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Abstract

We give some general criteria, when k-complete forcing preserves largeness properties — like
r-presaturation of normal ideals on A (even when they concentrate on small cofinalities).
Then we quite accurately obtain the consistency strength “NS) is Ni-preserving”, for

A > N,
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We consider the notion of a k-presaturated ideal which was basically introduced by
Baumgartner and Taylor [B-T]. It is a weakening of presaturation. It turns out that this
notion can be preserved under forcing like the Levy collapse. So in order to obtain such an
ideal over a small cardinal it is enough to construct it over an inaccessible and then just
to use the Levy collapse.

The paper is organized as follows. In Section 1 the notions are introduced and various
conditions on forcing notions for the preservation of x-presaturation are presented. Models
with NSy cardinal preserving are constructed in Section 2. The reading of this section
requires some knowledge of [G1,2,4].

The results of the first section are due to the second author and second section to the

first.

Notation. NS, denotes the nonstationary ideal over a regular cardinal k > Ry, NS¥
denotes the NS, restricted to cofinality p, i.e. {X C k| X N{a < klcf a=u} € NS}, D
denotes a normal filter over a regular cardinal A = A\(D) > Ry, DT = {A C \|A # () mod
D,ie. A\— A ¢ D}. lN?Q for a forcing notion @, such that HQ— “A(D) is regular” is the

Q-name of the normal filter on A\(D) generated by D. By forcing with D we mean the
forcing with D-positive sets ordered by inclusion.
1. k-Presaturation and Preservation Conditions

The definitions and the facts 1.1-1.5 below are basically due to Baumgartner-Taylor
[B-T].

Definition 1.1. A normal filter (or ideal) D over \ is k-presaturated if |—— “every
D+

set of ordinals of cardinality < x can be covered by a set of V' of cardinality 2

Let us formulate an equivalent definition which is much easier to use.

Definition 1.2. A normal filter D on A is k-presaturated, if for every ko < k, and
maximal antichains I, = {A$ i <i,}, i.e.

Af e DY [i#j=> AP NAY ¢ DY), (VAe D")(Ji<iq)ANA} € DY)
(for @ < ko) for every B € DT there is A* € DT such that A* C B and (Va < ko)|{i <
io: A*NAY € DT} <A



Fact 1.3. If K < A\, (VO < \)[©" < A, {i < A:cfi > Kk} € D, D is k-presaturated, then
in 1.2 we can find A** such that Vo < k3li < i, A*NAY € DT,

Proof: First pick A* as in the definition. For every a < kg let (B¥|T < Ao < A) be
an enumeration of {AY N A*|i < i, AP N A* € DT}. Without loss of generality min
BY > 1. For v < A\, a < Ko let 7,(v) be the least 7 s.t. v € B if such 7 exists and -1
otherwise. Define f : A = A by f(v) = |J 7a(v). Then there are © < X\ and a D-positive

a<ko

subset A’ of A* s.t f(A') = {©}. Since ©% < ), using once more the Fodor Lemma, we

can find A** C A’ as required.

Definition 1.4. A normal ideal or filter on X is k-preserving iff
(a) I is precipitous

(b) |—— “% is a cardinal”.
I+

Remarks.

(1) If kK = A", then such an ideal is called presaturated. This notion was introduced by
Baumgartner-Taylor [B-T].

(2) It is unknown if for K > w; (b) may hold without (a). But if 2* = AT, then (b) =
(a).

(3) Every precipitous ideal is |I*|-preserving.

Proposition 1.5. Suppose that k < \ are regular, 2* = At and D is a normal ideal over

A. Then the following conditions are equivalent:

(a) D is not k-presaturated;

(b) |—— cf AT < k;

(c) thé) forcing with DT collapses all the cardinals between AT and some cardinal < k;
(d) I is not k-preserving;

(e) a generic ultrapower of D is not well founded or it is well founded but it is not closed

. + .
in VP under less than k-sequences of its elements;

If in addition 2<% < X\ then also

(f) the forcing with D adds new subsets to some ordinal < k.
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Proof: (b) = (c) since |[D*| = A*. The direction (¢) = (a), (b), (d), (e), (f) are trivial.
If = (b) holds, then, as in [B-T], also —(a) holds. —(a) implies =(d), =(e) and —(f).

We are now going to formulate various preservation conditions.

Lemma 1.6. Suppose that k < A\ are regular cardinals, D a normal filter on A = \(D),

Q a forcing notion |—— “\ regular” and D? denotes the normal filter on \ in V@ which
0 ~

D generates.

If D is k-presaturated (in V') then INDQ is k-presaturated in V? provided that for some K
(>|<)})7K’Q’,€ K is a structure with universe | K|, partial order <=<X unitary function T =
TX and partial unitary functions p; = pX such that

(a) fort € K, T(t) € Dt;

(b) KEt < s implies T'(s) C T'(t) mod D;

(c) pi(t) is defined iff i € T(t);

(d) pi(t) e Q and [KEt <s,i€T(s) = pi(t) < pi(s)];

(e) thzf{: {i e T(t) : pi(t) EgQ} C X is not forced to be () mod INDQ;

(f) if q H—”TE (D)t " for some q € Q then there is s, s € K, pi(s) > q and
o ~ '~

—"7 CT mod QQ//;

(g) if f(j(*) < K, for a < k(%) Y, C K is such that {T'(t) : t € Y, } is a maximal antichain
of DY such that [t €Y,, s€Ys a>p=(3CeD)(VieCNTH)NT(s))pi(s) <
pi(t)], and T € D" then there is s, s € K, T(s) C T and there are yo, C Yy, |ya] < A
for @ < k(%) such that [ < k(x), z € Yo\ya = T(z) NT(s) = Pmod D] and
Va < k(*)(Vx € yo)(3C € D)Vi e CNT () NT(s))[pi(x) < pi(s)].

Proof: Let s(x) < k, and I = {A%: i <i } (for a < k(*)) be Q-names of maximal
antichains of (D%)* (as in Definition 1.2) (i.e. H—NI is a maximal antichain”.
~ Q ~Ma

We define by induction on o < k(%) Y,he such that
(i) Yo C K, {T(t):t€Y,}amaximal antichain of DT;
(ii) for every B < a,t€Ys, se€ Y, forsome C e D ic CNT(s)NT(t) — pi(t) < pi(s));
(iii) hq : Y, — ordinals, and |—— 7 QAO‘N for t € Y,.

~hea(t)
Using (g) pick s and (y|a < k(*)). Then 7 will be as required in Definition 1.2.

S
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Definition 1.7.

1) Gm(D,~,a) (where a C «) is a game which lasts v moves, in the ith move if i € a
player I, and if i ¢ a player II, choose a set A; € DT, A; C Ajmod D for j < i. If at
some stage there is no legal move, player I wins, otherwise player II wins.

2) If we omit a, it means a = {1+ 2i: 1+ 2i < v}.

3) Gm™(D,~,a) is defined similarly, but for player II to win, NA; # @ has to hold as

well.
By Galvin-Jech-Magidor [G-J-M], the following holds.
Proposition 1.8. D is precipitous if player I has no winning strategy in Gm™ (D, w).

Lemma 1.9.
1) Suppose that v < X\ are regular cardinals, D a normal filter on A\ = \(D), Q a forcing
notion H—” A regular”; A = \(D).
Q

If player II wins the game Gm(D,~,a) in V, then it wins in Gm(D,~v,a) in V@
provided that for some k, v < K, the following principle holds:

(*)%,K,Q:

K is a structure as in Lemma 1.6,

(a) fort € K, T(t) € Dt;

(b) K=t < s implies T'(s) C T'(t) mod D;

(c) pi(t) is defined iff i € T'(t);

(d) pi(t) e Q and [KEEt <s, ie€T(s)= pi(t) <pi(s)];

(e) Zt: {ieT(t):pi(t) EGQ} and p;(t) HQ—HZtE (ZNDQ)Jr " forie T(t);

(f) if, q H—”TE (D)t " for some q € Q then there is s, s € K, p;(s) > ¢ and
o ~ '~

"7 CT'mod D?";

(g) Ki?s k-complete, i.e. if (t; 11 < § < k) Is increasing and NT(t;) € DT then there
iste K, t; <t

(h) Q is k-complete and preserves stationarity of all A € DT,

2) The same holds with Player I having no winning strategy.



Proof:

1) Let us provide a winning strategy for player II. Let G C @ be generic over V without
loss of generality the players choose @-names for their moves. We will now describe
the strategy of player II in V[G].

Player II also chooses T;,t;(j € a,i < ), according to the moves. Player II preserves
the following (for a fixed winning strategy F of player II in Gm(D,~y,a) in V).
(*) the plays (é i <~* <#)and (T} : i <~*) so far satisfy
(a) (T; -1 <Z’y*> is a beginning of a play of Gm(D, v, a) (in V') in which player IT uses
the strategy F;
(b) for i € a, ézz ,T(t) =T, t; € K;
(c) for j<i< Z’y*, ;; < t;;
(d) V[G]}:”éi Gl e DT ".

Proposition 1.10. Suppose k < A are regular cardinals, VO < A\[©<" < )], D a normal
filter on A\, Q) a forcing notion, H—H A is a regular’” and D@ denotes the normal filter on
0 ~

A in V@ which D generates. Let
(¥)} k.o denote the following:
(a) K is a partial order, elements of K are of the formp = (p; : ¢ € T'), where T' = T
is D-positive and p; € Q fori € T. Forp,q € K, p > q iff I C T; and for every
it € Ty, pi > ¢; in the ordering of Q;
(b) ifpe K, then s ={i €T : p; EgQ} is not forced to be empty mod D;
(c) jfz is a (Q-name, Z N7y not forced to be empty mod D, then for some q € K,
7>p and |T” 7 T

d) (I) if p*(a < a(*) < k) is an Increasing sequence in K and T € DT then
(d) (I) if p§ g seq

a<a(x)
there is an upper bound in K or (II) if p®(a < a(x) < k) Is a sequence from
KTeDt, T= (| TY[a<B,icT*NT’ = p¢ < p?] then there is

a<o(x)
pPeK, Ty CT, [i € T*NT5 = p@ < pl;

(e) for every g € Q, 7 s.it. q—— 7€ (D)t " there isp € K, p; > ¢ and
fF——mp C 7;

(f) (Dgli < \) € K, where (¢ is the minimal element of Q.
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If (*)?b k.q holds then also the following statements are true:

(1) If D is k-presaturated in V, {6 : ¢fd > k (in V)} € D, then lN)Q is k-presaturated in
Ve.

(2) If player II wins in Gm(\, D,~) inV (v < k), Q k-complete then he wins in Gm(\, D, )
in V€ provided that

(a) pe K =np; H—”T + (mod D? " for i € Ty
Q P ~

(b) (*)?b,K,Q

(3) The same holds if we replace “The player II wins” by “Player I does not have winning

(*)%,K,Q :

strategy” or the game Gm(\, D, ~) is replaced by Gm™ (X, D, ).
(4) In (2) we can replace (*>%,K,Q by:

D, a normal filter over X in V, K like K,

player II wins also in Gm(\, D,~) and

4
() (), k1.Q
(B) (*)%,K,Q
. (7) for every p = (p; : i € 1) € K there are
()b, k.01 11.,Q ¢ §=(Ga:aeS)eK, p*=(pd:ieT,) €K

" C T pairwise dis]
T, C T3 pairwise disjoint
[i € Ty = pi < pY, qOLH—” Zﬁﬁé@mOdQQ .

Proof: Let us prove (1). The proof of (2) is similar. Let k(%) < k&, I = {1:10‘ i <i }
(a < k(x)) be k(%) Q-names of maximal antichains of D as mentionedoin theldeﬁnitign
of k-presaturitivity (i.e. it is forced that they are like that).
We define by induction on o < k(x), Yy, j(v) and p”(v € Y,,) such that
(i) Y, is a set of sequence of ordinals of length «;
(ii) p¥ € K;

(iil) B < a, v € Y, implies v|B € Yz, 1P <7 (i.e. TV C TV1P), [i € TV = pI* < p¥);

—

)
)
)
(iv) Yo={<>},p~" = (pF~ :i < A), p5~ =0¢g (the minimal element);
(v) for 6 limit, Y5 = {n : n a sequence of ordinals £g(n) = ¢, (Vi < d)n|i € Y;};
)

(vi) {T" : v € Y, } is a maximal antichain;



(vii) for o limit, v € Y,,, TV = () T

a'<a
(viii) for i € T%, v € Yai1, p —— i e
Q ~ilv
There is no problem to do this for « limit, (vi) is preserved as VO < A\[@" < A] and

/7

{6 :¢fé > Kk} € D by an assumption and Fact 1.3.

Now as D is k-presaturated there are B € DT, y, C Yy, |ya| < A, such that [v €
Yo — Yo = BNTY & D). So there is C € D such that (Va < k(x))(Vv1 # 12 € ya)
[T"NT2NC=0. Let BB= (| U (T”NC), then B 2 B mod D, hence B’ € DT

a<k(*) VE€Ya
Apply (d) and get p*.

The following proposition shows that it is possible to remove the assumptions on

cofinality used in Proposition 1.10(1).

Proposition 1.11. Suppose k < A are regular cardinals, () a k-complete forcing notion,

|—— “\ is regular cardinal”. Let QQ be the QQ-name of the normal filter on X\ which D

ger?erates in VQ. Assume that the following principle holds:

(*)%,K,Q-’

(a) K is a set, its elements are of the formp= (p;:1 €T), p; € Q, T =Ty € DT;

(b) if g€ Q, T € D" then there isp € K, N\iq < p;, T 2 Ty;

(c) let 7 ={i:p; €G} we assume p;|——7 € (D?)* (or just 7 ¢ (ZN?Q)+);

(d) if p Z; K, T CTs; T' € DT and /\ieT/ppi < q¢; € Q then for sompe T C T’ and
T={(r;:1€ T”) € K Nepr@i <135

(e) for every q € Q, T s.t. ql— TE (D@)*, there isp € K, p; > q, q|——75 C;

(f) (0g :i < A) € K, where (g is the minimal element of Q.
If D is k-presaturated then D€ is k-presaturated.

Remark.  We can omit (b) and get only |—/— “D® | T is not k-presaturated” if
peEK.

Proof: Let s(x) < Kk, I = {A% i <i } for a < k(x) are x(*) @Q-names of maximal
antichains of (DQ)Jr which form a counterexample to k-presaturativity (i.e. at least some

qo € P forces this).



We define by induction on o < k(x) Y, and the function j|Y, : Y, — ordinals and
p(veY,)st.
(i) Y, a set;
(i) p* € K let ° = (p? :i € T?), T° € D
(iii) for every v € Y, and i € TV ¢qp < p};

(iv) (TV : v € Y, } is a maximal antichain of D7;

(v) forveY,,ieT", pr—Ni GAO‘( ”);
(vi)ifn € Y3, B < a, v € Yy, and T"NT" € D then for some C,, € D, (Vi €

T,NT,NCy.) P! <p¥l;

)
)
)
)
)
)

(vil) B<a=YsNY, =0;
(viii) for B<a,v €Y, {n€Ys:T"NTY € DT} < A\

Ifnve |J Yz and T"NTY ¢ DY, then we choose C),, € D disjoint to T" NT". (It
B<a

occurs when 7 # v € Yg.)

Arriving at a, let {p" : v € Y,} be maximal such that (i), (ii), (iii), (v), (vi), (vii),
(viii), holds and {T" : v € Y, } is an antichain on D" (not necessarily maximal).

It suffices to prove that it is a maximal antichain, so let T'€ DT, TNT"Y = ¢ mod D
for every v € Y,,. As D is k-presaturated, there is 7" C T, T € DT s.t. for every 3 < a,
{neYs: T'NT" € D'} has cardinality < X, and let it be {ng; : j < jzg < A}. Let
C={<Nif Bif2 <a,j1 <6, ja<d thend € Cpy . ns s
Tp={0€T :(F <jsnd)ld € 77571}, Then Ty CT and T'~Tj ¢ DT (as {T" : v € Y}

is a maximal antichain). Let 7% = CNT'N () Tj. So T' —T* ¢ D*. Hence T* € D™,
B<a

n .
T CT. For everyd € T* and B < «, there is a unique jg <0,0€eT 735 (if j1,jo are

}. Now for each 8 < a, let

candidates use the definition of Cy, ., . (there is one as § € Tj). Now for 81 < 2 < «

7751 ’j6

N3, .59
(for our 0) by the choice of C,, 51 < p "5, Hence using k-completeness of

B11MBods P
@, we can find ps, Ag<aps < ps. Now (ps : 6 € T*) satisfies much, almost contradicting
the maximality of {p” : v € Y,,} and non-maximality of {7 : v € Y, } (and the choice of a
j). But repairing this is easy. Without loss of generality 7% C T".0. Using (d) of (*)%J{Q
we obtain p' = (p§|d € T*) € K s.t. T* C T* and Ajerep; < p,. We have to take care of

(v). So we have o' = (pf : § € T*) € K Npey, T*NTY = (), ' satisfies everything except
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(v). Now ||—/—75 & (13+)Q so for some r € Q r|l——7mp € (13+)Q. Hence for some 71,
r <ri; € Q, and j the following holds:
() Ti|F——mN éj‘e D+.

For each ¢ € T* choose if possible p;/, P < p;/ €Q p;/ H—”i € A?‘H. Set T® = {i : p;/
is defined}. It is necessarily in DT (otherwise this contradicts (x)). Applying (d) of
(*)%.0.p We get a final p contradicting “Y,, maximal but {T" : v € Y, } is not”.

For a = 0, use (b) with our gg. O

Proposition 1.12. Let D, D, are normal filters over a regular cardinal A. Suppose that

the following holds
Cp.p,: forevery T €DV, F(T)={5§<\:TnN§ is stationary} € D .

Let QQ be a k-closed forcing for a regular k < A. Then in V@ Cp,p, is not forced to fail
provided that

(*)E,K,Dl,Q (a)(*)%,K,Q or (*)%,K,Q and
(1) for peK
{0 <A T NS is forced to be stationary} € D7
or (f2) pfor pe K
{6 <A :Zﬁ NS is not forced to be nonstationary} € D

and () satisfies A —c.c.

Proof: Suppose otherwise. Let |—— Se (ZN?Q)+ and F(S) ¢ (ZN?Q)Jr ToSet T=1{i<
Al some p; forces "i eé'”}. Using (d) for p = (0 : i < \) (see (f)) find Fle K, 7= (r;lieT’)
s.t. T/ C T and r; > p;. Then |—— T CSIf (1) holds, then we are done. If (83) is true,
then by A-c.c. of @ and normality of Drl find C € D; so that |—— CNF(S)=0". Then

~

also |—— CNF(r )=0". The set {§ € C| for some g5, q5|—— T N9 is stationary}

-
~F
is in D;. Hence it is nonempty. So there is § € C s.t. gs|—— 7 N¢ is stationary. But
~
then gs|—— 0 € F(r )and 0 € C" which contradicts the choice of C. O

T

Lemma 1.13. Suppose that u is a regular cardinal, A > p is an inaccessible QQ = Col(u, <

A), and D is a normal filter on \. Let T' € Dt andp = (p;|i € T') be a sequence of conditions
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in Q. Then there is C € D such that for every i € TNC p;|—— 7 € (D9)T, where
Nﬁ ~

T ={i:p; €G}.
NPT ~

Proof: Set S={icT:pj|—/—75 € (D9)*}. IffA—S € D, thenlet C = \—S. It will
be as required since

—— (€7 and m—717CA-C)

i.e T and 75 are the same mod ZN?Q where 7 = {i € TN Clp; €G}.

Let us now assume that S € DT. For every i € S there is ¢; > p; ¢;/|—— T ¢ (ZBQ)JF.
Set z*: {ies:q Eg} Since () satisfies A-c.c. and D is A-complete, theie exists ¢
forcing "/ TrE (ZN?Q)+ ", Then for some ¢’ > q,i0 € S ¢ > gi,- So ¢'|—— {i € S : ¢ Eg
} e (D9t " Hence ¢|— T € (D®)* ". Which is impossible since g;,|—— 75 &
(D9)T ", Contradiction. So S & lgf

Remark 1.13A. It is possible to replace the Levy collapse by any A-c.c. forcing.

Proposition 1.14. Suppose that u is a regular cardinal A > p is an inaccessible, () is the
Levy collapse Col(u, < A) and D, Dy are normal filters over . Then
1) (%)} k. holds if {6 < Mcfd > p} € D and we let K = {(p;|i € T)|T € DT, p; € Q};
2) (%)% k.o holds if we let K = {(p;li € TNC)|T € D%, p; € Q, C is as in Lemma 1.13};
3) (*)b.k.q holds if {5 < A[cfd > p} € D and K is as in 2);
4) (%)D.k.p, .o holds if {5 < Mcfd < pu} € D, {§ < X|§ is an inaccessible } € Dy and K

is as in 2).

Proof: 1), 2), 3) easy checking. 4). Suppose that in V' Cp p, holds. Let us show the
condition (82) of (*)} g p, o- Let p= (pi]i € T) € K and C € D;. We should find some
deCandqe€qQ ql—— T N is stationary.

Using Cp, p, find an i;accessible 0 € C such that 6 € C', T'N ¢ is stationary and for
every i < ¢ p; € Col(u, < ). Now, as in Lemma 1.13, there is a stationary S C T'N¢ such
that every p; (i € S) forces in Col (u, < ) that “ T_ N4 is stationary”. If D concentrates on
ordinals of cofinality < pu, then without loss of generality all elements of T" are of some fixed

cofinality < u. The forcing Col(u, < A) is p-closed, so it would preserve the stationarity of
(75 N 6>Col(u,<5)‘ O
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Corollary 1.15. Let A be an inaccessible, i < \ be a regular cardinal and @) = Col(u, <
A). Then the following properties are preserved in the generic extension (i.e. for any
normal filter D on \)

(1) k-presaturatedness, for k < p;

(2) the existence of winning strategy for Il in games defined in Definition 1.7;

(3) the nonexistence of winning strategy for I;

(4) reflection of stationary subsets of ordinals of cofinality < p provided that A is Mahlo

and in V the reflecting ordinals are inaccessibles.

It is possible to use (4) in order to give an alternative to the Harrington-Shelah [H-S]
proof of “every stationary subset of Ny consisting of ordinals of cofinality w reflects” from
a Mahlo cardinal.

Let A be a Mahlo cardinal. Use the Backward Easton iteration in order to add a™
Cohen subsets to every regular o < A\. Now iterate the forcing for shooting clubs through
compliments of nonreflecting subsets of {a < Acfa = w} as it is done in [H-S]. Such forcing
will preserve all the cardinals. Since it is possible to pick a submodel N s.t. 6 = NN A is
an inaccessible cardinal and use Cohen subsets of § for the definition of N-generic clubs.
We refer to [S1] for similar construction with o.

Let us now give an example of a forcing notion satisfying the preservation condi-
tions but not A-c.c. The forcing notion we are going to consider was introduced by J.

Baumgartner [B] and in a slightly different form by U. Avraham [A].

Proposition 1.16. Suppose u < A are regular cardinals, VO < \ (O<F < \), D is the
closed unbounded filter on \ restricted to some cofinalities > p (or to a stationary set
consisting of ordinals of such cofinalities) and S € D is a stationary subset of A containing
all ordinals of cofinality < u. Let @) = {A|A is a set of pairwise disjoint closed intervals
C X\ of cardinality < p, and [a, B8] € A implies a € S} ordered by inclusion (so HQ—” S

contains a club gQ: {a| for some B [a, f] GQ;) Define K = {(p;|i e T)|T € D, T C
{§ € Slefs > u}, pi € Q for some j >4, [i,j] € p; and p;|——m5 € (D) for every
ieTh.

Then (*)%,K,Qf <*)%,K,Q’ (*)‘11)7K7Q hold.
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Proof: Letp = (p;|li € T) besothat T € DT, T C {§ € S|cfd > pu}, p; € Q and for some
Jj >, [i,7] € p;- Let us show that [—/— “7 is not stationary”. Suppose otherwise. Let
~p
E be a name of a club such that |—— F N 7 = (). For every i € T pick ¢; > p; forcing

~ ~ o~

4 §Z§H. Pick an increasing continuous sequence (M;|i < A) of elementary submodels of
some H(7) for 7 big enough so that |M;| < XA and M; N A € A. Set C* = {§|Ms N\ = d}.
Clearly, C* is a club. Pick 6* € C* NT. Then gs« |—3* €§ since otherwise for some
a <6, r > g5 TH—? Nd* C . But since cf §* > p and |r| < p, for some f,a < 5 < 0*
there exists r' € Q N Mg, r’ > r|d* forcing “E Nd* & «”. This leads to the contradiction
since ' Ur* € Q.

13

So for every p as above some g € () forces “7_is stationary”. Now the arguments of

Lemma 1.13 apply. So for every p = (p;|i € T') as I;bove there exists C' € D such that for
every i € TNC pi——1 € (QQ)JF.

Let us show that for apny €@, Tst. q— Te (IN?Q)+ there exists p € K, p; > q
and g|—— 75 cT mod(ng)Jr ". The set T = {d|for some ps > ¢, ps|——0 €ern QQ}
is in Dt. But if ps|——0 €C , then for some 8'16,0'] € ps. Now fix (ps|d € T) as above
in order to obtain p € K as reccfuired.

The checking of the rest of the conditions is routine. OJ

What happens if D concentrates on small cofinality? Does forcing with @) of Propo-

sition 1.6 preserve < p-presaturedness? Strengthening the assumptions it is possible to

obtain a positive answer. Namely the following holds.

Proposition 1.17. Let u, \, S, Q be as in Proposition 1.16, assume that D is a club filter
restricted to some cofinality < p (or to a stationary set of such cofinality) and there exists
a set ST € D consisting of ordinals of cofinality < p and for every § € S~ there is a set
As C 9, |As| < p consisting of ordinals of cofinality > u, and the following holds:

() “for every club C C A {§ € S™|sup(AsNC) =45} € D”.

Let K = {(p;li € T)|T € Dt, p; € Q,T C S, for every i € T(Fa < i)(VE € A; —
a)(In)([€,n] € pi)}. Then (*)%‘S*J{Q holds, where é'*: {6 € S7|sup(As— QQ) <0}

Remarks.

(1) The property (*) is true in L and also it can be easily forced.
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(2) If we are interested only in a condition forcing < u-presaturation then there is no need
in S*.

Proof: Let us check that for p = (p;|i € T) € K |—/— 75 is not stationary”. Suppose

otherwise, let C' be a name of club disjoint to 7 . Pick ¢; > p; forcing “s ¢C”. Let

P
(My|lae < A) and C* be as in the previous proposition. Pick 6* € C* N'T such that

——"6* ¢C"". So for
some r > g5+ and a < 8* r|——" C N6* C o . But it is possible to find § € (A5-NC*) —a
such that r|0 € Ms. So some 1’ > r|§, v’ € My forces “C N6* € . But rUr’ € Q.

otp(C* N d§*) = 6* and sup (As- NC*) = 6*. By the assumption g~

Contradiction. O

2. Constructions of Cardinal Preserving Ideals.

By Jech-Magidor-Mitchell-Prikry [J-M-Mi-P] it is possible to construct a model with a
normal p-preserving ideal over u™ for any regular i from one measurable. Actually NS Z i
can be such ideal. We shall examine here N S;+ for 7 < pand NS,+.

In order to formulate the results we need the following definition of [G4]:

Definition 2.0. Let F =< F(a,3)|8 < 7) be a sequence of ultrafilters over o. Let

0 <7, p> 0 be ordinals and A < a be a regular cardinal. Then

(a) & is an up-repeat point for F if for every A € F(a, ) there is ', § < &' < ~ such that
A€ F(a,d);

(b) & is a (), p)-repeat point for F if (al) ¢f6 = A and (a2) for every A € N{F(a,B)|6 <
B < & + p} there are unboundedly many &£’s in § such that A € N{F(«, &€ < & <
§+p}-

If F is the maximal sequence of measures of the core model we will simply omit it.

Theorem 2.1. The exact strength of

(1) “NS,+ is p-preserving for a regular ji > Ry + GCH?” or;

(2) “N Sﬁ?r is p-preserving for a regular p > Ny + GCH” or;

(3) “NS,+ is Ny-preserving for a regular 1 > Ny + GCH” or;

(4) “N S| . is Ry-preserving for a regular p >Ry, 7 < i+ GCH”

is the existence of an up-repeat point.
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Proof: Use the model of [G4] with a presaturated NS, over an inaccessible £ and the
Levy collapse Col(u, < k). By the results of Sectionl, NS,, will be p-preserving in the
generic extension. I

The rest of the section will be devoted to the construction of NS, wi-preserving from

an (w, k" + 1)-repeat point. The following theorem will then follow.

Theorem 2.2.
1) the strength of “NSX° is wy-preserving +r is an inaccessible” is an (w, xt 4 1)-repeat
g K g
point;
(2) the existence of an (w, k™ + 1)-repeat point is sufficient for “N S, is wy-preserving +x
is an inaccessible +GCH”;
(3) the strength of “N S;jﬂ is wy-preserving +GCH?” for a regular pn > Ng is (w, p)-repeat
point;
4) the existence of an (w,u + 1)-repeat point is sufficient for “N S+ is wy-preservin
( I M g

+GCH”, where p is a regular cardinal.

Suppose that U is a coherent sequence of ultrafilters with an (w, k* + 1)-repeat point
a at k. Define the iteration P, for 7 in the closure of {8|(8 = k) or (8 < k and S is an
inaccessible or 5 =y + 1 and + is an inaccessible)}.

On the limit stages use the limit of [G1]. For the benefit of the reader let us give a
precise definition.

Let A be a set consisting of a’s such that o < x and a > 0(a) > 0. Denote by A? the
closure of the set {a+1 | a € A} U A. For every a € A* define by induction P, to be the
set of all elements p of the form (p |~ € g) where

~a

(1) g is a subset of a N A.

(2) g has an Easton support, i.e. for every inaccessible 5 < «, § > |dom g N fG];

(3) for every v € domg ply=(p |B € yNg) € Py and plvy HP— “p €Q 7.
NB ~ ~

¥ vy vy
Letp=(p |v€9), ¢g={q | v € f) be elements of P,. Then p > ¢ (p is stronger
~y ~y
than ¢) if the following holds:
(1) g2f
(2) for every v € f plvy |—— “p >q in the forcing Q ”
Py My Yy ~y
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(3) there exists a finite subset b of f so that for every v € f\b, p[v|—— “p >*¢ in
Q. ~y ™y
~y
If b= 0, then let p >* q.

Suppose that 7 is an inaccessible and P, is defined. Define P, 1. Let C(71) be the
forcing for adding 7+-Cohen subsets to 7, i.e. {f € VF7|f is a partial function from ot x «
into o, |f]V"* < o and for every 8 < at{3'|(3, ') € dom f} is an ordinal}. P,41 will be
PrxC (1) xP(T, Oﬁ(T)), where P(r, O(j(T)) is the forcing of [G1,2] with the slight change
described below.

The change is in the definition of U(7,~,t) the ultrafilter extending U(7,~) for v <
Oﬁ(T) and a coherent sequence ¢ or more precisely in the definition of the master conditions
sequence. Let jf : V. — NE = V7 /U(T,B) for § < O[j(T). Pick some well ordering W of
Vi, for a big enough A so that for every inaccessible 6 < A\, W|V;s : V5 <> §. Let v be some
fixed ordinal below O(j<7'). Let us for a while drop the indices 7, in j7, NJ.

Let <Q / |v/ < 77 > be the j(W)-least enumeration of all E-dense open subsets
of j(Pr * C’(Z'JF)) which are in N. Where a subset D of a forcing notion P E-dense is
if for every p € P there exists ¢ € D which is an Easton extension of p. Define an E-
increasing sequence <p |y’ < 71 > of elements of P;(;y*xC(j(7)")/Pr41 so that for every
v <7t p there will l:e a j(W)-least E-extension of <p |y <~ >in D compatible

~ony? — -

with j”(G’yﬂ C(rT)). !

Now as in [G1,2] set A € U(T,~,t) if for some r in the generic subset of P, * C(771),

~

some v/ < 77, aname A of A and a P, * C(7) — name T, in N

rn{<t, T>}Up |—7F€ij(A).

gl
Note that the set D = {q|q||(7 € j(A)} is E-dense and it belongs to N. So it appears in

the list <D |y’ <77 >. Hence some p isin D.
N,-Y/ /7/
Let G be a generic subset of P, * C(k'). Recall that by [G2] the sequence <

~

U(y,7,0)y < Oﬁ('y) > is commutative Rudin-Keisler increasing sequence of ultrafilters,
for every ~.

Now let j* : V[G] - M* = V[G|*/U(k,~,0). Then M* = M[j*(G)] for a model M
of ZFC which is contained in M*. We would like to have the exact description M.
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The next definition is based on the Mitchel notion of complete iteration see [Mi 1,2,3].

Definition 2.3.  Suppose that N is a model of set theory, V a coherent sequence in N,
k is a cardinal. The complete iteration j : N — M of V at k will be the direct limit of
Jv: N — M,, v < {, for some ordinal ¢,,, where /., j,, M, are defined as follows. Set
My = N, jo =id, Vo =V, Co(a, ) = 0 for all & and 3. If OV(FL) = 0, then ¢, = 1.

Suppose otherwise:

Case 1. OV(/@) is a limit ordinal.

If j,, M,, ﬁ,,, C,, are defined then set
jm/—l—l : Mu — MV+1 = May/vu(auaﬁu) )

where «, is the minimal ordinal « so that
(i) a > K;
(ii) « is less than the first & > k with 0‘7(/{’) > 0;
(iii) for some f < oV (a) C, (e, B) is bounded in o
and [, is the minimal § satisfying (iii) for «,,.
If there is not such an «, then set ¢, = v, j = j,, M = M,, C = d,. Define
Coiil(aw, B,) = Col(aw, By), w1 = juws1(aw)

6V+1(ay+1,jyy+1(ﬁ)) = {gyézwgl/;b {a,} i g i gu

Case 2. OV(/@) =7+1.
Define j,, M,, ‘71, and d, as in Case 1, only in (ii) let « be less than the image of x
under the embedding of N by V(k, 7).

Theorem 2.4. Let j* : V|G| - M* be
(a) the ultrapower of V|G| by the ultrafilter U(t,~, ()
or
(b) the direct limit of the ultrapowers with the Rudin-Kiesler increasing sequence of the

ultrafilters < U(7,7',0)|y < v >.
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Then M™ is a generic extension of M, where M is the complete iteration Of[j| (r,7+1)
at 7, if (a) holds, and of U|(t,~) at 7, if (b) holds.

Main Lemma. Let M be as in the theorem and let i be the canonical embedding of V'

into M. Then there is G* C i(P, x C(k™)) so that G* € V|G| and G* is M[G] generic.

Proof: Let us prove the lemma by induction on the pairs (7, ) ordered lexicographically.

Suppose that it holds for all (7,7’) < (k, «). Let us prove the lemma for (k,~).

Casel. a=ao +1.

Let N be the ultrapower of V by U(k,«) and j : V. — N the canonical embedding.
We just simplify the previous notations, where N = N, 7 = j~. Then M is the complete
iteration of j(U)|k + 1 at & in N if o/ is a limit ordinal, or for successor o/, the above
iteration should be performed w-times in order to obtain M. Let us concentrate on the

first case; similar and slightly simpler arguments work for the second one.

Denote by k : N — M the above iteration. Then the following diagram is commutative

N
J
/
v
i
pN
M

By the inductive assumption there exists G’ € N[G] M-generic subset of Py, *
C((k(r))T).

If o = 0 then k(') = Oi((j)(k(/{)) = 0 and C(k(k)") is only the forcing used over
k(k). Suppose now that o/ > 0. Then k(a’) > 0 and the forcing over k(x) is C(k(k)™)
followed by P(k(k), k(c’)). Let us define in N[G] a M[G']-generic subset of P(k(k), k(a')).
Recall that a generic subset of P(k(k), k'(«)) can be reconstructed from a generic sequence
bi(x) to k(k), where by, is a combination of a cofinal in k(x) sequences so that bl;(lm)({n})
is a sequence appropriate for the ultrafilters i(U)(k(k),d) with 6 on the depth n. We refer
to [G2] for detailed definitions.
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Let us use the indiscernibles of the complete iteration C in order to define bk(r)-
Namely, only < C(k(x),8)|6 < k(a/) > will be used.

Set byny = {< 71,6 > n < w,§ < k(k)T, 7 < k(k), for some § < k(o) coded by
< n,&> in sense of [G2] T € C(k(k),))}.

Let G be the subset of P(k(k), k(a')) generated by bi(x)- Let us show that G is
M|[G']-generic subset. Let D € M[G’] be a dense open subset of P(k(k), k(a’)) and D its
canonical name. Since M is the direct limit for some v less than the length of the complete
iteration, for some 13 e M,, Q is the image of Q . Let us work in M,,. Denote by G,
the appropriate part Vof G’ and by t a coherent seauence which generates by(,)|a,. Let

k, : M — M, be the part of the complete iteration k£ on the step v.

Case 1.1. cfMv(k, (o)) < k, ().

Then k, (o') changes its cofinality to cf* (k,(a/)) after the forcing with P(k, (k), k. (a)).

For every T so that < t,T >€ P(k,(k), k,(a’)), there exists i < cfMv(k,(a’)) and
T* so that < t,T* > is a condition stronger than < t,T > and < t,T* > forces “some
< ¢, T >€ D, with t’ on the level i is in the generic set”. In order to find such 7™ just
use the k, (a’)-completeness of the ultrafilters involved in the forcing P(k, (k), k, () and
the Prikry property. Now for every ¢’ € T™* which is appropriate for ¢ or some j > i there
exists T” such that < ¢/, 7" >€ D,,. The same property remains true for &, (T7%) for every
v < V' < length of the iteration k. Pick v/ > v to be large enough in order to contain
elements of by, appropriate for i. Let ¢’ be a coherent sequence generating by (,|a, . It
is possible to pick such ¢’ in k,.(T*). But then for some T < t',T' Nk, (T*) >€ k,,/ (D,).
The image of </, T" N k,/(T*) > under the rest of the iteration will be in G .

Case 1.2. cfMv(k, (o)) = k, ().

Then k, (o) changes its cofinality to w.

For every T so that < ¢,T >€ P(k,(k), k,(a’)) there exist n < w and T* so that
< t,T* > is a condition stronger than < ¢,7 > and < t,T* > forces “some < t/,T' >€ D,,,
with ¢’ containing the first i elements of the canonical w-sequence to k, (k), is in the generic
set”.

Pick v/ > v in order to first reach n elements of the canonical w-sequence to k(k).
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Then proceed as in Case 1.1.

Case 1.3. cfMv(k, (o)) = (k. (/)T in M,,.
Let D be a dense open subset of P(k, (k), k., (). Set D' = {< p,T >€ P(k,(k), k,(a))]
for some level 6 < (k,(k))", for every < &1,...,&, > s.t. &, € Suer,,(p" < &1,.. ., &n1)

for some >0, < p” < &,...,& >, Tpnce, . e.> >€ D}
Claim. D’ is a dense open.

The proof is similar to Lemma 3.11 of [G1]. Define D, = D', for every n < w set
D, 41 = D), and finally D, = Ny« Dy,

Claim. For every condition < p,T > there exists a stronger condition < p,T* > in D,,.

We refer to Lemma 1.4 [G1] for the proof. Just replace o there by “€ D,,”.

Let < t,T7* >€ D,. Then for some n < t,T* >€ D,,. Now by simple induction it is
possible to show that there is § < (k,(k))T so that for every & € Sucy« 5(t) < t7 < & >,
Tinces >€ D.

Now pick a large enough part of the iteration k£ to reach the level §. Continue as in
Case 1.1.

It completes the definition of a generic subset of Py ()41 Let us refer to it as Gy (,)41-
We now turn to the construction of the generic object for the forcing between k(k) + 1
and (k) + 1. Let us define it by induction on 4§, k(x) +1 < ¢ <i(k) + 1. Suppose that for
every ¢’ < § a M-generic subset Gs of Py is defined in V[G]. Define Gj.

If there is some 7 > ¢ and an indiscernible 7 for it 7/ < §, then use the inductive

assumptions to produce Gs. Suppose now that there is no 7, 7" as above. Notice, that then

d = k(6*) for some §* < §. Let us split the proof according to the following two cases.

Case A. 0=0¢+1.

Then Ps /Gy = C(6F) * P(6, 080 (5)) if 0#D) () > 0 and P/Gy = C(6+) otherwise.
So Gs will be Gy * (G’ % G”), where G may be empty.

Let us define first G’ C C(67). We use as inductive assumption that k(p,) | § € G

for every v < kT where < p,|v < kT > is the master condition sequence for U(k, c, ).

Set G’ = U{k(p,)(0)|C(61)|lv < kT }.
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Let us check that G’ is M[Gy]-generic subset of C(67). Suppose that D € M[Gy/] is
a dense open subset of C'(§1). Let D be a canonical Ps-name of D. By the assumption
on ¢ there are indiscernibles K < a,,, < -+ < a,, < ¢ such that the support of Dis a
subset of {k,ay,,...,a,, }. Since the forcing C(67) is d-closed D can be replaced by it
dense open subset with support x alone. Let us assume that 13 is already such a subset.
Then D= k(g*) for dense open 9*6 N subset of C'((6*)"). By the choice of the master

condition sequence for some v < kT

Pl5* | (6)IC((5°) ) D" .

But this implies
k(p,)(0)|C(6%) e D .

So G' N D # (.

Suppose now that Ok(ﬁ)(é) > 0. We need to define G a M[Gs: * G']-generic subset of
P9, 0’“([7)(5)). In this case ¢ is a limit of indiscernibles, i.e. C(d,7) is unbounded in § for
every 7 < 0%(0) (6)). So we are in the situation considered above. The only difference is that
some p/, s may contain information about the generic sequence bs to ¢. In order to preserve
k(p,)|d + 1 in the generic set, we need to start bs according to k(p,)(d). Notice, that
further elements of the master condition sequence do not increase the coherent sequence

given by p,.

Case B. ¢ is a limit ordinal.
Set G5 = {p € Ps| for every &' < ¢ p|d’ € Gs'}. Let us show that G5 is M-generic

subset of Ps. Consider two cases.

Case B.1. There are unboundedly many in ¢ indiscernibles for ordinals > 4.
Since § = k(d8*), § is a limit of indiscernibles for §. Then § is measurable in M and the
direct limit is used on the stage d. Let < 7;|i < A > be a cofinal sequence of indiscernibles.
Let D € M be a dense open subset of Ps. Then {7 < §|D N H(7) is a dense open
subset of |J P, } contains a club in M. The sequence < 7;]i < A > is almost contained
in every ch;1<bT of M so there is ig s.t. D NPy, is dense. But then G,, N D # (). Hence
GsND +#0.
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Case B.2. There are only boundedly many in ¢ indiscernibles for ordinals > §.

Then, since § = k(d*), there is no indiscernibles for ordinals > ¢ below . So there
are unboundedly many in § ordinals 7 which are in the range of k.

Let D be a dense open subset of Ps in M. Define D' = {p € Ps| for some <
§ p|B——"p\B € D/ gu}. Set Dy = D, D, 11 = D), for every n < w and let D, =
U D,. ’

n<w

Claim B.2.1. D, is E-dense subset of Ps.

Proof: Let p € Ps define p}, > p as in Lemma 1.4 [G1] where o is replaced by belonging
to D,. Suppose that p* € D,. Then there is p’ € D, p’ > p*. Let € domp*N domp’
be the last on which an information about cofinal sequences is added. But then for some
p € Ps p p*(B)|—p*\B € D1 /Gp. Then, as in Lemma 1.4 [G1], it is possible to go

down until finally for some n and some p// € Pmin(domp*)

p”H—p* S Dn/Gmin (domp*)

which contradicts the definition of p*.

U] of the claim.

It is enough to show that Gs N D,, # (. Since then, for some n, Gs N D,, # (). Now use
the fact that all initial segments of G5 are M-generic. So let us prove for every FE-dense
set D that Gs N D # (). Without loss of generality we can assume that D is in the range
of k, since it is always possible to find some 7 < ¢ in the range of k above the support of
D and the intersection of 7 E-dense open subsets of Ps /G, is E-dense open.

Let D* € N be an E-dense open subset of Ps« so that k(D*) = D. By the definition
of the master condition sequence < p,|v < kT >, for some 79 < k™ p,,|6* € D*. Then
k(py,)|0 € D. But, by the choice of < Gs/|8' < § > k(py, )6 € Gs for every &' < 6. So
k(puy)|d € Gs.

So G is an M-generic subset of Ps. It completes Case B and hence also Case 1 of

the lemma.
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Case 2. « is a limit ordinal.

Use the inductive assumption and the definitions of the generic sets of Case 1. Define

a generic subset of Py, as in Case B.1.
[J of the lemma.

Let G* € VI[G] be the M-generic subset of P;) * C(i(x)") defined in the Main
Lemma. Then G* NP, x C(k") = G and for every v < k' i(p,) € G*. Define the
clementary embedding i* : V[G] — M[G"] by i*(a [G]) = (i(a))[G"]. Then i*[V = i,
i*(G) and, if U* = {A C k|k € i*(A)} then U* = U(k, , D). So the following diagram is

commutative

MI[G*]

.

M* = V[G]* /U

where (([flu=) = i*(f) (k).

It remains to show that ¢ = i¢d. Notice, that it is enough to prove that every indis-
cernible in C is of the form i*(f)(k) for some f € V[G]. Examining the construction of
G*, it is not hard to see that every indiscernible is an element of the generic sequence bs

for some § € k' (N).

So indiscernibles are interpretations of forcing terms with parameters in k& (N). But
such elements can easily be represented by functions on x in V[G]. Let p € C and
p = (t(6))[G*] for 6 = k(6*), where t is a term. Let 6* = [f]y(x,q) for some f : kK — &,
f € V. Define a function g € V|G| on k as follows: g(7) = t(f(7))[G]. Then i*(g)(k) =
LSRG = 0))G"] = p. a

Let us now turn to the construction of wi-preserving ideal. Suppose that a* is an

(w, kT + 1)-repeat point for Uin V. Let o* < a < a* + kT be an ordinal. Denote by M*
the complete iteration of j&(U)|((j%(x), (j@(a* + k1)) in N, Let i®, k* be the canonical
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elementary embeddings making the diagram

N
Jk
/
v
,L'Ot
pN
Moz

commutative.

As in the Main Lemma find in V[G] a P(k, «)-name of a M“-generic subset g’ of
Pix () ¥ C(i%(kT))/Pr1 so that each k*(p) egl for v < kt, where < p%|v < kKt > is the
master condition sequence for U(k, «, (). Let g/ be obtained from g’ by removing all the
information on the generic subset of C(i%(k™)) except i (GNC(k)).

We shall define a presaturated filter U*(k, ) on k in V[G] extending U (k, o) so that

(i) all generic ultrapowers of U*(k, o) are generic extensions of M%;
(ii) every set U(k,a, () is U*(k, a)-positive.

Property (i) will insure that the forcing for shooting clubs over i*(x) will be x-closed
forcing. Property (ii) is needed for the iteration of forcings for shooting clubs over x in
VIG].

Denote G NP, by G and G N C (k') by G. Let G(v) denote the v-th function of G
for v < k*. Let j* be the embedding of V[G] into the ultrapower of V[G] by U (k, «, 0).
Let < a,|v < kT > be the list of all the indiscernibles for i¢(x) of the complete iteration
used to define M®. For every & < kT extend g to g* by adding to g// conditions
<&4+v+1,ka, > forevery v < kT, ie. the E+v+1 gegneric function moves k to .

Define a filter U*(k, ) on k in V[G] as follows:

A C k belongs to U*(k, ) iff for some r € G some 7’ s.t. f[—— L"Egu, for every

peC (j2(k1))(0) s.t. in N2[j*(G)] p € 5*(G(0)), and for some r* s.t. @|—— r*EGz( :
~ ~ ~ ~Ep

in M*

rUlpaUpUr® [— kci®4)

Pia(r)+1 ~
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where £(p) < kT is the minimal s.t. p|d € j*(G(0)), for § the £(p) member of some fixed

enumeration of j&(k).

Claim 1. U(k,,0) D U*(k, @).

Proof: Let A € U(k,a,0), then for some v < k* some 7, < 0, T >€ P(k,a), in N&

rU{<0,T>}Up |——Feji(4).

Let us split p into three parts p =p | Pje, p =p NC(j2(k7))(0) and p = the rest of

~v . ~1 ~v ~2 Ny ~3
p . Then, using k%, in M“
~v

rU{<0,T >} UK (p )—rh € i%(4) .

Extend p to some p’, still remaining in the master condition sequence, in order to make

~ 2

its domain above all the indices of the generic sequences listed in p . Extend p} to some
~3

py € C(j*(k1))(0) which is incompatible with a member of the master condition sequence.

Then, using k%, in M*

ru{<0,T>}U ka(gl) UKk (py) U ka<£3)|%r§ € i®(4) .

By the definition of U*(k, «), it implies that A is a U*(k, «)-positive set.
So every member of U(k,a, () is U*(k, a)-positive. The fact that U(k,,() is an

ultrafilter completes the proof of the claim.

Claim 2. U*(k,«) is normal precipitous cardinal preserving filter and its generic ultra-

power is a generic extension of M¢.

Proof: Let U =U*(x,a)NV[G,G(0)]. The arguments of Theorem 1 show that a generic
ultrapower by U is isomorphic to a generic extension of the complete iteration of NS with
j2(U)|j%(x) above k. Actually the forcing with U is isomorphic to P(k, ) followed by
C(5%(k7))(0) (in the sense of this iteration) over V|G, G(0)]. Clearly, the generic function
form j¢(kT) into j¥(kT) produced by this forcing is incompatible with j*(G(0)) which
belongs to V[G, G(0)].
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Now the forcing with U*(k,a) over V[G] does the following: First it picks peC
(7¢(x7))(0) incompatible with j*(G(0)) and then G{(py 18 added. Gf ) insures th;t a
generic ultrapower is a generic extension of M. So the ;orcing with U* (mja) is isomorphic
to P(k, a) followed by a portion of C(i%(x™)), which is x-closed. O

Force over V[G] with the forcing @, which is the Backward-Easton iteration of the
forcings adding d7-Cohen subsets to every regular § < x with 00(5) > (0. Fix a generic
subset H of Q. All the filters U*(k, «) extend in the obvious fashion in V|G, H]. Let us
use the same notations for the extended filters.

Set F'=N{U*(k,a)|a* < a < a*+kt}. Then F is a < k-preserving filter in V|G, H|
and forcing with it is isomorphic to P(k,a) (for some o, a* < a < a* + k1) followed
by k-closed forcing. Let us shoot clubs through elements of F', then through the sets of
generic points and so on, as was done in [G 3,4]. Denote this forcing by B. Let R be its
generic subset over V[G, H]. We shall show that NS, is wi-preserving ideal in V|G, H, R).
The forcing with N.S,; consists of two parts:

(a) embedding of B into P(k,a);
(b) (k-closed forcing) *(i*(B)/i “(R)).

By the choice of i*(k), the forcing i“(B) is a shooting club through sets containing a
club (the club of indiscernibles for i®(x)). So it is k-closed forcing and part (b) does not
cause any problem.

Let us examine part (a) and show that this forcing preserves w;. Recall that B is the
direct limit of < Bg|8 < kT > where each Bg is of cardinality £ and for a limit 8, Bg =
the direct limit of Bg/ (8 < B), if ¢ff = k and Bg = the inverse limit of Bg (8’ < )

otherwise. The forcing of (a) is

P = {m € V|G, H]| for some B < k™ 7 is an embedding of Bg into P(k, )} .
For m,mp € P let m; > mg if m| dom g = ma.
Claim. NS, is an wy-preserving ideal in V|G, H, R).

Proof: Suppose otherwise. Then for some a* < a < o* + kT some condition in the

forcing P(k, a)* (the forcing isomorphic to the adding of £*-Cohen subsets of k™) *P over
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V|G, H] forces wy to collapse. Let us assume that the empty condition already forces this.
Consider the case when |——p (. o)cfi = ©. The remaining cases are simpler.
Let S be a V|G, H]-generic subset of P(k,a) * (k-Cohen subsets of k7). Denote

V|G, H,S] by V. Let f be a P-name in V of a function from w to wy . Pick an elementary
submodel N of < H(NA),a,B,P, Kk, f>, for A\ big enough, satisfying the following three
conditions: i

(1) [N] = #;

(2) N 2 HY (k);

(3) Nn&t =6 for some 6§ s.t. cfVIEH§ = g,

Then BN N = Bs. Also Bs is a direct limit of < Bs/|0’ < § >. Pick in V[G, H]
a cofinal sequence < 3|3 < k > to § and in V a cofinal sequence < 7,|n < w > to k.
Consider the subsets of k, <é I8 < k> s.t. B5,8+1/B5/3 is the forcing for shooting club
into é . Assume for simplicitff that all Ag’s are in V. Let A = Agc,Ag = {y < k| for
every g <7, ~ € Ag}. The Ag’s and A are in N{U(k,7)la* < v < o* + kT}. Pick
mo € P N N deciding the value of f (0). Without loss of generality dommy = Bs, +1 for
some [y < 6. Let ng be the leasth < w such that 6, > By. Denote 5Tn0 by €. Let
Cy be the generic club through Ag, defined by my and S. As in Lemma 3.6 [G4], it is
possible to find an element of the generic sequence to «, 7(0) € A—7,, such that CN7is a
V[G|7(0), H|7(0)]-generic club through AN 7. Choosing 7(0) more carefully, it is possible
to also satisfy the following A N 7(0) = Ag<r(0)(As N 7(0)). Now pick my € PN N to be
an extension of my with domain Bs,_ such that the clubs of 7(, intersected with 7(0) are
V[G|7(0), H|7(0)]-generic for Bs|7(0). It is possible since N satisfies condition (2).

Now find in N an extension m; of 7, deciding f (1). Define 7} and 7(1) as above.
Continue the process for all n < w. Finally set 7 = UNWn. It is enough to show that m € P,
since then m|l—— fe& V;. Let us prove that 7 aﬁéws produce a V|G, H|-generic subset
of Bs. Suppose tha; D € V|G, H] is a dense subset of Bs. Then X = {7 < s|D N H(1)
is a dense subset of Bs, |7} contains a club in V[G, H]. Since the generic sequence to s
is almost contained in every club of V|G, H|, for some n < w, 7(n) € X. But then the

generic subset produced by 7/ intersects D. So the same is true for 7. 0

Let us now turn to successor cardinals. We would like to make N S,; w; preserving for
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k = ut for a regular u > Ny. It is possible to use the model constructed above, collapse
k to uT and apply the results of Section 1. But an (w,x™ + 1)-repeat point was used
in the construction of the model. It turns out that an (w,p + 1)-repeat point suffices
for NS,+ and an (w, p)-repeat point for NS,+|{a < pt|efa < p}. On the other hand,
precipitousness of N Sﬁi implies an (w, p)-repeat point, by [G4].

Let us preserve the notations used above. Assume that y < & is a regular cardinal and
some o < Oﬁ(li) is an (w, 1 + 1)-repeat point. Let G be a generic subset of P, *x C(k™T).
Over V[G] instead of the forcing @, in the previous construction, use Col(u, k) the Levy
collapse of all the cardinals 7,4 < 7 < k on u. Let H be a generic subset of Col(u, k).
Denote by H(7) the generic function from g on 7 where 7 € (u, k).

Now the forcing for shooting clubs should come. In order to prevent collapsing
cardinals by this forcing, j(x) was made a limit of x* indiscernibles for the measures
{U(k,a)|la* < a < a+ kT}. But now we have only p measures. So the best we can do
is to make j(k) a limit of y indiscernibles and then its cofinality in V' will be p < k. It
looks slightly paradoxical since usually cfj(k) = ™, but it is possible by [G5]. In order
to explain the idea of [G5] which will be used here let us give an example of a precipitous

ideal I on w; so that:
(%) —"cf¥(j(@)) =" .

Example.  Suppose that x is a measurable cardinal. Let U be a normal measure on
kand j:V — N = V*/U the canonical embedding. Let P, be the Backward-Easton
iteration of the forcings C(a™) for all regular a < k. Let Gy x H,, be a generic subset of V.
Collapse k to wy by the Levy collapse. Let R, be V|G, * H,]-generic subset of Col(wy, k).
Denote V|G * Hy % R,;] by V4. We shall define a precipitous ideal satisfying (x) in V;.
Let jo = j, No = N, ko = &, Uy = U. Set Ny = N°U) /50U, k1 = jo(k), Uy = jo(U)
and let 71 : Ng — N;p be the canonical embedding. Continue the definition for all n < w.

Set juw, N, to be the direct limit of < j,, Nyjn < w >. Then j,(k) = | kn. Set

n<w
Fu = ju(r). Notice, that U(j" (v7)) = (5])N and U(jnta((5)N)) = (m) M1 So

12

G0 (K+)) = (RN,
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Define a filter U* in V|G, * H,; * R] as follows:

A e U* iff for some r € G,. * H, * R for some n < w in N,

r U pn”—’% € ]w(é)

where p,, is the name of condition in the forcing C(j, (k™)) defined as follows:

let h be the name of the generic function from w onto (k7)Y in Col(w, ju, (k) /G * Hy % Ry
Set pn = {< Ju(h (0)), K, k1 >, < juw(h(1)), K, k2 >, ..., < ju(h (n)), K, knp1 >} The
meaning of the above is that the value on x of j,(h(m))-th function from j, (k) to ju (k)
is forced to be Ky41-

It is not difficult to see now that U™ is a normal precipitous ideal on w; and a generic
ultrapower with it is isomorphic to a V|G H, * R,]-generic extension of N, |G, H,, Ry].
Also for a generic embedding j*, j*|V = j,. Hence j*(k) = k., which is of cofinality w in
V.

As in [J-M-Mi-P], it is possible to extend U* to the closed unbounded filter with the
same property. Using the Namba forcing, it is possible to construct a precipitous ideal
satisfying (%) on Ny. Starting from a measurable which is a limit of measurable, it is
possible to build such an ideal over an inaccessible or even measurable. Since then it is
possible to change the cofinality of the ordinal of cofinality x* to w in IV and that is what
was needed to catch all x,,’s in the above construction. We do not know if one measurable
is sufficient for a precipitous ideal satisfying (x) over k > Nj.

Note also that by Proposition 1.5 if I is A-preserving, then c¢fY j(x) > \. In particular,
if I is presaturated then cf"j(k) = k*.

Let us now return to the construction of NS+ wi-preserving. Let o* < a < a*+pu be
an ordinal. Define M* as in the construction of NS, wi-preserving for an inaccessible k.
Now cfVi%(k) will be . We shall define, in V|G, H], U*(k, ) extending U (k, o) satisfying
conditions (i) and (ii) from page 23. To do so simply combine the definition there with the
definition of the example. We leave the details to the reader. The rest of the construction
does not differ from an inaccessible cardinal case.

The above results give equiconsistency for NS,| (singular) or something close to

equiconsistency for NS,, but for kK > Ny. For k = N3, we do not know if the assump-
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tion of the existence of an (w,w; 4 1)-repeat point (or of an (w,wy)-repeat point for NS;;S)
can be weakened. By [G3], a measurable is sufficient for the precipitousness of N Sfjs and
a measurable of order 2 for NSy,. Let us show that w;-preservingness requires stronger

assumptions.

Lemma 2.5. Suppose that k > Ry is a regular cardinal, 2% = k*, 2% = R;. T is a normal
wy-preserving ideal over k so that {a < k|cfa = w} &€ I. Then 370(7) > 2 in the core

model.

Proof: Without loss of generality, assume that —3a0(a) = at*. Denote by K(F) the
core model with the maximal sequence F. We refer to Mitchell papers [Mi 1,2] for the

—

definitions and properties of K(F) that we are going to use.

The set A = {a < r|a is regular in K(F) and of cofinality w in V1 is I-positive.
If the set A* = {a € Al is not measurable in K(F)} is bounded in &, then 0(k) > 2.
Suppose otherwise. Let j : V' — M be a generic elementary embedding so that the set
{a < K|cfa = w} belongs to a generic ultrafilter G;. Then j(A*) is unbounded in j(k).

Pick the mimimal o € j(A*) — k.

Claim. cf*¥)(q) = (k1))

Proof: Suppose otherwise. Then, since « is regular in K(F) and j|K(F) is an iterated
ultrapower of lC(f) by f, « is a limit indiscernible of this iteration. By Proposition 1.5.
“M NV[G;] € M. Since o is not a measurable in K(j(F)), it implies that cffPa > w.
But then, using “M N V[G;] € M and the arguments of [Mi 2] and [G4], we obtain some
T with Oﬁ(T) > (wl)’c(ﬁ). o of the claim.

By [Mi 2], (/@JF)’C(]?) = (). But in V[G/], cfa = w and hence cf(kT)Y = w which

contradicts Proposition 1.5. O

Lemma 2.6. Suppose that x > XN, is a regular cardinal, 2% = k*, 2% = X, and I is a

normal wi-preserving ideal. If there exists an w-club C' so that every a € C' is regular in

K(F), then 3707 (1) > wy in K(F).
The proof is similar to Lemma 2.5; just consider the wy-th member of j(C) — k.
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Theorem 2.7. Assume GCH, if NS§§ is wy-preserving then 3t Oﬁ(T) > wy in K(F).

The proof follows from Lemma 2.6.

[B-T]

[G-J-M]

[G1]

[G2]
[G3]
[G4]

(G5

1]

[J-M-Mi-P]

[Mi 1]
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