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Cooperative Planning for Coupled Multi-Agent Systems unde Timed
Temporal Specifications

Alexandros Nikou, Dimitris Boskos, Jana Tumova and Dimo®Wharogonas

Abstract— This paper presents a fully automated procedure triangular, rectangular or other partitions. Second, kivg
for controller synthesis for multi-agent systems under copled jdeas from formal verification, a discrete plan that meets
constraints. Each agent has dynamics consisting of two tem e pigh-level task is synthesized. Third, the discreten pla

the first one models the coupled constraints and the other one . - .
is an additional control input. We aim to design these inputs 'S translated into a sequence of continuous controllers for

so that each agent meets an individual high-level specifisan  the original system.
given as a Metric Interval Temporal Logic (MITL). First, Time constraints in the system modeling have been con-

a decentralized abstraction that provides a time and space sidered e.g., in [14]-[16]. Both the aforementioned, ad wel
discretization of the multi-agent system is designed. Seqd, as most existing works on multi-agent planning, consider

by utilizing this abstraction and techniques from formal veri- ¢ | i hich treat ti ) litati
fication, we provide an algorithm that computes the individial ~ €MPOral properties which treat time in a qualitative manne

runs which provably satisfy the high-level tasks. The overth ~However, for real applications, a multi-agent team might be
approach is demonstrated in a simulation example. required to perform a specific task within a certain time

bound, rather than at some arbitrary time in the future,
i.e. in a quantitative manner. Timed specifications have

Cooperative control of multi-agent systems has traditiorbeen considered in [17]-[21]. However, all these works are
ally focused on designing distributed control laws in ordefestricted to single agent planning and are not extendable t
to achieve global tasks such as consensus, formation am@liti-agent systems in a straightforward way.
rendez-vous ([1]-{5]) and at the same time fulfill propestie The multi-agent case has been considered in [22], where
such as network connectivity ([6], [7]). Over the last fewthe vehicle routing problem was addressed, under Metric
years, multi-agent control under complex high-level sfpeci Temporal Logic (MTL) specifications. The corresponding
cations has been gaining significant attention. In pawicul approach does not rely on automata-based verificationjss it
coordination of multi-robot teams under qualitative temgho based on a construction of linear inequalities and the ismiut
tasks constitutes an emerging application in this fieldhla t of a Mixed-Integer Linear Programming (MILP) problem.
work, we aim to additionally introduce specific time boundan automata-based solution was proposed in our previous
into these tasks, in order to include specifications such &fork [23], where Metric Interval Temporal Logic (MITL)
“Visit region A within 5 time units” or “Periodically survey formulas were introduced in order to synthesize contrsller
regionsA;, A, Az, avoid regionX and always keep the such that every agent fulfills an individual specificatiomlan
longest time between two consecutive visits4p below 20 the team of agents fulfill a global specification.
time units”. In [23], the abstraction of the dynamics was given and

The specification language that has primarily been useth upper bound of the time that each agent needs to finish
to express the tasks is Linear Temporal Logic (LTL) (seea transition from one region to another was assumed. Fur-
e.g., [8]). LTL has been proven a valuable tool for contmllethermore, potential coupled constraints between the agent
synthesis, because it provides a compact mathematical f@yere not taken into consideration. In this work, we aim to
malism for specifying desired behaviors of a system. There 4ddress the aforementioned issues. The dynamics of each
a rich body of literature containing algorithms for veriticd  agent consists of two parts: the first part is a consensus type
and synthesis of multi-agent systems under temporal logierm representing the coupling between the agent and its
specifications ([9], [10]). A common approach in multi-agenneighbors, and the second one is an additional control input
planning under LTL specifications is the consideration of hich will be exploited for high-level planning. Hereaftér
centralized, global task for the team, which is then deconwill be called a free input. A decentralized abstraction-pro
posed into local tasks to be accomplished by the individugedure is provided, which leads to an individual Transition
agents (see [11], [12]). A three-step hierarchical procettn  System (TS) for each agent and provides the basis for high-
address this problem is described as follows ([13]): fifs, t |evel planning. Additionally, this abstraction is asstethto
robot dynamics is abstracted into a discrete transitiotesys a time quantization which allows us to assign precise time
using sampling or cell decomposition methods based afurations to the transitions of each agent.

. . There is a rich literature on abstractions for dynamical sys
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agent performs the desired individual task within specifiéV x |£| incidence matrix ([33]). The graph Laplacidr(G)
time bounds. To the best of the authors’ knowledge, this is positive semidefinite and symmetric. By considering an
the first time that a fully automated framework for multi-ordering0 = A1 (G) < X2(G) < ... < AN(G) = Amax(G) of
agent systems consisting of both constructing an abstractithe eigenvalues of (G) then we have thak,(G) > 0 iff G
and conducting high-level timed temporal logic planning iss connected ([33]).
considered. Hence, this works lies in the intersection ef th We denote byi € RI€I* the stack column vector of the
fields of multi-agent systems, abstractions and timed formaectorsz; — z;, {4, j} € £ with the edges ordered as in the
verification. case of the incidence matrix. Thus, the following holds:
The contribution of this paper is to provide an automatic v — D(G)" (1)
controller synthesis method of a general framework of cou- r= -
pled multi-agent systems under high-level tasks with time@. Cell Decompositions
constraints. Compared to the existing works on multi-agent |y the subsequent analysis a discrete partition of the

planning under temporal logic specifications, the proposggorkspace into cells will be considered which is formalized
approach yields the first solution to the problem of planningyroyugh the following definition.

of dynamically coupled multi-agent systems under timed N

temporal specifications in a distributed way. Definition 1. A cell decompositions’ = {S;}e1 of a set
The remainder of the paper is structured as follows. 1# S R", wherel C N is a finite or countable index set, is

Sec[Tl a description of the necessary mathematical tduds, t& family of uniformly bounded convex set&, ¢ < I such

notations and the definitions are given. S&g. Ill provides tithat int(S) Nint(S;) = 0 for all £,¢ € T with ¢ # ¢ and

dynamics of the system and the formal problem statementzerSe = D.

Secl1V discusses the technical details of the solution.[8ec Example 1. An example of a cell decomposition with=

is devoted to a simulation example. Finally, the conclusion(y 2 3 4 5 6} and S = {S;}ser = {51, S2, S, S4, S5, S¢}

and the future work directions are discussed in S€t. VI. s depicted in Fig[lL. This cell decomposition will be used

II. NOTATION AND PRELIMINARIES as reference for the following examples.

A. Notation

We denote byR,Q.,N the set of real, nonnegative S1 So Ss
rational and natural numbers including 0, respectivelgoAl
defineT,, = T U {oc} for a setT C R. Given a setS,
we denote by S| its cardinality and by2° the set of all its Se S5 Sy
subsets. For a subsét of R™, we denote by ¢l5), int(S)
and 9S = cl(S)\int(S) its closure, interior and boundary, _. N ,
respectively and, is used for set subtraction. The notation”19- 1: An example of a cell decomposition wiffj = 6
||| is used for the Euclidean norm of a vectoe R™ and  C€llS
[|A]| = max{||Az]| : ||z|| = 1} for the induced norm of a
matrix A € R™*". Given a matrix4, the spectral radius of p_ Time Sequence, Timed Run and Weighted Transition
A is denoted by ma(A) = max{|A| : A € o(A)}, where gystem
o(A) is the set of all the eigenvalues df

In this section we review some basic definitions from
B. Multi-Agent Systems computer science that are required in the sequel.

Consider a set of agenfs= {1,2,..., N} operating in An _in_finite sequence_of eIement_s .Of a s&tis called
R". The topology of the multi-agent network is modelec®" infinite word over this set and it is denoted by =
through a static undirected gragh = (Z,€), whereZ is X(Q)X(l) ... Thei-th element of a sequence is denoted by
the set of nodes (agents) afdC {{i,j} :i,j € Z,i #j} X ).
is the set of edges (denoting the communication capabilifyefinition 2. ([34]) A time sequence = 7(0)7(1)... is an
between neighboring respective agents). For each agent, iitfinite sequence of time valueg;j) € T = Q. satisfying
neighbors’ setV (i) is defined asV' (i) = {j1,...,jn,} = the following properties:

{j €Z:{i,j} €&} whereN; = [N (i)|. « Monotonicity: 7(5) < 7(j + 1) for all j > 0.

Given a vectorz; = (z;,...,2}') € R", the component , progress: For everye T, there existsj > 1, such that
operator c(z;, k) = ¥ € Rk = 1,...,n gives the (j) > t.
projection ofz; onto itsk-th component (see [33]). Similarly, _ N ) o
for the stack vector = (1, ..., zy) € RN™ the component AN atomic propositiory is a statement that is either True
operator is defined agz, k) = (c(z1,k),. .., c(zn, k)) (T) or False(L).
€ RN,k =1,...,n. By using the component operator, thepefinition 3. ([34]) Let A P be a finite set of atomic proposi-
norm of a vectorz ¢ RN™ can be computed afz|| =  tions. Atimed wordw over the setd P is an infinite sequence
{3y el k)[|*}2. wt = (w(0),7(0))(w(1),7(1)) ... wherew(0)w(1) ... is an

The Laplacian matrixZ(G) € RN*N of the graphG infinite word over the se24” and 7(0)7(1)... is a time
is defined asL(G) = D(G)D(G)" where D(G) is the sequence with(j) € T, j > 0.



Definition 4. A Weighted Transition SystenWTS9 is a tuple It has been proved that MITL is decidable in both finite

(S, So, Act,—,d, AP, L) whereS is a finite set of states; and infinite words [37] and in both pointwise and contin-

Sp C S'is a set of initial statesidct is a set of actions—C  uous semantics [38]. The model checking and satisfiability
S x Act x S is a transition relationy :—— T is a map that problems ar&eEXPSPACEcomplete.

assigns a positive weight (time values in this framework) to

each transition;AP is a finite set of atomic propositions;

andL : S — 247 is a labeling function. For simplicity, the 1.0 1.5
notations -~ s’ is used to denote thds, a, s') €— for @-e @
s,s' € S anda € Act. Furthermore, for every € S and 2.0 0.5

a € Act the operator Po&t, o) = {s' € S: (s,a,5') €e—

1 is defined. Fig. 2: An example of a WTS

Definition 5. A timed runof a WTS is an infinite sequence Example
rt = (r(0),7(0))(r(1),7(1)) ..., such thatr(0) € Sy, and
for all j > 1, it holds thatr(j) € S and (r(j), a(y),r(j +
1)) e— for a sequence of actiong1)«(2) ... with a(j) €

Act,V j > 1. Thetime stampsr(j),7 > 0 are inductively

2. Consider the WTS T with S
{So, S1, 82}, SO = {80}, Act = (Z), —r= {(So, @, 81),
(81, @, 82), (81, @, So), (82, (Z), 81)}, d((So, (Z), 81))

1.0, d((Sl, @, 82)) = 1.5, d((Sl, @, 80)) = 2.0,
d((s2,0,s1)) 0.5, AP {green}, L(so)

defined as {green}, L(s1) = L(s2) = 0 depicted in Fig[ .
1) 7(0) = 0. Let two timed runs of the system:r{ =
2) 7(j+1) = 7() +d(r(j),r( + 1)), Vj > L. (50,0.0)(s1,1.0)(50,3.0)(s1,4.0) ..., 7% =
Every timed runr® generates aimed word w(rt) = (50,0.0)(s1,1.0)(52,2.5)(51,3.0)...  and _two MITL

(w(0), 7(0)) (w(1),7(1)). .. over the sepA” wherew(j) = formulas ¢ Op2.5){greent, go Op.s{greeny.

L(r(j)), ¥V § > 0 is the subset of atomic propositions thalAccording to the_ MITL semantics, it can be seen th.at the
are true at state(y). timed runr! satisfies the formulay; (we formally write

i E 1), since at the time stamp0 € [2,5] we have that
L(sp) = {green} so the atomic propositiopreen occurs

at least once in the given interval. On the other hand, the
timed runri does not satisfy the formula, (we formally
write 5 £ ¢9) since the atomic propositiogreen does not
always hold at every time stamp of the runs (it holds only
at the time stamp.0).

where p € AP, and O, ¢, O and & are the next, . )

eventually, always and until temporal operator, respettiv. = Timed Bichi Automata

I' € T is a non-empty time interval in one of the following  Timed Richi Automata (TBAyvere introduced in [34]. In
forms: [i1, ia], [i1,i2), (i1, 2], (i1,12), [i1, oc], (i1,00) where  this work, the notation from [39], [40] is partially adopted
i1,i2 € T with iy < 4. MITL can be interpreted either in Let C = {cy,...,¢|c|} be a finite set otlocks The set of
continuous or point-wise semantics [35]. The latter appinoa clock constraintsp(C) is defined by the grammar

is utilized, since the consideration of point-wise (event-

base) type semantics renders a framework that includes p:=T| 2| p1 A2 | crar (3)
Transition Systems and automata construction, namely Oherec € C is a clock,¢» € T is a clock constant and
purrent approach., more natural. The MITL formulas arEq € {<,>,>,<,=}. An example of clock constraints for a
interpreted over timed runs such as the ones produced BY; ¢ cjocks — {c1,¢0} can bed(C) = {c < e1ve > e},

a WTS (Def[3). A clock valuationis a functionv : ¢ — T that assigns a
Definition 6. ([35], [36]) Given a timed wordw! = Value to each clock. A clock; has valuationy; for i €
(w(0),7(0))(w(1),7(1))... and an MITL formulap, we {1,...,|C|}, andv = (v1,...,v|¢|). By v [= ¢ is denoted
define(wt, i) |= ¢, for i > 0 (readw! satisfiesy at position the fact that the valuation satisfies the clock constrairt

1) as follows:

E. Metric Interval Temporal Logic

The syntax oMetric Interval Temporal Logic (MITLpver
a set of atomic propositiond P is defined by the grammar

p=plopleinpa | Ore| Ore [ Ore | p1 Ur g2 (2)

Definition 7. A Timed Richi Automatonis a tuple A =
(Q, QM C,Inv,E,F, AP, L) where Q is a finite set of
locations; QM C @ is the set of initial locations(' is
a finite set of clocksjnv : Q@ — ®(C) is the invariant;
E C Q x ®(C) x 2¢ x Q gives the set of edged] C Q
is a set of accepting locationg P is a finite set of atomic

wt, i

wt, i

Epepeuw(i)
e (whi) o
Li) E o1 Apa & (w'i) | 1 and (w',i) = o

g

g

Li)EOrp e 3>, st (wh ) E e T(j) —T() e 1
iyl D e Vji>i, 7(j) —7(@) e I = (w',j) ¢

wt

g

(w",4)
(w",4)
(w", )
Wi EOree (wit+tl)Epandr(i+1)—71(i) el
(w", )
(w", )
(w",4)

i) E o1 Ur w2 3 >, st (w', ) g,
7(j) — 7(i) € I and (w', k) |= ¢, for everyi < k < j.

propositions; andC : Q — 247 labels every state with a
subset of atomic propositions.

A state of A is a pair(q, ) whereq € @ andv satisfies
the invariant Inv(q), i.e., v = Inv(q). The initial state
of A is (q(0),(0,...,0)), wheregq(0) € Q™. Given two



states(q, v) and(¢’,»’') and an edge = (¢,~, R, ¢'), there The timed run(go, 0) 0= (go, 2)

exists adiscrete transition(q,v) —— (¢,/) iff v |5 5, c=lolesavezeben) (o 6 with 0y < ¢, generates
V' = Inv(¢'), and R is thereset seti.e.,; = 0 for c; € R the timed wordw! = (£(qo), 0)(L(qo), az)
andv, = v; for ¢; ¢ R. Given aé € T, there exists a (L(g2),02)... = (,0)(D,a2)(0,a2)... that does not

time transition (¢, v) LN (¢, V) iff g=¢,v =v+4
(0 is summed component-wise) and = Inv(g). We
write (¢,v) —-% (¢, ') if there existsg”, " such that
(g,v) LI (¢",v") and(¢",v") -5 (¢, V') with ¢ = q.
An infinite run of A starting at staté¢g(0), v) is an infinite

satisfy the formulap.

I11. PROBLEM FORMULATION
A. System Model
We focus on multi-agent systems with coupled dynamics

sequence of time and discrete transitiqgé0), v(0)) —> of the form
(q(0), 1(0)) <2 (g(1),v(1)) 2% (q(1)',v(1)")..., where == Y (m—x) b, meRY T (4)
(¢(0),~(0)) is an initial state. This run produces the timed JEN()

word w = (£(q(0)), 7(0))(£(q(1)), 7(1)). .. with 7(0) =0 wherev; € R™, i € Z. The dynamics[{4) consists of two

. — . . . > . H H . . .
andr(i+1) = 7(i) +0;, Vi > 1. The run is callediccepting parts; the first part is a consensus protocol representimg th

it q(i) € F for |nf|_n|tely many t|mes. A timed word is .coupling between the agent and its neighbors, and the second
acceptedif there exists an accepting run that produces it;

The problem of deciding the emptiness of the language ofdne is a control input which will be exploited for high-level

: . rﬂanning and is called free input. In this work, it is assumed
given TBA A is PSPACE-complete [34]. In other words, an . .
accepting run of a given TBA4 can be synthesized, if one that the free inputs are bounded by a positive constazt

exists. Namely, [|v;(t)|| < vmax, ¥ i € Z,t > 0.

Any MITL formula ¢ over AP can be algorithmically Assumption 1. We assume that the communication graph
translated to a TBA with the alphabet'”, such that the G = (Z,€&) of the system is undirected and static i.e., every
language of timed words that satisfy is the language of agent preserves the same neighbors for all times.
timed words produced by the TBA ([37], [41], [42]).

Example 3. The TBA A with Q = {qo,q1, ¢}, Q™ =
{@0},C = {c}, Inv(qo) = Inv(q1) = Inv(g2) = 0, E
{(QO7 {C S 62}5 Qv q0)7 (QO7 {C S Cl\/c > 02}7 c, qQ)v (q07 {C
Cc1 Ae S 02}701 ql)a (Q1,T,C7 Q1)7(QZ7T7Ca CI2)}7F

{a}, AP {green}, L(qo) = L(g2) = 0,L(q1) . .
{green} that accepts all the timed words that satisfy the Our goal is to control the multi-agent systei (4) so
formula ¢ = O, e,y {green} is depicted in Fig[13. This that each agent obeys a given individual specification. In

formula will be used as reference for the following exampleBarticular, it is required to drive each agent to a sequence

Notice that the systeni](4) can be also expressed in the
form c(&,k) = —L(G) c(z, k) + c(v, k), k € {1,...,n}
wherez,v € RV" are obtained by invoking the definition
of the component operator from Séc.1I-B.

vl

B. Specification

and simulations.

c<ca,0
T,¢:=0
g c>ciNec<cy
N 4do0 q1
c:=0
c<ciVe>ce {green}

c:=0

T,c:=0

of desired subsets of theorkspaceR™ within certain time
limits and provide certain atomic tasks there. Atomic tasks
are captured through a finite sets#frvices®;, i € Z. Hence,

it is desired to relate the positian of each agent € 7 in the
workspace with the services that are offered:atlnitially,

a labeling function

A;  R™ — 2% (5)

is introduced for each agente Z which maps each state
z; € R™ to the subset of services;(x;) which hold true

at z; i.e., the subset of services that ageman provide in
positionz;. It should be noted that although the term labeling
function it is used, these functions should not be confused
with the labeling functions of a WTS as in Definitibh 4. The
union of all the labeling functions a$(x) = | J,.; Ai(x) is
also defined.

Fig. 3: A TBA A that accepts the runs that satisfy formula \yjithout loss of generality, we assume thany; = 0, for

© = Oler,ea {green}.

An example of a timed run of this TBA is

= e=(qo,{c=c1Ac<ca},c,q1

(q070) 6—> (q07a1) (@04 —/\> hea) (Q170)
with ¢; < a3 < c¢o, Which generates the timed
word w' = (L(g),0)(L(q0), a1)(L(qr),a1)... =

(0,0)(@, 1) ({green},a1) ... that satisfies the formula.

all 4, j € 7,1 # 7 which means that the agents do not share
any services. Let us now introduce the following assumption
which is important for defining the problem properly.

Assumption 2. There exists a partitio = {Sy}¢c1 of the
workspace which forms a cell decomposition according to
Definition[I and respects the labeling functidni.e., for
all S, € S it holds thatA(xz) = A(2"),V z,2' € S,. This



assumption intuitively and again without loss of geneyalit also have
means that the same services hold at all the points thatdpelon

to the same cell of the partition. Ar(z1(t)) = L1(r1(0)) = {pickUpl}, t € [0, t1),

Al(ZCl (t)) = Ll(’l’l(l)) { hI‘OWl} t e [tl,tg)

Define now for each agerite Z a labeling function Ar(21(t)) = L1 (r1(2)) = {deliverl},t € [t2, t3),
A (21(t)) = L1(r1(3)) = 0, t > ts.

Li:S— 2% (6) Ao(x2(t)) = La(r2(0)) = {pickUp2},t € [0,t]),

Aso(z2(t)) = La(r2(1)) = {deliver2}, t € [t],t5),

which denotes the fact that when agentsits a regionS; < Az(x2(t)) = La(r2(2)) = {throw2}, t € [t3, t3),
S, it chooses tqprovide a subset of services that are being ~ A2(2(t)) = La(ra(3)) = 0, > t.

offered there i.e., it chooses to satisfy a subsefdfS;). where generallyo = )., # ¢, andts # th, t # t. By
The trajectory of each agenti is denoted by computingw;(j) = L(r:(5)),V i € {1,2},5 € {1,2,3} the

ri(t),t > 0,i € Z. The trajectory z;(t),i € Z corresponding individual timed words are given as:

is associated with a unique sequence, = . . .

(r:(0), 7:(0)) (r: (1), 71 (1)) (r4(2), 7:(2)) ... of regions that @z, = ({pickUpl}, to)({throwl, t,})({deliverl}, t)(D, ts)

the agent crosses, where for ajl > 0, r;(j) € S; for some  w}, = ({pickUp2}, t;)({deliver2}, t})({throw2}, t5)(0, t}).

Ce L, Aizi(t)) = Li(ri(4)),V t € [1(j),n(j + 1)) and

ri(j) # m(j + 1). The equalityA,() = Li(),i € T According to [7), two time service words (depicted with in
is feasible due to assumption 2. The timed wor

Jig.[) are given as:
t

wy, = (wi(0),7(0))(wi(1),7:(1))(wi(2), 75(2)) . ... where @t = (B1(20), 71 (20))(Br(21), 71 (21))
w;(j) = Li(r:(§)),j > 0,4 € Z, is associated uniquely with B = (Ba(20), 72(2)) (Ba(2)), 7 ()
the trajectoryz;(t) and represents the sequence of services — \2iel T2ie) A2 ) T2
thatcan be providedy the agent following the trajectory

i(t),t = 0. where for agent 1 we havex, = 0,z; = 2,61(20) =
We define theimed service words {pickUpl} C  Li(r1(20)),B1(z1) = {deliverl} C
L1(r1(z1)) and 7~'1(~ZQ) =ty € [r(z0),7(20 + 1)) =

» 5 _ _ [to,t1), 71(21) = t € [n(z1), (21 + 1)) = [ta,13).
Wy, = (Bi(20), Ti(20))(Bi(21), Ti(21)) (Bi(22), Ti(22)) - - - The corresponding elements for agent 2 afg =
(M 0,2, =2 s B2(2p) = {pickUp2} C La(r2(z)), B2(21) =

wherezg = 0 < 21 < zp < is a sequence of integers, {dehver2} C  Lo(ra(7))) and #(z)) = t§ €
and for allj > 0 it holds thatp;(z;) C £, (rz(zj)) and  [ry(z0), m(2})) = [tht)), 7a(2}) = T € [i(2}), T1( !+

7(zj) € [ri(z)),mi(2; + 1)). The timed service word is a 1)) = [¢/,, t}).
sequence of services that aaetually providedby agent:
and it is compliant with the trajectory;(¢),t > 0. S, S, S5

The specification tasl; given in MITL formulas over the
set of serviceg; as in Definition[6, captures requirements

on the services to be provided by agérfor eachi ¢ Z. z1(t2) 5£2\t/3)

We say that a trajectory;(t) satisfies a given formula;

in MITL over the set of atomic propositions; if and only z1(f1) 2\(t3) \arggt’z)
if there exits atimed service wordas defined in[{7), that \ /
complies withz;(¢) and satisfiesp; according to Definition / /t’)

6. T2t

Example 4. We consider here an example in order to un-
derstand the notation and the technical terms that have bee
introduced until here. LetV = 2 agents performing in the Se S5 Sy
partitioned environment of Figl 4. The agents have thetgbili
to pick up, deliver and throw a different ball each. Let th
services of each agent By = {pickUpl, deliverl, throw1}
andX; = {pickUp2, deliver2, throw2}. Note that=; N, #

(. We capture3 points of the trajectories of the agents thaic. problem Statement
belong to different cells where different atomic propasit
hold. Letty = t[, = 0 andt; < ] < ta < to < th <
ts < t5. The trajectoriesr(t),z2(t),t > 0 are depicted
with red lines. According to Assumptidn 2 we have thaProblem 1. Given N agents that are governed by dynamics
S = {Se}eer = {S1,...,56} wherel = {1,...,6}. We as in [4) andN task specification formulasg;,..., N

Fig. 4: An example of two agents performing in a partitioned
%vorkspace.

We are now ready to define our problem formally as
follows:



expressed in MITL over the sets of servicEs, ..., Xy, 3) In view of the definition of WTS, the run of each

respectively, the partitior = {S;}se1 @s in Assumption agent is defined such as to be consistent in view

and the labeling functiondy,..., Ay and £y,..., Ly, of the coupling constraints with the neighbors. The

as in [®), [6) respectively, assign control laws to the free computation of the product of each individual WTS

inputswy,...,vx such that each agent fulfills its individual is thus also required (Sec. TWC).

specification, given the bounghax. 4) A five-step automated procedure for controller synthe-
sis which serves as a solution to Problem 1 is provided

Remark 1. In our preliminary work on the multi-agent

controller synthesis framework under MITL specifications

[23], the multi-agent system was considered to have fully-

actuated dynamics. The only constraints on the system were

due to the presence of ime constrained MITL formulas_. II;fhe next sections provide the proposed solution in detail.

the current framework, we have two types of constraints.

Primarily, due to the coupled dynamics of the system, which

constrain the motion of each agent, and, secondly, the timed

constraints that are inherently imposed from the time bsund

of the MITL formulas. Thus, there exist formulas that cannofA. Boundedness Analysis

be satisfied either due to the coupling constraints or the

time constraints of the MITL formulas. These constraint . :

make the procedure of the controller synthesis in the djscr:Theorem 1. Consider th_e multi-agent ;yste@). Assume

level substantially different and more elaborate than thggat thg network.graph Is connected (I&"(g) > 0) and
let v;,i € T satisfy [|[v;(t)]] < vmax, ¥V ¢ € Z,t > 0.

(c[%ar_e[ig%ndmg multi-agent LTL frameworks in the literatur Furthermore, let a positive constamt > Kyume Where

Ky = %)”)D(gy” > 0 and where D(G) is the

i i 3(9 . i~ o
Remark 2. It should be noted here that, in this work, network adjacency matrix. Then, for each initial condition
the couplings and the dependencies between the agents A®) € R, there exists a tim& > 0 such thati(t) €
treated by the dynamics of the forfd (4) and not in the discret/gf vt > T’WhereX = {z € R¥" . ||#|| < R} and &(t)

level by coupling also in the services of each agent (i.ey a5 was defined iD).

Y, NX; # 0, ¥i,j € Z). Hence, even though the agents

do not share atomic propositions, it is the constraint tar theproof. Consider the following candidate Lyapunov function
motion due to the dynamic couplings with the neighbors thgy . gN» _y R

restrict them to fulfill the desired high-level tasks. Tiegt

the coupling through individual atomic propositions in the

discrete level as well, constitutes another problem which i 1N

far from trivial and a topic of current work. V(x) = B Z Z lzi —z;)|> = |Z* > 0. (8)
i=1 jEN(4)

in Sec[1V-D.
5) Finally, the computational complexity of the proposed
approach is discussed in SEc. TV-E.

Remark 3. The motivation for introducing the cell decom-
position S = {S;}se1 in this Section, is that it is required
to know which services hold in each part of the workspacerhe time derivative of” along the trajectories ofJ4), can
As will be withessed through the problem solution, this i%ﬂ}e computed as '
necessary since the abstraction of the workspace may not be

compliant with the initial given cell decomposition, so new

partitions and cell decompositions might be required.
IV. PROPOSEDSOLUTION

. . _ _ _ (V. oV .,
In this section, a systematic solution to Probléin 1 is = Z{W xl} +...+ {8 % N}
introduced. Our overall approach builds on abstracting the k=1 * 971 k=1 N
system in [(#) into a set of WTSs and further the fact that n 1% T
the timed runs in thé-th WTS project onto the trajectories = Z {C (%7 k) c(&, k)
of agenti while preserving the satisfaction of the individual kil 5
MITL formulas ¢;,i € Z. We take the following steps: . \4 T
1) Initially, the boundedness of the agents’ relative posi- N ; {C (6x ’k) [=L(9) e(@, k) + (v, k)]}
tions is proved, in order to guarantee boundedness of (9)
the coupling terms- Zje./\/(i) (x; —x;). This property,
is required for the derivation of the symbolic models.
(Sec[TV-A). i .
2) We utilize decentralized abstraction techniques fofhere co(Gark) = LgTv’f e aam‘;;,l . By computing the
the multi-agent system, i.e., discretization of both th@artial derivative of the Lyapunov function with respect to

workspace and the time such that the motion of eac¥ectorz;, i € Z we getg—X =2 jenw(@i—zj), 1€
agent is modeled by a WT$%;, i € T (Sec[1V-B). from which we have that (92, k)" = c(z, k)™ L(G), k =



1,...,n. Thus, by substituting the last ial(9) we get By exploiting LemmdTL,[(T2) is written

Vo) =3 {elo k)" 1O L) clab) e} V) < =) 3 (et }+m\p 6)7) llman
k=1
’ ’ 2
S S—Q(A <9>)”x|2+f 1D | e
;{C(I,W [L(G)]Qc(v,k)} < — K1 ||#] (7] = Kavmax) - (15)
n ) 9 where K; = Ag(f) > 0. By using the following
<=2 {elw )7 (L@ ek} + implication & — DY@z = |3l — D)z <

ID(G)™ ||||:z:|\ apparently, we have that< V(z) = ||Z]|* <
| D(G)7||?||lz]|? and V' (z) < 0 when ||Z]] > R > Kavmax
Thus, there exists a finite tinf€ > 0 such that the trajectory
will enter the compact set’ = {z € RV : |7 < R} and

c(v, k)}H . (10)

For the first term of[(1I0) we have that remain there for alk > 7" with B > Ksvmax. This can be
n n extracted from the following.
> e, k)™ LG el k)} =D IL(G) ez, k)| Let us define the compact setQ =
{z e RN : Kyvmax < R < ||| < M}, where
For the second term of {1L0) we have that M = V(xz(0)) = |[|2(0)|[*. Without loss of generality

it is assumed that it holdd/ > R. Let us define the
compact sets:

= {:CERN": I1Z]| gM},
= {:v e RN™ . 1] < ngmax}.

(v, k)}‘

D(G) D(G)" (v, k)}H

From the equivalence¥ z € S; < V( ) = [|Z]]? <
- i M2V x € Sy & V(z) = ||z)|* < K3v2, We have that
Z 1D(G)™ (@, Kl [IDG)] Nlew: k)Y the boundarie®s,, 95, of setsS;, S, respectively, are two
k=1 level sets of the Lyapunov functiovi. By taking the above
— D) Z (e, B e, B} (11) into consideration we have thatS, C 05;. Hence, we get

from (18) that there exist constant> 0 such that:

By using the Cauchy-Schwarz inequality [n11) we get Viz)<—y<0,YzeQ=5\S5. (16)
Consequently, the trajectory has to enter the interior ef th
set of S5 in finite time T" > 0 and remain there for all time

> e, k)" L(G) e(v, k)}
k=1 t>T. (]

: S : It should be noticed that the relative boundedness of the
< |D(G k)|I?
” (Z le@, k)l ) <Z leCw, Bl ) agents’ positions guarantees a global bound on the coupling

terms — 3. i) (zi — z;), as defined in[{4). This bound
will be Iater exploited in order to capture the behavior &f th

= 1D@) I zlloll < I D@G)T [ 1ZIVN o]l

where|[v]|oe = max{|[v;]| :i =1,..., N} < vmax. Thus, by System inX¥ = {z € R¥" : ||z]| < R}, by a discrete state
combining the previous inequalitie§, {10) is written WTS.
n N I B. Abstraction
Z {”L ez, k)| } +VNIDG)" [ ][ vmax. In this section we provide the abstraction technique that is
k=1 (12) adopted in order to capture the dynamics of each agent into
In order to proceed the following Lemma is required. Transition Systems. We work completely in discrete level,
N o N which is necessary in order to solve the Prob[ém 1.
Lemma 1. Letz— be the projection of the vectar € R™" Firstly, some additional notation is introduced. Given an
toNthe orthogonal complement of the subspdfe= {z € index sefl and an agent € Z with neighborsjy. . .. , jx,, the
R™™ @y =...=an}. Then, the following hold: mappings pr: IV — IVit! pr. . IV — T are defined, where
N _ 1 i —
IL(G) ez, k)| > Ma(G) |le(z*, k)|, Yk €T (13) IV =1 x...x I The first one assigns to eaéfrtuplel =
1 _ N —products
IV:+1 which denotes the indices of the cells where the agent

Proof. See the Appendix of [43]. [0 4 and its neighbors belong. The second one assigns to each



N-tuple ! = (Iy,...,ly) € IV the positionl; € T of the 4t, which are enclosed in the dashed circles, lie in different

agenti, i.e., the cell that the agentbccupies at the moment. cells. Thus, it is not possible given this cell configuration
Consider a particular configuratioft = {S;},.;, where of i to find a cell in the decomposition which is reachable

agent: occupies the cellS;,. We denote here wittf the from every point in the initial cell and we conclude that

cell decomposition which is the outcome of the abstractiodiscretization is not well-posed for system (ii).

technique that is adopted for the problem solution that will We present at this point the sufficient conditions that eelat

be presented in this Section. This is not necessarily thesanhe dynamics of the multi-agent systelm (4), the time step

the cell decompositioy’ from Assumptio 2 and Problem 1. and the diametetimax = sup{||z — y|| : =,y € S;,1 € T} of

Let 0t be a time step. Through the aforementioned space atiek cell decompositiosy, and guarantee the existence of the

time discretizationS — 6t we aim to capture the reachability aforementioned well-posed transitions from each cell éBas

properties of the continuous systefd (4), in order to createn [32] (Section Ill, inequality (3), Section 1V, inequagis

a WTS of each agent. The WTS will later on serve in th¢28, 29)), the sufficient conditions that the dynamics of a

synthesis of plans that fulfill the high-level specifica@and general class of system in the form

that map onto the desired free inputsi € Z.

We proceed by describing the abstraction procedure. If &; = fi(zi,x5) +vi,0 €T (17)
there exists a free input for each statesjnthat navigates the
agenti into the cellS;, precisely in timejt, regardless of the wherex; = (zj,,..., 2,y ) € RN, should fulfill in order

locations of the agenits neighbors within their current cells, tg have well-posed abstractions are the following:
then a transition from; to I} is enabled in the WTS. This (C1) There existsM > vmax > 0 such that|| fi(z;, x;)|| <
forms the well-possessedness of transitions which will bg; v; ¢ 7.v » ¢ RN . pr,(z) = (;,%;) and & ’e JX li’

explained hereafter. A mathematical derivation can bedou'hpplying the projection operator jpior I = R™.

in [32]. (C2) There exists a Lipschitz constaht > 0 such that
7 @il0) 7 @i(00) I fiwixg) = Filawny )l < Lall (i) — (i)l
S %‘) 75 | S, /{\:, ) 5, | S, Vi€, xz,y € R, x;,y; € RV™. (18)
\ e Sty ///’1_ ) i ez, S, (C3) There exists a Lipschitz constaht > 0 such that
g 1 | s 1 3|
L | L |z I fi(zi, x5) = fiyi, x5)|| < La|[(zi, x5) — (yi, %),
Vi€ x,y €R"x;,y; € RV™, (19)
System (i) System (ii)

From and[(1]7) we (T, x:) ==Y (x5 —x5).
Fig. 5: lllustration of a space-time discretization which i By chg:)king all tk)le co?]?jf;t(ignsxi))r]e by%:rj]gj\]{gr)(f x»ifja)\s
well posed for system (i) but non-well posed for system (ii);, @), we have: v

We next illustrate the concept of a well-posed abstractio§Cl) For everyi € I,V x € RY™ 7 € X and py(x) =
namely, a discretization which generates for each agehfi:-X;j) We have that
a Transition System in accordance with the discussion
above and the Defl]4. Consider a cell decompositSor:

{S’l}leﬁ:{lmm as depicted in Fig]5 and a time stép [fi(wi, %)l = || — Z (i —x5)|| < Z [ — ]|
The tails and the tips of the arrows in the figure depict JEN () JEN(3)
the initial cell and the endpoints of agent'srajectories at < T <P
time &t respectively. In both cases in the figure we focus on - 'Zg lz: = z]] = Az < K. (20)
agent; and consider the same cell configuration f@nd its (.)€
neighbors. However, different dynamics are considered fo[r —

: o . hus, M = R. We have also that|D(G)"| =
Cases (i) and (ii). In Case (i), it can be observed that for the

() and () 0 s DODE)) =  \ aad@) and Aa(@) <

three distinct initial positions in celi;, , it is possible to drive V™, o .
agenti to cell S;; at timedt. We assume that this is possible V-1 min{N; : ¢ € I} from [44]. For N > 2 it holds that

for all initial conditions in this cell and irrespectivelyf the R/Z’[(g); N. FrlorE Tgeo;engl) we ha\_/e thAt> Kavmax <
initial conditions ofi’s neighbors in their cells and the inputs > Kzvmax. It holds thatM > vmay since

they choose. It is also assumed that this property holddifor a .
possible cell configurations dgfand for all the agents of the g, — 2VN(N _2 D [D@)] = 2VN(N — 1)y Amax(G)
system. Thus we have a well-posed discretization for system A3(9) VA3(G) v/ A2(G)

(). On the other hand, for the same cell configuration and B _

system (ii), the following can be observed. For three déstin > 2VN(N —1) [ Amax(©) > 2VN(W —1)
initial conditions ofi the corresponding reachable sets at VN3 A2(9) VN?

> 1.




(C2) We have that which forms a cell decomposition which is compliant with
the cell decompositio’ from Problen{]l and serves as the
1fi@s, x;) = fi(@s, y;)l abstraction solution of this problem. This can be deducted
_ H B Z (2 — ;) + Z (2 — y_)H as follows: By taking all the combina_tions of inter_sections
v v Sy NS,V 1elV{eland enumerating them by indexes

JENED JEN of the setl, the cells{S;};_; are constructed for which the
< VN |(wi,%5) — (26, 55) | following holds:V ¢ € 1,3 1 € T such thatS; = 5,1 S, = 0
<ma{/N;:i=1,...,N} [[(zi,x5) — (zi,y;)].  and in(S;) Nint(S;) # 0 for all ¢ € I\{¢}. After all

the intersections we have,;S; = X. The diameter of

the cell decompositiors = {S;};_; is defined asdmax =
sup{||z — y|| : @,y € S;,1 € T} < dmax. Hence, according to

the discussion above, we have a well-posed abstraction. See
. . Example[b for an illustration of these deviations.

(C3) By using the same methodology with the proofGP) For the solution to Problefd 1, the WTS which corresponds

we conclude thaf., = max{N; :i=1,...,N} > 0. ) A . 5 ;
Based on the sufficient condition for well posed abstract—O the cell configuratior5, the diameteina and the time

tions in [32], the acceptable values df.,, andot are given step&t will be exp.loned. Thus, the WTS of each agent is
as defined as follows:

Thus, the conditiofC2) holds and the Lipschitz constant is
Ly =maq{y/N; :i=1,...,N} > 0, where the inequality
(Cf ) <p (320, a?) is used.

Amax € (0, TLWX (21)  workspace is modeled by a WTE = (i, St Act;, —4,
d;, AP“ Ll) where

_ — _ 29,2 _ ~
8t € l(l A)Vmax \/(1 A)? Vi — 4M Ldmax « S; =1, the set of states of each agent is the set of

(1—\)202 ] Definition 8. The motion of each agent € 7 in the

2ML 7 indices of the cell decomposition.
init ; it
1= N vmax + /(T — N20Z_— 4M Ldmar o Sgt C S, is a set of initial states.
( ) il 2M13 (22) o Act; = INit! the set of actions representing where

agent:i and its neighbors are located.

where the paramete stands for reachability purposes and * FOr a pair(l;, 1;, ;) we have that(l;, 1;, 1) €— iff

L = max{3Ly +4L,+/N;, i € T} with the dynamics bound li —i [} is well-posed for eacl;,l; € S; and]; =

M and the Lipschitz constanfs;, L, as previously deduced. (Lisljys - sl ) € Acti.

e d; :—;— T, is a map that assigns a positive weight
(duration) to each transition. The duration of each
transition is exactly equal té¢ > 0.

e AP, =13, is the set of atomic propositions which are
inherent properties of the workspace.

o L;:S; — 24P s the labeling function that maps the
every states € S; into the services that can be provided
in this state.

Remark 5. Assume that a cell-decomposition of diameter 5 atorementioned Definition is crucial since from the

dmax and a time stept¢ which guarantee well-posed transi-d : :
X . . ynamical system[{4) we created through the abstraction
tions, namely, which satisfy (21) arid {22), have been choseg}.oqre individual WTSs of each agente Z which

It_is also possible to c_hose any other cell-decompositiah wi capture the motion of each agent and let us work completely
diameterdmax < dmax Since, by [(2P), the range of acceptablqn discrete level in order to design the controllers thaisat

St increases. the Probleni 1.

We showed that the dynamics of the systém (4) satisfy Every  WTS T, € Z generates timed
all the sufficient conditions (C1)-(C3), thus we have a wellfuns and timed words of the formr! =
posed space-time discretizatidh- 6¢. Recall now Assump-  (:(0), 7:(0))(r:(1), 7:(1))(r:(2), 7(2)) . . . , w} =
tion [2. It remains to establish the compliance of the cellLi(r;(0)),7:(0))(Li(r:(1)), 7:(1))(Li(ri(2)), 7(2)) . ..
decompositiors = {S;}¢c1, Which is given in the statement respectively, over the se2*” according to Def[15 with
of Problem[1, with the cell decompositiofi = {S;},c;, 7i(j) = j -0tV j > 0. It is necessary now to provide the
which is the outcome of the abstraction. By the term ofelation between the time words that are generated by the
compliance, we mean that: WTSs 7;,i € Z with the time service words produced by

the trajectories;(t),i € Z,¢ > 0.

Remark 4. Notice that whend,,,., in (21) is chosen suffi-
ciently small, it is also possible due to the lower bound an th
acceptablét in (22) to select a correspondingly small value
of the sampling time and capture with higher accuracy the
properties of the continuous trajectories. However, this w
result in a finer discretization and increase the complexity
the symbolic models.

SinNS, € SU{B}, for eachS; € S,S, € Sandl € I,£ € 1. . _
(23) Remark 6. By construction, each time word produced by the

In order to address this problem, we define: WTS 7; is a service time word associated with the trajectory
R R B B z;(t) of the system[{4). Hence, if we find a timed word of
S={Si}ici = {9 NSe: 1€l Lel}\{0} (24) T, satisfying a formulap; given in MITL, we also found for



each agent a desired timed word of the original system,agents at each time stépand is able to determine which of
and hence trajectories; (¢) that are solution to the Problem the generated runs of the individual WTS can be performed
(@D. (i.e., the produced timed words ®f are compliant with by the agent (i.e., they are consistent runs). In order to
the service time words of the trajectoriegt).) address the aforementioned issue, we provide a centralized
product WTS which captures the behavior of the coupled
multi-agent system as a team, and the generated product run
?éee Def[ID) can later be projected onto consistent indalid
runs. The following two definitions deal with the product
WTS and consistent runs respectively.

Example 5. Assume thatS = {S¢}scq1,...61 @S given in
Exampldl depicted in Fifl 5 by red rectangles, is the cell d
composition of Problef]1. Let als® = {S;},c1_(;, ¢ de-
picted in Fig[¥ with light blue cells, be a cell decompositio
which serves as potential solution of this Problem satigfyi
all the abstraction properties that have been mentionéddsn t Definition 9. The product WTST7, = (Sp,S;,””,—>p) is
Section. It can be observed that the two cell decompositiontefined as follows:

are not compliant according tb (23). However, by usIng (24), , g — iV,

a new cell decompositioy’ = {5;};.5_(, 15 (depicted | (;’17 ...,sy) € SMif s, € St for all § € 7.

in Fig. [7), that is compliants, can be obtained and forms | (LY) e—sp iff I € Posg(lzi,pr.(l)),v ic TVl =
the final cell decomposition solution. Let al8gax, dmax be (L, In), V= (11/17 1) ¢

the diameters of the cell decompositiofisS respectively.
It holds thatdmax < dmax Which is in accordance with the
Remark{b.

e d, :—p— T : As in the individual WTS’s case, the
transition weight isd, () = dt.

The action labels, the atomic propositions and the labeling
3, function in 7, are insignificant. Hence, without loss of
generality, there were omitted from the tuple.

g, / Definition 10. Given the timed run
_ 51 / S3 _
St |+« f - S5 7‘; = ((7‘117(0),...,T‘ZJ)V(O)),TP(O))((T‘;(l),...,T;)V(l)),Tp(l))...
of the WTST,, the induced set of projected runs
% % o {1 = (r3(0), 7 (0)) (1} (1), (1)) .+ € T}
N
. . Sa of the WTSsTy, ..., Ty, respectively will be calledonsis-
S S tent runs Since the duration of each agent’s transitions

it holds thatr,(j) = j - dt,j > 0.

Fig. 6: An example with a given cell decomposition Therefore, through the product WTE,, we can always

S = {Si}eq,..c; and a non-compliant solutiors = generate individual consistent runs for each agent. It iesna
{Sl}leﬁ:{l7~~,6}' to provide a systematic approach of how to determine
consistent runs+,...,ry which are associated with the
corresponding service time wordg, . . ., w’; (note that with
. tilde we denote the outcome of our solution approach) and,
S & & S, 3., according to the Lemma@l 6, their corresponding compliant
trajectoriesz (¢), ...,z n(¢) will satisfy the corresponding
dmax MITL formulas ¢1,...,pxN. and they are the solution to
SlO gg S’g S7 gﬁ Probleer..
2 & A & a Example 6. An example that explains the notation that
Su |5 513 S| S5 has been introduced until now is the following: Consider

an agent (Fig[d8) moving in the workspace witi(i) =
{1,2}, S = {Se}rei—{1....6y is the given cell decompo-
153 Of Example[5. sition from Problen{!,S = {Si}ici—(1,... 25} is the cell
decomposition that is the outcome of the abstraction and
. atomic propositions{pi,...,ps} = {orange, green,blue
C. Runs Consistency yellow, red, grey}. The red arrows represent both the tran-
Due to the fact that the dynamics of the system hawsitions of the agent and its neighbors. The dashed lines
couplings between the agents, it is necessary to define timigdlicate the edges in the network graph. For the atomic
runs that can be performed from each individual agent. Eveatopositions we have thaf;(14) = {p:}, L;(17) =
though we have the individual WTS of each agent, the runis}, L;(10) = {p2}, Li(20) = {pa},L;,(28) = {ps} =
that the later generates may not be performed by an ageit, (27), L;,(24) = {ps},L;,(22) = {ps},L;,(2) =
due to the constrained motion that is imposed by the coupling: }, L;,(12) = {p2} = L;,(5),L;,(9) = {p3}. Note

terms. Hence, we need to provide a tool that synchronizes thiso the diameter of the cellénax = dmax FOr the cell

Fig. 7: The resulting compliant cell decompositich =
{Siticicp

yeeey



configurations we have:

I; = (14,28,2) I; = (17,27,13)
Init: {1, = (28,14)  Stepl: {1, = (27,17)
1, = (2,14) 1, = (13,17)

I; = (10,24,5) I; = (20,22,9)

Step2: ¢ I;, = (24,10)  Step3: ¢ 1;, = (22,20)

1;, = (5,10) 1;, = (9,20)

which are actions to the corresponding transitions. The 1) IV TBAs A;, i € Z that accept all the timed runs satis-

consistent timed runs are given as

rt = (r;(0) = 14,7;,(0) = 0)(r;(1) = 17, 74(1) = 6t)
ri(2) = 10, 7,(2) = 20t)(r;(3) = 20, 7;(3) = 36t)

7, = (75, (0) = 28,75, (0) = 0)(rj, (1) = 27,75, (1) = 6t)
T (2) = 247Tj1( ) = 25t)(T71( ) =22,7j (3) = 36t)

t
J

(
(

5 = (12 (0) = 2,73, (0) = 0)(rj, (1) = 13,75, (1) = 6t)

(rj2(2) = 5,75, (2) = 20t)(rs, (3) = 9,75, (3) = 34¢).

It can be observed thaf = (¢; = Ojo,¢{yellow}) if 36t €
[0, 6], T;fl = (pj1 = Opz,10/{red}) if 26t € [3,10] andr;-z
(pj2 = Oz,0{blue}) if 30t € [3,9]. For ot = 1, all the

agents satisfy their goals.

=
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Fig. 8: Timed runs of the agenisji, jo

These require in the general nonlinear case global
dynamics properties and may avoid taking into account
the finer dynamics properties of the individual entities,
which can lead to more conservative estimates for large
scale systems.

D. Controller Synthesis

The proposed controller synthesis procedure is described
with the following steps:

fying the corresponding specification formulas i €
7 are constructed.

2) A Bichi WIS T; = T; ® A; (see Def[dll below)
for everyi € T is constructed. The accepting runs
of 7; are the individual runs of th&; that satisfy the
corresponding MITL formulap;, i € Z.

3) We pick a set of accepting rung?,.... 7%} from
Step 2. We check if they are consistent according to
Def. [I0Q. If this is true then we proceed with Step
5. If this is not true then we repeat Step 3 with a
different set of accepting runs. At worst case, the
number of repetitions that should be performed is
finite; if a consistent set of accepting runs is not
found, we proceed with the less efficient centralized,
yet complete, procedure in Step 4.

4) We create the produdf, = 7, ® A, where A, is the
TBA that accepts all the Words that satisfy the formula
© =1 A...Apn. An accepting rumr, of the product
is projected into the accepting rud%i,...,ry}. If
there is no accepting run found iff, ® 4,, then
Problen1 has no solution.

5) The abstraction procedure allows to find an explicit
feedback law for each transition ;. Therefore, an
accepting run’t in 7; that takes the form of a sequence
of transitions is realized in the system [d (4) via the
corresponding sequence of feedback laws.

x In order to construct the Buchi WTS7§ and7~§,i € 7 that

were presented in Steps 2 and 4, we consider the following
definition:

Definition 11. Given a WTS7; = (Si, S Act;, —;
adia A—Pza Li)a and a TBAAZ = (Qla lenlt C
Inv;, E;, F;, AP;, L;) with |C;| clocks and IelC"“” be the

Remark 7. We chose to utilize decentralized abstractions, ttargest constant appearing.iy. Then, we deflne theBuchi
generate the individual WTS5, i € Z for each agent and to WTS7; = T, A; = ( 1,5”"“ Actl,wz, iy Z,APZ,L)
compute the synchronized-centralized product WJSfor  follows:

the following reasons:

. Sz C {(si,q) € Si x Qi Li(s:) = Li(a:)} x T,

1) The state space of the centralized system to be ab-. St = §mit x Qi x {0} x ... x {0}.
stracted istY™ C RN™, which is i) harder to visualize —_—

and handle ii) not naturally related to the individual T — A |Gil products
specifications. Thus, it is more natural to define the * “¢% = Acti-
specifications through the individual transition system * (0,13, ) € ~ iff _
of each agent corresponding to a discretization of o qg=(s,q,v1,...,Vc,|) € Sz'-
X and then form the product to obtain the possible qg=(s,q,vi,.. "V(Ci‘) € S;,
consistent satisfying plans. o I; € Act;,

2) Additionally, many centralized abstraction frameworks o (s,I;,s") €e—, and

are based on approximations of the system’s reachable o there existsy, R, such that(q,v,R,q") € E;,
set from a given cell over the transition time interval. Vis--s Vo) E % V- Ve, E Invi(d), and



forall i e {1,...,|Ci|} Step 2 have the same number of states, it holds that the worst
case complexity of Step 2 cost¥(|I| - 2/#m=/). By denoting

0, if c; € R with R;;.,- the finite number of repetitions of Step 3, we have
L Jritdi(s,s), if ci ¢ Rand the best case complexity &Y Rie-|T|-2/#m/), since the Step
! v +d;i(s,8") < O 3 is more efficient than Step 4. The worst case complexity of
00 otherwise our proposed framework is when Step 4 is followed, which
N ’ is O(|I|V - 2l#m=l) where|I| is the number of cells of the
'I;hen,dl-(@ 67) = di(S, 5’), cell decomnositior]
o Fi=A{(si,qi,v1,--vcy) € Qi i € Fi}.
. Li(siuQiayla---;V|Ci|) :Li(Si). 10 i W et | !
The Buchi WTS7, is constructed in a similar \ 8 i =
Buchi WTS 7;,i € T is in fact a WTS with . ra —— P
acceptance condition;. A timed run of 7; can be 4 ] Goal Ag.2
as7t = (4i(0),7;(0))(qi(1),7:(1)) ... using the ten . Mool 293
of Def.[8. It is acceptingif ¢; (i) € F; for infinitel
1 > 0. An accepting timed run of; projects ontc 2
run of 7; that satisfies the local specification fori 2
construction. Formally, the following lemma, wil S o0
follows directly from the construction and and the =
of automata-based LTL model checking (see, 2
holds:
-4
Lemma 2. Consider an accepting timed n HE
(gx(0),7:(0))(g:(1),75(1)) ... of the Bichi WTST, B S
above, wherey; (k) = (ri(k), si(k), Vi1, ..., vim,) . Hl“
a state of7;, for all ¥ > 1. The timed runr! S
onto the timed runr! = (r;(0),7:(0))(r:(1), 7, 10 i
of the WTST; that produces the timed word 10 E o
(Ll(T‘l(O)), Tl(O))(LZ(Tl(l)), Ti(l)) Ce accepted by boares
A; via its run p; = s;(0)s;(1).... Vice versa, if there Fig. 9: Space discretization, goal regions and reachaltde se
exists a timed runri = (r%(0),7%(0))(r%(1),7%(1))... for each agentin a time horizon @i 4t steps

of the WTST; that produces a timed wordo(rl) =
(Li (r1(0)), 7:(0))(L;(r; (1)), 7:(1)) . .. accepted by the TBA

A; via its run p; = s5;(0)s;(1)... then there exist the V. SIMULATION RESULTS
accepting timed run = (¢;(0),7;(0))(gi(1),7:(1)) ... of

7., where g;(i) denotes(r;(k), 5;(k), 731 (i), .- v, (F)) For a simulation example, a system of three agents with

v, € R? i eI =1{1,23},&=1{1,2),23)}LN01) =

in 7;. {2} = N(3),N(2) = {1,3} is considered. Their dynamics
Proposition 1. By following the procedure described in Sec.are given asi; = s — x1 + v1, &2 = 21 + 3 — 222 + V2
V-Dla sequence of controllers;, ...,vy can be designed andis = x5 — 23 + v3. The simulation parameters are set
(if there is a solution according to Steps 1-5) that guaesiteto R = 10, M = 20, vmax = 10, L1 = V2, Ly = 2,6t = 0.2.

the satisfaction of the formulag:, ...,y of the agents The time stepdt is chosen during the abstraction process

1,..., N respectively, governed by dynamics as[ih (4).  according to the formulag (R1)_(22) and it is not chosen
) with reference to satisfaction of the MITL formulas. The
E. Complexity workspace[—10, 10] x [~10,10] € R? is partitioned into
Our proposed framework can handle all the expressivity afells and the initial agents’ positions are set+, 0), (0, 6)
the MITL formulas according to the semantics of Definitionand (6,0) respectively. The specification formulas are set
6. Denote by|p| the length of an MITL formulap. A to @1 = Opo.5,1.77{green}, w2 = Op1.0,1.4){orange}, p3 =
TBA A;,i € 7 can be constructed in space and time)y, 7 .s){black} respectively and their corresponding TBAs
20(#:l i € T. So by denoting Withpmax = max{|p;},i € T are given in Fig[B. The abstraction presented in this pa-
the MITL formula with the longest length we have thatper, the reachable cells of each agent as well as the goal
the complexity of Step 1 i@9(#m)l The model checking regions are depicted in Fig] 9. It can be observed that not
of Step 2 costsO(|T;| - 2/#i)),i € Z where|T;| is the all the individual runs satisfy the desired specificatiory. B
length of the WTST; i.e., the number of its states. Thus,applying the five-step controller synthesis procedurerzet
O(|T;| - 29y = O(|S, - 2#:ly = O(|T] - 2#:1). The worst presented in SeE.1V, the individual run of each agent satisf
case of Step 2 cost®(|Tmax| - 2!9m) where |Tmax is the the formulasp;, 2 andys in 66t, 65t and56t respectively.
number of the states of the WTS which corresponds to thehe simulation is performed in a horizon vt steps (as
longest formulapmax. Due to the fact that all the WTSs in the steps that explained in the Exandgle 6). The product WTS



has 45 x 10* states. The simulations were carried out in17] J. Liu and P. Prabhakar, “Switching Control of Dynami&ystems
MATLAB Environment on a desktop with 8 cores, 3.60GHz

CPU and 16GB of RAM.

VI. CONCLUSIONS ANDFUTURE WORK

(18]

A systematic method of both abstraction and controller
synthesis of dynamically coupled multi-agent path-plagni [1°!
has been proposed, in which timed constraints of fulfilling
a high-level specification are imposed to the system. THeo]
solution involves initially a boundedness analysis and sec
ondly the abstraction of each agent’s motion into WTSs angy;
automata construction. The simulation example demomestrat
our solution approach. Future work includes further compu2?]
tational improvement of the abstraction method and more
complicated high-level tasks being imposed to the agents 8]

order to exploit the expressiveness of MITL formulas.
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