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Reliable Intersection Control in Non-cooperative Environments*

Muhammed O. Sayin'2, Chung-Wei Lin?, Shinichi Shiraishi?, and Tamer Basar®

Abstract— We propose a reliable intersection control mecha-
nism for strategic autonomous and connected vehicles (agents)
in non-cooperative environments. Each agent has access to
his/her earliest possible and desired passing times, and reports
a passing time to the intersection manager, who allocates
the intersection temporally to the agents in a First-Come-
First-Serve basis. However, the agents might have conflicting
interests and can take actions strategically. To this end, we
analyze the strategic behaviors of the agents and formulate
Nash equilibria for all possible scenarios. Furthermore, among
all Nash equilibria we identify a socially optimal equilibrium
that leads to a fair intersection allocation, and correspondingly
we describe a strategy-proof intersection mechanism, which
achieves reliable intersection control such that the strategic
agents do not have any incentive to misreport their passing
times strategically.

I. INTRODUCTION

Instead of classical yet inefficient traffic lighting sys-
tems, a First-Come-First-Serve (FCFS) based autonomous
intersection control, which utilizes the connectivity of the
autonomous agents with each other and the infrastructure,
e.g., an intersection manager, has been introduced in [1].
Each agent requests the usage of the intersection at a certain
time slot, he/she has desired, and the intersection manager
confirms the request if it is available, i.e., not has already
been allocated for other agents, or proposes a counter request.
This simple approach improves the efficiency of the inter-
sections substantially in terms of travel time of the agents.
However, the requests of the agents are evaluated one by
one. In order to increase the efficiency further, Reference [2]
proposes a combinatorial auction based approach, in which
the intersection is allocated to the agent who values the most,
instead of the agent who has requested the earliest. This
approach leads to relatively complex algorithms to compute
the intersection allocation and requires a payment system. In
[3], the authors have proposed a chicken-game [4] inspired
intersection control. The proposed game includes two play-
ers, where the players aim to minimize their delay while
also avoiding any collision; and the intersection manager
controls their actions, i.e., swerve or not, to achieve a Nash
equilibrium [5] of the game. Recently, in [6], the authors have
proposed an information driven intersection management
mechanism, which improves the quality of transportation
by prioritizing certain vehicles based on the information
reported by them and ensures truthful disclosure of that
information via a payment mechanism.
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In this paper, we introduce an intersection game formula-
tion. Different from the widely known chicken game [4],
here, we consider an intersection control scenario, where
two non-cooperative autonomous agents (drivers) seek to
use a single intersection resource at a specific time they
desire. In that respect, a desired passing time for an agent
can be considered as an estimated time such that he/she
can pass through the intersection with minimum loss of
comfort, e.g., without acceleration or deceleration (excluding
the deceleration necessary to pass through the intersection
safely). However, there is a certain time that the agents will
need while using the intersection resource. Therefore, there
can be a conflict between their desired intersection usage.

In order to avoid conflicts which might lead to accidents,
the intersection manager provides a FCFS based resource
allocation protocol so that the agent who desires to pass
through the intersection earlier will pass earlier, and if
both desire to pass at the same time, then both have the
same chance to pass first. To this end, the agents report
their desired passing times to the intersection manager and
the manager allocates the resources accordingly [1]. We
note that, here, in order to increase the efficiency of the
intersection usage, the request of fwo agents are evaluated
together, which is different from the proposed approach in
[1], where the agents’ requests are evaluated one by one.
However, while the evaluations of more than one request can
increase the efficiency, in a non-cooperative environment, the
agents can also report strategically, e.g., they may not reveal
their frue desired passing times, in order to minimize the
deviation of the times that the manager allows them to use
the intersection from their desired passing times. Hence, we
aim to formulate the strategic behavior of the agents in this
non-cooperative environment. Furthermore, instead of any
Nash equilibrium as in [3], we seek to select the socially
optimal one among multiple equilibria, while designing the
intersection control mechanism.

The main contributions of the paper are as follows:

o We model the strategic behavior of the non-cooperative
agents in FCFS based intersections and formulate the
corresponding equilibrium points analytically.

« We provide socially optimal intersection usage allo-
cations and compute the socially optimal equilibrium
strategies for the agents.

o We propose a reliable intersection control mechanism,
which ensures that the strategic agents reveal their
private information truthfully, i.e., cannot rig the inter-
section control mechanism by misreporting their private
information strategically.



The rest of this paper is organized as follows: In Section
we formulate the problem for two strategic autonomous
agents and a single intersection resource. In Section [lII} we
analyze the equilibrium scenarios in a strategic environment.
We provide a strategy-proof intersection mechanism, where
the agents reveal their private information truthfully, in
Section We conclude the paper with several remarks in
Section |V| Appendices include proofs of technical results.

II. PROBLEM FORMULATION

Consider two non-cooperative autonomous agents, agent-
1 and agent-2, seeking to pass through a single intersection,
which is equipped with a roadside unit that has communi-
cation radios. In close proximity of the intersection, agents,
equipped with communication radios, can request the tempo-
ral intersection usage from the roadside unit, which reserves
the intersection temporally to the agents according to a FCFS
protocol and certain safety constraints. As an example of
safety constraints, the roadside unit considers the necessary
time for the agents to pass through the intersection while
scheduling the intersection usage.

Each agent-i, for ¢ = 1,2, has access to private informa-
tion: 6. ;,04; € O, denoting the earliest possible and the
desired passing times through the intersection, respectively,
where © C R is a totally ordered finite set such that for any
consecutive elements 6,6’ € © we have |0 — 6’| = A and
forall # € ©, § < 0 < 0, where 6 and 0 are specified upper
and lower bounds, respectively, with, e.g., 8 = 0. A can
be viewed as the highest precision for time reporting. Each
agent needs certain amount of time while passing through the
intersection, which is denoted by Jt € ©, and we assume that
dt/2 € ©.

Agents report their passing times and the manager controls
the intersection usage according to FCFS protocol. In partic-
ular, if agents report 91 > ég, then the allocated times would
be given by ty = 05, since agent-2 comes to intersection
first, and t; = max{él7 to 4+ dt+ A}. Furthermore, in case of
equality, i.e., él = ég, the manager allocates the intersection
to one of them first randomly, e.g., by flipping a fair coin,
for the sake of fairness. Therefore, for given reported times
(él, ég), the protocol computes the corresponding allocated
times, i.e., (t1,t2) = FCFS(él,ég), uniquely.

Note that if the agent, who has the right to pass first,
starts to use the resource after his/her allocated time, the
time he/she will need to pass through the intersection might
violate the allocated time for the other agent. Or if that agent
does not use the intersection before the time allocated for
the other agent, then the agent who has the right to pass
second cannot start to use the intersection at his/her allocated
time due to a security precaution. Therefore, without certain
regulations, the agents would reveal practically unhelpful in-
formation. As an example, in the case of conflicting interests,
if the agent with later desired passing time reports that his/her
desired passing time is just now, then the manager would
allocate the intersection to that agent to use starting from now
unless the other agent has also reported to pass now. In order
to avoid such cases, we consider that there is a regulation that

the agents must use the intersection exactly at the allocated
time. Since the allocated times are computed based on the
reported desired passing times, it is the agents’ responsibility
to ensure that they will pass through the intersection as early
as their reported times. However, even though this regulation
can prevent the aforementioned cases, as we show later,
this is not sufficient to incentivize the agents to reveal their
desired passing times truthfully.

We consider that the agents are identical and have payoff
functions penalizing the deviation of the allocated times t;
from the desired passing times 6 ;:

u; = c(|t; — 0a4)), (D
where ¢ : R — R is a strictly increasing, strictly convex
function on [0,00), e.g., c¢(x) = x%. We consider Nash

equilibrium [5], in which agents do not have any incentive
to change their actions unilaterally, and an agent has an
incentive to change his/her action if he/she can have a
reduced payoff. Therefore, an action pair (é’l,éé) leads to
an equilibrium provided that

é’l € arg min c(|t; — 04.1),
6,€0

05, € arg min ¢(|ty — 042]),
0,€0

where (t1,t3) = FCFS(f;,60,). In the next section, we
examine these equilibrium scenarios in detail.

III. EQUILIBRIUM SCENARIOS IN A STRATEGIC
ENVIRONMENT

Without loss of generality, we can consider that 0, is
earlier than or equal to 042, ie., 051 < 0g2. In such
cases, if both agents reveal their desired times truthfully and
641 < 042, agent-1 would pass through the intersection
first at his/her desired time 64, and agent-2 would pass
at the time max{641 + 6t + A, 042}, and if 651 = 642
then both agents would have equal chances to pass through
the intersection first. However, the agents are strategic and
a strategic agent would reveal the information truthfully if
it is the best strategy according to his/her objective, e.g.,
minimizing the payoff function (T).

We point out that the agents do not have conflicting
interests if 641 + 6t < 64.2. Hence in such cases, the agents
would report their desired passing times truthfully and the
manager would be able to allocate the intersection exactly at
their reported times. Otherwise the agents have conflicting
interests and in those cases, truthfulness is not an equilibrium
achieving strategy for the agents in general. In that respect,
the following cases lead to interesting equilibrium scenarios,
e.g., even though 04 ; < 042, agent-2 can incentivize agent-1
to report an earlier passing time than 64 ; and under certain
conditions, the intersection might even be allocated to agent-
2 first. Next, we examine these scenarios in detail.

Lemma 1. Let 64 := 04,1 = 04.2. Without loss of generality,
suppose 0.1 < 0. 9. Then, the action pairs {é1 = 9,@2 =
0+ A} lead to an equilibrium if there exists 0 € © such that
0 € My = [max{c1,0q4 — 0t/2}, max{0. 2,04 — 5t/2}).
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Fig. 1. Equilibria in the cases that 031 = 642, and without loss of
generality we assume 6,1 < 6 2. The blue and red bars show a distance
of §t/2 from the desired passing times. Dark and light coloring is used
to represent how distant it is. As an example, right end of the bars are 6t
away from 64 ;, i = 1,2. Additionally, the green bars and dot show the set
of equilibrium achieving actions of agent-1, i.e., set of 6, € © such that
there is a f2 € © and the pair {01,602} leads to an equilibrium, which are
explained in Lemma 1 in detail.
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Fig. 2. Equilibria in the cases that 0¢,1,0c,2 < 0g1 < 042 < 041 + 6t
and 9d,2 -0t < 9d71 < t9d72 — (St/?.

If My is empty, i.e., max{fe 1,04 — dt/2} = max{be 2,04 —
6t/2}, then the action pair {0, = 0,0, = 0'}, where 0/ :=
max{0. 2,04 — 6t/2}, leads to an equilibrium.

Proof. The proof is provided in Appendix A. (|

At equilibria of certain cases, interestingly, the reported
time of the agents can even be less than their earliest passing
time even if there is a regulation making sure that each agent
must pass through the intersection at his/her allocated time.
However, since the reported time can be different from the
allocated time, even though that agent knows that he/she
cannot pass through the intersection that early, by reporting
in that way, he/she incentivizes the other agent to report
a far earlier time such that his/her allocated time will not
be the reported time. We also note that the deviation of
this allocated time from the desired passing time can be
less than the one when he/she has reported as early as the
earliest passing time. Therefore, such equilibria can be more
preferable for the agent that has a later desired passing time.
Lemma 2. Let 0.1,0c2 < 041 < 0g2 < 0g1 + 6t and
Oa,2 — 0t <6041 < 049 — 6t/2, then the actions pairs {91 =
0, 0y =6 + A} lead to an equilibrium if there exists 0 € ©
such that 6 € [max{0q2 — 0t,0c1},041). Additionally, the
action pairs {él =041, é2} where 05 € © such that 05 €
(041,041 + 0t + Al, also lead to an equilibrium.

Proof. The proof is provided in Appendix B. ]
Lemma 3. Let 96,1 < 6‘@’2 < Hd,l < ad’Q < ed,l + 6t and
04,1 > 0q2—0t/2, then the action pairs {él =0,0, = 0+A}
lead to an equilibrium if there exists § € © such that
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Fig. 3. Equilibria in the cases that .1 < fe2 < 031 < 642 and

Gd,l > Qd,g — 5t/2.
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Fig. 4.  Equilibria in the cases that fc2 < 01 < 6g1 < 042
and 641 > 62 — d0t/2. Distinctively, yellow bars represent the set of
equilibrium achieving actions of agent-2 since at those equilibria, agent-2
passes through the intersection first in spite of 04,1 < 04 2.

0 My := [max{@e’h Hd,l —5t/2}, max{ﬁd,g — (5t/27 9@,2})-
However, if M, is empty, then the action pair {él =
0,0y = 0'}, where 0’ := max{6,2 — 0t/2,0. 2}, leads to
an equilibrium.

Proof. The proof is provided in Appendix C. ]
Lemma 4. Let 0.5 < 0.1 < 041 < 042 < 041 + 0t and
04,1 > 0aq2 — 6t/2, then we have two different cases, where
the first passing agent differs. If 0.1 < 049 — 0t/2, the
action pairs {61 = 0,0, = 0 + A} lead to an equilibrium if
there exists 0 € © such that 0 € M3 = [max{0. 1,041 —
0t/2},04.2—0t/2). However, if My is empty, then the action
pair {él =00y = 0'}, where 0' := 049 — 0t/2, leads to
an equilibrium. On the contrary, if 0go — 0t/2 < 0.1 <
041, the action pair {él =0+ A,ég = 0} lead to an
equilibrium if there exists § € O such that 0 € My :=
[max{042—0t/2,0. 2}, 0. 1). However, if My is empty, then
the action pair {él = 0’,@2 = 0'}, where 8 := 0.1, leads
to an equilibrium.

Proof. The proof is provided in Appendix D. ]
Lemma 5. Let 0.1 < 041 < Oeo < 0g2 < 041 + 0t,
then there exist multiple equilibria such that the equilibrium
achieving action pairs are given by {6, = 0,0, = 0 + A}
provided that there exists 0 € © such that

0 c {max{@dgfét, 0d71—6t/2,0671},min{9d72—5t/2,9d71}).
2

Here, agent-2 passes through the intersection first at the equilibria.
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Fig. 5. Equilibria in the cases that 6 1 < 051 < 0c 2 < 0g2 < 04,1+0t.
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Fig. 6. Binary tree for the conflicting cases addressed in Lemmas 1-5
when ad,l < 9(172 and 9d,2 < gd,l + ot.

Otherwise, there exists a unique equilibrium, where {él =
0,0, = 0'} and 0’ = min {0 — 6t/2,041}.

Proof. The proof is provided in Appendix E. (]

Based on Lemmas 1-5, we have the following proposition.
Proposition 1. There exists at least one pure equilibrium
point in the two-agent intersection game.

Proof. As seen in Fig. [§f Lemmas 1-5 cover all the
conflicting cases and at each case, there exists at least one
pure equilibrium. Furthermore, if there are no conflicts, then
truthfulness leads to pure unique equilibrium. ]

We note that in general there are multiple equilibria. How-
ever, in the case of multiple equilibria, certain equilibrium
points are more preferable for certain agents. Additionally,
since there are multiple equilibrium points, taken actions
might not yield an equilibrium. In the following section, we
design a mechanism to mitigate such issues.

IV. STRATEGY-PROOF INTERSECTION
MECHANISM

We seek to design an intersection mechanism between
the agents and the intersection manager, where the strategic
agents report their private information to the mechanism and
the mechanism plays on their behalf, i.e., reports certain
times to the intersection manager based on the agents’
reports. Note that the agents have selfish objectives, which is
to minimize their own payoff functions. However, we seek
to design a mechanism which leads to minimization of the
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Fig. 7. Possible allocated times (shaded area) due to the safety constraints
for the case represented at the top of the figure. Here, 641 < 642 such

that (ed,g — Qd’l)/Q € O, therefore t’{ = 0d,1 — ((St — (6d72 — 9d71))/2,
t5 =042+ (0t — (04,2 — 04,1))/2, and agent-1 passes first at equilibria.

social choice function:

Z C Hd Z (3)

i=1

no

Note that our social objective (3, as a mechanism designer,
can lead to different allocations from the FCFS protocol.
Particularly, the socially optimal allocated times would be
given by the following minimization problem:

2
i t; t—to| > 6t. (4
in c([t; t1 — ta| > 4)

— 04q,:]) subject to

If there is no conflict of interest, i.e., |0g1 — 042 > 0t,
then the allocated times by the manager according to FCFS
protocol also lead to the socially optimal ones. However, if
there is a conflict of interest, since ¢(+) is strictly increasing
and strictly convex function, the socially optimal allocated
times ¢7, t5 are such that the deviations of the allocated times
from the corresponding desired times are the same for each
agent. In particular, we haveE| i) if 041 = 0g2. t7 = b(041 —
§t/2) 4 (1—=b)(0a,1 +6t/24+A), t3 = (1—b)(0a1 —6t/2) +
b(04,1 + 0t/2 + A)), where b ~ Ber(1/2); i1) if 64, < 04,5
and (Gd,j — 9(171')/2 €0, t;( = Od,i — (5t — (ed,j — Gdﬂ-))/Q,
t; = gd’j + ((St — (Gd’j — Hd’z))/Z + A, where ¢ 75 j; ZZZ) if
0a,i < QdJ and (Qd’j — 9d7i)/2 ¢ O,tF =04, — (6t — (Qd,j —
Oa,i) +0 A= (L=V)A)/2, 17 = ba;+ (6t = (0a; —Oa.) +
bVA—(1-0)A)/2+ A, where b’ ~ Ber(1/2).

Remark 1. We emphasize that the socially optimal time
allocations t7,t5 do not depend on the payoff functions
directly due to the assumption that agents are identical and
c(+) is a strictly increasing and strictly convex function.
Therefore, as a mechanism designer, we do not need to know
the exact payoff functions except the assumption about their
structure.

2Note that we have assumed 6t/2 € ©.
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Fig. 8. Possible allocated times for the case represented at the top of the
figure. Here, 641 < 642 such that (642 — 64,1)/2 € O, yet agent-2
passes first at equilibria.

Furthermore, in the cases of conflicting interests, the
socially optimal allocated times cannot be achieved if both
agents reveal their desired passing times truthfully since the
manager cannot allocate a time before the reported times.
If the agents behave strategically and not necessarily reveal
the information truthfully, the socially optimal allocation
may also not be achievable at any of the equilibria due to
the earliest passing times of the agents. As an example, in
Figs. [7] and [§] we demonstrate all the possible pair of time
allocations, i.e., a point in the shaded areas of the graphs,
for the cases on the top of each figure. Then, the socially
optimal allocation is at t; = 041 — (6t — (0q,2—04,1))/2 and
t5 = 7 +6t+ A while the action pair {; = 0,0, = 0+ A},
where 6 € O N [fe1,04,2 — Jt/2) leads to an equilibrium in
Fig. [7| and the action pair {f; = ¢’ + A,0; = '}, where
0" € ©N[042—t/2,0. 1) leads to an equilibrium in Fig.
Therefore the corresponding time allocations at equilibria are
given by t; = 6 and t5 = 0 + 0t + A in Fig.[7] and given by
t1 = 60'+0t+ A and ¢t = ¢’ in Fig. [8 However, for the case
in Fig.[7] there does not exista § € ©N[f, 1,04,2—0t/2) such
that t] = 0 and t5 = 6+ 0t + A. Additionally, for the case in
Fig. [8] there does not exist a 8/ € ©N [0y 2—0t/2, 6. 1) such
that ¢t = 6’ + 6t + A and t5 = ¢’'. Existence of such 6,6’
would imply that the socially optimal allocation is in the set
of allocations at equilibria. Therefore the socially optimal
time allocation may not lead to an equilibrium. However, in
such a case, since the set of equilibrium points is finite, there
exists at least one equilibrium that is socially more preferable
than, or equally preferable with, the other equilibrium points.
We call such an equilibrium “socially optimal equilibrium”
and denote the corresponding time allocations by (t9,t9)
(e.g., see Figs. [7] and [g).

Let v := {04,1,0¢,1,042,0c2}, and given ~, let M, C
© x O denote the set of all the corresponding equilibrium
points and 7’, C © x © be the corresponding set of allocated
passing times. If there is a unique pure equilibrium, e.g., the

case when 031 = 042 and 6.1 = 0. 2, then this is also the
socially optimal equilibrium point. Otherwise, the socially
optimal equilibrium leads to the allocations (t9,t$), which
are given by

2

ZC(‘ti — 9dz|) (5)

i=1

min

(t1,t2) €T,
The following theorem characterizes these allocations.
Theorem 1. Suppose that there are multiple pure equi-
libria, and yet the socially optimal allocations cannot be
achieved at any of these equilibria. If 041 = 042, let
1 = argming—1,2 0. and j = arg maxy—1 2 0. r; otherwise
let i = argming— 2 04, and j = argmaxy—_1 2 0q. Then,
the allocations in the socially optimal equilibrium are given
by

(GQJ, 967]' + 6t + A)
0+ 6t + A, 0)
(96)2‘, 9e7i + 0t + A)

0a; =045,

Ocj <Oci <04 <0q;
and Gd’j — (5t/2 < 9611‘

otherwise.

(t7,15) =

(6)

where 0 := max{0,; — 6t/2,0, ;}.

Proof. The proof is provided in Appendix F. (]

We reemphasize that also the time allocations in the

socially optimal equilibrium, ¢{,?9, do not depend on the
payoff function directly. The following corollary provides
the socially optimal equilibrium points (69,05) such that
(£, 1) = FCFS(69, 03).
Corollary 1. If 041 = 0q,2, let i = argming—; 20, and
Jj = argmaxg—1,2 0 i, otherwise let i = argming—y 2 0q,x
and j = argmaxy—120qr. Let 0 € R be defined by
0% := 04, — (0t—(04,;—04.))/2. Then, the socially optimal
equilibrium is given in Table

Proof. These results follow from Theorem 1 and Lemmas
1-5. We select the equilibrium point within 7, such that
the corresponding time allocation is closest to the socially
optimal allocation. (|

Next, the following corollary provides a truthful mecha-
nism for intersection control in strategic environments.
Corollary 2. Consider an intersection mechanism, which
asks the agents to report both their earliest possible and
desired passing times, ée,i,éd,i, for i = 1,2; and plays for
them the corresponding socially optimal equilibrium actions,
i.e., reports passing times to the intersection manager: 9?, ég
which are formulated in Corollary 1. Then, this intersection
mechanism is a strategy-proof mechanism, i.e., it incentivizes
the selfish agents to reveal their private information truth-
fully.

Proof. This follows from the revelation principle [7],
which implies that the socially optimal equilibrium can be
implemented by an incentive-compatible-direct-mechanism,
in which both agents reveal their private information truth-
fully. The intersection mechanism already plays the best
actions strategically for both agents, which lead to the
corresponding socially optimal equilibrium; therefore the
agents do not have any incentive to misreport their private



TABLE I
THE CASES IN COROLLARY 1, WHERE b ~ Ber(1/2).

Case Condition | Assignment of (67, 03’) ‘
No Conflict | 04, + 0t < 0g,; (0a,i,0a,5)
Lemma 1 0q:=04,;=0q;
if max{0e i, 04 — 6t/2} = max{f. ;,0q — 5t/2} (0,6), where 6 = max{0c,;,04 — 0t/2}
elseif | 6* € © (min{0*, 0e,; }, é;) +4)
else if | O ; < 0% —A/2 (0e,;,09 + A)
else (b(0" = A/2) + (1= b)(0" +A/2),67 + A)

Lemma 2 9671‘,96,]' < ed,i < ed,j < Qd,i + 6t and Gd,j — ot < ed,i < Gd,j —0t/2

ilﬂ max{fg,; — 0t,0c s} =04,

else if | 6* € ©
elseif | 0* +A/2 <0,
else

(0a,is0a,5) X

(max{6*,60c,}, 69 + A)

(0e,:,09 + A)

(b(6* — A/2) + (1 — b)(0* + A/2),09 + A)

l}

Lemma 3 96 i S Qc,j S 9d77; < ed,j S ed,i + ot and 9d7j - 5t/2 S 01“

else if | 6* € ©
else if | 0% + A/2 <0, ;
else

if max{fe,,04,; — 6t/2} = max{fg ; — 0t/2,0. ;}

(0,0), where 6 = max{64 ; — 6t/2,0c ;}
(max{0*,0c;},09 + A)

(ee,iyéf + A)

(b(* — A/2) + (1 — b)(6* + A/2),09 + A)

Former Case

Oc,j <BOc; < Odﬂ' < ed,j and 0.,; < ed,j —d0t/2 < ed,i

in Lemma 4 if max{fe,0q,; — 6t/2} =04 ; — 6t/2
elseif | 6* € ©
else if | 0* + A/2 <0 ;
else

(0,0), where 6 = 04 ; — dt/2
(max{0*,0c;},09 + A)

(0c,i, 09 + A})

(b(6* — A/2) + (1 — b)(6* + A/2),09 + A)

Latter Case

957‘7' < 9671' < Qdﬂ' < 0d,j and Qd’j —at/2 < Ge,i < Gd,i

in Lemma 4 if max{fe, j,0q; — 0t/2} = 0c (0ec,is0e.i)
else (62 + A, min{04,; — 5t/2,0.,;})
Lemma 5 Oci <044 <0ej <0q; <0q;+dt

else if | 6* € ©
else if | 0* + A/2 <0, ;
else

if max{@d’j — 0t, 04, — ot/2, 9671‘} = mil’l{ed!j —dt/2, Od,i}

(0,0), where 6 = min{64 ; — 6t/2,64;}
(max{0*,0c;},09 + A)

(ee,iyéf + A)

(b(6* — A/2) + (1 — b)(6* + A/2),09 + A)

information with the aim of reducing their own payoff
function further. O

V. CONCLUSION

In this paper, we have studied the truthfulness of inter-
section control, when the intersection manager evaluates the
requests of more than one agent, specifically two agents,
in a non-cooperative environment. We analyze equilibria for
the agents’ actions such that at an equilibrium, given that the
other agent has taken that action against his/her action, he/she
has no incentive to change his/her action unilaterally. We
have formulated all equilibria for all possible scenarios. We
have shown that there always exists a pure equilibrium and
there even exist multiple pure equilibria in general. We have
then characterized the socially preferable equilibrium within
all the equilibria with respect to a certain social objective.
Finally, we have designed a strategy-proof mechanism, where
the agents cannot exploit the intersection control to get
benefit in terms of their selfish objectives. We point out
that the intelligent intersection control process in a non-
cooperative environment even with two agents requires a

3Note that this is one of the essentially unique equilibria, which lead to
the same time allocations. Furthermore, truthfulness of both agents leads to
the socially optimal equilibrium.

careful consideration of all the possible cases with respect
to earliest and desired passing times of the agents, and the
time that the agents need to pass through the intersection.
By formulating the strategy-proof mechanism, this paper has
also provided a straight-forward, yet non-trivial, guideline to
extend to scenarios where there are more than two agents.
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APPENDIX I
A. Proof of Lemma 1

Given that 0451 = 042 =: 04 and 0. < 0. 2, we have the
following cases, which are partially demonstrated in Fig. |1} 7)
If both 6. ; and 6, 5 are less than or equal to 84 —dt/2, there
exists a unique pure equilibrium, where both agents report
91 = éz = 04 — 6t/2, and the intersection is allocated to
one of the agents at §; — 6t/2 with equal probability and the
other agent is allowed to pass through the intersection when
04+ 6t/2 + A. The action pair {él =0, — 6t/2,é2 =0, —
dt/2} leads to an equilibrium since if agent-1 reports 6, =
64— dt/2, then the best response of agent-2 is to report 0y =
64— 0t/2, and given agent-2 has reported 0o, agent-1 has no
incentive to change his/her action. Furthermore, this is the
only pure equilibrium. i3) If 6, 2 > 03—0t/2 and 0. ;1 < 04—
dt/2, then there exist multiple pure equilibria. In particular,
if agent-2 reports 0, = 6+ A, where 6 € © such that § €
[04—0t/2,0, 2), then the best response of agent-1 is to report
6, =6 and given that agent-1 has reported that, agent-2 has
no incentive to change his/her action since agent-2 cannot
pass through the intersection before 6. 2. Note that the set
[04 — 0t/2,0.2) is not empty since 6. o > 04 — §t/2. iii)
Finally, if 0. 2 > 0.1 > 04 — 0t/2, then there exist multiple
pure equilibria. Correspondingly, the equilibrium achieving
action pairs are given by {#; = 0,06, = 6 + A}, where
6 € © such that 6 € [0 1,0, 2). If there is no such 6, i.e.,
0. := 0.1 = 0.2, then we have a unique pure equilibrium,
where both agents report 6, =0y = 0,.

B. Proof of Lemma 2

Given that 0. 1,02 < 0g1 < 042 < 641 + 6t and
04,2 — 0t < 0q1 < 042 — t/2, we have the following cases,
which are partially demonstrated in Fig. [2t ¢) If both 6, ; and
0c,2 are less than or equal to 642 — dt, there exist multiple
equilibria, where the equilibrium achieving action pairs are
given by {6, = 6,6, = 6 + A}, where § € © such that
S [Gdg — it Gd 1) Additionally, the action pair {él =
9d,1792} where 92 € O such that 92 € (90{ 17(9d 1+0t+ A]
also leads to an equilibrium. Note that if agent-2 reports
a time earlier than 09 — 0t, e.g., 6 < 042 — Ot, the best
response of agent-1 is to report a far earlier time, e.g., 6’ —A.
However, given that agent-1 has reported 6’ — A, now, agent-
2 has an incentive to change his/her action since by reporting
04,2, agent-2 can pass through the intersection exactly at
his/her desired passing time, which is the least possible
payoff he/she can get. Therefore, such action pairs do not
lead to an equilibrium. i) If g2 — 0t < 0.1 < 0.2 <041,
then there exist multiple equﬂlbrla where the equilibrium
achieving action pairs are given by {0; = 60,0, = 6 + A},
where 6 € © such that 6 € [f.1,604,1). Correspondingly,
the action pair {él Oa, 1,92} where 6 € © such that
0y € (041,041 + 0t + A], also leads to an equilibrium.

C. Proof of Lemma 3

Given that 0.1 < 0.2 < 0g1 < 042 < 041 + 0t and
04,1 > 64,2 — 6t/2, we have the following cases, which are

partially demonstrated in Fig. i) If .1 < 041 — 6t/2
and 6.2 < 642 — 6t/2, then there exist multiple pure
equilibria, where the equilibrium achieving action pairs are
given by {91 = 0,0, = 0+ A}, where § € © such
that 0 € [0g1 — 0t/2,042 — dt/2). Note that the set
041 — 6t/2,042 — §t/2) is not empty since Og1 > O42.
ZZ) If Qd}l — (St/2 < 96’1 < 9672 < 9d72 — (575/2, we have
two cases. If 6.1 < 042 — 6t/2, there exist multiple pure
equilibria, where the equilibrium achieving action pairs are
given by {6, = 6,6, = 6 + A}, where § € © such that
0 € [0c1,042 — 515/2) Orif 0.1 = 042 — 6t/2, there exists
a unique pure equilibrium, where {él =01, 0y = 1} 17)
If041—0t/2 < 01 < 042—0t/2 < 0. o, there exist multiple
pure equilibria, where the equilibrium achieving action pairs
are given by {#; = 60,0, = 0 + A}, where 6 € © such that
0 € [fc1,0c2). Note that the set [0 1,60, 2) is not empty
since 9@,2 > €e71- ’L"U) Finally, if 9d72 — (575/2 < 9871 < 9672,
we have two cases. If 0.1 < 0.2, there exist multiple pure
equilibria, where the equilibrium achieving action pairs are
given by {6, = 6,6, = 6 + A}, where § € © such that
0 € [0e1,0c,2). Or if 0,1 = 0. 2, there exists a unique pure
equilibrium, where {#; = 01,05 = 0.1 }.

D. Proof of Lemma 4

Given that 96’2 < 9671 < 9d,1 < Gd‘g < ad,l + ot
and 041 > 042 — Jt/2, we have interesting equilibrium
scenarios, which are partially demonstrated in Fig. [ e.g.,
at equilibrium, agent-2 might be allowed to pass first even
though his/her desired passing time is later: 7) If 6,1 <
041 — dt/2, then there exist multiple pure equilibria, where
the equilibrium achieving action pairs are given by {él =
0,05 = 0+A}, where 0 € © such that 0 € [0, —6t/2,045—
dt/2). Note that the set [041—0t/2, 042 —0t/2) is not empty
since 84,1 > 042. i) If 0a,1 —5t/2 <Oc1 <042 —5t/2, we
have two cases. If 0.1 < 642 — 0t/2, there exist multiple
equilibria such that the equilibrium achieving action pairs
are given by {0, = 0,0, = 0 + A}, where 6 € © such that
0 € [0e1,042—0t/2). Orif O 1 = 042 — 0t/2, there exists a
unique pure equilibrium, where {él =01, Oy = O} 917)
Interestingly, if 6.0 < 642 — 6t/2 < 0.1 < 041, we have
two cases. If 640 — /2 < 6, 1, multiple equilibria such that
the equilibrium achieving action pairs are given by {él =
0+A, 0y = 0}, where 6 € O such that 0 € [0g2—0t/2,0,.1).
And at these equilibrium points, agent-2 passes through the
intersection first. Or if 059 — 0t/2 = 6.1, there exists a
unique pure equilibrium, where {91 =01, 0y = e} iv)
Furthermore, if 02 — 6t/2 < 6.2 < .1 < 41, then there
exist multiple equilibria such that the equilibrium achieving
action pairs are given by {#; = 0+A, 0, = 0}, where € ©
such that 6 € [f.2,01). And again at these equilibrium
points, agent-2 passes through the intersection first.

E. Proof of Lemma 5

Finally, we consider the cases that 6,1 < 041 < 6.2 <
04,2 < 0q,1 + 0t, which are partially represented in Fig. [3| 7)
If 1 <842 —0t <041 <642— dt/2, then we have two
cases. If 640 — 0t/2 < 641, there exist multiple equilibria
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Fig. 9. The distance between the allocations in socially optimal equilibrium
and the socially optimal allocations in distinct equilibrium scenarios, where
both agents can pass through the intersection first (on the left figure, agent-
1 passes first while on the right figure agent-2 passes first) in spite of
Gd,l < 0d,2-

such that the equilibrium achieving action pairs are given
by {91 = O,ég = 6 + A}, where §# € © such that 6 €
[0a2 —0t/2,0q1). Or if 640 — 6t/2 = 041, there exists a
unique pure equilibrium, where {él =041, 0y = 01} i7)
If Qd,g -0t < 98’1 < gd,l < Qd’g — (515/2, then we have two
cases. If 0. 1 < 04,1, there exist multiple equilibria such that
the equilibrium achieving action pairs are given by {91 =
9,92 = 6 + A}, where § € O such that 6 € [0.1,04,1). Or
if 042 —0t/2 = 041, there exists a unique pure equilibrium,
where {él = ed’l,ég = Hd’l}. ’LZ’L) If 9d~,2 — 5t/2 < ed,l,
then there exist multiple equilibria such that the equilibrium
achieving action pairs are given by {0; = 6,0, = 6 + A},
where 6 € O such that § € [051 — 6t/2,042 — 6t/2). Note
also that the set [041 — 0t/2, 04,2 — 6t/2) is not empty since
0a1 > ba.2.

FE. Proof of Theorem 1

We seek to solve (3)) in order to formulate the allocations
at the socially optimal equilibrium. To this end, we provide
the illustrations in Fig. E} first, consider the illustration on
the left of Fig. E} Here, all the allocation pairs in 77, can be
written as (5 + €, t5 + €) for certain € € R. Note that € < 0
would imply T’, stands on the left of (¢,t3), i.e., such cases
are also considered. Then, the optimization problem (3) can
be written as

min

c(ltr +e—0 +c(|th+e—0 . (7
cere (I3 1)) +e(lt3 a2]). (1)

Since at equilibria, agent-1 would not pass through the
intersection after 641 or before 6,1 — 0t/2 while he/she is
passing first, can also be written as

min

c(o1 —€) + ¢(oy +¢), (8)
lel:(t +e b5 +o) T,

where 01 1= 041 —t] = t5 — 042 > 0. This would imply
that the minimizer ¢* = min{e € R : (] +¢,t5 +¢€) € T, }
since ¢(-) is a strictly increasing strictly convex function over
[0, 00). In particular, in these scenarios, the pair of allocations
(t9,t9) in socially optimal equilibrium is a point in T7,, which
is closest to the socially optimal allocation (t7,t5).

Next, consider the illustration on the right of Fig. [9] Here,
all the allocation pairs in 7', can be written as (t5+¢,t] +€)
for certain ¢ € R. We emphasize the difference from the

previous case. Then, the optimization problem (3) can be
written as

min

c(|ts +e— '9d,1|) +e(lt; +e— 0a,2
le]:(t5+e,ti+e)eT,

). 9

Since at equilibria, agent-2 would not pass through the
intersection after 6,5 or before 649 — 0t/2 while he/she is
passing first, (9) can also be written as

min

clog +€)+cloa2 — €
€R: (£ +e,tt ) €T, (024 €) + (02 =€),

(10)
where oy 1= g2 — t] = t5 — 041 > 0. Correspondingly,
this would imply that the minimizer ¢* = min{e € R :
(t5 + €t +€) € T,} since c(-) is a strictly increasing
strictly convex function over [0,00). Note that the pair of
allocations (¢¢,t3) in socially optimal equilibrium is also a
point in 7°, which is closest to the socially optimal allocation
(t1,t3) in addition to (¢3,t7). This also implies that the
pair of allocations (¢9,t3) in socially optimal equilibrium
when 031 = 042 is also a point in 7T, which is closest
to the socially optimal allocation (t7,¢3). Hence, under the
conditions in Theorem 1, we can conclude that the pair of
allocations (t9,t9) in socially optimal equilibrium is a point
in T, which is “closest” to the socially optimal allocation
(t1,t5). Based on this conclusion and Lemmas 1-5, the
allocations that are in socially optimal equilibrium are given

by (0).
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