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REALIZATION OF ANALYSIS INTO EXPLICIT MATHEMATICS
SERGEI TUPAILO

Abstract. We define a novel interpretation # of second order arithmetic into Explicit Mathematics.
As a difference from standard Z-interpretation. which was used before and was shown to interpret only
subsystems proof-theoretically weaker than Ty. our interpretation can reach the full strength of Tg. The
Z-interpretation is an adaptation of Kleene's recursive realizability. and is applicable only to intuitionistic
theories.

Introduction. Systems of Explicit Mathematics were introduced by S. Feferman
in the 70s as a logical framework for Bishop-style constructive mathematics (see [5].
[6]). In[6] he gave an embedding of the basic theory T, into a subsystem Aé —CA+BI
of second order arithmetic and conjectured that the converse also holds. In [10] G.
Jéger carried out a necessary well-ordering proof in Ty, which together with [13]
completed its proof-theoretical analysis and established proof-theoretic equivalence
of the system of Explicit Mathematics Ty, system of analysis A} — CA + BI. and
the set theory KPi. However, up to now. there were no direct embeddings of strong
conventional theories, e.g., analysis or set theory of the strength of Ty and higher,
into Explicit Mathematics. This also yielded that the only method for establishing
proof-theoretic lower bounds for Ty and stronger systems of Explicit Mathematics
remained to be well-ordering proofs carried out directly in those theories.

The situation is quite different with Martin-L6f type theories, where, in addition
to well-ordering proofs (see [16]), we also have direct embeddings of constructive
set theory CZF, [1], and its extensions, [2, 14], or a subsystem of analysis IARI,
[9]. The possibility of such an embedding is often considered as an evidence for
constructivity of a given theory. The obstacle for similar embeddings into Explicit
Mathematics was its specific nature, where intuitionistic and classical principles.
set-theoretic and recursion-theoretic intuition can be combined. It is sufficiently
straightforward to do for “weak” theories (essentially up to IT} — CA): however,
for stronger systems with mathematical meaning, where adding the law of excluded
middle often results in dramatic increase in proof-theoretic strength (see, e.g.. [15]),
the distinction classical/intuitionistic must have played a prominent role. The price
for this universality of Explicit Mathematics is that, while in ML type theories deriv-
ability simply means Kleene-type realizability, in EM these notions are different.
The reason for this is that a lot of realizable formulas, e.g., Church’s thesis and
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REALIZATION OF ANALYSIS INTO EXPLICIT MATHEMATICS 1849

axiom of choice in analysis. are incompatible with classical logic without damaging
consistency or consistency strength.

In this paper we develop a realizability interpretation into Explicit Mathemat-
ics. We have chosen here the simplest example, realization of analysis, which keeps
the amount of technical details at minimum. and demonstrates the method most
distinctly. For constructive set theory CZF and its extensions, one combines real-
izability with other methods of interpreting set theory. This is reserved for another
publication ([20]).

The paper is organized as follows. For reader’s convenience in Sections 1 and
2 we briefly introduce the theory T, and subsystems of analysis we are interested
in. In Section 3 we define two interpretations of analysis into Ty. a direct inter-
pretation & and a realizability interpretation %. A direct interpretation & means
simply that variables are interpreted as ranging over natural numbers and sets of
natural numbers and the meaning of logical connectives does not change. It’s this
interpretation which was used before. e.g.. in [6. Ch. V] and [4. Ch. II. §1]. The
drawback of this translation is that it does not really exploit the axiom of Join of
Explicit Mathematics. the consequence of which being that the only systems which
have been interpreted via & are proof-theoretically weaker than T.

Alternatively, we define a realizability interpretation &#. which is a variant of
Kleene 1945 recursive realizability. The general setting for realizing one language
into another was given already in [6]: however, that paper studies in detail only
realization of Explicit Mathematics into itself. As to relationships between the
interpretations & and %. we prove that they are equivalent over an applicative part
App of Ty for first-order negative formulas, Theorem 2, and #(F) implies & (F)
for F from a certain CC-class, Theorem 3. Thus & -interpretation automatically
transfers proof-theoretic upper bounds from Explicit Mathematics to analysis, and
lower bounds vice versa. Axiom of Choice. on the contrary, is an example of a
formula for which & does not follow from %, and is much stronger in presence of
the law of excluded middle, Theorem 6. In Section 4 we finally build realizations
of various axioms, giving together the theory IARI of [9], which has the same
proof-theoretic strength as T.

Acknowledgements. [am grateful to Prof. Gerhard Jager and Dr. Thomas Strahm
for introducing me to the world of Explicit Mathematics.

§1. Explicit mathematics. The theory To. We follow essentially the original type-
free two-sorted formulation of Explicit Mathematics from [5]. Alternative formu-
lations are given in [3] and [11].

Language %pv. The theory Ty is formulated in a two-sorted language: opera-
tions (individuals) and names (classifications). Names are thought of as a special
kind of operations, coding sets of operations. We use variablesa, b, c, ... asranging
over operations, and «, £, y, ... as ranging over names. The operation constants
of the theory are the following: combinators k, s, pairing p and projections pg, p;.
zero 0, successor sy and predecessor py, distinction by cases on natural numbers dy.,
join j and inductive generation i. Additionally we have the following nine operation
constants called name generators: nat, id, inv, emp, and, or, imp, all, ex. Terms are
built from variables and constants by the following application clause: if s and ¢ are
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1850 SERGEI TUPAILO

terms then s - 7 is a term, so that the application function symbol - accepts arguments
of both sorts and returns an operation. Atomic formulas are s = ¢ (s coincides
with ¢} and s e ¢ (s belongs to the set named by ¢, s is classified under ), where
s and ¢ are terms. Formulas are built from atomic formulas by A, V., — and two
types of quantifiers, over operations and over names, e.g., Va, 3a, Vo, Ja. Finally,
expression is a term or a formula.

Abbreviations. We use the following standard abbreviations:

-F e F — 1;

FyoF & (Fy— F)ANF — F);

t] e 3x (r=x);

Ht] & Ja (t = a);

st s (sl Vi) s=1t

sCt e Vxes(xet)s=t & sCtAtCs:

r:swtforvxes (rxet);
rist—itforr:s—t,ris™ —tforVxes (rx: s —t);

t'forsy-1; 1for0'; st fors-¢;¢(sy,...,s,) for (...(ts1)...8.): (s.1) for (ps)t;
s # t for —s =1¢, etc.

Syntactical conventions.

[. We use e[x] for an expression e, possibly containing occurrences of a variable
* (of appropriate sort). In this context by e[t] we mean the result of substituting
expression ¢ for all occurrences of * in e.

2. Parentheses in terms are assumed to be associated to the left: e.g., s - - u is
read as (s - 1) - u.

3. We adopt the following priority among propositional connectives and their
abbreviations: -, A, V, —, «. For example, F; V —~F; A F3 — F4 « Fs has to be
read as ((F V ((=F) A F3)) — Fy) «» Fs,

Logic. Intuitionistic 2-sorted logic of partial terms with equality. See, e.g., [3, Ch.
VI, 1] or [18, 1.3]. We take L (falsity) as a propositional constant with standard
axioms pertaining to it.

Axioms. The axioms are divided in six groups, according to their nature.

I. Applicative axioms. These axioms formalize that operations form a partial
combinatory algebra, that we have pairing and projections, usual closure conditions
on natural numbers, as well as definition by numerical cases:

(1) kab = a;

(2) sab| Asabc ~ ac(bc);

(3) pab| Apoal Apral Apy(pab) = a A pi(pab) = b;

(4) 0 nat AVx e nat (syx & nat);

(5) Vxenat (syx # 0 Apn(snx) = x);

(6) Vxe nat (x # 0 — pnxe nat Asy(pnx) = x);

(7) aenat Abenat — (a = b — dyxyab = x) A(a # b — dyxyab = p).

I1. Induction on nat.
@[0] AVx (@[x] — @[snx]) — Vx € nat p[x]

for each formula .
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REALIZATION OF ANALYSIS INTO EXPLICIT MATHEMATICS 1851

The following lemmas 1.1 and 1.2 are provable using only applicative axioms I;
Lemma 1.3 in addition calls for induction on natural numbers II (see, for example,
[6]. [3]. or a review [12]).

LemMA 1.1 (A-abstraction). For every term ([x] there exists a term Ax.t[x] such
that Ax.t{x]] and for every term s

5] — (Ax.t[x])s ~ t[s]).
LemMa 1.2 (Recursion Theorem). There exists a closed term rec such that

recf | Arecfx =~ f(recf)x.

Lemma 1.3 (Primitive recursion on natural numbers). There exists a closed term
prim such that

frinat—natAg: nat’ > nat A x & nat A yenat —
prim fg: nat® — nat A prim fgx0 = fx A prim fgx(syy) = gxy(prim fgxy).
ITII. Explicit representation. This axiom states that each name is an operation:
Ix (x = a).

IV. Elementary comprehension (ECA). These axiomatize name generators:

(1) A[nat];

(2) #[id]AVX (xeid < x = (pox, p1X) A pox = p1Xx):
(3) ATinv(f. )] AVx (xeinv(f, a) « fxea);

(4) #[emp] AVx (xe emp + L);

(5) Hland(o, BI1AVxX (xeand(a, B) — xea Axe B);
(6) Sor(a, )1 AVx (xeor(a. B) & xeaV xe B):

(7) Himp(a. BIAVx (xeimpla, B) < xea — xe B);
(8) Halla] AVx (xealle « Vy ((x,y) € a));

(9) #exa] AVx (xe exa « Ty ({x.y) e a)).

DeriNITION 1.1 (Elementary formula). A formula is elementary if and only if it is
constructed from s = ¢ and te a by means of A, V, —, Vx, 3x only. (No occurrences
of t & s with s not a name variable and name quantifiers are allowed.)

The following lemma is an intuitionistic analogue of reducing Elementary Com-
prehension as stated in [5] to name generators nat, id, co, int, dom and inv, which
holds in classical setting (see {7]); its proof requires only axioms I, 11l and I'V. For al-
ternative intuitionistic reductions of Elementary Comprehension to a finite number
of its instances see [9, Sect. 1] and [17, Sect. 3].

LeMMA 1.4 (ECA). If a formula F := F[x; a; &] is elementary then there exists a
term t} such that FV(t}) = FV(F) \ {x} and

N[EIAVx (xety & F).
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1852 SERGEI TUPAILO

Proor. The term t} is built by recursion on F:

inv(Ax.(s[x], £[x]),id) if F is s[x] = t[x]:
inv(Ax.s[x], o) if Fiss[x]ea:
emp if Fis L;
o and(tf, 1), th ) if F is Fo[x] A Fi[x]:
£ or (5, - ) if F is Fo[x]V Fi[x]:
imp(t'}o[x], ) if F is Fy[x] — Fi[x];
alltg o= p o1 if FisVy G[x.y]:
L Xt [po=pr2] if Fis 3y G[x, y]
Now the property of t}. is proved by induction on F. ~

V. Jain (J). This axiom states that if / is an operation from a set named by «,
each value of which is a name, then j(«, /) names a disjoint union of all fx for
xXea

Vxea M fx] — (/V[j(a,f)] AVz (zejla f)

—dxeady(z = (x,y)/\ysfx))).

VI. Inductive Generation (IG). The first part of this axiom states that i(c, §)
names a well-founded part of a set named by a along an ordering named by £; the
second part allows induction over that set for an arbitrary formula:

Hlila B AVx e a (W9 ((p.x)e f— yeila ) = xeila. §)))
A(¥xea (W ((.x) € B 9D)) = Blx]) = Vxeii (o H)lx])

where ¢ € Zr\ is an arbitrary formula.

The theory App is the one containing only applicative axioms I; EON has axioms
I-11. The theory EONN has axioms of the groups I-II1. EET is EONN + ECA,
EETJ is EET + J and Tj is EETJ + IG.!

By TND (tetrium non datur), both in Explicit Mathematics and analysis, we mean
a schema consisting of all instances of the Law of Excluded Middle.

§2. Subsystems of analysis. The basic theory EHA (Elementary Heyting Analy-
sis) is formulated in a two-sorted language .%»: numbers and sets of numbers. We
use variables a, b, ¢, ... as ranging over numbers, and 4, B, C, ... as ranging over
sets. There is only one individual constant 0. The function constants are: succes-
sor /, pairing (x, *) and projections ()¢, (*);, and also countably many function
constants [, f5. ... for primitive recursive functions. Terms are built as usual.
Atomic formulas are of the kinds s = t and s € 4 (s and ¢ are terms). Formulas are
built from atomic formulas by A, V, — and two types of quantifiers, over numbers
and over sets, e.g., Vx, 3x, VX, 3X. By FV(e) we denote the set of free variables
occurring in an expression ¢, and by FVy{e) and FV,{e) respectively the set of first

Tn the literature the names EET and EETJ are also used for theories as defined here, but with
restricted induction II.
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REALIZATION OF ANALYSIS INTO EXPLICIT MATHEMATICS 1853

and second order free variables of e. A formula is called negative if and only if
it doesn’t contain V or J. A formula is first-order if and only if it doesn’t contain
second-order variables. A formula is arithmetical if and only if it does not contain
second-order quantifiers. We use the same abbreviations and syntactical conventions
as in the previous Section. The logic is intuitionistic 2-sorted logic. Axioms are the
following: equality axioms, Peano axioms, prim.-rec. definitions for function symbols

(k. %), (%)o. (¥)1, f1, 2, ... and mathematical induction schema. Note that we have
no comprehension in EHA, thus EHA being a conservative extension of Heyting
arithmetic.

EHA is the basic theory of analysis in this paper. Additionally, we will consider
extensions of EHA by the following axioms.

Arithmetic comprehension (ACA):
JX Vx (x € X < y[x]) for w arithmetical.

Axiom of Choice (AC):
Vx 3Y ¢[x. Y] — 3Z Vx ¢[x, Z,] for all formulas ¢.

Replacement (RP):
VX (vx € X 'Y ¢[x, Y] — IZ Vx € X ¢[x, Z,]) for all formulas ¢. where
@[x. Z,] arises from ¢[x. Z] by replacing each occurrence of s € Z by (x,s) € Z.

Inductive Generation (IGA):
VX VY 3Z (WPy[X, Z] A TIy[X. Z. ¢]) for all formulas ¢, where we adopt the
following abbreviations:

WPy[X.Z] denotes Progy[X.Z]AVU (Progy[X.U] — Z C U)
Progy[X.Z] denotes Vxe X Vy(y<yx—y€e€Z)—x€Z)
Prog,[X.¢] denotes Vx € X (Vy (y <y x — ¢[y]) — ¢[x])
TIy[X.Z.¢] denotes Progy[X,¢] — Vz € Z ¢[z]

y<yx denotes (y.x) e Y.

IARI of [9] is the theory EHA + ACA + RP + IGA. It’s shown there that IARI
is directly interpretable in Martin-L6f type theory MLy, and has the same proof-
theoretic strength as ML,y and T.

§3. Interpretations into Explicit Mathematics. In this section we define two in-
terpretations of analysis into Explicit Mathematics, a direct interpretation & and a
realizability interpretation %, and study relationships between them.

First, for each individual and function constant /' € %, by Lemma 1.3 we can
define an operation N( /) presenting the same primitive-recursive function as f and
having the following property: if » is the arity of f then EET proves

n
/\x,—snat—» N(f)xi...x, € nat.

i=1

We may assume that N(0) is 0 and N(sy) is . Now terms of %, are translated as
follows:
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1854 SERGEI TUPAILO

DEerINITION 3.1 (N(#)).

N(x) := x;
N(fr .. tn) == N(SIN(s) .. N(2,).

For each second-order variable 4 € %, we assume a name variable ooy € %Em.
A direct interpretation @ : %> — Pem was introduced in [6] and used later on (see.
for example, [4, Ch. II] and [8]). It is defined as follows:

DEFINITION 3.2 (2 -interpretation).
(s =1):=N(s) = N(s);
D(t € A):=N(t) e ay;
D(Fyo F1) =2 (Fy) o D(F), foroe {AV,—}
P(0xG) ;= QOxenat 2(G), for Q € {v.3}:
D(QXG) = Qay Cnat Z(G), for Q € {¥,3}.

The following lemma is straightforward (see [4, Ch. I, §1]):

LemMA 3.1. For each theorem F of the theory EHA + ACA @ (F) is provable in
EET.

Alternatively, we define a realizability interpretation & . %> — Lem.
DEFINITION 3.3 (#N). #N[¢]:= #[t] AVze t (z = {poz.p12) A poz € nat).

DEFINITION 3.4 (v realizes F, trn F). For each formula F € %, we define a for-
mulatrn F € Pgy. t will always be treated as a new free individual variable. The
definition is given by the table below:

F trn F

€ 1

s=t N{s) = N(r)

ted ' (N(£).t) € aq

Fo AN Fy potrn Fy A prern F

Vv F pot € nat A Eggzigjgizizﬁg/\
Fy,— F Ve (zrm Fy — x| A trrn Fy)

Vx G[x] VYx e nat (tx} A txrn G[x])

dx G[x] pot € nat A pitrn G[por]

VX G[X] Yoy (#Nax] — rtax] A tay m Glay])
3X G[X] AN[pot] A prrrn G[pot]

REMARK. According to our notation for substitution. p. 1850, in the previous

definition p;r rn G[pot] in the last clause, for example, stands for (v rn G[X])8>°".

DEFINITION 3.5 (#-interpretation). For each F € %> we define
F(F):=Fx mF).
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REALIZATION OF ANALYSIS INTO EXPLICIT MATHEMATICS 1855

REMARK. An important difference of Z-interpretation from & -interpretation is
that sets are translated not as (names of) sets of natural numbers, but as (names
of) sets of pairs, only first elements of which are natural numbers (see the clause
for t € A). This is a standard effect in realizability interpretations of analysis, see,
e.g.. [18. Sect. 7.2]. The second element t of a pair (N(¢), t) can be thought of as a
“proof” that t € A4.

Syntactical convention. We will often use the Fraktur fonta, b, ¢, ... to stress that
a given term plays a role as realization. Formally, this is not a new type of objects;
it’s just a substitution for a, b, ¢, ... used for better readability.

Abbreviation. t| rn F will be used for t) Atrn F.
DEFINITION 3.6 (Realization, realizable).

1. Aterm t € Pgy is called realization for a formula F € % in a theory
T € Zem. App C 7. if and only if

FV(t) C FVo(F)| J{au | 4 € FVi(F)}
and

g+ /\ aenat A /\ ANay] = tmE
a€FVo(F) AEFV(F)
2. If there exists such a term t then F is called realizable in 7. We call a theory
Ta realizable in 7 if and only if every theorem of Ty is realizable in 7.
Note. If F is closed and realizable in 7 then 7 + % (F).

THEOREM 1. Each theorem of EHA is realizable in EONN.
The proof is standard and can be found, for example, in [19, Ch. IV, Sect. 4].
NotE. According to Theorem 1. to prove realizability of a theory Ta € %5,

EHA C T,. it is sufficient to construct realizing terms for additional axioms of T .
This is what we do in Section 4.

Now we turn to the relationship between & and Z-interpretations. For first-
order negative formulas we can define canonical realizers as in [18, Lemma 1.10].

DErINITION 3.7 (Canonical realization, cang). For F € %, first-order negative
we define a term cany € Zim (canonical realization of F) in the following way:

0 ifFiss =¢;

(cang,.cang,) if Fis Fo A Fy;
cang = I

Ar.cang, if Fis Fy — Fy;

Ax.cangpy if F isVx G[x].
Norte. Forevery F cany is closed and App - cang |.

THEOREM 2 (D(F) «— F(F)). For F € %, being first-order negative in App we
have:
(i) & @mF)— D(F);
(ii) @(F) — canpnF;
(iii) @ (F) — A(F).
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PrOOF. We prove (i) and (ii) by simultaneous induction on F.

If F is atomic then it is of the form s = t and both & (F) and trn F are of the
form N(s) = N(z).

Assume F is Fy A Fy and the claim holds for F; and Fj.

Assume vrn (Fy A Fy). Then we have por rn Fy A pitrn Fy. By IH(i) we get
D(Fy) ND(F)).ie.D(F).
Assume ' (Fy A Fy). Then we have & (Fy) A 2 (Fy). By IH (ii) we get cang, rnfy A
cang, rnF. which by Definition 3.7 gives cang rnF .

Assume F i1s Fy — F| and the claim holds for Fy and F;.

Assume trn (Fy — F|) and assume & (Fy). By IH (ii) we have cang, rnFy. Then
vcang, | rn £y and by TH (i) 2 (F)).

Assume P (Fy — F;) and assume rrn Fy. By IH (i) 2 (Fy) and therefore & (Fy).
By IH (ii) cang, rnF;. which by Definition 3.7 gives canf rnF.

Assume F is Vx G[x] and the claim holds for G[x].

Assume vrn (Vx G[x]). Then Vx e nat (rx| rn G[x]). By IH (i) this yields
Vx e nat Z(G[x]).i.e. D (F).

Assume P (Vx G[x]). Then Vx e nat 2(G[x]). By IH (ii) this yields Vx €
nat (cang(; rnG[x]). which by Definition 3.7 gives cang rnF.

(iii} is an immediate consequence of (i) and (ii). +

DEFINITION 3.8 (CC-class. cf. [18. Sect. 1.14]). A first-order formula F € % be-
longs to the CC-class if and only if for every subformula G — H of it G is negative.

THEOREM 3 (F(F) — D(F)). If F € CC then App+ E(F) — @ (F).

ProoF. The claim is proved by induction on F.

If F is atomic then it is of the form s = ¢ and both @ (F) and trn F are of the
form N(s) = N(z).

Assume F is Fy A Fy and trn (Fy A F}). Then we have potrn /3 A prern Fi. By
IH we get D (Fy) A D (F).1.e.. 2(F).

Assume F is Fy vV F; and vt rn (Fy vV F{). Then we have pot € nat A (pgt = 0 —
piern Fo) A (pot # 0 — pirrm Fy). In the case por = 0 by IH @ (Fy): if por # 0 then
similarly & (F}). In both cases & (F).

Assume F is Fy — Fjand trn(Fy — F|). Then Fy is first-order negative. Assume
9 (Fy). By the previous Theorem (ii) cang, rnFy. Then tcang, | rn F;. Now by IH
D(Fy).

Assume F is Vx G[x] and trn (Vx G[x]). Then Vx € nat (tx| rn G[x]). By IH
this yields Vx € nat 2 (G[x]). i.e.. Z(F).

Assume F is 3x G[x]and vrn (3x G[x]). Then we have pot e nat A pytrn G[pot].
By IH 2 (G[pot]). which implies & (). =

Remarks about proof-theoretic strength. We assume here that Ty is realizable in
.

(1) Note that Consis(T) is [1{-formula for any theory T € %, with a decidable
predicate Prfr{(a, b). Therefore, if T F Consis(T) then . + 2 (Consis(T)).

(2) Note that prenex formulas, in particular [1-formulas. are CC. Therefore. if
Ta proves totality of a function /. then so does 7.
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(3) Let f be a characteristic function of a standard prim.-rec. ordering < on
natural numbers (e.g., an initial part of some fixed standard ordering), i.e.,
y<x: fiy.x)=0.
For every first-order negative formula Fx] € &, we set:

Prog(<. F) 1= Vx (Vy (f<(y.x) =0 — F[y]) — F[x]),
Fund(<. F) :& Prog(<.F) — Vx F[x].

We say that a theory T, proves well-foundedness of < if and only if T
Fund(~<. F) for every first-order negative formula F. Since Fund(<, F) also is a
negative formula, by Theorem 2 we have that if T proves well-foundedness of <,
then so does I as well.

§4. Realizing subsystems of analysis. In this section we provide realizing terms
for additional axioms of analysis listed in the Section 2.

THEOREM 4 (Arithmetic comprehension). Every insiance of ACA is realizable in
EET.

PrOOF. Assume a formula y[a] € % to be arithmetical. By ECA there exists a
term ¢ such that

4.1 AN AVx e nat Ve ((x.1) € 1 < rrny[x]).
We are to prove now that the pair (¢, 1x.(Ar.r, Ar.r)) is a realization of an instance
of ACA
JX Vx (x € X « w[x]).
Indeed.

(t. Ax.(Jrr. Arp) m3X Vx (x € X « y[x])
= ix.(Adrr Arp) mVx (x €t — w[x])

(4.2) =Vxenat ({(Arrirr)mx et w[x]))
=Vxenat {Arxm(x €1 — y[x]) Adrrm (w[x] —» x € t)) ,
which follows from 4.1. -

THEOREM 5 (Axiom of Choice). Every instance of AC is realizable in EETJ.
PROOF. Assume trnVx 3Y ¢{x, Y]. We then have

trnVx 3Y ¢[x, Y]
=Vxenat (tx] A A N[po(tx)] A pi(ex) rm @[x, po(tx)]).

By ECA and J (over nat) let 7 := t{t] be such that

(5.4) AN A (((x.xl),n)et - <x1,;1>epo(tx)) .

CLamMm. For every formula w[x, Y],

(5.3)

(5.5) Vx g nat Vu (u rn y[x, po(tx)] « urn w[x, tx]) .
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ProOOF. First we prove the most important case when w(x. Y] is of the form
s € Y. We have

urns €ty =urn{x,s) €1 = {{x.5).u) et
(5.6) 54 _
= (s,u) e po(tx) =urns € po(rx).

Now, the proof is completed by straightforward induction on . =

Using this claim, we have, for xe nat, p;(tx)rg[x, ¢,]. Therefore (¢[t]. Ax.p;(rx))
is a realization of the conclusion and Ar.(¢[t], Ax.p;(tx)) is a realization of the
instance of AC

Vx 3Y ¢[x. Y] — 3Z Vx @[x, Zx]. 4

CororLrary. EHA + ACA + AC is realizable in EETJ and has proof-theoretic
strength bounded by ¢(gg.0).2

Proor. Realizability follows from Theorems 1, 4 and 5. The bound for proof-
theoretic strength follows from the Remarks in the end of Section 3 and the fact
|[EETJ| = |E] — AC classical| = ¢(go.0) (see. e.g., [6, Section V]). =

The following theorem gives an example where &- and Z%-interpretations are
essentially different. While, according to Theorem 5, T, proves #(AC), it fails to
prove 2 (AC); the latter in the presence of the Law of Excluded Middle is at least
as strong as full second order arithmetic.

THEOREM 6 (Ty ¥ D (AC)).

(1) To ¥ Z(AC);
(2) EET + TND + D (AC) has the strength of at least full analysis.

ProoOF. Obviously
(6.7) EHA + ACA + TND is @ -interpretable in EET + TND
(see, e.g., [8, Section 2]). Then we have
(6.8) EHA + ACA + TND + AC is @ -interpretable in EET + TND + 2 (AC).

But ACA +TND + AC implies full comprehension, so EHA + ACA + TND + AC
is full analysis. By 6.8 we have (2).

For (1), assume To - Z(AC). Then Ty + TND + @ (AC) and Ty + TND +
D(AC) = Ty + TND. By (2) T, + TND is at least as strong as full analysis,
contradiction, since To + TND is known to have the strength of A} — CA + BI
(classical) (see [6, 10]). H

THEOREM 7 (Replacement). Every instance of RP is realizable in EETJ.

2In fact, as shown in [3. Ch. XIII, §2-3]. this bound is exact.
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PrOOF. Assume .#N[a]. Assume also trnVx € o 3'Y ¢[x, Y]). By Definition
3.4 we have

trnVx € a Y ¢[x, Y]
=rrnVx (x ca — Y ¢[x. Y])

=Vxenat (tx|m{x € a — Y J[x. Y]))
=Vxenat {tx|[ AV {rmmy € o — exp|/ m 'Y ¢[x. Y]) )
=VYxenat (x| AVr ((x.r)ea — x| m3Y ¢[x. Y]) )
=Vxenat (tx[ AV ((xD)ea

—exrlm (3Y (¢[x. YIAVZ (¢[x. Z] — ¥ = Z)))) )
= Vx ¢ nat (txl AV ((x, Hea— (rx;l A A N[po(exp)]

(79) Api(ext) 1 (B[, po(ex0)] A VZ (8L, Z] = po(ext) = Z))) ) )

= Vx ¢ nat (txl AVt ((x ea— (/VN[po(tx;)]

Apo(p1(txt)) rm @[x. po(txr)]

Apy(pi(exx)) mVZ (¢{x. Z] — polrxr) = Z)) ) )
= Vxe¢ nat (rxi AVE ((x Dea— (/VN[po(tx;)]

Apo(pi(txz)) rn @[x, po(rxr)]

AV (AT = (o1 (p1 (ex0)7 L T (8171 = po(ext) = 1)) ) )
= Vx € nat (txl AVr ((x Hea— (/VN[po(tx}:)]

Apo(p1(txz)) rn @[x. po(exp)]) A Yy (#N[y] — (pi(pi(exr))y]

AVa (amm glx. 7] — pi(pr(exe))yal m poexz) = 1)) ) )

Continuing 7.9,

v polexg) =y
=t mVx; ((x; € polexy) = x1 € ) A(x1 €y — x1 € polexy)))
= Vxj € nat (tlxll A (V}fo ({x1.x0) € polrxr) — (x1, po(t1x1)r0) € 7)

AV ((xLn) ey — (xapi{tix)n) € Po(txli))) ) .

(7.10)

Also,

urnVx € a ¢[x. C,]
=urnVx (x € a — ¢[x. C;])

(7.11) =Vxenat (ux]rm(x € a — ¢[x, Cx])) ‘
=Vxenat{ux| A Vr ((x,;) € a — uxy| rn ¢[x. CX])).

By ECA there exists a term ¢ := ¢[a, t] such that

ANt el A ({0xx)m) € flat] o b = (pon. pin)

(7.12)
A pon). (31, p1o)) € (e 47-pole(po) (P13))) )
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If we had (x.r)e a — ('Cz m ¢[x. po(txr)] < t2 rn P[x. tx]), this would provide

us with a realization of the Axiom of Choice on o (instead of Replacement) {cf. the
proof of Theorem 5). While this is not the case. by making use of uniqueness part
of 7.9 we obtain a pair of operations. which map realizations of ¢{x. po(txz)] and
¢[x.2.] into each other. This pair of operations is represented by a term rq’; defined
below. and is sufficient to build up a realization of Replacement.

For each formula ¢ = ¢[x. Y] € &, such that ¢ ¢ FVy(yp) and a predicate
variable Y € %> we define a term t) := v} [r. x.x. FVo(¢)] by recursion on ¢ in the
following way:

(Ax0-Xo. Ax1.%1) ifpis L;
(Axo-ro. Ar1.r1) if p is 5] = 8o
{(Axo-xo. Ax1.11) ifpisse Dand Disnot Y:

if piss[x] € Y. where
v = py(pi(vxp))yq.

y = poltx{por1)).

q := po(p1{rx(poxri))):

(Aro-(r. vo). Axr.pi(mift. x. r. 1 ls [xD(p1z1))

Axo. Y .poty . .
(Ao <poty¢o(pozco),poty,,,(puco» if o is 0o A 1
Ari-(pieg, (poxt). pit}, (pr1)))

Y = A . . d ,0- Y, v 5 . -

T, - {4x0.(poro- Podn (Poro .ry‘po tyw)(mm» if o is w0 V 1
Ax1-{pozs. prdn(porr. 0.t . v ) (pix1)))
(Axo Az.porf, (ro(pitg,2)). o ,

Y Y pis @ — o

Axy Az.pie (ripot) 2)))

(Aro Ae.pot) iy (rok). Ax1 Akpiv) i (ik))  if ¢ is Yk y[k]:

{Az0-(poxo. Pof,f[p(,;o](m;o)% if  is Ik w[k];

Ar1.(por1. Pltv},,[pox,](m;l»)

(Axo Ak.pot ) (xor). Axr As.pief (k) if @ is VK w[K];
(220.(P0F0s POT {501 (P1X0))
281(POEL, PLE oo  (P1EL)))

if p is IK w[K].

CLAIM. For every formula ¢ = @[x, Y] € &, we have
(7.13) (x.1) e a — £} [v.x. 7l (@[x. po(rxr)] < @[x.1.]).

Proor. We check only the most important case (the only one which requires
use of uniqueness in the premise of Replacement axiom), when ¢ is of the form
s[x] € Y. Other cases are proved by routine induction on ¢.

By Definition 3.4 we have
(7.14) rorn s{x] € po(rxr) = (s[x].ro) € polrxy).
€ty = , ct={x, , t
(7.15) frn 57[?;] i (x, s[x]) ((x.s[xD.x) e

&= ((x,por1). (s[x]. pixr)) € j(e, Ay.po(t(poy)(piy))).
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REALIZATION OF ANALYSIS INTO EXPLICIT MATHEMATICS 1861
By J 7.14 and 7.15 immediately yield
(7.16) (x.1) € @ — Axo.(x. ro) T (s[x] € po(rxz) — s[x] € ¢,).
For the opposite direction, assume (x,r) € @ and r; rn s{x] € 1., i.e.,
({(x.por1). (s[x]. pix1)) € j(ex. Ay.po(t(poy) (p11))).
Then by J
(7.17) (x.por1) € @ A (s[x], p1z1) € po(tx(pozr1)).
By 7.9 we have
(7.18) A MIpo(ex(por1))] A polpi(ex(pox1))) r g[x, po(ex (pori))]-
Now by the uniqueness part of 7.9 we obtain
(7.19) p1(p1(txz))yql m po(rxr) = 7,
where y := po(tx(por1)) and g := po(p; (vx(poz1))). Taking
vy = pi(pr (rxp))y[v, x, lqle, x. 51,
from 7.10 and 7.17 we have
(7.20) (slx], p1(ris[xD)(p1x1)) € po(rxr).
Equation 7.20 shows that

(7.21) (x.x)e o = Arpi(nife. x. v s [x ] (pizr)
: m(s[x] € tx — s[x] € po{tx1)). —

The previous claim and equation 7.9 together prove that

(122)  (xp)ea = (porfieyle X E(po(pi (exe) L mm gL, (1)
which is to say that

trnVx € o Y ¢[x, Y]

(7.23) — Ax Ax.potyp, yilts X, 2](po(pi(vxr))) m Vx € & ¢[x, ([e, ¥])x].

The last equation shows that an operation
Aa Ae{tle, t], Ax Ax-potyps yylt. x. 2 (Po(pi (1))
is a realization for an instance of RP

VX (Vx € X Y ¢[x, Y] — IZ Vx € X ¢[x, Z,]). -

THeoreM 8 (Inductive Generation). Every instance of 1GA is realizable in EET +
1G.

ProOF. Assume 4 N[a] A #N[B]. Assume also

trnVxe o (Vy (y<gx—oly]) — ¢[x]) )
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By Definition 3.4 we have:

emvxea (Yy (v <p x = 8D) — ¢1x])
=cmVx (xea = (W (v <px = 60D — ¢lx]))
=Vxe nat (txl AVE ((x,;> ca—
exelem (Vy (v <p x — ¢DD) — ¢1x]) ))
= Vxe nat (txl AVr ((x. Hea— (tx;i
AVu (urn Vy (y <p x — @[y]) — txrul rm ¢[x]))))
=Vxe nat (txl AVt ((x.;) EQa — (tx;l AVu (Vys nat (uy|
Vo (o (y.x) e f — upol m[y]) — exeul mg[x]))) )
=Vxe nat (txl AV ((x Hea— (tx;l AYu (Vye nat (uy|
AV ({(7.x).0) € f — uyol m gly]) — expul mg[x]) ) ) ).

By recursion theorem for a function f := Az Ax Ar.exg(dy An.zyy) there exists a
term R := recf such that

(8.25) Rxz ~ vxx(dy Ao.Ryv).
By ECA there exists a term * := *[f] such that
1B 1A (e B u = (pou.pru)
(8.26) Apou = (popPott, P1Pot) A i = (PoP1u. PIPIY)
A popot € nat A popiu € nat A ((poPott. pop1#). p1poU) € ﬁ)-

(8.24)

We want to prove Prog,. (. Ryv| rn p[y]). i.e.,
(xpea — (Vys nat Vo
(4(r0). (x.0)) e f* — RyoL mg[y]) — Rl mg[x]).

Assume (x,1) € a A Yy e nat Vo (((y v). (x.1)) e f* — Ryo| m ¢[y]). Then by
8.26 we have

(8.28) Yy e nat Vo (((y x).0)e f — Ryvl ¢[y]) )

Therefore for the operation u := Ay Av.Ryv by 8.24 we have txru| rn ¢[x], i.e..
txp(Ay A0.Ryb)| rn ¢[x]. From this fact and equation 8.25 we obtain 8.27.
By IG we obtain

(8.27)

(8.29) Vx e nat Vr ((x.1) € i(a. B*) — Rxrl rn ¢[x]).
or
(8.30) Ax ArRxrmmVx €i(a. )o[x].
This shows that an operation At Ax Ar.Rxy is a realization of a “part” of IGA
(8.31) Vxea (vy (v <5 x — [y) — ¢>[x]) Ve (a Yol
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Applying the above considerations to the formula x € U in place of ¢[x], we see
that Ay Av Ax Ar.Rxg is a realization of

(8.32) vU (Progﬁ[a, Ul —i(a. B*) C U),
Last. we have to find a realization of
(8.33) Prog[a. i(a, B*)].

By 8.24 with x € i(a. B*) in place of ¢[x]. we have
qrn Progg[a.i(a. f*)]
=qmVxea (Vy (y<px—-ypeila.p*) = xe i(a,/)’*))
= Vxe€ nat (qxl AVE ((x nea— (qx;l AVu (Vys nat
(uyl A Vo ({(y.x).0)e f —uyolmy €ila, %)) —
gxrulrnx € i(a,ﬂ*)) ) )
(8.34) =Vxenat (gx] AVr ((x, x) ea — | gxp] AVu (Vy € nat
(uyl AVo ({(y.x).0) e f — (y.uyv) e i(c. f7))) —
(x.qxru) € i(e. p* )
228 vy e nat (qxl AVt ((x ea— [gxrl AVu (Vys nat
(upl A Vo (((y.0).(x.5)) € B — (y.uyo) e i(a. f7))) —
(x,qxzu) € i(a, B*)

Assume now (x.r) € a AVye nat (uy| AVo (({(y,0).{x.x)) e f* — (p.uyv)e
i(a, *))). Note that from Definition 8.26 of * it follows that

3o (((»o. bo). (y1.0)) € B*)
(8.35) SV ({(30. v9), (1. 0)) € f7)
and therefore by IG
Jo ((y.0) e i(a. 7))
(8.36) z VUE(Q),U) e ila. B*)).

So. we also have

Vye nat Yo (((y.0). (x.1)) € " — (.0) e ile, B7)).

By IG we obtain (x. r)ei(a, f*). This demonstrates that an operation q := Ax Ar Au.r
is a realization of 8.33.
Bringing realizations of 8.31-8.33 together shows that an operation

Aa AB.(i(a. B*[B]). ({(Ax Ar Au.r. Ay Av Ax Ap.Rxp). Av Ax Ar.Rxr))
is a realization of an instance of IGA

VX VY 3Z (WPy[X, Z]A (Vx € X

(v v <v x = 96D — 9lx1) — vz € Z [21) ). 4

CorOLLARY. AR is realizable in Ty its proof-theoretic strength is bounded by that
of T().

ProoF. This follows from Theorems 1. 4. 7 and 8. -
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