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A TWO-PLAYER GAME REPRESENTATION FOR A CLASS OF INFINITE
HORIZON CONTROL PROBLEMS UNDER STATE CONSTRAINTS*
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Abstract. In this paper feedback laws for a class of infinite horizon control problems under state constraints
are investigated. We provide a two-player game representation for such control problems assuming time dependent
dynamics and Lagrangian and the set constraints merely compact. Using viability results recently investigated for
state constrained problems in an infinite horizon setting, we extend some known results for the linear quadratic
regulator problem to a class of control problems with nonlinear dynamics in the state and affine in the control.
Feedback laws are obtained under suitable controllability assumptions.
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1. Introduction. The literature dealing with optimality conditions for finite or infinite
horizon optimal control problems, without state constraints, is quite rich ([5, 10, 11, 24], and
the references therein). Recovering feedback laws in the presence of state constraints, on
the other hand, is challenging for infinite horizon problems ([4, 26]): when constraints are
imposed on the state, or when barrier functions are involved, then finite horizon techniques
typically fail for infinite horizon contexts ([6]).

We consider the following infinite horizon control problem:

minimize / Z(s,&E(s),u(s))ds
Jt
over all (§(-),u(+)) satisfying the dynamics and state constraints described by

E'(s) = Vh(E(s)) ' A()h(E(s)) + VR(E(s)) ' B(s)u(s) s € [t,%0) ace.

where Q C R" is compact, (z,x) € R" x Q is the initial datum, A(-) € R"*" and B(-) € R"*™
are given time-dependent matrices, . : R x R” x R™ — R* is the Lagrangian, and h : R" —
R" is a diffeomorphism. We focus on Lagrangians as marginal functions, i.e.,

(1.1) L(s,8u) = ;li%{%(%),Q(s, a)h(&)) + (u,Ru)},

where Q(s, @) € R"*" and R € R™*™ are given positive symmetric matrices forall s, & > 0. In
the special case where A(-) is the identity, convex Lagrangians can be rewritten using duality
arguments in the form (1.1) and optimality conditions are investigated ([16, 21, 22]). Further
specialization to the case where .Z is also quadratic in the state and control, yields a linear-
quadratic regular (LQR) problem. LQR problems ar well studied in the context of convex
control problems and Hamilton-Jacobi-Bellman developments for finite and infinite dimen-
sional systems are well known ([1, 8, 12]). Solutions of a relevant parametrised family of fi-
nite horizon LQR problems, with running costs [ ((&(s), 0% (s)E (s)) + (u(s),R(s)u(s)))ds
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where 0%(-) = Q(-,a(-)) and o : [1,T] — R" is a continuous function, are strictly related
with the solutions of the set of Riccati ordinary differential equations

(1.2) P +A*P+PA—PBR 'B'P+Q%=0 ae.

with final condition P(T) = 0 ([1, 8]). Convex duality tools to study the LQR problem in
the language of calculus of variations for finite time horizons problems have been developed
and applied by Rockafellar ([20, 21, 22, 23]). Moreover, Da Prato and Ichikawa ([13, 14])
studied, for almost-periodic dynamics, the solutions of the corresponding Riccati equations.
However, when the system is subject to state constraints, or when non-quadratic costs or
barrier functions are involved, the linear and quadratic techniques are no longer applicable.
Recent work [16] investigates, using convex duality techniques, two-player game represen-
tation results for LQR problems with convex state constraints imposed via barrier functions
type ([15, 17]).

In this work, we address the above state constrained control problem where the La-
grangian can be more generally expressed as in (1.1). The constraint set is assumed merely
compact and no smoothness conditions are imposed on its boundary. We show that the asso-
ciated value function can be written as a supremum of a parametrized set of value functions
of quadratic control problems. Techniques from non-smooth analysis and viability theory are
used to obtain the optimal synthesis for each parametrized problem. Furthermore, we provide
controllability conditions to derive feedback laws in terms of a solution P of the Riccati dif-
ferential equation (1.2) on the infinite horizon (Section 4). Such P in general time dependent.
However, when the dynamics and Lagrangian are time invariant.

The outline of the paper is as follows. In Section 2 we provide basic definitions and
facts from nonsmooth analysis and viability. Section 3 is devoted to the two-player game
formulation of a large class of infinite horizon control problems with state constraints. In
Section 4, we provide sufficient conditions for obtaining feedback laws of infinite horizon
quadratic control problems, under state constraints and controllability assumptions.

2. Preliminaries. We denote the set of nonnegative real numbers by R™ and the set of
natural numbers by N. B(x, §) denotes the closed ball in R* with radius § > 0 centered at x €
R and B = B(0,1). |- | and {-,-) denote the Euclidean norm and scalar product, respectively.
With C C R¥, the interior of C is denoted by intC, the closure of C by C, the boundary of C by
dC, and the distance from x € R to C by d¢(x) = inf{|x—y| : y € C}. The negative polar cone
of C, written C~, is the set {v € R* : (v,x) <0Vx € C}. The set of all n x m real matrices
M is denoted by R, endowed with the norm ||M|| = sup, [Mx[/[x|. If M € R™", M*
stands for the transpose matrix of M and, if M is invertible, we write M~* = (M*)’l. A
matrix M € R is said to be r-negative definite if » > 0 and ( Mx,x) < —r|x|? for all x € R".

For p € Rt U{} and a Lebesgue measurable set I C R” we denote by L?(I;R¥) the
space of R¥-valued Lebesgue measurable functions on I endowed with the norm || - || s (if
1 ={[a,b) we write LF (a,b;R¥)). We say that f € L (I;R¥)if f € LP(J;R¥) for any compact
subset J C I. We denote by C(I;R¥) the space of all continuous R¥-valued functions. If I
is open, then we denote by C!(I;R¥) the space of all continuously differentiable R¥-valued
functions on I. The set of all measurable functions & : R™ — R™" is denoted by 7.

LetY be a measurable space and X a Banach space. Consider a set-valued map F : Y ~ X.
We denote by dom F the domain of F, i.e., the set of all y € Y such that F(y) # 0. A
measurable function f : ¥ — X satisfying f(y) € F(y) for all y € Y is called a measurable
selection of F. Existence of a measurable selection may be guaranteed via [3, Theorem 8.1.3].

PROPOSITION 2.1 ([3]). Let F :Y ~» X be a measurable set-valued map with closed
nonempty values. Then there exists a measurable selection of F.
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Let D C R" be nonempty and {Ay}yGD be a family of nonempty subsets of R¥. The
Kuratowski-Painlevé upper and lower limits ([23]) of A;, at x € D are the sets defined, respec-
tively, by

LimsupA, = {v€R" : liminf d4,(v) =0}, LiminfA, ={v €R": limsupdy,(v) =0}.

y—x,yeD y—x,yeD y—x,yeD y—x,yeD

Assume now X =Y = R¥. F is said to be upper semicontinuous at x € R if x € dom F
and for any € > 0 there exists § > 0 such that F(y) C F(x) +eB for all [y—x| < 8. If F
is upper semicontinuous at every x € R¥ then F is said to be upper semicontinuous. F is
said to be lower semicontinuous at x € R¥ if Liminf,_,, F(y) C F(x). F is said to be lower
semicontinuous if F is lower semicontinuous at every x € R¥. F is called continuous at
x € RKif it is lower and upper semicontinuous at x and it is continuous if it is continuous at
each point x. The set valued map F is said to be k-Lipschitz continuous, for some k > 0, if
F(x) C F(%)+k|x—X|B for all x, ¥ € Rk,

Consider a nonempty subset E C R¥ and x € E. The contingent cone Tg(x) to E at x is
defined as the set of all vectors v € R¥ such that liminf}, ,o, dg(x+hv)/h = 0. The limiting
normal cone to E at x, written Ng (x), is defined with respect to the negative polar cone of the
contingent cone by Ng (x) = Limsup,_, ;. Tg(y) . It is known that Ng(x)~ C Tg(x) and

x ~» Ni(x) = Ng(x) N 0B

is upper semicontinuous ([2]), whenever E is closed. The following viability result is a par-
ticular case of a more general one ([18, Theorem 4.2]).

PROPOSITION 2.2 ([18]). Let 0 <t < T and F : [t,T] x R* ~» R be a measurable
set-valued map with closed convex values such that F(s,-) is continuous for a.e. s € [t,T]

and there exists 0 € L' (t,T;R") satisfying SUP,c (s, [V] < O(s) for all x € R¥ and for a.e.
s € [t,T]. Consider a closed subset K C R* and suppose that

F(s,x)NTg(x) #0 forae.se [t,T],Vx € JK.
Then for all xo € K there exists a solution &(-) on [t,T] to the differential inclusion &'(s) €
F(s,&(s)) such that E(-) C K and &(t) = xo.

Remark 2.3. To apply Proposition 2.2 to locally bounded set-valued maps we extend it
in the following way: let G : [t, T] x R ~+ R be a set-valued map such that for all R > 0 there
exists Og € L' (1, T;R™) satisfying SUP, (s, [V < Or(s) fora.e. s € [t,T] and all x € B(0,R).
Now consider the set-valued map G, : [t,T] x RF ~» R¥ defined by G.(s,x) = G(s,x) for
any (s,x) € [t,T] x B(0,M) and G.(s,x) = G(s,7(x)) for any (s,x) € [t,T] x (RX\B(0,M)),
where 77(-) stands for the projection operator onto B(0,M), i.e., |T(x) — x| = dp(o ) (x), M =
R+ _f,T Or(s)ds, R = max,cq |x|, and Q as in the Introduction. Then, for a suitable R’ > R, we
have Sup, g, (s o) xert [V| < Op (s) forae. s € [1,T]. Thus, & : [1,T] — R, with §(r) € B(0,R),
satisfies &'(s) € G.(s,&(s)) if and only if £'(s) € G(s,&(s)).

3. Value function and two-player game representation. Consider the problem
3.1 minimize J(¢,x,u) = / L(s,E(s),u(s))ds
Jit

over all trajectory-control pairs (& (-),u(+)) satisfying the state constrained system

§'(s) = fo(s,8 () + /15, & (s))uls) s €r,0) ae.
(3.2) @)
&0

=X

cQ,
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where (t,x) € RT x Qs the initial datum, and the dynamics fo : R x R" — R”, f; : R x R* —
R™™ and the Lagrangian . : R x R" x R™ — R™ are functions measurable in time. In the
following we set for any (s,&,u) € R x R” x R™

f(sv‘;:v”) ifo(s,g)—i—fl(s,g)u.

DEFINITION 3.1. A trajectory-control pair (& (-),u(+)) that satisfies the state constrained
system (3.2) is called feasible (we also refer to such a trajectory as feasible). The set of all
controls such that the associated trajectory is feasible at the initial datum (t,x) is denoted by
U (t,x). For any u € % (t,x) we denote by &,(-) the trajectory solving (3.2) associated with
the control u(-) and starting from x at time t.

The function W : RT x Q — RU {0}

Wi(t,x)= inf J(t
(3.3) (t,x) et (t,x,u)

is called the value function of problem (3.1)-(3.2). By convention W (¢,x) = +oe if no feasible
trajectory-control pair exists at (¢, x) or if the integral in (3.1) is not defined for every feasible
pair. A control u € 7% (t,x) is said to be optimal at (t,x) if W(t,x) = [° L (s,Eu(s),u(s))ds.
Recall that for a function g € L _(¢,00;R) the aforementioned integral [”g(s) s defined by
lim7_se0 ftT q(s)ds, provided this limit exists.

We consider the following assumptions on fy, f1, and £

Hypothesis 3.2. [H.3.2]
(i) the set {(fi(s,x)u,.Z(s,x,u)+r) : u€ R™ r >0} is closed and convex for all s €

R, xe R

(ii) there exists k € L. (R*";R™) such that fy(s,-), fi(s,), and ZL(s,,u) are k(s)-
Lipschitz continuous for a.e. s € R™ and uniformly for all u € R™;

(iii) given any r > 0, there exists 6, € L2 (RT;R™) such that |fo(s,x)| + || fi (s,x)[| <
0,(s) fora.e. s € R and all x € B(0,r);

(iv) there exists a function ¢ € L} (RT;R") such that £ (s,x,u) > |ul> — ¢(s) for a.e.
s € RT and for all x € R, u € R™.

PROPOSITION 3.3. Assume H.3.2. Then for all (t,x) € dom W there exists an optimal
control for W at (t,x) and W is lower semicontinuous.

Proof. Let (t,x) € domW, {M/}jeN C % (t,x) a minimizing sequence for W(z,x), and
denote by &; the trajectory starting from x and associated to the control u;. We notice that,
since Q is compact, the set {é j}j c 18 equibounded. Moreover, by H.3.2-(iv), for any T > ¢
we have Huszy(t’T) < ST 2(5,&i(s),u;(s))ds+ f" ¢(s)ds forall j € N. So, {| M/"27(t7T)}/EN
is bounded by a constant Cr > 0. Then, putting R = max,cg |x|, by H.3.2-(iii) and Holder we
getforall T >t <T<t<T,andall j€N,

&= [ 176:80).05)lds

(3.4) < [ s &isDlds+ [ A6 GO u)lds
<VT—E(|6kl5 2.0y + Cr |16kl (2 1)

so that {&;} e is equicontinuous. From Ascoli-Arzela’s theorem and the closedness of €,
there exists a subsequence {5 it } ren converging almost uniformly to a continuous function

& 1 [t,00) — R" satisfying & (-) C Q. From (3.4) and applying the Dunford-Pettis theorem ([9]),
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taking a subsequence and keeping the same notation, we have for some y € LlloC (t,00;R") and

B € L. (t,0RT) that for all T > &, —yin L' (¢,T;R") and Z(-,&;,(-),u;, (1) — B
in L' (t,T;R"). Passing to the limit yields &(s) = x+ [*y(t)d for all s > . So, & is
locally absolutely continuous and, applying the Lebesgue theorem, E/(s) = y(s) for a.e.
s € [t,T]. Moreover, since £ > 0, for any T >t we have [~.Z (5,&; (s),u;,(s))ds >
e (5,&j,(s),uj,(s)) ds for all k € N. Taking the limit as k — oo, it follows that W (z,x) >
_ftTﬁ(s)ds. By arbitrariness of T > ¢, we deduce W (t,x) > [~ B(s)ds. Now, we show that
there exist a measurable control i(+) and a measurable function r : [t,e0) — R™ such that & (-)
and B(-) satisfy

(3.5) El(s) = f(s,E(s),u(s)), PB(s)=L(s,E(s),u(s)) + r(s),
for a.e. s > t. Denote by G : R x R" ~» R" x R the set-valued map defined by
G(s,x) = {(f(s,x,u), L (s,x,u) +r) - u € R",r 2 0}.

From assumption H. 3.2-(ii), we can assume that for any 7' > ¢ there exists g € L (¢, T;R*)
such that for a.e. s € [£,T]

(87.(9),2 (5,85 (5),u5, (5))) € G (5,8, (5)) C Gl5,E(5)) + ()&, (5) — & (5)[B.

Let € > 0, then there exists ke € N such that (&} (s),-Z (5, (5),u;,(s))) € G(s,E(s)) +

q(s)eB for a.e. s € [t,T] and all k > ke. We notice that, by H.3.2-(i), G(s,&(s)) + g(s)eB is
closed and convex. Hence, applying Mazur’s theorem ([9]), we deduce that (E/(s), B(s)) €
G(s,E(s)) +q(s)eB for ae. s € [t,T]. Since € is arbitrary, (g/(s),ﬁ(s)) € G(s,&(s)) for ae.

s € [t,T] and therefore (é/(s), B(s)) € G(s,&E(s)) for a.e. s> ¢t. Now, from the measurable

selection theorem, there exist a control %(+) and a measurable function r: [t,00) — R™ satisfy-
ing (3.5). Notice that i € % (t,x). Thus, from (3.5), W (¢t,x) > [~ L (s,&(s),u(s))ds, and,
finally, (&,%) is optimal at (¢, x).

Now, we prove the lower semicontinuity of W. Consider {(t ih X j)} converging to

jeN
(t,x) in dom W and denote by u; € % (tj,x;) the minimizers. Keeping the same notation

as above, we may conclude that there exists a subsequence {é,-k } ren converging almost uni-

formly to an absolutely continuous function € : [,e0) — Q such that &; (;,) = x;, — (1) =x
as k — oo and B € L} (,00;R") satisfying liminfy W (¢,,x;,) > [” B(s)ds. Then the lower
semicontinuity follows arguing as in the first part and the proof is complete. O

PROPOSITION 3.4. Assume H.3.2 and

(3.6) {f(s,y,u) - ueR"}Nint Ta(y) # 0

forae s € R and all y € dQ. Then % (t,x) # 0 for any (¢,x) € RT x Q.

Proof. Notice that, from (3.6), fora.e. s > 0 and all y € R”, there exists &, > 0 such that
{f(s,y,u) : lu| < &y} Nint To(y) # 0. From assumption H.3.2-(ii) and the compactness of Q,
the set-valued map y ~~ Ngl2 (y) is upper semicontinuous. Using a compactness argument, we
can find 6 > 0 such that F(s,y) N Ta(y) # 0 for a.e. s > 0 and all y € JQ, where we defined
F(s,y) = {f(s,y,u) : |u| < 8}. Now, fix (r,x) € R* x Q. From H.3.2-(ii) and Remark 2.3,
applying Proposition 2.2 and the measurable selection theorem on the time interval [¢,7 4 1]
to the set-valued map F, there exist u’(-) and £°(-) feasible solving (3.2) on [t,# + 1] with
&0(t) = x. Using again Proposition 2.2 and Remark 2.3 on the time interval [t + 1,7 +2],
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keeping as initial state £°(r 4 1) € Q, we have that there exist a control u! (-) and £!(-) feasible
solving (3.2) on [t + 1,7 +2] and starting from £°(r 4 1). So, we may conclude that for all j
there exist /(-) and &/(-) solving (3.2) on [t +j,t+j+1]and E/F N (t+j+ 1) =E/(t+j+1).
Thus, the conclusion follows now considering the feasible trajectory, starting from x at time
t,defined by &(s) = E/(s)if s € [t +j,t +j+1]. 0

Remark 3.5. Proposition 3.4 ensures the existence of feasible trajectories under the con-
dition (3.6), which is referred to as an inward pointing condition (i.p.c.). The (i.p.c.) has
been extended to less restrictive frameworks ([7, 25]). Such an assumption requires, roughly
speaking, that at each point on the boundary of the constraint set dQ there exists an admissible
velocity pointing into its interior. Furthermore, H. 3.2-(i) cannot be weakened by assuming
the convexity of the set {(f(s,x,u), Z(s,x,u)) : u € R™} since, in many applications, the
Lagrangian is not affine in the control.

In the following we assume that . is a marginal function, i.e.,

f(sv'):v”) = sup Z(S,g,u,a),
o>0

where £(s,&,u, ) = £1(s,&,0) + Lo(s,u) with o : RXR™ - R, £; : RxR" x R — R fun-
ctions measurable in time. For any & € &/ we define the value function W% : R x Q —
R U {+oe} of the auxiliary control problem

o - :
(3.7) We(t,x) = ueo‘%,x) Jo(t,x,u)

where Jo (t,x,u) = [ L(s,&.(s),u(s), 0ot(s))ds and % (t,x) is as in Definition 3.1.

Hypothesis 3.6. [H.3.6]
(i) H.3.2 holds with k € L'(R*;RT) and ¢ € L>(R*;R");
(ii) there exists k; € L2(RT;R*) such that [ (s,x, &) — €1 (s,x,&)| < ky(s)|a — &| for
ae.s€RTandallx€ Q, a,& € RT;
(iii) there exists y € L*(R*;R*) such that

(3.8) x~ A(s,x) ={a >0 :supl(s,x,f) =£i(s,x,00) }
) B>0

is y(s)-Lipschitz for all s € R™;

(iv) J(s,x,-) and Jo(s,x,-) are Fréchet differentiable on L?(s,o0; R™) for all o € o7, s €
RT,and x € Q.
LEMMA 3.7. Assume H.3.6-(1)-(ii) and that A(s,-) takes closed nonempty values for all
s € RY. Then for all (t,x) € RT x R":
() W(t,x) =inf{J(t,x,u) : u € % (t,x) N L*(t,00;R™)},
(ii) for any u € % (t,x),

(3.9) J(t,x,u) = sup [ £(s,E(s),uls),a(s))ds;
ace I
(iil) if u € % (t,x) and a"(-) € A(-,&,(-)) is a Lebesgue measurable selection on [t,),
then the supremum in (3.9) is attained for a" whenever J(t,x,u) < oo.
Proof. Fix (t,x) € RT x R™.
The statement (i) follows from the assumption H.3.2-(iv).
Next we prove (ii). Let u € % (t,x). We claim that

(3.10) /tmz(s,gu(s),u(s))dsz sup [ 0(s, Euls), u(s), a(s)) ds.

ace Jt
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If [.Z(s,Eu(s),u(s))ds = +oo, then the claim follows. Otherwise, since for all s > 0, €
R",u € R™ and o0 > 0 we have that Z(s,&,u) > £(s,&,u, ). Hence, for all u € % (t,x)
and all @ € &7 we have [~ Z(s,E(s),u(s))ds > [77L(s,E(s),u(s), c(s))ds, and the claim
follows. We show next the inverse inequality in (3.10). Assume that the right-hand side of
(3.10) is finite. Fix u € % (t,x). Then for any o € <7 the function s — £(s, &, (s),u(s), o(s)) is
locally integrable on [f,o0). Since s ~ A(s,&,(s)) has closed nonempty values, applying the
measurable selection theorem, there exists a measurable function & : [f,00) — R satisfying
L(5,84(s),u(s)) = L(s,&u(s),u(s), é(s)) for a.e. s > t. Hence, since £ >0, forall T > ¢

T T
/tz(s,gu(s),u(s))ds:/t 0(s,Eu(s), u(s), &(s)) ds
G < [ t.8uls)uls). ) ds
< sup [ 0(s,E0(s),u(s), a(s))ds.

acd It
Thus, the proof of (3.9) is complete passing to the limit as 7 — oo in (3.11).
The last statement (iii) follows immediately from (3.10) and (3.11). 0

The next result provide a two-player game formulation for the value function of the
control problem (3.1)-(3.2).

PROPOSITION 3.8. Assume H.3.6. Let ii(-) be optimal at (t,x) € domW # 0 and 0.(-) €
A(:,&a(+)) be a measurable selection on [t,). Suppose that &;(-) C int Q, there exist C > 0
and § > 0 satisfying ¥(s,8,w) € (t,00) x (0,8) X B2 (; corpm) (0, 1)

(3.12) |Savow(s) — Gals)| < C8

with &z, 5, (t) = x, and Jg(t,x,-) is strictly convex in a neighborhood of ii. Then

W(t,x) = sup W%(t,x).
(3.13) (t,x) sup (t,x)

Proof. Letw € % (t,x) and o € o7 . Applying Lemma 3.7 we get

/tmz(s,gw(s),w(s))ds > /tmﬁ(s,éw(s),w(s),(x(s))ds
> oinf [ 0(s,Eu(s),uls), als)) ds,

uew (t.x) Jt
so W(t,x) > supye . WE(t,x).
On the other hand, assume sup,, W*(f,x) < 4. Let @(-) € A(-,&(-)) be a mea-
surable selection on [f,o0). From Lemma 3.7-(iii) it follows that (3.9) is satisfied along the
pair (i(-), 0(-)). So, it is sufficient to show that

(3.14) /tmf(s, Ea(s),a(s))ds < ./lwé(s, Ew(s),w(s), a(s))ds,

forall w € % (t,x). Fix € >0and w € L*(t,00; R™) with [Wll2, 4,0y = 1. From our assumptions,
there exists & € (0,€) such that Jg(#,x,-) is Fréchet differentiable and strictly convex on
{u € L*(t,00R™) : |lu— ill5,(1.00) < Oe}. Since &z(-) C int Q and from (3.12), replacing J;
with a suitable small constant 8 € (0,8), we have &, 5,,(-) C Q for all § € (0, 8;). We may
assume that J(z,x,i + dw) < oo for any 6 € (0,8;). In order to prove (3.14), it is sufficient
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to show that D,Jg(t,x,%)(w) > 0, where D, stands for the Fréchet derivative with respect

to the variable u. For all § € (0,8;) denote by a®(-) the measurable function satisfying the
statement of Lemma 3.7-(iii). We have

a(t,x, 0+ 0w) — Jg(t,x,0)

- / (01058 50(5), 07 (5)) + tols. B 5 (5))) ds
= [ (05 8a(5),005)) + oo, Eals))) s
[ 005G 5009 69) = (5. B 50(6). 07 (5)) ds

= [ (L6 Gar 50l9).06) + 60(6), () —-Z (5. Ea(o). (s), () s
[ 005G 5009 6 = 5. B 50(6). 07 (5)) s

(3.15)

Now, from (3.12) and assumption H. 3.6-(iii), it follows that there exists a small 5. € (0,8)
such that |at®(s) — @(s)| < Cey(s) fora.e. s >rand all § € (0,5). So, by H.3.6(ii), we
have that

/|€1 Earow(s),@(5)) = C1(5Eayu(s), o (5)) | ds

<8C/ kl

From (3.15) we get Jq (t,x, 4+ 6w) — Ja (t,x,i) > J(t,x,d+ Sw) — J(t,x,i) — ¢e for all & €
(0, &¢ ). Hence, dividing by 6 and passing to the limit as § — 0,

A

= &C.

Dy Jg(t,x,i4)(w) > D,J(t,x,i)(w) — Ce.

Since € and w are arbitrary, the proof is complete. O

Remark 3.9. The closeness of solutions estimate (3.12) assumed in the statement of
Proposition 3.8 is satisfied for linear systems (3.2) with an asymptotically stable equilibrium
point x € int Q for input u = 0 and f; totally bounded (cfr. [19, Theorem 3.10]).

4. Optimal synthesis. Let #: R” — R” be a diffeomorphism, i.e., it is bijective and
continuously differentiable with its inverse. In this section we give feedback laws for the
optimal control problem (3.7), with dynamics and Lagrangian given by: forall s € R*, x € R”,
ueR" and x>0

folsx) = V() AGIA),  fils,0) = Va(x) B(s)
é(svgvuva) = <h(§),Q(S, (X)h(é)) + <”7Ru> —b(OC),

where A: R = R™ B:R = R™ Q:RxR" =R b:R— R, and R € R™" are
given.
We consider the following assumptions:

Hypothesis 4.1. [H.4.1]
(i) A,B, and b are continuous;
(i) R = 1I, and there exist K € L'(R";R*) and a : R — R* continuous such that

o(s, 06) (3K(s)+a(a))l.

4.1)
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For any a € o/ we denote by P{(-) the solution of the Riccati differential system

42 { —P' =A*P+PA—PBR'B"P+ Q% ae.onlt,T]

P(T) =0,

where we put Q%(s) = Q(s, a(s)).
The following result is well known ( [8, Chapter 1, part 3] and [1, Chapter 3]).

LEMMA 4.2 ([8, 11). Assume H.4.1. Let o € <7 and (t,x) € dom W%. Then the follow-
ing holds:
(i) P¥ e C([t,T;R™™)NC((t,T);R"™") and P (s) is positive definite for all s € [t, T
andall T > t;
(ii) for all s > t the limit P*(s) = limy_,.. P{(s) exists, is positive definite, and it solves
the Riccati differential equation

(4.3) —P' =A*P+PA—PBR'B*"P+ Q% ae. on|t,).

Such solution is also called minimal (or stabilizing) solution of the Riccati equation

4.3).

In the following, for any @ € <, [1,T] C R", and x € Q we denote by &% () the solution of
the Cauchy problem

“44) {é/(s) = Vh(E(s)) " T*()(E(s)) s € [1,T] ae.
E()=x,

where ['*(s) = A(s) — B(s)B*(s)P%*(s).
THEOREM 4.3. Assume H.4.1 and let & € <f. Suppose that

4.5) T%(s)h(x) € Vh(x) ™ (int To(x)) Vs € RY,Vxe Q.

Then, the value function of the auxiliary control problem (3.7) satisfies for all (t,x) € dom W%

(4.6) WO (1.2) = (). P (h() ~ [ blar(s))ds.
Moreover; the optimal input u%(-) satisfies the feedback law
4.7 Uz(s) = —B*(s)P* (s)h(E%(s))

for a.e. s > t, where E%(-) solves the Cauchy problem

{é/(s) = Vh(&(s) ' T*(s)h(E(s)) s € [t,0) ace.
E@)=x.

COROLLARY 4.4. Assume H.4.1, the set-valued map in (3.8) has single valued images,
and there exists a unique solution (P* ,£*) of

—P'(s) = A*(s)P(si + P(s)A(s) — P(s)B(s)R™ ' (s)B*(s)P(s) + Q*(s) s € [t,) ae.

§() =x,
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where (t,x) € dom W, a*(s) := argmaxg( (a(B)g(E*(s)) —b(B)), Q*(s) := Q% (s), and
() :=T% (s) forall s > t.

Then, if (4.5) holds, the optimal input u’,(-) for the state constrained control problem
(3.3) at the initial datum (t,x) is given, for all s > t, by

Us(s) = —B*(s)P*(s)h(E"(5)),
and

W(t,x) = sup W%(z,x).
oce

Remark 4.5.

(a) We notice that condition (4.5) involves, implicitly, the stabilizing solution of the
Riccati equation (4.3) given, accordingly to Lemma 4.2-(ii), by the pointwise limit of
a sequence of Riccati solutions on increasing time intervals. Moreover, it reduces to
an i.p.c. on the vector field (s,x) — I'*(s)x when & is the identity (see Remark 3.5).
More precisely, under the assumption that Q is the closure of an open domain with
smooth boundary, (4.5) is as follows: Vx € dQ and Vs € RT, (I'*(s)x,n(x)) <0,
where n(x) denotes the exterior unit normal to Q at x.

(b) Assuming more regularity on problem data, (4.5) provides a neighboring feasible
trajectories result (see Lemma A .1 in Appendix).

(c) We point out that, although the solutions of the system (3.2), with fy and f; as in
(4.1), are the same of the system z'(s) = A(s)z(s) + B(s)u(s) under the trasformation
& = h™!(z), the verification of the i.p.c. imposed in Theorem 4.3 and Corollary 4.4
is challenging for the set ~(Q).

4.1. Proofs. In this section we provide proofs of Theorem 4.3 and Corollary 4.4. We
first show some intermediate results.

LEMMA 4.6. Assume H.4.1. Let P € C([t,T|;R"") with values in the set of all sym-
metric positive definite matrices, and suppose the following inward pointing condition on
[t,T] C R holds:

(4.8) (A(s) — B(s)B*(s)P(s))h(x) € Vh(x)™™ (int Ta(x))

foralls € [t,T] and x € I Then, for any x € Q, the trajectory &(-) solving a.e. on [r,T]

{5’ = Vh(§) " (A(s) — B(s)B*(s)P(s))h(&)

@9 E()=x.

is feasible.

Proof. Arguing in analogous way as in Proposition 3.3 and considering the single-valued
map given by

(5,) ~ {f(5,%) = VA(x) "' (A(s) — B(s)B" (5s)P(s))h(x)},
we conclude that &(-) solving (4.9) is feasible. O

LEMMA 4.7. Assume H.4.1. Let & € o7 and (t,x) € dom W&, If (4.8) holds on [t,T]
then

T
WE(1,2) = (1), PR () = [ blar(s))ds,
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where W7 is the value function of the following state constrained Bolza problem

minimize /tT<h(5(S))7Q(S7OC(S))h(€ ())) + (u(s), Ru(s)) — b(a(s)) ds

over all feasible trajectory-control pairs (&(-),u(-)) starting from (t,x).
Proof. Put Pr(-) = Pf(-) and define the Hamiltonian H* : R x R” x R" — R

Ha(s,x,p) = hg {(p,f(s,x,u))—|—f(s,x,u,oc(s))}.
ucRm
Notice that

H%(s,x,p) = (p, Vh(x)"'A(s)h(x)) — % (p.Vh(x)"'B(s)B"*(s)Vh(x) " p)
+ (h(x), (s, a)h(x)) — b(a(s)).
Define V%(s,x) = (h(x), Pr(s)h(x)) — [] b(a(t))dt for all (s,x) € [t,T] x R". Then for a.e.
s€[t,T]and all x e R"

O (500 = (h(2). PHSRCD) + b(ex(s)

= —(h(x),(A*(s)Pr (s) + Pr(s)A(s) — 2Pr(s)B(s)B" (s)Pr(s) + Q%(s))h(x))

+b(a(s)),
V,.V¥(s,x) = 2Vh(x)*Pr(s)h(x).

SN

It follows that —%(s,x) =H%(s,x,V,V*(s,x)) fora.e. s € [t,T] and all x € R". Fixx € Q
and let u € % (¢,x). We have fora.e. s € [t,T]
0= a{;/sa (5, &u(5)) + (VaV*(5,8u(5)), VA(Eu(5)) T A()R(Eu(5)) + VA(Eu(5)) " B(s)us))

3 (K(s) +2a(@(s))) [B(Els)) + 5 u(s) 2~ b(ar(s)).

So, — T AV (s,Eu(s))ds < [T e(s,E(s),u(s), au(s))ds, and, from (4.2), we get V*(1,x) <
[T (s, E(s),u(s), a(s))ds. Since u(-) is arbitrary it follows V*(z,x) < Wr(r,x). Now, the
control defined by

(4.10) u%(s) = —B"(s)Pr(s)h(5*(s))

is optimal for H*(s,& (s), V.V %(s,x)) for a.e. s € [t,T]. So, applying Lemma 4.6, the trajec-
tory £%(-) is feasible. Thus

+

—VHT,EX(T))+V*(t,x) = /ITK(S,éa(s),ua(s), o(s))ds = V*(t,x).

We conclude inf,c 4 ;) ST 0(s, Eu(s5),u(s), au(s))ds < V(t,x), and so (iii) is proved. O
Next, we give a proof of Theorem 4.3.

Proof of Theorem 4.3. Let o € o7 and (f,x) € dom W%,
Since there exists u € % (t,x) such that limy . [7 £(s, E,(s),u(s), a(s)) ds < oo, we have
that the limit limy_,.. [ b((s))ds exists and is finite. Then, from Lemma 4.7,

T T
|| 6.6ul0).u). ) ds = (hx),PEOR) ~ [ blal)ds
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forall T >t and all u € % (t,x). Since u(-) is arbitrary and applying Lemma 4.7, passing to
the limit as 7 — o0 we get W*(¢,x) > (h(x),P*(t)h(x)) — [ b(a(s))ds.

Now, let T; 1 co. Applying Lemma 4.6, denote for all j € N by §7(-) the Riccati feasible
trajectory associated to the control on [t, 7;] defined by u? (s) = —B*(s)P;?j‘_ (s)h(E{(s)). Now,
forall T > ¢, P = P7‘3j‘_ are uniformly bounded on [¢t,T] whenever 7; > T. So, for all T >
t, arguing in analogous way as in Proposition 3.3, we have that & jf"(~) are equintegrable,
equicontinuous, and equibounded on [¢,T] for all large j. From the Ascoli-Arzela and the
Dunford-Pettis theorems ( [9]), and arguing as in Proposition 3.3, we conclude that there
exists a feasible absolutely continuous trajectory & () solving (4.4) on [, + 1], starting from
x,and & — &1 uniformly on [¢,7 + 1]. Consider now the interval [¢,7 + 2]. Arguing as above,
passing to subsequences and keeping the same notation, we may conclude that there exists
&2(-) solving (4.4) on [r,r + 2] and starting from x such that §2[; .,y = &'(-) and £ — &2
uniformly on [f,7 4 2]. Using a diagonal argument, passing to subsequences and keeping
the same notation, we conclude that there exists a feasible trajectory &%(-) solving (4.4)
on [t,0), starting from x, and &% — &% uniformly on compact intervals. Denote the limit

ug(s) = lim;_,o —B*(s)P;(s)h(5*(s)) for all s > 7. We have for all large j € N

7 7
(h(a). By ) = [ blau(s))ds = [ b(s.E4(5) .t (5), x(s)) s
Z/jﬁ(s,éf‘(s),u?(s),a(s))ds.

Then, passing to the limit as j — o and using Fatou’s Lemma, we get ((x),P*(t)h(x)) —
[T b(a(s))ds > [T (s, E%(s),u(s), a(s))ds. By arbitrariness of T, we finally get (4.6). [

Proof of Corollary 4.4. Applying the results in [ 1, Chapter 14] on the stabilizing solution
of the Riccati equation (4.3) and Remark 3.9, the Lipschitz continuity on the initial datum
given in (3.12) is satisfied along the optimal trajectory. Hence the conclusions follows from
Theorem 4.3, Proposition 3.8, Lemma 3.7-(iii), and the proof of [16, Theorem 5.14]. 0

4.2. A geometric condition. Next we provide a sufficient geometric condition to re-
cover the i.p.c. when the matrix A is time independent.

PROPOSITION 4.8. Assume H.4.1 with B € L™ (RT; R"*™) and A time independent. Sup-
pose there exists 8 > 0 such that

@.11) h(x) — 8Vh(x) *(NA(x)) C 8VA(x) *(int B) Vx € dQ.

Then for any o € {ﬁ : dom WA # 0} there exists a constant ¥ > 0 such that, if A is y-negative
definite with 'y > ¥, all conclusions of Theorem 4.3 holds true.

Proof. First of all, we notice that, replacing A(-) with \/gh(), the solutions of (4.4) are
the same. So, we formally denote A(-) the function given by x — /8h(x). From (4.11)
and since Vh(x)™* has full rank, it follows that |h(x) — Vi(x) *n| < |[Vh(x) *n| for any n €
N, (x) and x € dQ. Since [VA(x) *n| # 0, we have that |Vh(x)*n||h(x) — VA(x) *n| —
|Vh(x)"*n|* < 0 for any x € dQ and n € N}, (x). From the compactness of Q and No(x) N 9B
and the continuity of A(-) and Vh(-)~!, it follows that there exists p = pj.q > O satisfying
|Vh(x)~*n||h(x) — VA(x)*n| — |Vh(x)*n|? < —p for all x € IQ and Vn € N} (x). Moreover,
there exists a constant 6 = 6;, o > 0 such that |VA(x)*n(x)||h(x) — Vh(x)"*n| < 6 for all
x € dQ and n € N} (x). Now, fix @ € o7 such that dom W% # 0 and denote

7=p""0|BI2 & ICall3,0.)
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where Cy () = /0 . Assume that A is y-negative definite with y > ¥ and let P = P%
be as in Lemma 4. 2 (11) Slnce P(s) and B(s)B*(s) are positive definite for all s, BB*P is
positive definite. Hence, the matrix A — B(s)B*(s)P(s) is y-negative definite. Hence for all
n(x) € No(x) N dB and using the Cauchy-Schwarz inequality we have

4.12)
(VA(x)~'T%(s)h(x),n(x))
= (T%(s)Vh(x) *n(x), Vh(x) *n(x)) + (T (s) (h(x) — VA(x) "n(x)), Vh(x) *n(x))
< —YIVR(x) " n(x) P+ [T%() || [VA(x)n(x)||A(x) = VA(x)*n(x)|.

) —
Now, notice that for any 7 >t > 0, the solution Pr(-) = P{(-) of the Riccati differential
system (4.2) on [¢,T] satisfies, forallx € Q and s € [t,T] ( [8]),

T * T *
Pr(s)x = / ™ Co* (7)Ca(T)e ™ xd T — 2 / T4 P (£)B(1)B* (1) Pp(1)e T~ Mxdr.
S t

Thus, since ||e™|| < e~ for all T > 0, we have (Pr(s)x,x) < [ ICa ()| HeTAHZ lx|>dt
< T Ca(T) | x[2dT < ||Ca|\%!(0’m> x| for all s € [¢,T] and all T > ¢ > 0. Hence, passing to
the limit as 7 — oo and applying Lemma 4.7, ||P(s)|| < ||Cq ||§7(0700). It follows that

2 2
(4.13) IT*()I < v+ IB(s)]I” ICall,00) V5 =0
So, using (4.12) and (4.13), we conclude that for all x € dQ, s >0, and n € NSI2 (x)

(Vh(x)™'T%(s)h(x),n(x)) < (IVA(x)"nl|h(x) = VA(x)"n| = [Vh(x)"*n])y
H B 17 Clla(0.0) [ V(1) ()| |A(x) = VA(x) "]
< —pY+0B(s)* ICal3 0.)
Then (4.5) is satisfied and the conclusion follows from Theorem 4.3. O

COROLLARY 4.9. Assume the assumptions of Proposition 4.8 with h = id and there ex-
ists r > 0 such that B(0,r) C Q. Then, for any a € {B : dom WP +£ 0} and any (t,x) €
(R x B(0,r)) Ndom W%, the representation (4.6) and the feedback laws (4.7) holds.

Proof. The proof follows immediately from Proposition 4.8 and since (4.11) is satisfied
with & = r in which formally Q is replaced by B(0, ). O

Appendix.

LEMMA A .1. Assume the assumptions of Lemma 4.6 and moreover that A and B are
locally absolutely continuous and B € L™ (¢, T;R"™™). Then there exists 3 > 0 such that for
all x € Q and o > 0 we can find E°(-) feasible for (3.2) on [t,T|, with £°(t) = x, satisfying

(A.14) 16 =& lleafer) <Bo,  E7() Cint Q.

Proof. We take the same notation as in the proof of Lemma 4.6. We show the following
claim: there exist € > 0 and 1 > 0 satisfying for all (s,x) € [¢,T] x (dQ+ nB)NQ and all
yE (x+eB)NQ

(A.15) y+1[0,€](f(s,x) +€B) C Q.

Notice that for any (s,x) € [¢,T] x dQ and from the characterization of the interior of the
Clarke tangent cone (cfr [3]) , we can find € € (0,1) such that y + [0, €](f(s,x) +2eB) C Q
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forall y € (x+2eB)NQ. Now take any j € (¥+ €B) N Q. Then, since X+ B C x+ 2¢B and
|f(7,%)| <|f(s,x)|+ &, we may conclude 5+ [0, €] (f(7,%) + €B) C Qforall € (¥ +eB)NQ.
So, we have shown that for any (s,x) € [t,T] x dQ there exist &, € (0,1) and & € (0, &]
such that, given any (7,%) € ((s,x) + 8.B) N ([t,T] x Q),

{5410,&0.] (f(7,5) +&.B) : y€ (F+¢,B)NQ} C Q.

Using a compactness argument, we conclude that there exist (f;,x;) € [t,T] x dQ and 0 <
8 < &, fori € {1,....N}, such that [t,T] x dQ C UY, ((t;,x;) + &int B), and, for any (7,%) €
((ti,xi) + 6B) N ([S, T] x Q),

§+[0,8] (f{,5)+eB)CcQ Vie (F+&B)NQ.

Notice also that there exists n € (0,min; &) satisfying [r,7] x (dQ +nB) ¢ UX, (1, x:)
+8&int B) (otherwise we could find a sequence of points (s;,y;) ¢ UY, ((t;,x;) + &B) such
that (sj,y;) — (s,y) € [t,T] x dQ) . The claim (A.15) just follows taking € = min;&. Con-
sider now the following differential inclusion

(A.16) E'(s) € G(s,E(s)) set,T)ae., &(t)=x,

where G(s,x) = {fo(s,x) + f1(s,x)u : |u| < HB*PHOO,[M] [hllwq} and fo, fi are as in (4.1).
Notice that £(s,x) € G(s,x) for any (s,x) € [t,T] x R" and the trajectory &(-) is solution of
(A.16) with u(s) = —B*(s)P(s)h(& (s)). Moreover, sup{|v| : v € G(s,x),s € [t,T],x € (IQ+
B)} = M < o and there exists A € L!([t,T];R") such that G(s,x) C G(s',x) + fssll(f)d’c
forall S <s <s <T and x € Q. So, arguing in analogous way as in [7, Theorem 1] and
using (A.15), we conclude that there exists § > 0 (depending on the time interval [z, T])
such that for any x € Q and any o > 0 there a feasible trajectory °(-), solving (A.16) on
[¢,T] and starting from x, that satisfies (A.14). Hence the conclusion follows by applying the
measurable selection theorem. O
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