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Abstract. This article provides the proof-theoretic analysis of the transfinitely iterated fixed point
theories ID,, and 1D, ; the exact proof-theoretic ordinals of these systems are presented.

§1. Introduction. The transfinitely iterated fixed point theories 1D, are relatives
of the better known theories ID,, for iterated inductive definitions. These latter
theories have been extensively studied during the last years (cf,, e.g., Buchholz et al.
[1]) and their proof-theoretic analysis has been carried through in all detail.

The basic axioms of ID,, provide hierarchies of least (definable) fixed points of «
times iterated positive inductive definitions given by arithmetic operator forms. In
the case of the fixed point theories Da, on the other hand, one confines oneself to
hierarchies of arbitrary fixed points of the corresponding inductive definitions and
drops the requirement for minimality.

The finitely iterated fixed point theories ID,, were first introduced in Feferman [5]
in connection with his proof of Hancock’s conjecture. Among other things, it is
shown in this article that the proof- theoretlc ordinal of ID is o, for a := gy and
any = pa,0. Hence, the union of all ID for n < w, i.e., the system ID<w, has
proof-theoretic ordinal I'y, thus providing a framework for predicative mathematics.

In this article we make the step to transfinite iterations of fixed points and are
interested in the theories IBC, for a > w. It is a technical paper, which establishes
the proof-theoretic ordinals of these systems. The relationship between transfinitely
iterated fixed point theories and subsystems of second order arithmetic and the role
of transfinitely iterated fixed point theories for metapredicativity in general are only
briefly addressed in the conclusion.

The plan of this paper is as follows. In Section 2 we discuss some ordinal-theoretic
preliminaries; namely, we sketch an ordinal notation system which is based on n-
ary p functions. In Section 3 we introduce the tl/le\ories ID, and we state the Main
Theorem about the proof-theoretic ordinal of ID,. Section 4 is devoted to the
definition of transfinitely iterated theories for self-reflecting truth SRT,. These
systems are contained in I/ISQ, and greatly facilitate the wellordering proofs for /t{le
latter, which we will present in Section 5. A full cut elimination procedure for ID,,
is provided in Section 6. Finally, we discuss some related topics in Section 7.

Received February 10, 1997.

© 1999. Association for Symbolic Logic
0022-4812/99/6401-0005/$2.50

53

Downloaded from https:/www.cambridge.org/core. University of Basel Library, on 30 May 2017 at 13:48:02, subject to the Cambridge Core terms of use, available at
https:/www.cambridge.org/core/terms. https://doi.org/10.2307/2586750


https:/www.cambridge.org/core/terms
https://doi.org/10.2307/2586750
https:/www.cambridge.org/core

54 GERHARD JAGER, REINHARD KAHLE, ANTON SETZER. AND THOMAS STRAHM

This paper grew out of intensive discussions among its authors and the results
have been conjectured or proved by all of them. The presentation of the material,
however, focusing on two main lemmas, goes to a large extent back to Thomas
Strahm.

§2. Ordinal-theoretic preliminaries. It is the aim of this section to discuss a few
ordinal-theoretic facts which will be relevant in the sequel. Namley, we sketch an
ordinal notation system which is based on n-ary ¢ functions.

The standard notation system up to the Feferman-Schiitte ordinal I'y makes use
of the usual Veblen hierarchy generated by the binary function ¢, starting off with
the function 08 = w”, cf. Pohlers [12] and Schiitte [15]. However, ordinals up to
I'p are no longer sufficient for an ordinal analysis of transfinitely iterated fixed point
theories.

Here the natural notations are obtained by means of a ternary ¢ function. One
simply generalizes the definition principle of the usual binary ¢ function and gen-
erates the ternary ¢ function inductively as follows:

(i) pOBy is just pfy.
(ii) If o > 0, then w0y denotes the yth ordinal which is strongly critical with
respect to all functions AL, n.pa'éy for @’ < a.
(ili) If & > 0 and B > 0, then pafy denotes the yth common fixed point of the
functions Af.paf’é for ' < B.

Forexample, ¢ 10« is Iy, and more generally, ¢ 1laff denotes a Veblen hierarchy over
Aa.T'o. Itis straightforward how to extend these ideas in order to obtain ¢ functions
of all finite arities greater than 3, and even further to Schiitte’s Klammersymbole
[14].

Let ®; be the least ordinal greater than 0 which is closed under all n-ary ¢
functions with n > 2. In the following we confine ourselves to the standard notation
system which is based on these n-ary ¢ functions (n > 2). Since the exact definition
of such a system is a straightforward generalization of the notation system for Iy (cf.
[12, 15]), we do not go into details here. We write < for the corresponding primitive
recursive wellordering and assume without loss of generality that the field of < is
the set of all natural numbers and 0 is the least element with respect to <. Hence,
each natural number codes an ordinal less than ®y. Moreover, there exist primitive
recursive functions acting on these codes which correspond to ordinal operations
such as plus, times, exponentiation and ¢.

When working with formal theories, it is often convenient in order to simplify
notation to use ordinals and ordinal operations instead of their codes and primitive
recursive analogues. Then (for example)  and o +w stand for the natural numbers
whose order type with respect to < are w and v + w.

§3. The theories I/ISQ. It is the aim of this section to give a precise definition of
transfinitely iterated fixed point theories Ea for o < @¢. In the following we let &
denote the language of first order arithmetic. & includes number variables (a, b,
c,d,e, f.g, h,u, v, w, x,y,z,...), symbols for all primitive recursive functions
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and relations, as well as a unary relation symbol U whose status will become clear
below. Furthermore, there is a symbol ~ for forming negative literals.!

The number terms (r, s, t, ... ) of & are defined as usual. Positive literals of & are
all expressions R(sy, ... , s,) for R a symbol for an n-ary primitive recursive relation
as well as expressions of the form U{(s). The negative literals of & have the form ~F
so that E a positive literal. The formulas (4, B, C,...) of & are now generated from
the positive and negative literals of ¥ by closing against disjunction, conjunction,
as well as existential and universal number quantification. The negation -4 of an
& formula A is defined by making use of De Morgan’s laws and the law of double
negation. Moreover, the remaining logical connectives are abbreviated as usual.

If P and Q are fresh unary relation symbols, then we let Z(P, @) denote the
extension of & by P and Q. We call an Z(P, Q) formula P-positive, if it has no
subformulas of the form ~P(¢). A P-positive # (P, Q) formula which contains at
most x and y free is called an inductive operator form, and we let &/ (P, @, x, y) range
over such forms.

We set for all primitive recursive relations T, all formulas 4(x) and terms s:

Prog(C, 4) := (Vx)[(Vy)(y C x — 4(y)) — 4(x)],
TI(C, A) := Prog(r, 4) — (Vx)A(x),
T, s, 4) ;= Prog(C, 4) — (Vx T 5)A(x).

In the sequel we write Prog(4) and TI(s, 4) instead of Prog(~<, 4) and TI(=, s, 4),
respectively. If we want to stress the relevant induction variable of the formula A,
we sometimes write Prog(Ax.4(x)) instead of Prog(A4).

In order to formulate the theories ID, for @ < ®y, we add to the first order
language % a new unary relation symbol P¥ for each inductive operator form
(P, Q, x, y) and denote this new language by Z,. We write P¥(¢) for P¥({¢, s))
and PZ () for t = {(¢)o, (t)1) A (t)1 < s A P¥(t); here (-,-) denotes a primitive
recursive coding function with associated projections () and (-);. _

For each ordinal « less than @, ) We now introduce the theory ID, for a times
iterated fixed points. The axioms of ID,, comprise (i) the axioms of Peano arithmetic
with the scheme of complete induction for all formulas of %, (ii) the fixed point
axioms

(Va < a)(Vx)[P¥ (x) & S (PY, P  x,a)]

for all inductive operator forms & (X, ¥, x, y), as well as (iii) the axioms TI(a, 4)
for all % formulas 4.

As usual we call an ordinal & provable in a theory T, if there is a primitive
recursive wellordering C of order type « so that T - TI(C, U). The least ordinal
which is not provable in T is called the proof-theoretic ordinal of T and is denoted
by |T|.

We are ready to formulate the main theorem of this article. For that purpose we
let () denote the least ¢ number greater than «. Moreover, the ordinals (a|m)
are inductively defined by

(a|0) = e(a), (ajm +1) := p(ajm)0.

1 This formulation of the language is chosen for the Tait-style reformulation of our systems in Section 6.
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MAIN THEOREM. Assume that o is an ordinal less than ®g given in the form
o = w1+a,, + w1+an_] U +w1+a| +m,

forordinals a, > o, > -+ > ay and m < w. Then we have

IDa] = play(pla, 1 (-~ pla(alm))---).

Of course, the restriction to ordinals « less than @ is not essential here; it just
stems from the notation system which we have chosen for the purpose of this article.
In the sequel we suppose that all our ordinals are less than ®y.

A first step towards the proof of the main theorem consists in introducing trans-
finitely iterated theories for self-reflecting truth, which will greatly facilitate the
wellordering proofs for I/ISQ in Section 5.

§4. Transfinitely iterated theories for self-reflecting truth. The notion of self-
reflecting truth is a well-developed idea in proof theory. Theories for formalized
and self-reflecting truth are presented and studied for example in Cantini {3, 4} and
Feferman [6].

In this section we introduce transfinitely iterated theories for self-reflecting truth
SRT, for a < ®,. It will be immediate that SRT, can be modeled in I/[Sa. In
the next section we will see that theories for self-reflecting truth provide a natural
framework for carrying through wellordering proofs.

The theories SRT,, are formulated in the language %, which extends % by two
binary relation symbols 7" (for “true”) and F (for “false”). The terms of %, are
just the & terms; the formulas of .%;,; are given in a straightforward manner, taking
into account the new atoms 7' (s, ¢) (“¢ is true on level s”) and F (s, t) (“¢ is false on
level s”) as well as their complementations. In the following we often write T, ()
and F,(¢) instead of T'(s, ) and F (s, 1), respectively.

If @ is an ordinal less than @y, then we obtain the sublanguage #Z, of . by
restricting atoms of the form T, (¢) and F,(¢) to closed terms s with value less than
or equal to « (in the sense of our notation system). Hence, variables are not allowed
in the first place of the relation symbols 7" and F in &£, formulas.

In order to describe transfinitely iterated truth theories below, we presuppose a
standard Godelization of the languages .2, uniformly in & < @y. In particular,
we have Godel numbers "t7 and "A4™ for each & term ¢ and each %5, formula
A. Moreover, we will use the following % definable functions and predicates on
Godel numbers: CTer(x) (“x is closed term of #”); For,(f,a) (“f is an Z4,
formula with at most n free variables”); Atm( f, a) (“ f is a positive literal of Z2,”);
num(x) (“the xth numeral of %”); val(z) (“the value of the closed term z”);
neg( /) (“the negation of the positive atom f); and(f, g) (“the conjunction of f
and g”); or{ f, g) is defined analogously; all(x, ) (“the universal quantification of
f with respect to the xth variable of #”); ext(x, /') for existential quantification is
defined analogously. In the following we write Sen( f, a) instead of Fory(f, a) and
x instead of num(x). Finally, if R is an .# relation symbol, CTer(x) and CTer(a),
then expressions like "R(x)7, "T,(x)"7, and "F,(x)™ have their obvious meaning.

We conclude our tedious but standard preliminary remarks by adopting some
conventions concerning substitution. If For,(f, a) and CTer(x;), ..., CTer(x,),
then f(xy,...,x,) denotes (the code of) the formula which is obtained from f by
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substituting the ith free variable of f by x;; in particular, Sen(f(x;,... ,x,), a).
Similarly, if the free variables of 4 are among xi, ..., x,, then "4(x;,...,x,) 7 is
an abbreviation for "TA(xq, ..., X,).

If « is an ordinal less than @y, then the theory SRT, for a times iterated self-
reflecting truth comprises (i) the axioms of Peano arithmetic with the scheme of
complete induction for all formulas of Z,., (ii) the axioms TI(a, 4) for all Z,.
formulas A, and (iii) the following axiom groups I to IIL

1. Atomic truth.
(1) For each relation symbol R of #:
CTer(x;) A -+- A CTer(x,) A a < «
— [T, (TR{x1,...,x,)7) & R(val(x;),...,val(x,))]
A[F,("R(x1,...,x,)7) < =R(val(xy),... ,val(x,))].

(2) CTer(x) A CTer(b) A val(h) < a < «
= [To("Ty(x)7) & Tyuipy(Val(x))IA [To(TF,(x)7) & Fy (val(x))]
ANF(TT(x)7) e ~Toup) (val(x) A [Fu (TF (x)7) e = Fps) (val(x))].
II. Composed truth.
(3) Atm(f,a) A a <a — [Ta(neg(f)) & Fa(f)IA[Fa(neg(f)) = T.(f)],

(4) Sen(f,a) A Sen(g,a) A a ~<a
— [T.(and(f,g)) < Tu(f) A Ta(g)I A [Fa(and(f,g)) < F.(f) V Fu(g)},

(5) dual clauses for disjunction

(6) Sen(all(v, f),a) N a <« )
= [T, (all(v, 1)) & (V)T (f (XD A [Fa(all{v, ) & @x)F,(f (x))],

(7) dual clauses for existential quantification.

IIL Self reflecting truth.

(8) CTer(x) A CTer(a) A val{a) < o
- [Tval(a)(rTa (x)_‘) A val(a)(val(x))] A [Tval(a)(rFa (x)—l) < Lval(a) (Val(x))]
A [Fval(a)(rTa (x)j) s Fval(a)(val(x))] A [Fval(a)(l—Fa (X)—]) > val(a)(val(x))]'
It is completely straightforward to model the theory SRT, for « times iterated
self-reflecting truth by means of a fixed point hierarchy of length «; for a similar
argument in the case of one times iterated truth theories, the curious reader is

advised to consult Feferman [6}. Therefore, we can state the following proposition
without proof.

PRrROPOSITION 1. There exists an embedding of SRT,, into Da.

Let us now turn to some crucial consequences of theories for self-reflecting truth.
They will implicitly be used in the wellordering proofs of the next section. We first
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observe that T, and F, are complementary on sentences of level less than a. This
is easily established by (formal) induction on the build up of such sentences.

PrOPOSITION 2. The following is a theorem of SRT.:
(Va,b, f)[Sen(f,b) A b <a <a— (T,(f) & ~F.(f))]

If a is a variable of .#, then we call an %, formula (T,, F,) positive, if it is
built from & literals which do not contain a, atoms of the form 7,(¢), F,(t)
so that a does not occur in ¢, and by closing against conjunction, disjunction
as well as quantification with respect to variables different from a. Hence, in
a (T,, F,) positive formula only positive occurrences of T, and F, are allowed,
and in addition, the variable a is used as an (unquantified) level variable only.

If A(a, x1,...,x,) is such a (T,, F,)-positive formula with level variable a and
additional free variables among x, ... , x,, then there is associated uniformly in a
valuation 4, Xy, ... ,x, fora, x1, ... , x, a Gédel number "4 (a, x1, ..., x,)7 of the

corresponding Z2, formula. The following proposition is characteristic for self-
reflective truth theories (cf., e.g., Cantini [3]) and is easily established by induction
on the complexity of 4.

PROPOSITION 3. Assume that A(a, x\, ... ,x,) is a (T,, F,) positive formula with
atmost a, xi, ..., x, free. Then SRT proves

(Va < a)(Vx1,...,x)[Ta(TA(a, %1, ... ,%,)7) = Ala,x1,... ,x,)]-

Finally, there is a natural notion of (ramified) set in our truth theoretic framework,
namely, sets of natural numbers are understood as propositional functions. More
formally, we define the notions “ f is a set of level a”, f € S,, and “x is an element
of aset f oflevel a”, x €, f, as follows.

f €8, :=Fori(f,a) A (Vx)(To(f (%)) & —F,(f(x)),
x €4 f = Ta(f(X)).

In the sequel we often write x € f instead of x €, f if it is clear from the context
that f is a set of level a. Moreover, if A(P) is an Z(P) formula, then we write
A(f) for the . formula which is obtained from 4 by replacing each atom of the
form P(¢t) byt € f.

In the next section we turn to the wellordering proofs for D4, which we will carry
through in SRT,.

§5. Wellordering proofs for D,. This section is devoted to the wellordering
proofs for the theories Ea for each o < ®y. As we have announc/e\d in the last
section, we carry through these proofs in SRT,, which is contained in ID,, by Propo-
sition 1. In the sequel we presuppose that the reader is familiar with wellordering
proofs for finitely iterated fixed point theories, i.e., wellordering proofs below Iy,
and we assume that she or he has some experience in working with partial truth
theories. Useful references concerning these matters are, for example, Cantini [3],
Feferman [6], and Schiitte [15].

In the following we adopt some conventions concerning limit notations in our
notation system, which will be needed in the proof of Main Lemma I below. We let
Lim denote the primitive recursive set of limit notations and presuppose a primitive
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recursively given canonical fundamental sequence (£[n] : n € N) for each limit
notation £. For technical reasons we assume that £[0] > 0. Since the definition
of fundamental sequences is straightforward in the setting of ¢ functions (cf, e.g.,
[6]), we do not give details here and refer to the proof of Main Lemma 1.

Crucial for carrying out wellordering proofs in transfinitely iterated theories for
self-reflecting truth is the very natural notion I¢(a) of transfinite induction up to a
for all sets of level less than ¢, which is given as follows:

I°(a) := (Vb < ¢)(Vf € Sp) TI(f, a).
The next lemma states that 7°(a) can be represented by a set of level £ for limit
notations £. Its proof is straightforward and, therefore, we omit it.

LEMMA 4. The following is a theorem of SRT,:
(V&)[Lim(£) AL < a — (3f € Sp)(Va)(I*(a) & a & )]

The following lemma is crucial for the base case in Main Lemma I below. We do
not give its proof here, since the relevant arguments can easily be extracted from
Schiitte [15, pp. 184 ff)] and using standard techniques for working with partial
truth theories as they are presented in Cantini [3] and Feferman [6].

LEMMA 5. The following is a theorem of SRT,:
(Ve, a)[Lim(€) A € < a A T%(a) — I*{pa0)].
As an immediate consequence of this lemma we obtain the following corollary.
COROLLARY 6. The following is a theorem of SRT,:
(VO)[Lim(£) A £ < o — Prog(Aa.I*(T,))].
The formulation of Main Lemma I makes crucial use of the binary relation 1,
which is given as follows:
alh:=03c)(Lim{)Ab=c+a-L).
We are now ready to state the main lemma of this section. It has some similarities
with Lemma 5.3.1 of Feferman [6] in a wellordering proof below Iy.
Lemma 7 (Main Lemma I). Let the formula Main, (a) be defined as follows:

Maing,(a) := (Vb,c)[c < a A @' T e AI¢(b) — I¢(plab)].
Then SRT,, proves Prog(ia. Main, (a)).
Proor. For the proof of this lemma we work informally in SRT,. We break the

proof of Prog(Aa. Main, (a)) into three cases by showing:

(a) Maing(0);
(b} Main,(a) — Main,(a + 1); .
(c) Lim(a) A (Vw) Main,(a[w]) — Main,(a).

It is clear that Prog(ia. Main, (a)) follows from (a)—(c).

(a) Main,(0). Let us assume that ¢ = ¢ + o - £ for a limit notation £. We have
to show

(1) Ic0+w-£ (b) JN Ico+a)-€ (rb)
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Towards this end, assume 7<<4(p). It is sufficient to verify I+ [“/(T",) for each
natural number u. Since £[u] > 0 we have that ¢y + w - £[u] is always limit, and
hence we obtain by the previous corollary that

(2) Prog(Aa.1+* (T ,))

for each u. But we have that 7°***l“)(4) can be represented by a set of level
cop + @ - £[u], so that 7°+t*4(p) and (2) immediately imply

(3) rete (T, )

for each natural number u. This finishes part (a) of our proof.

(b) Main, (a) — Maina(a + 1). Let us assume Main,(a), i.e.

4) (Vd,e)[d <anw' ™ 1d AT e) - I(plae)l.
We want to establish Main, (e + 1). So assume
(5) c=<aAc=cy+a' Tt g ATD).

We have to show I°{(p1(a + 1)b). Again it is sufficient to establish
(6) [eore™ M o1 (a + 1)b)

for each natural number u. We set c[u] := co + w!t**! . £[u] and readily observe
that w!*¢ 1 c[u] for each u. Hence, we can derive from (4)

(7) (Va) (Ve)[T¥ (e) — I (plae)].

In the following we want to establish

(8) (Vu) Prog(de.I™(p1(a + 1)e)).

The proof of (8) requires the verification of

9) I'M(p1(a +1)0),

(10) I'™(p1{a + 1)e) - I'M(pl(a + 1)(e + 1)),

(11) Lim(e) A (Ve < &)™ (p1(a + 1)e’) — I (p1(a + 1)e).

In order to verify (9), observe that we are given a fundamental sequence z,, =
@1(a + 1)0[w] for p1(a + 1)0, where zy = 1 and z,,,; = @ laz,. Hence, (9) follows
from (7) by ordinary induction. As to (10), we have a fundamental sequence
zy = wl{a + 1){e + 1)[u] for pl(a + 1)(e + 1) with zp = p1(a + 1)e + 1 and
Zw+1 = wlaz,. Again the claim follows from (7) by ordinary induction. Finally,
for (11), we observe that if Lim(e), then ¢1(a + 1)e is the supremum over e’ < e
of p1{a + 1)e’, hence the claim is immediate in this case. Thus we have finished the
verification of (8). Since 7™ (p1(a + 1)e) can be represented by a set of level c[u]
for each u, and we know I¢(b) by (5), we are now in a position to conclude from
(8) that

(12) (V) I™(p1(a + 1)b).
But this is exactly (6) and, hence, part (b) of our proof is finished.
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(c) Lim(a) A (Vw) Main, (a[w]) — Main,(a). Let us assume
(13) Lim{a) A (Vw) Main, (a[w]),
(14) c<aAc=cy+w'T - LAID).

Observe that we have w!** = w? since a is limit. We have to show I°(plab).
Indeed, it is enough to establish
(15) ICO'HU“-[[M](SDlab)

for each natural number u. If we set c[u] := cp + @w? - £[u], then one readily sees
that for each w, we can write c[u] in the form

(16) clu] = co + @'l . g,

for a suitable limit notation £,, depending on w (and £[u]). Hence, we have that
@91 1 c[u] for each w and, therefore, we can derive from (13) that

(17) (Vu, w, )[I¥(e) — I‘M(plafw]e)].

In a further step we now want to derive

(18) (Vu) Prog(le.I¢™(p1ae)).

Again this breaks into three subcases (19)—(21), namely

(19) 1" (p1a0),

(20) I‘M(plae) — I'M(plale + 1)),

(21) Lim(e) A (Ve' < e)I*M(plae’) — ‘M) (plae).

As to (19), we have a fundamental sequence z,, = w1a0[w] for p1a0so that zp = 1
and z, 41 = ¢la[w]z,, hence, (19) is an immediate consequence of (17). The proof
of (20) runs similarly. Finally, (21) is straightforward as in case (b). Altogether we
have concluded the verification of (18). Again, we can represent I°*/(¢p1ae) by a
set of level c[u], so that we can derive from (18) and our assumption 7¢(b) in (14),

(22) (Vi)™ (plab).
This is literally (15) and, hence, we are done with (c). In fact, this also finishes the
proof of the main lemma. -

As an immediate corollary to the Main Lemma I we can state:
COoROLLARY 8. The following is a theorem of SRT,:

(Ve,co,d)[c R ane=co+ o™ — (Ve < d)(Vb)(I(b) — I(pleb))].

A further “iteration” of the procedure of the main lemma applied to the last
corollary and Corollary 6 readily entail the following corollary.

COROLLARY 9. The following is a theorem of SRT,:
(Ve,co,d)[c R a Ac=co+ o™ — Prog(ie.I(plde))].

We also observe that we have transfinite induction available in SRT,, with respect
to arbitrary formulas of Z,; up to each f < e(a).
LEmMA 10. Let B < e(a) and A an arbitrary iy formula. Then SRT, - TI(B, 4).
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Finally, the previous lemma, the previous corollary, and standard wellordering
techniques for SRT,, (which in fact have already been used in /tlle proof of Lemma 5)
now yield the desired lower bound for SRT,,, and hence, for ID,; this is summarized
in the final theorem of this section.

THEOREM 11. Assume that o is an ordinal less than ® given in the form
a =/t + ! ten-1 R o!te +m,

Jor ordinals o, > a,_1 > -+ > a; and m < w. Then we have for all ordinals f3

B < pla,(pla, (- plaj(alm))---) == D4 F T, U).

A§6. Upper bounds for 60. In this section we compute a sharp upper bound for
ID,, by sketching a full cut elimination theorem. We will make use of a semiformal
system H,, and appropriate subsystems H,, of H.,. The crucial step will be Main
Lemma I1 stated below, which is similar in spirit to the second elimination theorem
of predicative proof theory. In the sequel we assume that the reader is familiar with
the proof-theoretic analysis of ID,,, i.e., the elimination of one fixed point by means
of asymmetric interpretation {cf. e.g. Cantini [2], Jiger and Strahm [8], or Marzetta
and Strahm [10]), or the methods presented in Feferman [5].

We start off by introducing the semiformal system H,. It is formulated in the
language %, which extends # by unary relation symbols Pf,/ and Pf 4 for each
inductive operator form & and each ordinal § less than ®y. The formulas of L
are inductively generated as follows:

1. Every closed literal of . is an &, formula.

2. If t is a closed number term, then P;"(t), Pfﬂ(t), NP;,”(t) and NPfﬂ(t) are
% formulas.

3. &, formulas are closed under disjunction, conjunction, existential and uni-
versal number quantification.

Observe that %, formulas do not contain free number variables. We denote
Y~ formulas that are generated according to points 1 and 2 of the preceding
definition as literals of ¥~. Two such literals are called numerically equivalent,
if they are syntactically identical modulo number subterms which have the same
value. Further, we write pair(¢) if the closed term # codes a pair, i.e. t = ((¢)o, (£)1)
is true. Finally, for ¢ a closed term, let |¢| denote the unique ordinal less than @,
which is associated to ¢ with respect to the wellordering <.

The system H, is formulated as a Tait-style calculus for finite sets (I', A, ...) of
Y formulas. If 4 is an &, formula, then I', A4 is a shorthand for I’ U {4}, and
similar for expressions of the form I', A4, B. The system H,, contains the following
axioms and rules of inference.

1. Axioms, group 1. For all finite sets " of .#,, formulas, all numerically equivalent
P literals A and B, and all true % literals C:

I''-4,B and T, C.
II. Axioms, group 2. For all finite sets I" of .Z,, formulas, all closed terms s so that
pair(s) is false, and all closed terms ¢ so that pair(z) and 8 < |(¢)1]:
F,ﬂPfﬁ(s) and F,ﬂPfﬁ(t).
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II1. Fixed point rules, group 1. For all finite sets I" of %, formulas and all closed
term ¢ so that pair(¢) and |(¢);| = a < f:
L, Py ((1)o) T, =Pg ((1)o)
IWZAOK I, =P%(t)

IV. Fixed point rules, group 2. For all finite sets I’ of .., formulas, all closed
number terms s, and all closed number terms ¢ so that |¢| = §:

. (Py, P, s, 1) T, (P§, Py, s,1)

L.PY(s) L. -Pj(s)
V. Propositional rules. For all finite sets I' of %, formulas and all &, formulas A
and B:
I,4 I'B r.4 I',B
r,4Av B’ LAV B’ I'AAB

V1. Number quantifier rules. For all finite sets I" of .%,, formulas and all Z
formulas A(s):

T, A(s) T, A(z) for all closed number terms ¢

RERYIE T V) A() (@)
VII. Cut rules. For all finite sets I" of %, formulas and all ¥, formulas A:
I,A4 I,-4
—

The formulas 4 and -4 are the cut formulas of this cut.

Crucial for the formulation of Main Lemma II below are subsystems H, of Hy.
The system H, is formulated in the sublanguage ¥, of #.,, which only allows
relations Pj;’ for f < o and Pf i for f < «. Then H, is just the restriction of H, to
P :

As usual, the notion H, }ﬁ I' is used to express that I is provable in H, by a
proof of depth less than or equal to f; we write H, l% I' if " is derivable in H, by
a proof of depth less than or equal to § so that all its cut formulas are of the form
P (1) and ﬂP;" (1), respectively. Finally, we write H,, Fi I if thereexistsay < 8
so that H, - T'; H, |<—ﬁ I' is defined analogously.

One immediately re:ﬂizes that the axioms and rules of H,, are tailored in such a
way that all cuts but the ones with respect to cut formulas of the form P;{' (1) or
ﬁP;;’ () can be eliminated in a straightforward manner. This observation is stated
in the following proposition.

ProprosiTION 12 (Partial cut elimination for H,). We have for all finite sets T of
%, formulas:

Ho b T = H 22T

We are now in a position to formulate the main lemma of this section. Its status
is similar to the one of the second elimination theorem of predicative proof theory,
cf., eg., [12].
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LemMa 13 (Main Lemma II). Assume that Hg, o = T for a finite set T of
Zg.w+0 formulas. Then we have for all ordinals & less than w!'+P;

1pa
I'C %y = Hp P2 T

ProOF. We prove the claim by main induction on p and side induction on a.. We
distinguish cases whether p = 0, p is a successor, or p is a limit ordinal.

(a) p = 0. Let us assume that I" is a finite set of #5.,, formulas for some natural
number n so that Hg, ‘% I'. If T is an axiom of Hg,,,, then the claim is trivial.
Furthermore, if I is the conclusion of a rule different from the cut rule, the claim
is immediate from the induction hypothesis. Hence, the only critical case comes
up if T is the conclusion of a cut rule. Then there exist a natural number m > n,
a9, o < o and an Z3,,, formula 4 of the form Pg” (¢) for some § less than § + m
so that

(1) . HpwbF T,4 and Hp, BT, -4

By the induction hypothesis we can conclude that

2) Hpom P2 T 4 and  Hgym o2 T, -4,

Hence, by cut we also have Hg.,,, |- T for y := max(p10ap, ¢10a) + 1. Finally,
we obtain by the standard elimination procedure of finitely many fixed points (say,
by asymmetric interpretation, cf,, e.g., [2, 8, 10]) that

(3) Hpon 222 T

This proves our claim in the case p = 0.

(b) p=po+ 1. Let ¢ < w!*7*! and T be a finite set of Fp; formulas so that

(4) Hﬁ+wl+po+l }% r

Observe that ¢ = w!*” . n + 5 for some natural number # and some 7 < '+,
Again the only crucial case occurs if I is the conclusion of a cut. Then there exist
a natural number m > n, «p, o; < « and an Pt tn.m formula A4 of the form

P¥(t) for some & less than f + w!*” - m so that

(5) Hgypimn o T, A and  Hy, e - T, 4.
By applying the side induction hypothesis to (5) we derive

(6) Hppottrom 2220 T, A and  Hy,gien . 22 T, =4,

and hence, Hg_ 110 }% T for y := max(plpag, plpa;) + 1. If we inductively
define a sequence of ordinals y; by y¢ := y and y;4+1 := @ lpoy;, then one readily
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obtains by m — n times applying the main induction hypothesis:
Hp w1400 (m—1) ‘};_l L,

(7) . Pm—n—-1

Hprwtono ey P T,

Hﬂ+wl+”0~n+rl I_Z'”*;" F
Here we have successively replaced # by

B+ . (m—-1), ..., f+o™™ . (n+1), Pf+wtP.n
in the main induction hypothesis. Since y,,—, < ¢1pa, we have indeed established
1
(®) Hppe 12222 T

as desired. This finishes the treatment of the successor case.

(c) p islimit. Assume that & < w!*” and T is a finite set of ¥4, formulas so that

(9) Hﬂ+wp |% F.

Again assume that I" is the conclusion of cut. Then there exists py < p with
£ <ot ap,a; < aand an ZLpoi+n formula 4 of the form P¥(t) for some &
less than B + '+ so that

(10) Hprwr P T, 4 and Hpyor F- T, 4.
The side induction hypothesis applied to (9) and (10) produces
(11) Hpror 2222 T, 4 and  Hppo 2250 T, -4,

which by a cut y1elds Hpiwr H- T for y := max(p1pay, (plpal) + 1. From this we
conclude by the main induction hypothesis

ol
(12) Hpoe 2L T
Since p1poy < @lpa, this is our claim. This finishes the proof of (c) and also the
verification of the main lemma. &

As an immediate corollary we obtain the following result.
COROLLARY 14. Assume thatHp, 1+ I% T for a finite set T of Zp formulas. Then
we have Hpg }ﬂ*ﬂ?— T.

Our upper bourlci computation for D, is nearly complete. What is still missing is
the embedding of ID,, into H,,; this is obtained in an obvious manner by interpreting
the predicate P¥ by P¥_, thus establishing a translation (-)* of # into Z,. The
embedding theorem can now be given straightforwardly; in the formulation below
we have directly combined it with Proposition 12. Since the proof is standard, we
will omit it.

ProposiTION 15 (Embedding of D, into Ha). We have for all sy sentences A:
Dok A = Hy 2 4o
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From the previous corollary, the embedding theorem, and standard elimination
techniques for finitely many fixed points (which actually have already been used
in the proof of Main Lemma II) we are now in a position to state the full cut
elimination theorem for I/ISQ.

THEOREM 16. Assume that « is an ordinal less than ©y given in the form
a = ColJran +w1+a,,_1 I +w1+a1 + m,
Jor ordinals o, > ap_1 > -+ > oy and m < w. If 6 denotes the ordinal
play(plo, (... plag(alm))...)),
then we have for all & sentences A:
DotFdA = HoFE- A

Of course, this theorem gives the desired upper bound for the proof-theoretic
ordinal of ID,, so that we have now established a complete proof of the Main
Theorem of this article as it has been stated in Section 3.

§7. Final remarks. If o is an ordinal less @y, then we write I/BQ for the union
of the theories ID4 for f < «. Then it follows immediately that the proof-theoretic

ordinal of I/I5<a is the supremum of the proof-theoretic ordinals of the theories I/IS/;
with f < a. For example, for the ordinals w, w® and gy we obtain from our Main

Theorem:
COROLLARY 17. We have the following proof-theoretic ordinals:
ID<w| = 100 = Ty, ID,| = 10gp =T,
|I/5<ww| = plwl, |I/|5ww| = plwey,
||/l5<50| = plegl, |I/|550l = plege.

In Jager and Strahm [7] some proof-theoretic equivalences between transfinitely
iterated fixed point theories and subsystems of second order arithmetic are estab-
lished. It is shown in particular that

D, = ATR, DL, = ATR + (21-DC), D, = ATR + (£!-DC).

A further result about the theories I/ISQ, which will be published elsewhere, refers to
the autonomous closure of fixed point theories.

There exist also close connections between iterated fixed point theories and
Martin-Lof type theories with universes. The finite case is completely treated
in Feferman [S]. Stronger principles concerning universes make use of so-called
superuniverses as discussed, e.g., in Palmgren [11]. Several of these have been
proof-theoretically treated by Rathjen [13]. Furthermore, the theories IBa are also
closely related to Frege structures (cf. Kahle [9]) and certain systems of explicit
mathematics with universes (cf. Strahm [16]).

From a more general point of view, one can point out that the theories 1D, for
a > w provide examples of metapredicative theories, i.e., theories, which have
proof-theoretic ordinal beyond I'y but can still be treated by methods of predicative
proof theory. In a sense, the theories I/ISQ (e > w) can be used to scale the initial
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part of metapredicative theories in the same sense as the theories ID,, (o« > 1) could
be used to scale the initial part of impredicative theories.
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