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Collision-free formation tracking of multi-agent
systems under communication constraints

Syed A. Ajwad, Emmanuel Moulay, Michael Defoort, Tomas Ménard and Patrick Coirault

Abstract— This paper deals with the problem of collision-
free formation tracking of second-order Multi-Agent Sys-
tems (MAS) under communication constraints. It is as-
sumed that an agent can only transmit its position to its
neighbors at asynchronous and aperiodic discrete time
instants. Velocity and acceleration of the agents are not
available. Moreover, the dynamics of the leader can be
controlled through an external input. Using continuous-
discrete time observers, an output feedback formation con-
troller is designed to drive the agents to a desired formation
shape and to ensure that the formation tracks the leader
trajectory under directed communication topology. A po-
tential function based mechanism is incorporated into the
proposed formation tracking algorithm to avoid collision
between agents. The simulation results have shown the
efficacy of the proposed algorithm.

Index Terms— Artificial potential function, Continuous-
discrete time observer, Formation tracking, Nonuniform
and asynchronous sampling

[. INTRODUCTION

ORMATION patterns produced by natural organisms to
deal with different situations have attracted the attention

of the research community. For instance, ants generate differ-
ent patterns to move large chunks of food from a source to
their underground nest and some birds fly in a V shape to
reduce flying efforts. Other examples of formation producing
tasks in nature are bacteria swarming and fish schooling. Mo-
tivated by these examples, formation control of Multi-Agent
Systems (MAS) has been widely studied in the past decades
and applied in various fields like surveillance, exploration,
target localization, satellite formation flight and robotics [1].
The goal of formation control is to drive all the autonomous
agents to reach and maintain a desired geometric shape.
Sometimes, the whole formation is required to track a desired
trajectory while maintaining the geometric shape, which is
known as formation tracking. The cooperative control of the
agents can be achieved through centralized or distributed
schemes. The latter has obvious advantages which include
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but are not limited to efficiency, scalability, robustness and
reliability [2].

The research devoted to formation tracking of MAS gen-
erally falls into three categories namely, leader-follower ap-
proach [3], virtual structure method [4] and behavior based
approach [5]. Another interesting approach to achieve forma-
tion tracking is through distributed consensus protocols by
choosing an appropriate state deviation from the consensus
value. Moreover, all the aforementioned techniques can be
incorporated in consensus based formation tracking methods
[6] and usually provide a more reliable and robust solution
even if some of the agents are subject to a failure [7].

Many formation control techniques have been proposed
in the literature, for instance [8]-[10] etc. It is commonly
assumed that the states of an agent is available to its neighbors
either continuously or at regular time instants. Nevertheless,
this assumption is not always valid in real-world scenarios. In-
deed, in practical applications, measurement and transmission
of the whole state are often impossible due to the compact
size of the agent or the cost. In such cases, it is necessary
to estimate the unavailable states from the available informa-
tion. Moreover, due to the digital nature of the computation
and transmission equipment, nonuniform sampling periods
are inevitable in real-world scenarios. Furthermore, to avoid
clock synchronization, each agent transmits its information
at asynchronous time instants. The problem of asynchronous
communication in MAS has been widely discussed in the liter-
ature, e.g. [11], [12]. Asynchronous transmission is sometimes
also advantageous in a sense that it could reduce the communi-
cation load on the network since each agent in MAS transmits
at different time instants. Therefore, some researchers have
proposed event-triggering based techniques where information
among the agents is communicated in a controlled asyn-
chronous manner [13], [14]. In fact, in event-triggered based
consensus protocols, information is communicated only when
a particular event occurs. However, in this type of algorithm,
pre-information of the event-triggering mechanism or function
is required. Furthermore, in [13], [14], it is considered that
all the states are available to the agent and its neighbors. To
cope with the aforementioned communication constraints, a
leaderless (resp. leader-following) scheme has been proposed
for second-order MAS in [15] (resp. in [16]). These control
algorithms were based on continuous-discrete time observers
[17] which reconstructed position and velocity in continuous-
time from the discrete position data. Recently, an attempt to
deal with the formation tracking problem under communica-
tion constraints has been proposed in [18]. However, in this



paper, collision avoidance is not considered which is another
important issue in the formation tracking problem. It is vital
to avoid collision between the agents while they converge
to the desired geometric shape. Among various techniques
for collision avoidance, the Artificial Potential Field (APF)
method has been widely used for MAS due to its efficiency
and simplicity [19], [20].

In this article, a novel distributed formation tracking al-
gorithm with collision avoidance is proposed for double-
integrator MAS under communication constraints which in-
clude: (i) availability of position state only to the neighbors
which means that the agent velocity and acceleration (input)
are not available at all, (ii) the measured position state is
transmitted at arbitrary nonuniform and irregular time instants,
(iii) the sampling instants of each agent are asynchronous and
completely independent from the other agents in the system
and (iv) the communication topology is directed. The reference
trajectory is produced by an active leader and only small
portion of agents have access to the leader position. It must
be noted that [16] only deals with consensus tracking problem
while the current research work focuses on the design of
collision-free formation tracking algorithm. To the best of the
authors’ knowledge, our article is the first attempt that deals
with the problem of collision-free formation tracking of MAS
under the above mentioned communication constraints (e.g.
asynchronous and aperiodic sampled position data).

II. PRELIMINARIES AND PROBLEM STATEMENT
A. Preliminaries

A directed graph G is a pair (V, ), where V is a nonempty
finite set of nodes and £ C V x V denotes a set of edges.
An edge represents an ordered pair of distinct nodes. An edge
(i,7) of graph G means that node j can receive data from
node 7. A graph has a directed spanning tree if there exists a
directed path from the root to all other nodes. The adjacency
matrix A = (a;;) is an N x N matrix of graph G with N
nodes, where a;; = 1 if node 4 can receive data from node j
and a;; = 0 otherwise. The Laplacian matrix £ € RYV*N js
defined as [;; = Z#i aij, lij = —a;; for i # j. Let a diagonal
matrix B = diag(by,ba,...,by) represent the connectivity
between the leader and the N followers. If follower j can
receive information from the leader then b; = 1, otherwise
b; = 0. The communication graph combining both the leader
and the followers is denoted by G. More details on graph
theory can be found in Appendix B of [21].

Assumption 1: The directed graph G has a directed span-
ning tree with the leader as a root.

Matrix ‘H = L + B is a nonsingular M-matrix due to
Assumption 1 [22]. Furthermore, there exists a diagonal matrix

Q) = diag(wy, . .. ,wy) such that HTQ + QH > 0 [23]. Let
Wmaz = max{wi,...,wnN} (1
p= Amin(H'Q+QH) )

where A, (.) represents the smallest eigenvalue.
Lemma 1: [16] Suppose that v1(t) and vs(t) are real
valued functions verifying 4 (vi(t) +v3(t)) < —avi(t) —

bvd(t) + cf:ﬂs v3(s)ds + k for t > 0, where a,b,d > 0 and

¢,k > 0. There exists o > 0 and & > 0 such that if § < p,
then i}f(t) +03(t) < ae~?' + £, V¢ > 0 where o is given by

o = 5 min (a,b).

B. Problem statement

Consider a MAS consisting of followers 1... N with the
following second-order dynamics

T; (t) = Ax; (t) + Bu; (t), Yi (t) = Cl‘z(t) 3)

for i = 1,...,N, where z;(t) = [p;(®)T,v;(t)T]T with
pi(t) and v;(t) € R™ are the position and the velocity
respectively while u; € R™ represents the input of agent 1.

_ (O In (0 B
A= 0 O )’ B = I, and C' = (Im Om) are the
system input and output matrices, respectively. The dynamics

of the leader is given by
io(t) = Azo(t) + Buo(t), yo(t) = Cxo(t) “)

The input of the leader g is independent and is not affected
by other agents in the network. It can be designed to achieve
any required reference trajectory for the followers. Only the
following assumption is made.

Assumption 2: The input of the leader ug(t) is bounded by
a constant §g > 0, i.e. for all ¢ > 0 one has |[ug(t)|| < do.
Following are the considerations in this article: (a) each agent
in the network including the leader can only measure its
position p;; (b) an agent cannot measure its velocity v; and its
input u;; (c) each agent transmits its position information to
its neighbors at irregular time intervals, the sampling instants
for data transmission of each agent are totally independent
from all other agents; (d) the leader can send its position data
to only a few agents in the network; (e) The communication
among the neighbors is one-way and is modeled through the
directed graph G. Let ¢,/ be the instant when agent j transmits
its position information to agent ¢ where i = 1,..., N, j =
0,...,N (j # 1) and k € N such that 0 < ), — ;7 < 7uy
where 7); is the maximum allowable sampling time. The
formation shape can be specified by a desired formation vector
F = [f{}... x| where f;, € R™ is the corresponding
position offset of agent ¢ with respect to the leader. It is worth
noting that the formation information is communicated to the
agents beforehand and is not transferred during the tracking
process.

Definition 1: The formation tracking of MAS (3)-
(4) for a given input wug(¢) is practically achieved if
limsup, o [|(zi(t) — fi —x0(t))|| < e, fori=1...N,

where € > 0 is a positive constant and f; = [f;, 015m]”.
The objective of agent ¢ is to achieve and maintain the desired
position in the formation pattern while avoiding collision
with other agents. Let each agent have a circular safety disc
around it with radius r. Then collision avoidance means that
no intersection should occur between the agents’ discs i.e.
llpi — pjl| > 2r for all ¢, 7, i # j at each time instant.

[1l. FORMATION TRACKING AND COLLISION AVOIDANCE
PROTOCOL DESIGN

In this section, first we propose a consensus based formation
tracking algorithm by introducing position offset f; , in the



consensus law of [16]. If a proper formation matrix F' is cho-
sen, the agents do not collide with each other once the desired
formation is achieved. However, during the transition phase,
one still needs a collision avoidance mechanism. Therefore, in
the second step, we update the proposed formation tracking
algorithm and introduce a collision avoidance term in it to
ensure that the agents do not collide while converging to the
desired formation. The stability analysis of the collision-free
formation tracking algorithm becomes more complicated since
the overall dynamics of the controller are changed due to the
additional terms for collision avoidance. Hence, it cannot be
achieved via a simple extension of the results of [16].

A. Formation tracking control

The control input for formation tracking is given by

N
ul (t) = —ed? |3 aii[pii(t) = fip — Big(8) + fp)
j=1
N
+bilpii(t) — fip — ﬁz‘,o(t)]} —C2¢ Zaij [04,(t)
j=1

— 04,5 ()] + by [03,:(t)(t) — @i,O(t)]] &)

where ¢ and ¢ denote the controller gain and coupling strength
respectively while p; ; and ©; ; are the estimated position and
velocity of agent j by agent ¢ and are given by

aﬁm (t) :Ai‘i,]‘ (t) — QAO_IKOe_Qe(t_”iJ(t)) [ﬁi,j(ﬁi,j (t))

—pj(ki;(t))] (6)
) 2,77 V1,31 Om gjm ’ o
[QIm Im] T while 6 represents the observer tuning parameter.
ki j(t) = max {t;’j | tzfj <t,k € N} is the last instant when
agent 7 receives the position data of agent j. The above
expression (6) represents a high-gain continuous-discrete time
observer which estimates position and velocity of an agent
as well as its neighbors in continuous time from discrete
position data. The dynamics of the observer is nonlinear
due to time-varying exponential gain. Observers with time-
varying gains are specially useful for the state estimation of
irregular sampled-data system [24], [25]. Therefore, the overall
dynamics of the closed-loop system with controller (5) and
observer (6) becomes nonlinear.
Theorem 1: Consider the MAS (3)-(4) with formation
tracking protocol (5)—(6) and suppose that Assumptions 1-2
hold, then there exist € € (0,1) and ¢ > 0 such that if

4

h < 2 (7
™
¢ > Ymae ®)
p
¢ = ©)
then
860

(10)

where e; is the formation tracking error of agent ¢ defined as
e; = x; — xo — fi, @,y > 0, dp is the upper bound of the
leader input and 3 > 0 does not depend on 6, ¢, ¢, 7 and the
initial conditions of the agents and observers. w4, and p are
defined in (1) and (2) respectively.

Proof: Denoting the tracking error as e; = x; — xg — f;
and the estimation error Z; ; = #; ; — x; for j =0... N and
i =1...N, input (5) can be written as

N N
uf = —EKCF¢. Z Hirex —EKCF¢ Z /Hi]g.fi,k “v‘biEKcF(bfji,o
k=1 k=1
where K, = (Im 2[m), Iy = diag(¢ I, ¢1,,) and H;p is
ik'" element of matix . The tracking error dynamics can be
expressed as é¢; = Ae;+ B (ulf —ug). Similarly, the estimation
error dynamics can be re-written as

Fi(t) = (A= 007 KoC)a;5(t) — 08, Koz () — Bul (t)

where Zi’j(t) = [eize(tiﬁi’j(t))c"fiyj(/ﬁyj(t))—C.’Eiyj(t)].
Considering the new coordinates €; = I'ge; and Z; ; = AgZ;
and using the equalities, AgAAgl = (A, C’Ae_l = C,
T4AT,' = A, T4B = ¢B, ApB = §B and BTA;' =
9BT, one can obtain &; = ¢Ae; + ququ — ¢Bug, T;; =
H(A — KOC)i’i’j - QKOZZ‘J — éBqu and

N N
u{ = —¢K, lz Hirer — Lo " (Z HinZix + bii'i,0>‘|

k=1 k=1

Denoting ¢ = [ ...e%]%, ¢ = (@) ... (z:n)T)7,
i=1...N and n§ = [(Z10)T...(Zn0)T], it can be found
that 7°, 77 and 7)§ are similar to ones provided in [16].
Following the procedure of [16] and Lemma 1, one can achieve
inequality (10) which ends the proof. [ ]

Remark 1: Inequality (10) shows that the MAS achieves
practical stability which means that the error will remain in a
ball of an arbitrary small radius and centred at the origin. It is
worth noting that the MAS will achieve exponential stability
if leader is stationary or moving with constant velocity, i.e.
leader without external input.

Remark 2: It can be seen from inequality (10) that the final
error can be reduced by increasing controller parameter ¢. It
will also increase the convergence rate. However, the controller
dynamics must be slower than the observer dynamics in order
to guarantee the stability of the closed-loop system which is
represented by (9) with the fact that e < 1. Moreover, (7)
shows that the observer parameter 6 is directly affected by the
maximum sampling time 7. # must be chosen small enough
for the case of large 7).

Remark 3: The structure of the proposed observer-based
algorithm shows some advantages to handle communication
delays in the measurements and data packet dropouts. As each
controller is using the estimated states provided by the local
observer, by time stamping the measured position data, the
estimation can be provided as soon as the data is received,
even with a delay. Moreover, if the information packet is lost
during communication, the observer could still provide the
estimation if the next data is available within 75, duration
with respect to the last available data.



B. Collision avoidance

For the implementation of the formation tracking controller,
the safety distance between agents (i.e. 2r) should be consid-
ered while agents converge to the desired position. Indeed,
without this constraint, agents could collide and be damaged.
Therefore, it is of utmost importance to include some colli-
sion avoidance mechanisms in order to achieve collision-free
formation tracking. In this paper, a repulsion force between
agents to avoid collision has been introduced using APF. It
allows agents to repel each other when the distance between
them becomes smaller than a certain value. All the agents
which are nearby and in the restricted vicinity of an agent
are considered as obstacles. Based on the practical aspects, an
ideal potential function must have the following properties:
(i) the range of the potential field must be bounded. Usually,
it depends on the range of obstacle sensors mounted on the
agent, (ii) the value of the potential field and the corresponding
repulsion must be infinity at the boundary of the obstacle and
must decrease with the increase in the distance and (iii) first
and second derivatives of the potential function must exist in
order to have a smooth repulsion force.

Assumption 3: It is assumed that agents are equipped with
proximity sensors and can detect the distance (relative posi-
tion) of any non-cooperative and cooperative entities within a
sensing range R > 0.

Remark 4: Sensing capability is required to sense the pres-
ence of any other agent in the close vicinity which may lead
to a collision. These sensors give the relative position of any
agent within its range in the local frame and do not provide
position information in the global frame. It is to note that this
assumption is used for the purpose of collision avoidance only.

Let us define the following APF [26], [27]

2
. lpi; 1> — R? })
¢i; = | min 40,
’ ( { Ipij||? — 4r?

where r > 0 is the radius of the safety disc around an agent
and p;; = p; — p;. From (11), one gets ¢;; > 0 if the distance
between agents ¢ and j is less than R. It is also clear that
gi; tends to infinity if the inter-agent distance tends to 7 and
qi; = q;j;- The partial derivative of the potential function is

Y

T 4(|lpij|?*—=R?)(R?—4r? .
ogy | M PrI ) r it or < lpy < R
Ipi 0 otherwise
d d d d (12)
qij __ 9ij __ 9495i __ 4dji
and 5.5 = —5 - op. ~ op, ) L
The total repulsion force on one agent to avoid collision is
N T
q~.
up (t) = — 2 13
10 ;0 . (13)

The overall formation controller with collision avoidance is
then designed as follows

wi(t) = ul (t) + uf (t) (14)

Assumption 4: The initial configuration of the agents is
outside of the detection radius of the others. It means that

lps(0)—p;(0)|| > R for all i, j, i # j. Moreover, the formation
shape is chosen such that the inter-agent distance in the desired
formation remains greater than R.

Theorem 2: Consider the MAS (3)—(4) with formation
tracking protocol (14) and suppose that Assumptions 1-4 hold.
If conditions (7)-(9) are satisfied,

then the formation tracking is practically achieved without
any inter-agent collision.

Proof: Let us define the position and velocity tracking
errors as & = p; — fi.r — o and (; = v; — vg respectively.

Step 1: First, consider system (3) with only formation
controller (5) and choose the Lyapunov function as

N

Sl + ¢l

i=1

1

Vl:i

15)

The time derivative of V7 along the trajectories of system (3)

1S
N

Vi= Z {szfz +¢F (Uf —Uo)}

i=1

(16)

Moreover, (15) can also be written as V; = %Zfil ele; =
1SN lles()]|. By using (10), one has for all ¢ > 0:

2V < aefgt—k%
1 _2¢ B0
< = ~ —_
Vi < 2(oze + ¢) (17)

Step 2: Let us now consider system (3) with controller (14)
which includes both formation tracking and collision avoid-
ance. Define the following Lyapunov function:

N N

N

1

V2=3 Z([&T& +¢Gl+ Z(b'j(]?mpj)) + Z%O(Pi,po)
i=1 j=1 i=1

The last two terms in the above equation are corresponding

to the potential function which are needed to guarantee the

collision avoidance. The time derivative of V5 along the

trajectories of system (3) is

N

. T T 1 N N 6Qij 8qij
V=Y [+ cTe] + 5 20 (Gui+ Gy
i=1 i=1 j=1 i j
N
9qio 90
" ; ( op: " oo UO)
:g: [sz& +¢ (uzf - uo)} + g: (8(110 4 a%‘ovo>
=1 i=1 apL apO
N N N
+) (Tup + %ZZ (58% - quqﬁ)
=1 i=1 j=1 Pi Pj
N o o7, N N o4
RO DUED D el D) il
i=1 j=o pi i=1 j=1 L
Z 8qu
"2y, )



. 1 N N 3(117 B(IH
Since 53 21> - ( ap Vi T
one obtains

N g
) Zz 1ZJ 1 aifvi’

oqk
+v0228§:
=1 5=1

N aqtj
j=1 0p;

Furthermore, since Zf\il > =0, it leads to

Vo =W
which implies that if the initial positions of the agents satisfy

Assumption 4, i.e. %Lpfj =Qatt=0fori=1...N, j=
0...N, consequently

Vi(0) = V»(0)
then
1
Vo= < S(ae " + %)2, Wt > 0,

Hence, the MAS achieves the desired formation with controller
(14) in practical sense. Also, from the the structure of (12) and
(13) one has llme i||—r Qi = 0 and hme,]H—W % I =0
for Vi # j. Therefore it can be concluded that colhslons
are avoided. [ |

V. SIMULATION RESULTS

For simulation purposes, the considered network consists
of four followers labelled from 1 to 4 and a leader labelled
as 0. The directed communication topology among the agents
is shown in Fig. 1. One can note that the leader only sends

O—0O—
H—O

Fig. 1: Communication topology

its position data at random intervals to follower 1 while
follower 4 can receive information from both followers 2

and 3 at irregular and asynchronous sampling times. The
observer and controller gains are chosen as 6§ = 10 and
¢ = 0.6 respectively. The detection region R = 2 while

the safety region » = 0.25 for each agent. The simulations
are performed for 2-dimensional space which means m = 2.
The initial conditions are chosen such that Assumption 4 is
verified. The desired formation is chosen to produce a square
geometric shape around the leader. The corresponding position
offsets for the followers are f1, = [6,6]7, fa, = [6,—6]T
f3p =[—6,6]T and f;, = [—6,—6]T. For the first scenario,
the leader is kept stationary at position coordinates (0, 0) while
the followers reach and maintain the desired square shape
around it. Fig. 2 illustrates the formation producing result
and the inter-agent distances. The inter-agent distance clearly
shows that the agents do not collide during the formation
producing. Fig 3 explains collision avoidance mechanism for
follower 1. The distance between follower 1 and the other
agents in the network is shown in Fig 3a while Fig 3b shows
the control input. It can be seen that the repulsion term in

* Leader
Follower 1

+ Follower 2
Follower 3|

+ Follower 4

A

5T = 5 0 5 10 15 20 25

X Time (sec)

(@ (b)

Inter-agent distance (m)

Fig. 2: Square formation with static leader: (a) Formation
tracking with ¢ = initial state and o = final state — (b) Inter-
agent distance

Inter-agent distance (sec)
Input (m/s2)

Time (sec)

Time (sec)

(a) (b)

Fig. 3: Follower 1: (a) Distance with other agents — (b) Control
input

15
—e,
g 10 —e,
0 5 €
Vo —
0
0 5 10 20 25
Time (sec)
15
—e,
B 10 —e,
o 5 €3
—e,
ol
0 5 10 15 20 25
Time (sec)

Fig. 4: Tracking error for square formation with static leader

the controller activates when the distance between agents is
less than R = 2 otherwise remains zero. For the second
scenario, the leader is moving with constant acceleration i.e.
Uy, = 0.03 and u,,(0) = 0.02. Since the leader moves with
constant acceleration, only practical stability is achieved as
described in Remark 1. The corresponding results are depicted
in Fig. 5 and Fig. 6. An example of the sampling instants for
data transmission between the agents is shown in Fig. 7. In
all the scenarios, the MAS achieves desired formation without
any collision between agents.

V. CONCLUSION

The formation tracking problem with collision avoidance
has been studied for MAS under communication constraints. It
has been considered that the agents can only transmit their po-
sition states to the neighbors at nonuniform and asynchronous
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Fig. 5: Square formation with constant leader acceleration
input: (a) Formation tracking — (b) Inter-agent distances
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Fig. 6: Tracking error for square formation with constant
leader acceleration
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Fig. 7: Sampling time for data transmission between agents

sampling instants. Using continuous-discrete time observers
and potential function based mechanism, an output feedback
formation controller has been derived. The study of formation
tracking consensus of nonlinear MAS under communication
constraints along with noise is considered as future work.
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