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Exponential Stability of Primal-Dual Gradient Dynamics with
Non-Strong Convexity

Xin Chen, Na Li

Abstract—This paper studies the exponential stability of
primal-dual gradient dynamics (PDGD) for solving convex
optimization problems where constraints are in the form of
Ax + By = d and the objective is ming y f(x) + g(y) with
strongly convex smooth f but only convex smooth g. We show that
when g is a quadratic function or when g and matrix B together
satisfy an inequality condition, the PDGD can achieve global
exponential stability given that matrix A is of full row rank. These
results indicate that the PDGD is locally exponentially stable with
respect to any convex smooth g under a regularity condition. To
prove the exponential stability, two quadratic Lyapunov functions
are designed. Lastly, numerical experiments further complement
the theoretical analysis.

Index Terms—Primal-dual gradient dynamics, exponential sta-
bility, non-strong convexity, Lyapunov function

I. INTRODUCTION

Continuous-time primal-dual gradient dynamics (PDGD)
[1] is a prominent first-order method to solve constrained
convex optimization problems. Due to its simple structure
and scalability, PDGD has been widely used in many fields,
such as wireless communication [2], [3], power grid operation
[4]-[6], distributed resource allocation [7], [8], and imaging
processing [9]. Theoretic analysis of the performance of
PDGD, especially its convergence property, recently received
considerable attention. A number of studies [10]-[12] were
devoted to establish the asymptotic stability of PDGD using
local convexity-concavity of the saddle point function, while
this paper focuses on a stronger stability guarantee: the global
exponential stability of PDGD.

Global exponential stability is highly desired in practice.
On the one hand, it is necessary to have strong stability
guarantee on practical dynamic systems, especially for those in
critical infrastructures like power grids and telecommunication
networks. On the other hand, global exponential stability
implies many useful theoretic properties. For example, using
explicit Euler discretization with sufficiently small step size,
a continuous-time dynamics with global exponential stability
can be discretized as an iterative algorithm that achieves
linear convergence rate [13], [14]. In addition, for a perturbed
system with bounded perturbation, its solution is proved to
be ultimately bounded if the corresponding nominal system is
globally exponentially stable [15].

There have been a number of efforts [16]-[21] in studying
the exponential stability of PDGD. For equality constrained
convex optimization, [16], [17] show that PDGD is globally
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exponentially stable when the objective is strongly convex and
smooth. In [19], the theory of integral quadratic constraints is
applied to prove the global exponential stability of a proximal
primal-dual flow dynamics. Then [18] extends the global expo-
nential stability result to the strongly convex optimization with
affine inequality constraints using an augmented Lagrangian
function. Besides, the local exponential stability of PDGD
is established in [20], [21] by analyzing the spectral bounds
of saddle matrices. As for the discrete-time counterpart, the
primal-dual gradient descent algorithm solving a saddle point
problem is proved to achieve linear convergence when the ob-
jective is strongly convex in the primal variables and strongly
concave in the dual variables [22]. While recent work [23],
[24] shows that only one of the strong convexity (concavity)
condition is necessary if the primal-dual coupling is bilinear
and the coupling matrix is of full rank.

In all the literatures above, a strongly convex and smooth
objective is assumed for PDGD to achieve global exponential
stability. However, in many applications, the objective of
the optimization problem may not have strong convexity in
all variables, such as resource allocation [7] and optimal
network flow in power systems [5], [6]. Those problems can
be generalized as formulation (1)

i 1
perBin L, F(@) + 9(y) (la)
st. Ax+By=d (1b)

where A € R¥*? B € RF*™ d € R, f is strongly convex,
but ¢ is only convex (e.g. affine function or missing).

Then a natural question to ask is whether PDGD can
maintain global exponential stability when the objective is
non-strongly convex; if not, what other conditions it requires
to ensure at least the exponential convergence of some critical
variables.

Contribution. This paper establishes the conditions under
which PDGD can still achieve global exponential stability
even though the objective is non-strongly convex. Specifically,
we employ PDGD to solve a class of convex optimization
problems in the form of (1), where f is strongly convex smooth
but g is only convex smooth. Given that matrix A is of full row
rank, it is proved that PDGD is globally exponentially stable
when g is a quadratic function or satisfies an inequality con-
dition together with matrix B. We further show that PDGD is
locally exponentially stable for any convex g under a regularity
condition. Two quadratic Lyapunov functions with non-zero
off-diagonal terms are designed to prove these results. Lastly,
we provide numerical studies to complement the analysis.

The remainder of this paper is organized as follows: Section
II introduces the detailed problem and some preliminaries.
In Section III, we present the main results of exponential



stability, and Section IV provides the proof sketch for these
results. Numerical demonstration is carried out in Section V
and conclusions are drawn in Section VI

Notations. Throughout this paper, we use capital letters to
denote matrices, lower case letters to denote scalars, and bold
lower case letters to denote column vectors, respectively. Let
(+,+) represent Euclidean inner product, and let || - || denote
Euclidean norm for vectors and spectrum norm for matrices.
R™ represents n-dimension real number space, and S™*™
denotes m X m symmetric matrix space. For two symmetric
matrices P; and P, notation P, >~ P, means P, — P5 is
positive semi-definite.

II. PROBLEM STATEMENT AND PRELIMINARIES

In this section, we apply PDGD to solve a convex opti-
mization problem (1), and present the necessary conditions
for the discrete-time counterpart of PDGD to achieve linear
convergence.

A. Problem Statement
This paper considers solving a class of convex optimization
problems in the form of (1).
Define the Lagrangian function of problem (1) as
L(z,y,A) = f(x) + g(y) + AT (Az + By —d) ()

with dual variables A € R*. Then PDGD (3) is used to find
the saddle points of the Lagrangian function L(x,y, A)

=1y Val(z,y,A) = —ny - (Vf(:l:) + AT}‘) (3a)
Y =—ny VyL(z,y,\) =-n,(Vg(y)+ B'A) (3b)
A= m-VaL(z,y,A) = nn-(Ax+By—d) (o)

where 7,,7,,n, > 0 are the corresponding time constants.
We consider the case when f(x) is strongly convex while
g(y) is not and restate this condition as assumption 1.

Assumption 1. Function f is twice differentiable, u-strongly
convex and {-smooth (0 < u < £), i.e., for all x1,x5 € R",

pllzy — xo|]* < (Vf(x1) = Vf(x2), T1 — T2)
< |z — zo|?

And function g is twice differentiable, convex and p-smooth
(p>0), ie, for all y1,y> € R™,

0 < (Vg(y1) — Vg(y2),v1 —v2) <pllys —w2l” (5
We further make the following two assumptions.

4)

Assumption 2. Problem (1) has a finite optimum.

Assumption 3. Matrix A is of full row rank and
k1l < AAT < Kol

for some 0 < k1 < Kao.

Note that assumption 3 is crucial for PDGD (3) to achieve
global exponential stability [24], since matrix A is the key
connection between x, A and By. By checking the KKT
conditions of problem (1), we have the following proposition.

Proposition 1. Under assumption 1 and 2, any equilibrium
point (x*,y*, X*) of the primal-dual gradient dynamics (3) is
an optimal solution of problem (1).

B. Necessary Conditions

Suppose that « is the critical decision variables that we
focus on, and we aim to find out the conditions ensuring the
exponential convergence of «. To develop some intuitions for
this problem, we consider the discrete-time counterpart (6) of
PDGD (3) as follows

Tit1] = T; — Vg ® (Vf(a:z) + AT)\Z) (63.)
Yir1 =y — vy - (Vg(y) + BTA) (6b)
Ais1 =i + vy - (Az; + By; — d) (6¢0)

where i denotes the iteration number, and v, v, vy > 0 are
the corresponding step sizes.

Then the following proposition shows the convergence
synchronicity of different variables and implies the necessary
conditions for achieving linear convergence rate of .

Proposition 2. For the primal-dual gradient algorithm (6),
suppose that {x;} achieves linear convergence rate, in the
sense that, there exists ¢, > 0 and 9 € (0,1) such that

l|x; —z*|| < ¢y - ' (7)

Then {y;} and {\;} also achieve linear convergence rate, in
the sense that there exist constants cy, cy,cq > 0 such that

IAi = A% < ey -9 (8a)
1By —y")l| < ¢, -0 (8b)
|1B (Vg(yi) = Vay")) || < cq- 0" (8¢)

The proof of proposition 2 is provided in Appendix VI-H.
Proposition 2 indicates that the convergence of different vari-
ables is not separate but exhibits synchronicity, hence it is
suggested to analyze the the exponential stability of PDGD
(3) in all variables simultaneously.

III. MAIN RESULTS

In this section, we consider the quadratic case and the
general case of g(y), and present the global (local) exponential
stability results of PDGD (3).

For explicit expression, we stack @, y, A into vector z :=
[a:T,yT,)\T}T and define z* := [:L'*T,y*T,)\*T]T as one
of the equilibrium points of PGDG (3).

A. Quadratic Case of g(y)

Consider the quadratic case when ¢(y) is a quadratic
function given by

1
9(y) ==y ' Gy+g'y+g 9)

2
with go € R, g € R™, G € S™*™, By assumption 1, we have
0=<G=pl

For this case, the equilibrium point set ¥ of PDGD (3) is
specified by proposition 3, and its global exponential stability
is stated as theorem 1.

Proposition 3. Under assumption 1, 2 and 3, when g(y) is
a quadratic function in the form of (9), the equilibrium point
set U of the primal-dual gradient dynamics (3) is given by

U= {2| & =x*, A=\, By = By*,Gy = Gy*} (10)



See Appendix VI-G for the proof of proposition 3.

Proposition 3 implies that the components * and A* of
the equilibrium points are unique, while y* is non-unique and
y —y* € ker(B) Nker(G) for any 2 € U.

Theorem 1. Under assumption 1, 2 and 3, when g(y) is a
quadratic function in the form of (9), the prime-dual gradient
dynamics (3) is globally exponentially stable in the sense that,
there exist constants ag, ax, Gy, ay, > 0 and T > 0 such that

l|lz(t) —z*|| < a,-e ™ (11a)
IA(E) = A" <ax-e ™ (11b)
IB(y(t) =yl < ay, - (11c)
IG(y(t) —y*)I| < ayg e (11d)

The proof of theorem 1 is provided in Section IV-A.
Equation (11) indicates that the distance between the solution
z(t) and ¥ converges to zero exponentially.

Remark 1: In theorem 1, we only take g(y) as quadratic
function, while f(x) can be any strongly convex function. In
this case, PDGD (3) is not necessarily a linear time-invariant
system, but always preserves global exponential stability.

B. General Case of g(y)

Now consider a general convex function g(y). Since it is
not easy to analyze the global exponential stability of PDGD
(3) with an unclear equilibrium point set of y*, we supplement
assumption 4 to make optimal y* to be unique. An intuition for
assumption 4 is that if B is the all-zero matrix, assumption 4
reduces to the condition that g(y) is strongly convex. Actually,
assumption 4 “mimics” a strong convexity condition in y and
use matrix B to make up for the strong convexity deficit of

9(y).

Assumption 4. For any y1,y> € R™, there exists constant
v > 0 such that

(y1 —y2) ' B B(y1 — y2)
+(Vg(y1) = Vg(y2),y1 —y2) > 7 [ly1 — 2

Proposition 4. Under assumption 1, 2, 3, 4, the prime-dual
gradient dynamics (3) has a unique equilibrium point z*.

||2 12)

See Appendix VI-G for the proof of proposition 4. Noted
that assumption 4 is a sufficient condition for the uniqueness
of z* but not necessary. For example, when B is the all-zero
matrix and g(y) := >_.-, y?, assumption 4 does not hold,
while z* is unique with y* = 0.

Accordingly, the global exponential stability of PDGD (3)
is established as the following theorem.

Theorem 2. Under assumption 1, 2, 3 and 4, the prime-dual
gradient dynamics (3) is globally exponentially stable, in the
sense that, there exist constants c, > 0 and ™ > 0 such that

|z(t) — 2% < c.-e7" (13)

The proof of theorem 2 is provided in Section I'V-B.
One special case of assumption 4 is that BT B = ~I for
some v > 0, i.e., B" B is positive definite. This is equivalent

to the condition that matrix B is of full column rank. Thus
we have the following corollary.

Corollary 1. Under assumption 1, 2 and 3, if matrix B is
of full column rank, the prime-dual gradient dynamics (3) is
globally exponentially stable in the sense of (13).

C. Local Exponential Convergence

For a finite-dimension nonlinear system, it is well-known
that if the linearized system based on an equilibrium point
is exponentially stable, then the original system is locally
exponentially stable around this equilibrium point. Moreover,
under assumption 1 and 2, it proves that PDGD (3) globally
asymptotically converges to one of the equilibrium points in
W [5], [10]. Inspired by those facts and the quadratic case, we
claim the local exponential convergence of PDGD (3) with the
following theorem.

Theorem 3. Under assumption 1, 2 and 3, suppose that the
trajectory z(t) following the prime-dual gradient dynamics (3)
globally asymptotically converges to the equilibrium point z*,
if we have

B"B +V?g(y*) - 0 (14)

then there exist a time ts > 0 and constants T > 0 such that
for any time t > t;,

12(8) = 2*|] < ||=(ts) — 2*|| - 77" (15)

See Appendix VI-D for the proof.

IV. EXPONENTIAL STABILITY ANALYSIS

In this section, we present the proofs for theorem 1 and
2. To begin with, we introduce the following lemma, whose
proof can be found in [18, Appendix D].

Lemma 1. Under assumption 1, for any x € R", there exists
a symmetric matrix F(x) € S™*™ that depends on x and
satisfies ul < F(x) < ¢1, such that

Vf(®) - Vf(x") = F(z)(z - z7)

For any y € R™, there exists a symmetric matrix G(y) €
S™*™ that depends on y and satisfies 0 < G(y) =< pl, such
that

Vg(y) —Vg(y*) = Gy)(y —y")

A. Proof of Theorem 1

For matrix G, pick up {o;, u;}i=12,... m as its eigen-pairs
and satisfying the following three properties:
(1) {w;}i=1,2,... m form an orthonormal basis of R™.

(2) The first [ eigenvalues are positive, i.e. 01,02+ ,0; >0
and 0141,0142, " ,0m = 0.
(3) ker(G)Nker(B) = span(Wiyri1, Uitrt2,: ", Um) for

a certain r € {0,1,--- ,m — [}, where r = m — [ means
ker(G) N ker(B) = {0}.
It can be checked that such eigen-pairs {o;, u;} always exist.
Define matrix U € R™*(+7) a5

U:= [u17u2a o 7ul+7“]



which collects all the eigenvectors of G except those in the
space ker(G) N ker(B). Then matrix G can be rewritten as
G = UXU" with ¥ := diag(oy,09, - ,074,). Since we
have row(B) C Col(U) by definition, there exists a matrix
T € RUHxk guch that BT = UT, ie, B=T'U".

To prove theorem 1, we design the quadratic Lyapunov
function V;(z) as

Vi(z) = (z — z*)TPl(z —z") (16)
where P} € R(m+n+k)x(mintk) s defined by
ag 0 LAT
% o T s oaT
p=|0 2uvT -IB (17
14y BB o
N BN BN

Here, parameter « is a sufficiently large positive number, and
parameter [ is a sufficiently small positive number.

Lemma 2. P; is positive semidefinite. V1(z) = 0 if and only
if x =x*, A=A\, By = By" and Gy = Gy*.

See Appendix VI-E for the proof of lemma 2.
If we can show that the time derivative of V;(z) along the
trajectory of PDGD (3) satisfies

dV1 (Z)
dt

< —7Vi(z) (18)
for 7 = %2 > 0, then theorem 1 is proved. The following part
is devoted to prove the property (18).

With lemma 1, PDGD (3) can be equivalently rewritten as

dz -7771 (me(mvy,)‘) 7V$L(w*’y*a)‘*))
i —ny (VyL(x,y,A) — VyL(z*, y*, X))
L "Ix (V)‘L(:B, Y, A) - V)\L(SE*, Yy, A*))
[—n.F(z) 0 —ny AT (19)
= 0 _nyG(y) —%BT (z—2)
| mA mB 0
=W (z)
Here, since ¢(y) is a quadratic function in the form of (9), we
have G(y) = G.
Then %EZ) can be formulated as
dVl(Z> _ T * *\ T :
— = Pi(z—2z")+(z—2%) Pz 20)
=(z—2")" [W(2) P+ AW (2)] (z — 2%)

Hence, it is sufficient to show property (18) by the following
lemma. See Appendix VI-A for the proof of lemma 3.
Lemma 3. For any z € R"T™+% we have

W(z) 'P+PW(z) 2 —TP (21)

In this way, we prove theorem 1 using (18) and lemma 3.

B. Proof of Theorem 2

To prove theorem 2, we design the quadratic Lyapunov
function V5(z) as

Va(2) = (z — 2*) " Py(z — 2%) (22)

where Py € R(mtn+k)x(mintk) is defined by

ar 0 AT
Nz o n)\ﬁ T
Po=1]0 =21 —B (23)
14 _Bp ar
TIx TIx X

Here, parameter « is a sufficiently large positive number, and
parameter (3 is a sufficiently small positive number.

Lemma 4. P» is positive definite. Va(z) = 0 if and only if
z=2z"

See Appendix VI-F for the proof of lemma 4.

Similar to (18), if we can prove that the time derivative of

Va(z) along the trajectory of PDGD (3) satisfies
dVQ(Z)

—— < —W(2)

dt @4)

for 7 = %2 > 0, then theorem 2 is proved. To show property
(24), it is sufficient to prove lemma 5. See Appendix VI-B for
its proof.

Lemma 5. For any z € R"™ ¢ we have

W(z) Py + P,W(z) = —7P, (25)

By lemma 5 and (24), we prove theorem 2.

V. NUMERICAL EXAMPLES
A. Quadratic Case of g(y)

For problem (1), let n = 60, m = 50 and k& = 20. The time
constant is set as 1 = 1, = 1, = . Define f(z) = jz' Fx
where F := 5] + F) Fy and Fy is a n x n random matrix.
Define g(y) = 3y Gy where G := diag(0, Gy Go) and Go
is a r¢ x (m — 1) random matrix with r¢ = 40; then G
is a positive semi-definite matrix with the rank at most r¢.
Let B := [0, By] and By is a k x (m — 1) random matrix.
Under this setting, we have e; € ker(G) N ker(B) where
e; = [1,0,---,0]T. A and b are also random matrix and
random vector respectively.
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Fig. 1. Convergence results of PDGD with different time constants when
g(y) is a quadratic function.

We pick up an arbitrary equilibrium point in ¥ as z*, then
the convergence results of PDGD are shown as figure 1. It
is observed that ||z — x*||, ||A — A*||, ||B(y — y*)|| and
[|G(y — y*)|| converge exponentially to zero while ||y — y*||
does not, which follows the statements in theorem 1.



B. General Case of g(y)

In this case, let g(y) = > i,y and n = 60, m = 20.
Fy, A, B, b are all random matrices or vector. We set k = 10
and k£ = 30 respectively, and run simulations for these two
cases. The convergence results of PDGD are presented as
figure 2. When k£ = 30, matrix B is of full column rank,
thus assumption 4 holds and PDGD is globally exponentially
stable. When k& = 10, assumption 4 is not satisfied, so PDGD
exhibits asymptotic convergence at first, then (Time> 30)
exponentially converges to the equilibrium point due to the
local exponential stability.

Time

Time

Fig. 2. Convergence results of PDGD when g(y) = Y7 yi.

VI. CONCLUSION

In this paper, we prove that the primal-dual gradient dy-
namics (3) can achieve global (local) exponential stability for
convex smooth optimization problems in the form of (1) with
non-strong convexity in their objectives. Our main results are
summarized as theorem 1, theorem 2 and theorem 3, which
are proved with two quadratic Lyapunov functions. Numerical
experiments are implemented and further validate these results.
Future work is to extend these results to convex optimization
problems with both equality and inequality constraints.
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APPENDIX
A. Proof of Lemma 3

Plugging P; (17) into equation (21) with 7 = i

[e3%

, We obtain

Q1(z) == -W(2) P, — PW(z) — 7P, =

2
Qz (B-1)ATB  EFAT - £ AT
(B—1)BTA Q, L BT - BuGRT
AR B2 4 B p_ Bupqg Q
U Mo anx M A
(26)
with
62
Q,:=2aF —2ATA- =T (27a)
MNa
T 62 T
Q, :=20aG +28B'B — n—UU (27b)
Y
2
Oy =2 anT _ oM ppT B 27¢)
X I\ X

Here, we denote F'(x) and G(y) as F and G respectively
for notation simplification. In (26), we apply B = T'U "
(Section IV-A) and thus have

BUUT=T"U'UUT=T"U"T =B

In (27b), we use GUUT + UU TG =2USU " = 2G.

To prove Lemma 3, it is sufficient to show Q1(z) = 0
for any z € R"t™+*_In the follows, we will use the Schur
complement argument twice to prove it.



Denote w as the largest eigenvalue of BT B, then 0 <
BBT < wIl and 0 < BT B < wI, and we have

2
Q= (2Zim —olug, B) v (28)

DY DY
=c1(B)

Firstly, consider the Schur comp_lementl of the block @) in
Q1(z) (26), which is denoted as Q1(z). Using (28), we have

2 A o Qx_M M.
@ = = |Gt e
where
1 Bt B
M = ﬁ(ﬁxfﬂ - EI)A A F — EI)
_ . B g B
A@r%ﬁ—UAl}—a%WJLPEUAl%EI—%Q
2 52 2
My = Ciﬁ(af — nyG)BTB(%I - n,G)

Since pl < F < ¢I and AT A < koI, we have

2
Qe — My :205F—2ATA—6—17M1
N
2 2
= 2au72n2—ﬁ——%(7]m£+ﬁi)2 I (30)
N C171y «
i=cz(a,p)

Secondly, consider the Schur complement of the block Q.. —
M in Q1(z) (29), which is denoted as (QQ1(z). Using (30),
we have

1
Q1(2) = Qi(z) == Qy — M5 — EMJMQ 31)

We claim the following lemma to show Q7 (z) = 0, whose
proof is provided in Appendix VI-C.

Lemma 6. When « is large enough and (3 is positively small
enough, Q7 (z) in (31) is positive semidefinite, i.e. Q;(z) = 0,
for any z € RnTmtk,

In addition, to make the above Schur complement argument
work, it requires that ¢, (5) > 0 and ¢z(a, 5) > 0. This condi-
tion can be achieved if we set parameter « large enough and
B positively small enough. Because for o, 8 > 0, ca(«x, 5) is a
scalar function that is strictly increasing in o and ¢y — +00 as
a — 400 with fixed 3; ¢1(8) is a strictly decreasing function
inﬁ,andclﬁ%m>Oasﬁ—>0.

According to the Schur complement theorem and lemma 6,
we obtain Q1(z) = 0, Q1(2) = 0, Q1(z) = 0 and eventually
Q1(z) = 0.

I For matrix M = {é g} , the Schur complement of the block D in

M is defined as M/D := A — BD~!C.

B. Proof of Lemma 5

Since the proof of lemma 5 is very similar to the proof
of lemma 3, without causing any confusion, we recycle the
notations and definitions used in Appendix VI-A.

Plugging P> (23) into equation (25) with 7 = B we denote

Q2(z) :i= —W(z) ' Py — P,W(2) — 7P, (32)

The detailed formulation of Q2(z) is exactly the same as
Q1(z) (26) except that the block @, in Q2(2) is defined as
/ T 52

Qy =2aG+28B' B——1I

Ty

(33)

Here, we use notation @, to distinguish with the corresponding
block @, in Q1(z) (26).

To prove Lemma 3, it is sufficient to show Q3(z) = 0 for
any z € R"™™+k and we will use the Schur complement
argument twice to prove it.

Firstly, consider the Schur complement of the block @ in
Q2(2) (26), which is denoted as Q2(z). Using (28), we have

Qa2(2) = Qa(2) := (Q%A};A41 ngéféAlg

Here, Q,, My, My and M3 have exactly the same definitions
as those in (29).

Secondly, consider the Schur complement of the block @), —
Mj in Qg(z) (34), which is denoted as Q,(z). Using (30),
we have

(34)

~ 1
Qa2(z) = Q5(2) == Q) — M3 — aMzTMz (35)
By assumption 4, we have
204G +26B"B = 28(G + B' B) = 28~I
and thus
B w B2
Q,—Ms=§- 27***%&* nyp)*| T (36)
Ty c1ny, «
:=c3(a, )

Similar to lemma 6, when set parameter « larger enough
and f positively small enough, we have Q35(z) > 0 for any
z € R +F The proof sketch is that for sufficiently large
« and sufficiently small 3, || M, M| is bounded. Since c5 is
dominated by «, we can set « large enough such that i < 32
for any fixed 3, then select 3 positively small enough such that
cs — B||My Ms|| > 0. Thus we have Q5(z) = 0.

Consequently, by the Schur complement theorem, we have
Qg(z) =0, Qg(z) =0, Q2(z) = 0 and eventually Q5(z) = 0
for any z € Rtk

C. Proof of Lemma 6
As shown in equation (31), Q5 (z) is defined as
. 1
Q1(2) == Qy — Mz — aMzTMz

Consider the three items in Q7 (z) one by one as follows.
For the first term, there exists a constant = > 0 such that

G+B'B=U((S+TT")U" =n-UU"T



Because ker(G)Nker(B) = span(Wjri1,- -+ , Um), We have
D =X+ TT" = 0. Otherwise, if D is just positive semi-
definite, there exists w € R!*" £ 0 such that Dw = 0. Then
we find a vector v := Uw # 0 such that

v (G+B"Bv=v'"UDU"w=w"Dw=0

Since G and BT B are both positive semi-definite, we have
v € ker(G) N ker(B). However, by the definition v :=
Uw € span(ui,- - ,u4.), which is contradictory. Thus D
is positive definite and D > wl where 7 is the smallest
eigenvalue of D. As a result, we have

52

Ty

Qy =20G +28B"B—=UUT = B (2 — B/n,) UUT
N——
=h1(B)

For the second term, using B=7T"U" and G = UXU ",
we obtain

B

0177>\

M =

4
sU V TT' +n,STT'S

2
_B T TTTZ)} UT
(0%

< B ha(a,B)-UUT

where

h2(a76) = 6

2
C17\

4
(ST i+ TS
2
IR +TTT2|>

For the third term, using B = TTUT and G =UXUT, we

have
2 2
Mo= (- 0aTB- Lo - Zpate -0
A
=[(B-DATTT
8 B2 g .
e F - AT TT g, BUS)]-
L= CnaT T -y puz) v
=H(a,f)
and thus
M, My =U-HH -U" <hs(a,3) - UU"
where
hg(Ol,B) =
32 2
[|TA||+ IAll(nt + ><||T||+ny||BUE||>}

Here, we use |f — 1] < 1 since 0 < 8 < 1.
In summary, we obtain

1
Qi(2) = Qy — Mz — EMIML

h3(0£, 6)

= |80(8) - ha(a ) - 22
i=hgy(a,B)

For sufficiently large « and sufficiently small 3, hg is
bounded. Since cy is dominated by «, we can set « large

] U’

enough such that ’C“‘ < 2 for any fixed j3, then select 3
positively small enough such that hy — hy — 3 > 0. Thus we
have hy(a, 3) > 0 and Q3(2) = 0 for any z € R*Tm+k,

D. Proof of theorem 3

Let HY = V?g(y*) be the Hessian matrix of g(y) at y
and D(6 ) {z|||z — z*|| < ¢} be the d-neighbor of z*
Using Taylor’s expansion, we have

0(y) == Vg(y) — (Vy(y*) + H; - Ay) ~ O(||Ay|]*)

which means that there exist positive constants mg and J such
that we have ||0(y)|| < my - ||Ay||? for any 2z € D(6). Since

dz —UxF(fB) 0 —7795141 0
s = 0 _nyHg* —nyB' | Az —n, 0(y)
mA  mB 0 0
=Wy (x) ::é(y)
we have
dVs(z N T
;i ) = [Wo(m)Az fnye(y)} P,Az

+Az"P, {WO(CU)AZ —1,0(y)
= Az "Wy(x) " PyAz + Az PWy(z)Az
— 200y 0(y) + 2 BANT BO(y)
BN
where V5(z) and P; are defined as (22) and (23) respectively.

By the proof of theorem 2 and condition (14), there exists
7o > 0 such that for any z € D(9)

dV-
2(2) < —1oAz  P,Az — 2 {aAyT - %A/\TB} 0(y)
dt A
< —10Az  PyAz + 2my (a + %HBl) 1Az|f?
oY
T0 T T0 2
< - DA PAz - (Eamin - mlHAzH> 1Az||
where mq := 2my (a + %HBH) and o, is the minimal

eigenvalue of Ps.
Taking ¢ sufficiently small such that § < 50—

dLQ(Z) T0 T T0
Ll = =
o 5 Az' P Az 5 Va(2)

Since z(t) asymptotically converges to z*, there exists a
time ¢t5 > 0 such that ||Az|| < § for any ¢ > ts. Hence,
theorem 3 is proved.

= Omin, We have

E. Proof of Lemma 2

We use the Schur complement argument twice to prove
lemma 2. Firstly, consider the Schur complement of the block
%I in matrix P; (17), which is denoted as P;

R 2T -£BT
— | My X
YT | -£B oy e AAT
TIx X aﬂi
. 2uut BT 5
| =£B si(a)-I !
Ix




e ”T 7 K. Then consider the Schur

where s1(a) =

LB
complement of the block 51( ) - I in matrix Pj, which is

- 1 2

p=2pUT - BB
My si(a) m

1
=U|—1-—— —TTT U’
ny si(e) 13
:=51(a,B)

For a > 0, s1(«) is strictly increasing in o and s1 (o) — +00
as o — +oo. Hence, Si(a, ) > 0 when we set parameter
a large enough and S positively small enough. By the Schur
complement theorem, we have P1 =0, P, =0, P2 > 0 and
eventually P; >~ 0.

Denote Ax =« — x*, Ay =y —y* and A\ = X — A",
Then for the Lyapunov function V;(z) (16), we have

« « «
Vi(z) = *||A90||2 + —[|UTAy[]* + —[|AX]?
Na y (2N
T AT 25 y BT
+ A A'AXN — B'AX
X 77

f||—AA:c+A>\H2+H UTAy TAX?

+ Az’ (I - 2ATA) Ax
Tz 5N

a B
+ ( - 2> U Ayl
My 7Tl

+AXT <(O‘ -

Ty

Set parameter « sufficiently large and S positively small
enough such that

af/ne > Ka/ny, afny > B2/mi, a/m—1>||T'T||,
Then Vi(2) =0 <= Az =0, AA=0,U"Ay =0 and
U'Ay=0+= BAy=0,GAy =0

nI— TTT> AN

due to ker(G) Nker(B) = span(Uisri1, -+ , Um)-

E. Proof of Lemma 4

Consider the Schur complement of the block %I in matrix
Py (23), which is '
“7

_BRgT

Ny n

_8B
Ix

P = )
Qe AAT
3 any

Then consider the Schur complement of the block %I in

matrix P,, which is

2
Py— Op_ e g7 M ppT
X Qafny Qafmy
o .
= (8- - 2 ypET) ) 1
m an? an?

p1(a,B)

It is easy to check that p; (v, 8) > 0 when we set parameter
« large enough and j3 positively small enough, thus P, =
0. By the Schur complement theorem, we have P, = 0 and
eventually P, > 0.

Since P; > 0, we have V2(z) =0 <= z = z*.

G. Proof of Proposition 3 and Proposition 4

1T
Let 2:= 2,9 ,AT| be another equilibrium point of
PDGD (3). By the definition, we have

V(&) - V@) =-AT(A - X" (37a)
Vg(§) - Vg(y*) = =BT (A= X7) (37b)
0O=Az—z")+By—vy") (37¢)

Multiply (& — 2*)T, (§ — y*)T and (A — A*)7 to the both

sides of (37a), (37b) and (37c¢) respectively and sum them up,
we obtain

(V@) — Vi) (& —z*)
+(Vg(@) — Vay™) (g —y*) =0

Due to the strong convexity of f(«) and convexity of g(y),
we have

(9(9) = Vy(y*) (g —y*) =0

Since A is of full row rank (assumption 3), we have A=\
due to (37a) and (38). By (37c), we obtain By = By*. By
(37b), we have Vg(y) = Vg(y*), which is Gy = Gy~ in

(10). Hence, proposition 3 is proved.
For proposition 4, by assumption 4 we further have

=z, Vy( (38)

g -y P <0=g=y"

Hence, the equilibrium point (*, A*, y*) is unique.

H. Proof of Proposition 2
From (6a), we have
Tiy1— =z, —x*
— v (Vf(@i) = V(@) + AT (A =A%)
= AT = X)) < IV (@) = V()]

1 * *
+ 7(”%‘ — x|+ ||[zig1 — x"|])

x

2
< ((—i— ) [lx; — ||
Vx

0+2/v,

= |[Ai = AT < N — x| < ex -

where ¢, = (e + 2).
Similarly, from (6¢), we have

IB(y: — y*)|| < ||A(m; — )|
1 . .
+ —([Aig1 = N[+ A = X))
Ux
"la 2 . ;
<AL i = 2]+ A = Al < e -0
A

where ¢, 1= ¢, - ||A|| + i%
From (6b), we have

1B (Vg(yi) — Vy(y

2
+ —||B(y:
Vy

where ¢, i= ¢y - [|[ BBT || + 3.

NI BB - [Ixi = ]

Yyl <y’
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