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Abstract

We use model-theoretic methods described in [3] to obtain ordinal
analyses of a number of theories of first- and second-order arithmetic,
whose proof-theoretic ordinals are less than or equal to I'g.

1 Introduction

In [3] we introduced a model-theoretic approach to ordinal analysis
as an interesting alternative to cut elimination. Here we extend these
methods to the analysis of stronger theories of first- and second-order
arithmetic which are nonetheless predicatively justifiable.

When used in this sense, the word “predicative” refers to a foun-
dational stance under which one is willing to accept the set of natural
numbers as a completed totality, but not the set of all subsets of the
natural numbers. In this spirit, predicative theories bar definitions that
require quantification over the full power set of N, depicting instead
a universe of sets of numbers that is constructed “from the bottom
up.” Work of Feferman and Schiitte has established that the ordinal
Iy is the least upper bound to the strength of such theories (see for
example, [4]). More recently a number of theories that are not prima
facie justifiable on predicative grounds have been shown to have, in
fact, predicative strength, in the sense of proving the same arithmetic
statements as their predicatively justifiable counterparts. The analysis
of such theories is our present concern.

This paper is best read as a sequel to [3]. In Section 2 we recap
basic definitions from that source and introduce some new notation.
In Section 3 we present a lemma, due to the second author, that allows
one to build transfinite jump hierarchies, yielding ordinal analyses of
the theories (I1J-CA) - a. In Sections 4 and 5 we analyze the theories
ACA and $1-AC respectively, and in the two remaining sections we



treat the theories I/bn, fl\)<w, ATRy, and ATR. (Stricly speaking,
ATR goes beyond the bounds of predicativity, since its ordinal is I'.;
but we have included it here because its analysis is not much more
difficult than that of ATR,.)

2 Preliminaries

Suppose we have fixed an initial segment of the countable ordinals, and
assigned cofinal sequences A[0], A\[1], A[2],... to limit ordinals A. The
notion of an a-large set of ordinals is defined inductively, as follows:

e Every set is O-large.
o A set Ais (84 1)-large if it is nonempty and A — {min(A)} is
(B-large.

e If X is a limit, then a set A is A-large if it is nonempty and
A —{min(A)} is Almin(A)]-large.

Fix a nonstandard model of arithmetic M. The approach to ordinal
analysis described in [3] involves starting with an appropriately large
interval [a, b] with nonstandard endpoints in M, and using it to build
a model A of the theory in question. The constructions proceed by
extracting from [a,b] a nonstandardly-large subset A, and possibly
other M-finite sets S, with various combinatorial properties. The first-
order part of NV is then taken to be any limit I of points in A (that is,
any initial segment of M with no greatest element, in which points of
A occur cofinally), and elements of the second-order universe of A are
obtained by taking intersections of the sets S with I (these intersections
are denoted ST). The trick is to design the combinatorial properties of
A and S so that, “in the limit,” S? will have desired properties in A/.
In practice we often blur the distinction between an M-finite set S and
its potentially unbounded counterpart in I, and drop the superscript
from S7.

For example, suppose we want to guarantee that, in the limit, S
will be the Turing jump of T’; that is

I=S=T

where 77 = {z | Tryo(z,T)} and Trye(z,Z) = Jy O(z,y,2) is a
complete ¥y truth predicate relative to Z. Our goal is to define a
finitary combinatorial notion “S approximates the Turing jump of T’
in A, written

AR S=T,

which will guarantee that S = T” holds in I. The motivation behind
the definition is that in order determine the jump of a set Z it is



sufficient to have bounds on where to find witnesses y to the formula
Jy O(x,y, Z). We introduce the notation j by

J*NZ)y={e<a|y <bO(e,y,2)},
and we take
J"(Z) ={e<a|3yOley, 2)}.
Clearly for all natural numbers a there is a value az such that
ja,az (Z) — ja,oo(Z)7

and any integer greater than az will also satisfy this equation. Also
note that
Z' =i (2).
a

Our definition of A S = T', where A = {ayg,...,ar}, is motivated
by the desire to have aj behave like co and the mapping a; — a;y1
satisfy the properties of a mapping a — ayz described above.

In the next definition we use the notation S* to denote the set
{z € S| z < a}; note that this agrees with the definition of ST if we
identify a with the set of natural numbers less than a.

Definition 2.1 Let A = {ag,a1,...,ar}, S, and T be finite sets. Say
that S approximates the Turing jump of T in A, written A R S =T,
if the following hold:

i. for every i <k, jor*iti(T) = jo*(T), and
it. k> 1 implies S¥-1 = jo=1% (T,

Although there is, for each T, a unique set S satisfying S = T’, note
that sets S such that A g S = T’ are not uniquely determined, since
the definition does not say anything about what numbers greater than
ap—1 are in S.

The following lemma states the fundamental property of the “ap-
proximates the jump” relation.

Lemma 2.2 Let A, S, and T be finite sets in M such that
MEARS=T).
Then for any limit I of A,
IEsS=T1.

The proof of this lemma is straightforward and can be found in [3].
Recall that a set A = {ag, a1,...,ax} is spread out if for all ¢ < k — 3,
2% < a;41. In [3] it is also shown that if A is spread out and there is
a set S such that A kS = ', then I will be a model of IX;.

The next lemma lists some basic properties of “approximates the
jump.”



Lemma 2.3 1. Forany S, T, and a,
DrS=T and {a} & S=T".

2.IfBCAand AR S=T then B S=T".

3. Suppose B is obtained from A by replacing the minimum element
of A by a smaller number (i.e., B = (A — {min A}) U {min B}
and min B <min A), then A S =T implies Bk S=T".

4. Suppose A ={ag,...,ar} and k> 1. Then
ARS=T
if and only if
§ok-1 = Mt (T), A~{ag} | § = T' and j° (T) = j***(T).

For the analysis of predicative theories we need a sufficiently strong
notation system. The one that follows is based on Veblen’s sequence
of ordinal functions ¢, each of which enumerates the fixed points of
its predecessors (for more information see [3, 4]).

Definition 2.4 Our set of ordinal notations is defined inductively, as
follows:

e 0 is an ordinal notation.

e Ifay,qq,...,a are ordinal notations other than 0, then so is
a1 +oao+ ...+ ag.

e If o and B are ordinal notations, so is (a, B3).
o If « is an ordinal notation, so is [y,.

Notations of the form a+ 1 (that is, a + ¢(0,0)) are called successor
notations. A notation that is neither 0 nor a successor notation is
called a limit notation.

The symbol = denotes the usual order relation for notations of this
form. When we refer to notations such as 1, w®, wy,, €, Yn, and so on,
these are to be taken as abbreviations for their usual representations
with 0, 4+, and ¢. In particular, we use « - n to denote the term

at+a+...+«

in which there are n terms in the sum, w® to denote ¢(0, @), and ¢ (3)
to denote the n-fold iteration



Our treatment of ordinal addition violates unique readability, since,
for example, the term « + 3 4 7y can be interpreted by associating to
the left or to the right. As it turns out, blurring this distinction is
convenient, and one can check that the definitions and proofs below
are insensitive to the way such a term is parsed.

Definition 2.5 Sequences are assigned to limit notations as follows.
(Here \ always denotes a limit ordinal.)

1. (a4 B)[n] =det @ + (B[n]).

2. Wt [n] =gqer W - (n +2)

@(a, N)[n] =aet p(a, A[n] +1).

pla+1,0)[n] =qet 05 +2(1).
pla+1,8+1)[n] =der 0 (pla+1,6) +1).
@A, 0)[n] =der @(A[n], Aln]).

(A, B+ 1)[n] =der p(Aln] +1,0(X, ) +1).
FO[”] = Tn+1

FaJrl[n] = VEiTl'

10. Ta[n] = Ty

© o NS S e

We have chosen these particular limit sequences to facilitate our con-
structions, though they differ from the “standard” assignments only
slightly.

Note that different notations can denote the same ordinal, as is
the case with £y and w®°. Further note that equivalent notations need
not have equivalent limit sequences; for example, g[n] = wy 42, but
weo[n] = w*n+2T1 We assume that to each notation « there has been
assigned a canonical normal form @, satisfying the following:

Lemma 2.6 For any notations o and 3, we have
1. If a = B3 (that is, « =< 3 and 3 =< a) then @ = 3.
2. a=a.

We will also assume, for simplicity, that o+ 1 = @ + 1.

Because our constructions take place in a model of arithmetic, we
need to assume that notations a have been coded as numbers "o in
a reasonable way. The requirements in [3] were very minimal; here,
because the models we construct contain jump hierarchies that are
again indexed by ordinals, we need to assume that the following two
lemmas are satisfied.

Lemma 2.7 Ifa=a1+---4ai then"a >"q; " fori=1,2,... k,
and "ol > k.



Lemma 2.8 There is a (standard) number k such that for every no-
tation o and natural number x,

l‘a[x]‘\ < (I’a‘l)k'$7

and
FeT < (l‘a‘l)k.

Choosing a coding that satisfies these is not difficult. In fact, under a
reasonable coding scheme the first condition of the second lemma will
follow from the fact that the “length” of afz] is less than z times the
length of . Furthermore, the bounds stated in this lemma are not
essential: any bound that is elementary in  and "a' will do.

Lemma 2.9 below is a corollary of Lemma 2.7, by a straightforward
induction on codes of notations. Note that statements (1) and (2) are
logically equivalent.

Lemma 2.9

1. If X is a limit notation and A[n] <~y < X then "y > n.
2. If X\ is a limit notation, v < A, and "y < n then v < A[n].

3 Approximating transfinite jump hierar-
chies

In this section we use appropriately large intervals to build approx-
imations to jump hierarchies indexed by ordinals notations. In this
context, it is traditional to use only notations in normal form. To
simplify notation we adopt the convention that whenever an ordinal is
used as an index to such a hierarchy, it is implicitly “cast” to normal
form. In other words, H, is to be interpreted as Hg, and we define
H_q to be the disjoint union @, ., Hx.

Definition 3.1 The set H is an a-level jump hierarchy, written Ho(H ),
if the following conditions hold:

1. Successor conditions: if v < « then
Hyy1 = (va)/-
2. Limit conditions: if A = « s a limit notation then
H), = H:,.

If Hy = S then H is an «-level jump hierarchy from S, which is written

HE(H).



Note that the definition does not specify what H; is when ¢ is not
a notation in normal form, or when 7 is a notation in normal form that
denotes an ordinal greater than «, so H is not uniquely determined.

Definition 3.2 Suppose A = {ag, ... ,ar}. The set H approximates
an a-level jump hierarchy in A, written A |k Ho(H), if the following
conditions hold:

1. Successor conditions: if v < a and "7 < a;, where i < k, then
{ai i1, ar} R Hyp = (Hs,)
2. Limit conditions: if A < « is a limit notation and "\ < ay, then
Hy = H.,.

If Hy = S then H approximates an a-level jump hierarchy from S in
A, which is written A k= H3(H).

The following lemma asserts the fundamental property of the rela-

tion A r Ho(H).
Lemma 3.3 Suppose

M = (A k Ha(H)),

A is spread out, and I is any limit of A. Then

I = Mo (H).

Proof. Assume A R H,(H) and suppose I is a limit of A. If Ty € I
then for some i < k, "y < a; € I. Thus if v < «, by the successor con-
ditions of Definition 3.2 we have that {a;,...,ax} R Hyp1 = (Hz,) .
Since a; € I we have that I is a limit of {a;,... ,ax}, and Lemma 2.2
implies

I Hopr = (Hz,)

If v < « is a limit notation in I then "y < ag, and so
I'EH,=H,
follows from the limit conditions of Definition 3.2. U

The following definition will be useful in proving Lemma 3.6 be-
low. A lemma listing basic properties of approximate jump hierarchies
follows the definition.

Definition 3.4 We say H agrees with J up to a, and write H =, J,
if H<q = J<aq-



Lemma 3.5

=, s an equivalence relation.

If 6 2 a and H =, J then H =3 J.

For any H and o, O = Ho(H).

For any A and H, A Ho(H).

IfBC A and AR Ho(H) then B R Ho(H).
If 2o and AR Ho(H) then A R Hg(H).
IfH=, J and A Ho(H) then Ak Ho(J).

Suppose B is obtained from A by replacing A’s minimum element
by a smaller integer (i.e., B = (A — {min A}) U {min B} where
min B <minA), then Ak Hy(H) implies B f Ho(H).

o NS SR o =

The proofs of the above are straightforward from the definitions.
To augment our notation, we add to the assertion A |~ Hp(H) the
information that A is a-large by writing

A RHg(H).

The following lemma can be thought of as a model-theoretic counter-
part to the predicative cut-elimination lemma (see, for example, [8]).

Lemma 3.6 Suppose there is a set H such that A }ép(p7a)Hg (H). Then

there is a spread out B C A and a set J =3 H such that B |¢§'H5+wp (J).

Proof.

Suppose A Irép(p’a)HB(H ). We will prove the lemma by transfinite
induction on ¢(p, ). In the event o = 0 or « is a limit the result is
easy. If & = 0 then, by Lemma 3.5.3, we get the result by taking B = ()
and J = H.

If « is a limit then A — {ao} is ¢(p, a[ag] + 1)-large, where ag =
min A. Applying the induction hypothesis, we get B and J such that
Bc A—{ap}, J=p H, and

~ alag]+1
BE My ().

Taking B = (B — {min B}) U {ag}, we have that B C A, B is a-large
and, by Lemma 3.5.8, B KHgtwr(J). To see that B is spread out

it is enough to note that, for any set X, if X is spread out and Y is
obtained from X by replacing min X with something smaller, then Y
is spread out.



We will handle three separate cases for @ = ag + 1, according to
whether p is 0, a successor, or a limit. In each of these cases we will
appeal to the induction hypothesis to get sets B and J such that

BcA- {ao}, (1)
J =5 H, (2)

and
B R Mg (). (3)

The set B is one element short of being a-large, and in each case we
add ag to B to get B. We suppose

B = {bg,by,...bx},

and so by = ag and k is the cardinality of B. The trick is to pick B such
that B = B U {by} has the right properties; this will go differently in
the different cases, but there are points of similarity that we mention
now.

Our main focus is to establish

B RHpwe (J), (4)

For this we need to show that the successor and limit conditions of
Definition 3.2 hold. In part, we will use (3), but we also use

it p # 0 then B K Haywrp) (), (5)
and
if p=0and k > 1 then 5% (J<5) = 5% (J<p). (6)

Before showing how to get B and J satisfying (1), (2), (3), (5), and
(6), we will use these conditions to get (4). For this we need to say
how J is defined.

Define J by

if p 7"é 0 set J—</3+wf’ —def j—<6+wﬁ and Jﬁ+wﬂ =def J—<ﬁ+wﬂ, (7)
and

if p=0 set J<3 =def jjg, and if £ > 1 set JB4+1 =def jbkil,bk(Jjg).

(8)

To show (4) from the above, we need to pay special attention to
the k = 0 case; this corresponds to B = ). First we show the limit



conditions for (4). If B + () then using Lemma 3.5, (1), (2), (3) and
the definition of J given by (7) and (8) we get the limit conditions for
(4), but if B = () then the limit conditions for (3) are trivially satisfied,
and so (3) doesn’t help for establishing the limit conditions for (4).
Nonetheless, when p # 0, we can use (5) to get the limit conditions
for A < B+ w”[bg], and if B + w” is a limit, which it is when p # 0,
the conditions A < 8+ w” and "A7 < b imply, by Lemma 2.9, that
A < B4 wP[bg]; since k = 0 this means A\ < 3 + w”[bg], and we have
the desired limit conditions in the case p # 0. If p = 0 then, for A a
limit, A < 8+ w” if and only if A < (3, so the limit conditions for (4)
follow from (1), (2), (8) and the fact A kHg(H) (using Lemma 3.5.5
and 3.5.7).

The successor conditions for (4) in the cases v < f+w? and "y <
b;, when i > 0, follow from (3); in the case v < 5 4+ w?, "y7 < by, and
p # 0, we use Lemma 2.9 to get v = 8+ w”[bg], and then the result
follows from (5). If p = 0 then w” =1 and v < 8 + w” if and only if
either v < 8 or v = 3. The successor conditions for v < (3, in the event
p =0, follow from (1), (2), (8) and the assumption A Hg(H) (using
Lemma 3.5.5 and 3.5.7). In order to take care of the case v = 3, first
note that if £ = 0 then this case follows from Lemma 2.3.1. If £ > 1,
the desired successor condition follows from Lemma 2.3.4, (6), and the
second part of (8).

The fact B C A follows from B C A, bg = min A and B =get
B U {by}. The fact J =5 H follows from the definition of J and (2).
A bit of an argument is needed in order to show that B is spread out;
we will take care of that as we go through the cases for proving (3),
(5), and (6).

Case p = 0 and oo = a9 + 1: Notice that this is the main case of
Lemma 2.2 which was proved as Lemma 8.3 in [3]; since the argument
is presented there in detail (as well as in several cited references), we
will be brief here. Note that A — {ag} is w*(ag + 2)-large. By a
property for partitioning w®l-large sets (see [3, Lemma 5.5]), there is
an increasing partition of A —{ag} into ag + 2 many w*°-large sets Py,
Py, ..., Py,+1. By the pigeon-hole principle we can select j > 1 such
that for all e < ag,

(ny < max A)O(e,y, H<p) ¢ (min P;, max P;]. 9)

By the induction hypothesis there is a set B C P; and a set J =3 H
such that

~ Qg ~
B R Hg1(J);
i.e., such that (3) holds.
Assume k > 1. Since min P; < by < by < max P;, (9) implies

3P0 (J2q) = 5200 (J<s);

10



i.e., (6) holds.

To see that B is spread out, note that, by the induction hypothesis,
B is spread out, so we need only verify that if k& > 3 then 2% < b,.
Since we selected 7 > 1, the w®°-large set Py sits between by and b;.
If oy < 3 then (removing elements from B if necessary) we can get
by with k& < 2, so assume g > 3, then by a property of w®-large sets
when 6§ > 3 (see [3, Lemma 5.6]), 2™ P < max Py, and so 2% < by,
as desired.

Case p = po+ 1 and a = ag + 1: Apply the induction hypothesis
ag + 2 times starting with the ©%%2(p(p, ag) + 1)-large set A — {ao}
in place of A resulting in sets B* and J* such that J* =3 H and

« P(p0)+1 .
B* K Hprweo(aot2)(J7) (10)

Then apply the induction hypothesis again with B*—{min B*} in place
of A and J* in place of H, to get

B ¢ B* — {min B*} (11)

and

J =prwro(ag+2) I (12)

such that e R
Bk Hptwe(J);

i.e., (3) holds. Using the fact that 5+ w?[bg] = 6+ w” - (by + 2), (10)
and (12) imply

B* EHpwefo)()- (13)
Using Lemma 3.5.5 and (11) we have
BU {imin B} s (). (14)
So, by Lemma 3.5.8 we have
[e% ~
B R Hpiwel (J);

i.e., (5) holds.

To see that B is spread out, use by < min B*, (11), and the fact B*
is spread out (which is given by the induction hypothesis).

Case p is a limit and o = ap + 1: Apply the induction hypothesis
with the ¢(p[bo] + 1,¢(p, ) + 1)-large set A — {ag} in place of A
resulting in sets B* and J* such that

«  P(poo)+1 «
BT My et (J7) (15)

11



Apply the induction hypothesis again with the ¢(p, ap)-large set B* —
{min B*} in place of A and J* in place of H to get B and J such that

B K My ().
So (3) holds. By Lemma 3.5.5 and (15),
B U {min B*} FH g, eore1 (). (16)

Using Lemma 3.5.8, we then have

B RH oo (). (17)
Since p is a limit, 3 + w”[bg] = B + wPlPl*1 and so

B K Hg i) (J) (18)

i.e., (5) holds.

To see that B is spread out, use by < min B*, B — {by} C B* —
{min B*}, and the fact B* is spread out (which is given by the induc-
tion hypothesis). O

Relativizing the construction in Lemma 3.6 and setting 3 = 0 yields

Lemma 3.7 Suppose C' and T are sets and C is ¢(p,a)-large. Then
there are sets A and H such that A is an a-large subset of C and spread
out, and Ak HL,(H).

The following lemma asserts that the various levels of a transfinite
jump hierarchy code the truth of arithmetic formulas involving previ-
ous levels. To state it, we expand the language of arithmetic to include
constants that denote sets of the form H.,, so that if ¢ is a formula with
parameters H.,,... ,H,, , the code "9 can refer to these parameters.

Lemma 3.8 There is an 1A + (exp)-definable function
TruthCode("¢7, )
with the following property: whenever
N EIA) + (exp) + Ho(H),

VYis a X0 (Hy, ..., Hy,) formula, and

o= Bz (sup{y1,... ,w}t+m),
then the equivalence

¥ <> TruthCode("¢7, ) € Hp
holds in N .

12



The proof of this lemma is routine.

The constructions in this section enable us to build models of the-
ories that assert the existence of jump hierarchies. If a is a limit
notation in normal form, (IT9-CA)<, is a theory in the language of
second-order arithmetic that consists of the basic defining axioms for
successor, plus, and times, arithmetic comprehension with parameters,
an induction axiom for sets of natural numbers, and axioms

IX Hy(X)
for every (standard) notation v < « (see [7]).

Theorem 3.9 Suppose a and b are nonstandard elements of M such
that
M = [a,b] is p(a, 0)-large,

where « is a limit notation. Then there are a cut a < I < b and a
finite set S in M such that

N=(1{S]|ieD})

is a model of (19-CA)<ua. (In particular, if o is an e-number, this is
equivalent to (I19-CA)<,.)

Proof. Since [a, b] is ¢(«, 0)-large, [a+1,b] is p(afa+ 1], afa+ 1])-large.

ala+1
By Lemma 3.7 there are sets A and H such A I:z[ ]Hwa[a+l] (H). One
can verify that since « is a limit notation and A is afa + 1]- large, A
is also w-large. (In the “counting down” procedure it is impossible to
pass from an ordinal greater than w to an ordinal less than w, without
hitting w first.) As a result, the set A has at least a + 1 elements. Let
A" =4t {ao, a1, ... a4}

denote the first a + 1 elements of A, let I be any limit of A’, and let
J =aer {J | aj €1},
so that J is a limit of {0,1,... ,a}.
Let AV be the model defined by
N =aet (LAHS) [ kel je )

We claim that A" models (I19-CA) -, a. Verifying that arithmetic com-
prehension holds is not difficult, using Lemma 3.8. And since every
standard v < w® is less than w®M for some standard n, and H, is

then equal to Hgﬂ[n] for some appropriate k,
N | 3X H, (X),
as desired. As in [3, Theorem 9.4] the second-order universe of A" can

be coded into a single set S. O

13



4 Constructing a model of ACA

The theory ACA is a subsystem of second-order arithmetic consisting
of quantifier-free defining equations for successor, plus, and times, an
axiom schema (ACA) of comprehension for arithmetic formulas with
numeric and set parameters, and full second-order induction. Since
the arithmetically definable sets form a natural interpretation of the
second-order variables of this theory, it isn’t surprising that an w-level
jump hierarchy can be used to build a model. Indeed, one can verify
that if H is such a hierarchy in a model

N =(KA{H})
of the weak base theory IA, + (exp), then
N =ger (K AH i,k € K})

will satisfy (ACA). But now the second-order universe of N is defin-
able in NV, so, for example, given any arithmetic formula 0(X,Y") we
have that

N = 3X VY 0(X,Y)

if and only if
N 3a,ivy,jo(H" HY).

In short, second-order quantification in N’ reduces to first-order quan-
tification relative to the parameter H in N'. This suggests that to build
a model of ACA we only need to build a model in which first-order in-
duction holds relative to an w-level jump hierarchy H. But Lemma 3.7
makes this easy: starting from a suitably large interval we can obtain
finite sets H and A such that A is gp-large and H approximates an
w-level jump hierarchy in A. Then we can use the techniques of [3]
to thin A down so that first-order induction will hold relative to the
parameter H in any limit of A.

Theorem 4.1 Suppose M is a model of true arithmetic, and a and b
are nonstandard elements of M such that

M = [a,b] is e, - large.

Then there are a cut a < I < b and a finite set S coded in M such
that

(I{S] |je1})
is a model of ACA.

Proof. Recall that e., abbreviates ¢(1,eq). Applying Lemma 3.7 we
obtain a sets A and a set H such that A Fion(H). As in [3] we can

14



thin A to an w-large set A’ (and build another jump hierarchy from
H), so that first-order induction is guaranteed to hold relative to H in
any limit I. Now if we take

N =aet I, {H™ | i,k € 1})

the previous discussion shows that A" will be a model of ACA. As
usual, we can code the second-order universe of A into a single set S.
O

5 Constructing a model of ¥!-AC

We would like to extend the construction of the previous section to
model the theory ¥1-AC, which adds to ACA the ¥ axiom of choice,
(X1-AC). It is important to realize, however, that the simple approach
to building a model of ©1-AC), described in [3] falls short. That con-
struction relied on the fact that the assertion

Vo Y p(x,Y) (19)
in the final model implied
=V Jy o(x, HY) (20)

for a single parameter e. Furthermore— and this is crucial— such a
parameter e could be found in the model, that is, in the cut I. This
fact allowed us to express the truth of (20) in any limit I with a formula
in M, and then find the least such e.

In the construction in the previous section, however, we needed to
index the jump hierarchy by all the elements of I, so that the fact that
(19) holds in the final model does not necessarily imply that there is
an e in I satisfying (20). On the other hand, if e is beyond I then
the formula (20) is not coded below any a; in I, and hence the truth
of (20) in I is not expressible in M. As a result, the construction for
$1-AC) falls apart here.

The solution is to use the jump lemma to build a much larger
hierarchy, allowing us to refer to more sets from within I. We will
show that if we have an a-level hierarchy for a suitable «, we can
find an initial segment K of a such that whenever (19) holds of the
hierarchy along K, then (20) holds when e is replaced by any notation
v > K in I; and K has the further property that whenever such a
formula holds for every v above K, it holds for some v in K as well.

In previous constructions we’ve proceeded by building a single set
S that codes the sets of a second-order universe {S;}. We would like
to make this process more explicit now. If ¢ is a second-order formula,
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we define ¢ relativized to S to be the translation of ¢ whereby second-
order quantifiers are taken to range over the collection of sets coded
by S. For example, if ¢ is the second-order formula

VX1 3Xo VX35 0(X1, Xo, X3),
where 6 is arithmetic, then ¢ is the formula
VlL'l E'CCQ VCE3 0(511 ; SIQ, Sz:;)

Using relativization we can express the fact that a S codes the
second-order part of a model of a particular theory.

Definition 5.1 Let S be a set of natural numbers. Say that S is an
w-model of X1-AC if (ACA) and (X1-AC) hold relativized to S.

Lemma 5.2 Suppose
(K.{s})

is a model of Peano Arithmetic in which induction holds relative to the
parameter S, and

K |= S is an w-model of S1-AC.

Then
N:def <IC, {Si | 1€ K}>

is a model of £1-AC.

Proof. Straightforward. Second-order induction in AV follows from first-
order induction in (I, {S}). O

Having reduced our task to that of constructing an w-model of
$1-AC, we now come to the main lemma in this section. We pause to
note that the proof was inspired by similar “pseudohierarchy” construc-
tions in [7, 6] (see also [10, 11]). The constructions in [7, 6] however,
rely on deep proof-theoretic results and Gédel’s second incompleteness
theorem, whereas, in contrast, the constructions here are more direct.’

In clause (2) of the following lemma, as in Lemma 3.8, we allow
arithmetic formulas ¢ to include parameters of the form H.,. Intuitively
it states that anything (coded low enough) that happens in the jump
hierarchy at stage [; already happens before stage «.

'We would like to point out that our methods also allow us to build a model of the
¥} axiom scheme of dependent choice, (£1-DC), by building a jump hierarchy H, using
the methods of [12] to guarantee that transfinite induction holds relative to H, and then
employing the techniques of [7, 11]. In this case, however, we do not know of a more direct

construction.
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Lemma 5.3 Suppose C is a p(a, a)-large set, and w® is coded below

omin(C)? | Then there is a set

A:{ao,al,... ,ak}QC

such that A is a-large and spread out, a set H such that A k Hyo(H),
and sequences of ordinal notations

O=ap<a1 <o <...<ap<Br<...<B1 =< Bo=wdll
such that for each 0 < i < k the following hold:
1. Ifi < k —4, the codes for a; and [3; are less than 20711,
2. If p(X) is an arithmetic formula coded below a;—1, and
TruthCode(¢(Hg, ), Bo) € Ha,,

then for some v = «; that is coded below a; 1 we have

TruthCode(p(H,), fo) € Hpg,.

Proof. Since C is ¢(a, a)-large, by Lemma 3.7 we can find sets A and
H, such that

A ={ag,a1,...,ar}

is a-large and spread out, and A k H,« (H). As a result, we only need
to construct the sequences of «;; and (; satisfying the conclusion of the
lemma.

Setting ap = 0 and fy = w®l%], we will carry out the construction
in k steps, where at each stage i > 0 we construct a; and (; so that

,81' = q; + wa[ao,.“ ai] (21)
and
aj—1 <oy < B < Biq, (22)

and clauses (1) and (2) of the lemma are satisfied.
Suppose we've constructed ag,aq,...,q; and B, 01,...,0;. At
stage i 4+ 1, there are two possibilities: either

alag,ar,. .. ,a;] =06+1

for some ¢ or
alag, ar, ... ,a;] = A,

where )\ is a limit.
In the first case we have

B = + W
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For each j < a; + 3, define
Ny = &4 +w6 ' j7

so that
a; =10 <M1 < ... Na;+3 < Bs

and for each j < a; + 2 we have

ni = nj+o’

= n+ wa[ao,a17-~~ ,(li+1].

Since there are a; + 1 many values 7;, for j > 0, the pigeonhole
principle implies that we can find an [ > 0 so that

! 7é pi < a;+2 (TruthCOde<r90(H77j+1)~lv60) € Hﬁo)
for any of the at most a; formulas ¢ coded below a;. Set

Qi1 =def T

and
Bit1 =def M+1-
Then if
TruthCode("p(Hg,,,)", Bo) € Hpg,

for some ¢ coded below a;, we have that
TruthCode("p(Hy,)™, Bo) € Hg,

for some j < [. Using Lemmas 2.8 and 2.7 and the induction hypothesis
one can verify that the codes of a;41 and ;41 are less than 20711,
So clauses (1) and (2) of the lemma are satisfied, and the induction
hypotheses (21) and (22) are also maintained.
The case where alag,ay,...,a;] = X is almost identical; in this
case, take
1 =der o + WMl

and proceed as before. O

The following definition is slightly awkward since it defines a prop-
erty of a set A by giving conditions on A — {min(A)}. This concession
pays off later on, in that it simplifies that statement of Lemma 5.7.
The definition should not be taken to imply that the conditions of
Lemma 5.3, expressible in the language of first-order arithmetic, pro-
vide the only way of ensuring that S will be an w-model of ¥1-AC in
any limit I of a nonstandard A. What is important is that they pro-
vide one way of doing so, as is evidenced by the lemmas that follow.
Notice that we use the usual coding trick of [3] to guarantee that only
certain sets are “seen” by the limit 7.
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Definition 5.4 Let A = {ag,a1,...,ax} and S be finite sets. Say
that S approximates an w-model of L1-AC in A if there is a set H
and sequences («;) and {(B;) satisfying the conclusion of Lemma 5.3
with A replaced by A — {min(A)}; and, letting

d
T<aia7ad> = H'[Y ]

we have that

S = B Tlas .-

a; €A y<a;,d<ay

The idea behind this definition is as follows. Suppose S approxi-
mates an w-model of ¥1-AC in A = {ag,ay,...,a}, and let I be any
limit of A. Then I determines a limit of the sequence

Qo, Ay . v, O,y

namely the set of «; corresponding to some a; in I. If we let K denote
the set of ordinal notations in I below some such «;, then K denotes
a set of notations in I with no greatest element, and in fact, an initial
segment with the favorable properties discussed in the opening para-
graphs of this section. The set S? then codes the sets that are definable
in some level of H corresponding to a notation in K.

The next two lemmas show that Definition 5.4 has the desired prop-
erties. The first was inspired by [7].

Lemma 5.5 Suppose (N,{H?}) is a model of IAy + (exp), such that
N EHg(H). Let K be an initial segment of the notations less than 3
in N such that K has no greatest element, and define

S =aqet {H |y € K,d e N}

Suppose further that whenever o(X) is an arithmetic formula with set
parameters from S and p(Hs) holds for every 6 above K, then it holds
for some § in K as well. Then

K =4t WV, S)
is a model of (ACA) and (L1-AC).

Proof. That (ACA) holds is implied by the fact that K has no greatest
element, as follows. Let ¢(z, 13) be a XY formula with set parameters

Pin S. Each parameter P is of the form Ha[yd] for some v € K, so we
can pick 7’ to be the largest of these. Since K has no greatest element,
it is closed under successors, so

0 =def '}/ +1
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is also in K. By Lemma 3.8 we have that
N EVz (p(x) < TruthCode("¢(z)7, §) € Hy).

But then
N Yz (p(z) &z € H),

and this latter set is an element of S.
To see that K is a model of (X1-AC), suppose that

KEVz3Y ¢(z,Y) (23)

for some arithmetic formula ¢ with parameters in S. The fact that
(23) holds implies that for every z there is a v in K such that

N E 3y e(x, HY).

Since every level of the hierarchy codes all the ones that come before
it, we have that

N [ Va 3y o(a, HY) (24)

for any 6 above K. By the hypothesis of the lemma there is some §
in K satisfying (24) as well. But the set Hs is an element of S. Now,
using arithmetic comprehension in K, define Y so that for every x

y, = gl

where f, is the least natural number such that ¢(z, H(Ef m]) holds. Then
we have

Vo o(z,Ys),

witnessing the conclusion of (31-AC). O

Lemma 5.6 Suppose S and A are sets in M such that
M | S approzimates an w-model of L1-AC in A.
If I is any limit of A, then
I |= ST is an w-model of ©1-AC.

Proof. Suppose S, A, and I are in the statement of the lemma. Since
I is a limit of A it is a limit of A — {min(A)}, so there are a set H and
sequences («;) and (3;) satisfying the conclusion of Lemma 5.3. Define

S={Sl|ier}.
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and let
K =gt {y€1]3i(a; €I Ny <)}

It is not difficult to verify that
S={HWM|ve K, deT}.

so we only need to verify that I, H!, and K satisfy the hypotheses of
Lemma 5.5.

The fact that K has no greatest element in I follows from the fact
that if v € K, then for some 7 such that a; € I, we have that v < «;.
Since [ is a limit, a;11 is in I as well, and hence a; < ;41 is also in
K.

Suppose that ¢(S) is an arithmetic formula with set parameters
from S, and p(Hy) holds in I for every § above K. Note that as long
as ¢ is sufficiently below [y, we will have that

TruthCode("¢(Hs)™, Bo) € Hpg,. (25)

Find a; so that in addition " (X)™ is less than a;. Then we have that
(25) holds for § = 8,41, and so clause (2) of Lemma 5.3 implies that it
also holds for some § € K as well. By Lemma 3.8

I'|= ¢(Hs)

for this 4. O

From Lemma 5.3 we now obtain the following

Lemma 5.7 Suppose C is p(A,0)-large and X is coded below min(C).
Then there are sets A and S, such that A is A-large and spread out,
and S approzimates an w-model of X1-AC in A.

Proof. Set
ap =def min(C).

Since C is ¢(A,0)-large, C' — {ap} is p(Aag], Alag])-large, and one
can use Lemma 2.8 to show that "w*l@]7 is coded below 2%. Ap-
ply Lemma 5.3 to obtain a A[ag]-large set A’, a set H, and sequences
() and (3;). Set

A —def A/ U {ao}

and define S as in Definition 5.4. O

Putting it all together yields the following

21



Theorem 5.8 Suppose a and b are nonstandard elements of M such
that
M = [a,b] is p(e0,0)-large.

Then there are a cut a < I < b and a finite set S coded in M such
that
(I{sjljen})

is a model of ©1-AC.

Proof. By Lemma 5.7 there are an gqg-large A C [a, b] and a set S such
that S approximates an w-model of ¥1-AC in A. As in the proof of
Theorem 4.1 we can thin A down to an w-large set A’ such that first-
order induction relative to the parameters S holds in any limit I of
A’. Lemmas 5.6 and 5.2 then yield a model of (X1-AC) and (ACA) in
which full second-order induction holds. ]

6 Approximating finite X/-AC hierarchies

Using our relativized version of the transfinite jump lemma, we can
iterate the construction in the previous section, to obtain nested w-
models of 1-AC. This gives rise to the following sequence of defini-
tions and lemmas.

Definition 6.1 Say S is an w-model of X1-AC containing T if S is
an w-model of X1-AC and for some i, S; =T.

Definition 6.2 Say that S approximates an w-model of X1-AC con-
taining T in A if S is as in Definition 5.4, except that H approximates
a jump hierarchy from T in A.

Of course, if S approximates an w-model of £1-AC containing T
in A, where S, T, and A are all coded in some nonstandard model of
true arithmetic, then ST is an w-model of X1-AC containing T in any
limit I of A. The lemmas in the previous section can be relativized to
yield the following

Lemma 6.3 Suppose C is an ¢(X,0)-large set, and T is any finite
set in M. Then there are a set S and a M\-large A C C' such that S
approzimates an w-model of £1-AC containing T in A.

Analogous to the notion of a c-level jump hierarchy, we introduce
the notion of a c-level hierarchy of nested models of ©1-AC.

Definition 6.4 Say H is a c-level nested 31-AC hierarchy if for each
i, 0 <i<c, H; is an w-model of ©1-AC containing H;.
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Definition 6.5 Say H approximates a c-level nested ¥1-AC' hierarchy
in A if for each i, 0 < i < ¢, H; approzimates an w-model of S1-AC
containing H; in A.

If Hy is some set T in Definition 6.4 (6.5), we will say that H is
(approximates) a c-level nested ¥1-AC hierarchy from T. Once again,
it is not hard to show that if H approximates a c-level nested £1-AC
hierarchy from 7 in A, and min(A) is nonstandard, then H' is a c-level
nested X1-AC hierarchy from T/ in any limit I of A.

As in the case of finite jump hierarchies, we can approximate finite
nested ¥1-AC hierarchies if we start from a suitably large interval.

Lemma 6.6 Suppose C is v¢-large, and T 1is any finite set. Then
there are an a-large set A and a set H such that H approximates a
c-level nested X1-AC hierarchy from T in A.

Proof. Recall that 7§ = a and 7§, ; = ¢(7*,0). The proof is just a
simple iteration of Lemma 5.7. O

Finally, as in Section 3, we can extend these constructions to the
transfinite. Though we only state the results for w iterations, we note
that by an appropriate extension to our notation systems they can
easily be generalized.

Definition 6.7 Say H is an w-level nested X1-AC hierarchy if for
every i > 0, H; is an w-model of ©1-AC containing H;.

Definition 6.8 Suppose A = {ag,a1,...,ar}. Say H approximates
an w-level nested X4-AC hierarchy in A if, whenever 0 < i < a;j_1, H;
approximates an w-model of 1 -AC containing He; in{aji1,aj42,- .. ,ax}.

Lemma 6.9 Suppose C is I',-large. Then there are a set H and an
a-large set A C C such that H approzimates an w-level nested $1-AC
hierarchy in A.

Proof. The proof is analagous to that of Lemma 3.6. g

7 Constructing models of fl\)n, ATR,, and
ATR

As it turns out, nested ¥1-AC hierarchies are useful in constructing
models of the theories fﬁn, ATRy, and ATR, which we now address.

Let ¢(z,Y) be an arithmetic formula, in which the sole set param-
eter Y occurs positively (that is, in the scope of an even number of
negation symbols, assuming that ¢ is written using the connectives 3,
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Y, A, V, and —). We can think of such an arithmetic formula as a
“positive arithmetic operator” since it defines the monotone function

I',: Pw) — Pw)
given by

Ly(A) = {alo(z, A)}.
(The monotonicity means that for any sets A and B, A D B implies
I',(4) D I',(B).) Classically such operators are known to have fixed-
points: for example, defining

o TO =qer 0

. Fg“ =det I'p(I'})

. F:} =def U’Y<A I}, for limit ordinals A,
the monotonically increasing sequence I'G must stabilize at some count-
able stage J. At this point, we will have I‘g,(I‘fo) = I‘fw so that I“fo
defines a fixed-point of I',,, and, in fact, the least fixed-point (in the
sense that it is contained in any other fixed-point).

The theory 1D ; is a first-order theory in the language of Peano
Arithmetic, with an additional predicate P, for each positive arith-
metic operator ¢(z, X). ID; then extends the axioms of PA with
axioms

Va(Py(z) < oz, Py))
that assert that each P, is a fixed-point (though not necessarily least)
of the operator I',. Similarly, each theory fbn+ ; adds new constants
for positive arithmetic formulas in the language of ID and the corre-
sponding fixed point axioms, and ID<w is the union of the ID ’s. See
[5, 2] more more information on ID .., and [1] for more information
on inductive definitions in general.

The connection between the theories ID and nested X1-AC hier-
archies is given by the following two lemmas.

Lemma 7.1 The theory 1{51 can be interpreted in $1-AC.

Proof (sketch). Let ¢(x,Y) be any arithmetic (or even 1) formula
in which the set parameter Y occurs positively. Aczel has observed
that by using a universal ¥} truth predicate and diagonalizing as in
the proof of Godel’s fixed-point theorem, there is a 31 formula 1(z)
that defines a fixed point of ¢. In particular, for this 1), $1-AC proves

Vo (h(x) < ¢z, {z | P(2)})).

(The axiom scheme (X1-AC) is required to bring set quantifiers to the
front of approprlate formulas.) One can then interpret the fixed-point

constants of 1D 1 using such ¥, so that induction in D ;1 is reduced to
second- order induction in (X4-AC). See [5] for more details. O
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Lemma 7.2 The theory fl\)n can be interpreted in ACAy together with
the extra axiom “there is an n-level nested %1-AC hierarchy.”

Proof (sketch). One inductively shows that each fixed-point constant

from the language of ID; can be interpreted by a set that is arithmetic
in the ith level of the nested ¥1-AC hierarchy. O

Combined with Lemma 6.6 this yields

Theorem 7.3 Suppose a and b are nonstandard elements of M such
that
M E [a,b] is v,-large.

Then there are a cut a < I < b and a finite set T coded in M such
that
T
<I,... ’Tr¢17...>

is a model of I{Bn, where the sets TrIW interpret the fixed-point con-
stants.

Proof. Recall that 41 =ger 77°. By Lemma 6.6 we can find a set S’ and
an go-large set A’ such that S’ approximates an n-level nested L1-AC
hierarchy in A’. As in the proof of Theorem 4.1 we can thin A’ down
to an w-large set A, and obtain a set .S which will code the universe of
a model of (ACA) containing S’. We can read off interpretations in S

for the fixed-point constants of I/I\)n from the proof of Lemma 7.2. [

If [a,b] is Tg-large then [a + 1,b] is v,-large, and we can use the
same construction to obtain an a-level nested £1-AC hierarchy. If a is
nonstandard, we can interpret all the “standard” fixed-point constants
of ID_,,. This yields

Theorem 7.4 Suppose a and b are nonstandard elements of M such
that
M = [a, b] is Tg-large.

Then there are a cut a < I < b and a finite set T coded in M such
that
I
<I,... ’Ty—wj7...>

is a model of I/Bu.

The theories ATRy and ATR extend ACA, and ACA respectively,
by adding an a schema (AT R) which allows definitions by arithmetic
transfinite recursion along any well ordering;:

WO(<) = Y Vb, x (x €Y < ¢(x,Y2p)) (ATR)
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where ¢ ranges over arithmetic formulas, possibly involving set pa-
rameters. Here WO(<) represents the I} assertion that the set <
codes a well-ordering, that is, every set X contains a <-least element.
Intuitively, (ATR) asserts that given any well-ordering, we can build
a hierarchy Y such that each level b is obtained from an arithmetic
comprehension over all the levels that have preceeded it. For more
information about ATRy, see [11, 9, 10, 2].

The connection between arithmetic transfinite recursion and nested
$1-AC hierarchies is given by the following

Lemma 7.5 Over ACAy, the scheme (ATR) is equivalent to the as-
sertion “for every X, there is an w-model of ©1-AC containing X.”

Proof. We sketch the right-to-left direction, which is the only direction
we need below. From within ACA,, suppose every set X is contained
in an w-model of £1-AC and < is a well-ordering. Letting ¢(z,Y)
be any arithmetic formula, we need to show that there is a transfinite
hierarchy defined by ¢ along <. By coding all the set parameters of
¢ into a single set, we can find an w-model S of X1-AC that contains
these parameters. We claim that for every c there is a (unique) set W
in S that codes the hierarchy up to ¢, i.e. W satisfies

Vb < cVx (x € Wy — p(x, W), (26)

and W, = () if b is not a predecessor of ¢. Notice that the claim is an
arithmetic assertion in the parameter S. Suppose there is a ¢ for which
the claim is false, i.e. for this ¢ there is no W in S satisfying (26). By
(ACA) and the assumption that < is a well-ordering, we can find the
least such ¢. Then for every d < ¢, there is a hierarchy up to d in S.
But using (X1-AC) in S we can combine all these hierarchies into a
single set, and then using arithmetic comprehension in S we can turn
this into a hierarchy up to ¢, contrary to our assumption.

We’ve shown that for every c there is a hierarchy up to ¢ in S.
Again, using (X1-AC) and (ACA) in S, we can find a hierarchy defined
for all the elements of <, completing the proof.

The left-to-right direction of the lemma can be found in [11, 10]. O

Lemma 7.5, combined with Lemmas 6.6 and 6.9, yield the last two
theorems in this paper.

Theorem 7.6 Suppose a and b are nonstandard elements of M such
that
M = [a,b] is Tg-large.
Then there are a cut a < I < b and a finite set S coded in M such
that
(I{sjjeI})
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is a model of ATR,.

Proof. Since [a, b] is Tp-large, [a+1,b] is y4+1-large. As in the proof of
Theorem 7.3 we obtain an ep-large set A’ and a set T that approximates
an (a+ 1)-level nested X1-AC hierarchy in A’, and thin A’ down to an
w-large set A. Suppose [ is any limit of A and J is any limit of the set
{0,1,... ,a+1}. Since each T/, is an w-model of £{-AC containing
Tj[ , it is not difficult to verify that

K =aet I{(T))iliel,jeJ})

will satisfy (ACA) as well as the assertion “for every X there is an
w-model of £1-AC containing X.” Hence, by the preceeding lemma,
K will be a model of ATR,. By the usual trick we can find a single set
S such that

(1,{Si i€}

is of this form. O

Theorem 7.7 Suppose a and b are nonstandard elements of M such
that
M = [a,b] is T, - large.

Then there are a cut a < I < b and a finite set S coded in M such
that

(1{8] |ie})
is a model of ATR.

Proof. The proof bears the same relationship to the construction of a
model of ACA in Theorem 4.1 as the previous proof bore to the con-
struction of a model of ACA,. Which is to say, first we use Lemma 6.9
to construct a set S that approximates an w-level nested Y1-AC-
hierarchy in an eg-large set A C [a,b]. Then we thin A down to an
w-large set A’ and guarantee that induction will hold relative to A in
any limit. Taking I to be a limit of A and

N:def <I, {Sll | 1€ I}>,
N will satisfy full second-order induction as well as (ACA) and (ATR).
U
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