

@) If Z, = Voo, for some formula ¢ of L,, some new, and some n-place
predicate variable o, then

L, = }EJ” r,u {‘Is[::.]’ \7 pA o A an-slpao, - - -y eay) > a0, - - ,“n—1)]}

where p is the first n-place predicate variable different from o, y, - - -, &, _; are the
first n individual variables, and . is the least ordinal k¥ < A such that = does not
occur in any member of (J,c,I',.

For each v € A, T', is consistent. The proof of this is by induction and we must
consider four cases. In case X, = \/«¢, for some formula ¢ and some individual
variable «, or Z, = \/od, for some formula ¢, some n € w and some n-place predi-
cate variable o, the consistency of I, follows by the inductive hypothesis and Lemma

4. In case X, = \7a¢, for some formula ¢ and some individual variable «, the
consistency of I', follows by Lemma 4 together with (A13). Finally, in case X, =

\7045, for some formula ¢, some 7 € w, and some n-place predicate variable o, the
consistency of I', requires Lemma 5, (A9) and (A10), together with Lemma 11 and
(All).

We conclude that T', is consistent for all v € A. Now let I be the union of all
I, for ve ], ie., let IV = U, I, In the usual manner, we conclude that I is
consistent, since otherwise I', is not consistent for some v € A, which is impossible.
Accordingly, by Lindenbaum’s lemma, there is a maximally consistent set K of
sentences of L, such that IV < K. ,

By a closed term of L, we shall mean a term of L, in which no (individual)
variable occurs. Where 7 is a closed term of L,, let [] be the set of closed terms {
of L, such that for some 1-place predicate variable =, A=[n(y) > #({)] € K.

Now let f be that function whose domain is the set of predicate constants of L,
and which is such that for each natural number »n and for each n-place predicate
constant = of L, f(7) = the set of n-tuples {[nol, - - -, [yn~1]> suchthat 4o, - - -, 92
are closed terms of L, and 7(5q, - -+, 7-1) € K.

We proceed by constructing an appropriate normal 2-model. Let 4 be the set of
[n] such that 5 is a closed term of L, and for some 1-place predicate variable ar,

\8/11'11'(17) € K. Let B be the set of [5] such that g is a closed term of L,, and let R be
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the function whose domain is L, and which is such that for all n € w: (1) for all
n-place predicate constants = in Ly, R(m) = f(=), and (2) for all n-place operation
constants & of L,, R(8) is that function the domain of which is B" and which is such
that for all <[§0]’ T [Zn—1]> € B™, R(S)(<[£O]’ T [Zn—1]>) = [S(ZO’ Tt gn-—l)]'
We note that by definition of 4, B and R, {4, B, R) is an Ly-model,

Consider now the w-termed sequence (F, >, which is such that for each n € »
F, is the family of sets f(m) where = is an n-place predicate constant of L,. We
set B = ({4, B, R),{F;>,.,> and observe that by definition ®B is a secondary
L,-model. '

We show now by recursion: for all assignments a in B and for all closed terms 7
of Ly, [3] = Val(x, B, a). Suppose a is an assignment in B and that » is an indivi-
dual constant of L, i.e., 5 is a 0-place operation constant of L. Then Val(y, B, a) =
R(n)(0) = [»]. Suppose now that 8(xq, - - -, 9,-1) is a closed term of L. Then, by
the inductive hypothesis, Val(n;, B, a) = [y], for all i < n. By definition,

Val(s("?o, Tty 771:—1)9 B, a)

= R(S)(<Val(7109 B, a)a Y Val("]n-—l: B, a)>) = [8(770, ) nn—l)]'
Accordingly, the above claim that [5] = Val(y, 8, a) for all assignments ¢ in B
and all closed terms % of Ly holds.

Where a is an assignment in B and ¢ is a formula of Ly, let {¢}, be the set of
formulas ¢ of L, such that for some natural numbers n and k, there are pairwise
distinct individual variables o, - - -, «,_, distinct predicate variables oy, : - -, 6 _;,
closed terms 7o, « * +, 7,—1 Of Ly and predicate constants pg, - - -, py 3 of L, such
that for all natural numbers i < n, a(e;) = [7,] and for all natural numbers j < k,
a(o;) = f(p,) (and p, is therefore a predicate constant of the same number of places

aso),and ¢ = ¢ [a" “"‘1] [0° a"“‘]- We note that if g is an assignment
Mo " Mm-1l LPo " * Pr-1

in B and ¢ is a sentence of L, then {¢}, = {¢}.

Let M be the set of formulas ¢ of L, such that for all assignments ¢ in B and for
all sentences ¢ in {¢},, a satisfies ¢ in B if and only if 3 € K. It can be shown that
every formula of L, is in M. For instance, from the definition of satisfaction in a
2-model and the fact that K is a maximally consistent set of sentences of L,, it
follows that (¢ — ) belong to M whenever ¢, s € M. Moreover, A ué is in M by

either Lemma 12 or Lemma 20, while /e\ pd is in M by Lemma 13 if x is an indivi-
dual variable, and, if p is a predicate variable, by (A13) and Lemmas 21, 22 and 23.

Since every formula of L, is in M and since {¢}, = {¢}, where a is an assignment
in B and ¢ is a sentence of L, then for each sentence ¢ of L,, ¢ is true in B if and
only if ¢ € K. Accordingly, since I' = K, then every sentence in I is true in 8.

It remains only to show that %8 is normal. But if ¢ is a formula of L, which is an
instance of (A6) and a is any assignment in B, then, since X is maximally consistent,
every sentence in {¢}, is an axiom and therefore in K; and, accordingly, a satisfies
¢ in B; that is, ¢ is true in B. Therefore B is normal. (Q.E.D.)

THEOREM 3. If ¢ is a secondarily valid formula, then ¢ is a theorem of second order
logic with e-attributes. '

Proor. Assume that ¢ is 2-valid and, by reductio, that ¢ is not a theorem of
second order logic with e-attributes. Let «q, - - -, «; _; be all the individual variables
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that have free occurrences in ¢; let my, - - -, m,_; be all the predicate variables that
have free occurrences in ¢; and let oy, - - -, 0, be the first k predicate variables
which do not occur in ¢ and which are such that g, is of the same number of places

asm, forall i < k. Let = Aoo -+ - Aok—1 Aco ---/\an_qu[:o "k-l]. Then
-

* Ok-1
i is not a theorem, since otherwise, by Lemmas 20 and 12, ¢ is a theorem which,
by assumption it is not. Accordingly, { ~} is consistent, and therefore, by Theorem
2, there exists a normal 2-model in which ~4 is true. But then, by definition of
satisfaction, ¢ is not 2-valid, which is impossible. (Q.E.D.)
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