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Abstract— A new strategy is proposed to control interior
permanent magnet generators in dc microgrids interfaced
through an active rectifier. The controller design is based on
the decomposition of the system dynamics into slow and fast
modes using singular perturbation theory. An inner current
controller is developed based on output regulation techniques
and an outer voltage controller is proposed using Nonlinear
Model Predictive Control (NMPC). The NMPC regulates the dc
bus voltage and minimizes the ac side losses. Simulation results
are then presented based on realistic conditions for aircraft
power systems.

I. INTRODUCTION

Electric machines play a fundamental role in the devel-
opment of dc microgrids, with applications in the trans-
portation industry. In electric vehicles, Permanent Magnet
Synchronous Machines (PMSM) are a popular choice for the
primary motor/generator [3]. In the More Electric Aircraft
(MEA), these machines can be used for generation and
motoring applications (e.g. actuators, propellers, etc.) [10],
[11].

Control techniques for PMSMs used in motor drives gen-
erally ensure their optimal operation (in terms of efficiency)
using techniques such as Maximum Torque per Amp (MTPA)
and Maximum Torque per Volt (MTPV) [17]. These optimal
conditions are relatively straightforward to implement in
Surface Mounted PMSM (SPMSM), since the torque pro-
duction only involves the permanent magnet and the q-axis
current. Therefore, for a SPMSM in motoring mode, the q-
axis current is used primarily to track a certain speed or
torque reference during normal operation. In generator mode,
this same current can be used to regulate the dc bus voltage
[7].

However, the controllers of Interior PMSMs (IPMSM)
based motors/generators do not always operate optimally.
The main reason is that IPMSM machines can produce
torque through both its permanent magnets and through the
reluctance torque, due to the saliency of the rotor. Since the
latter utilizes both d and q axis currents, when the same
strategy as SPMSM is used for IPMSM, the reluctance torque
is not optimally used and the generator/motor is operated
at a lower power factor (increasing ac side losses). For
example, in [2], [4], [6], [7], [9], [10], [16], [20], the q axis
current is used to control the dc bus voltage (generator) and
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speed/torque (motoring), irrespective of the type of machine
used (SPMSM or IPMSM).

Most controllers for dc/ac and dc/dc converters employ
a two loop strategy: inner current control and outer voltage
or speed/torque control [12], [22], [23], and their stability
analysis is typically presented using linearization techniques
such as root locus [19]. This particular control structure
owes its development to the nature of the physical sys-
tem, composed of both fast and slow states. However, the
(nonlinear) stability analysis and controller design for these
types of controllers exploiting these fast/slow time constants
has not been conducted. Nevertheless, singular perturbation
techniques have been employed for power electronics and
motor drives [14], [15], [21]. However, this type of control
design does not generally follow an inner/outer loops and
instead uses a composite control, i.e. a summation of two
terms: the slow and fast components.

In this paper, we analyze the dynamics of PMSMs based
generators for dc power systems using singular perturbation
techniques and develop a controller which maintains the
existing inner/outer loop control structure typically used
in power electronics. In Section II, the overall generator
dynamics with an active rectifier is presented along with
an overview of the control procedure. In Section III, the
inner current controller is developed using output regulation
theory to track the desired reference. In Section IV, the outer
controller is proposed using Nonlinear Model Predictive
Control (NMPC) to achieve both voltage regulation and
optimal operation of the machine. Simulation results are
presented in Section V based on a BMW i3 IPMSMs in
rectification mode (generator). Lastly, conclusion and future
work are discussed.

The following notation is used throughout this paper. For
a general matrix M ∈ Rn×m, its (i, j) element is denoted
as M(i,j). The set of complex numbers with negative real
part is denoted as C−.

II. PMSM BASED GENERATOR

An overview of a PMSM generator (PMSG) for dc micro-
grids is shown in Fig. 1. The overall dynamics are composed

Fig. 1. PMSM based generator for dc microgrids.
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of the ac side (PMSM) and dc side (capacitor) system. These
systems can effectively be decomposed into fast and slow
modes.

A. System Dynamics
The dynamics of a PMSG with an active rectifier in rotor

reference frame are given as follows [9], [17]:

(dc)
{
v̇dc = − 1

RC vdc + 3
2C

1
vdc

(vdid + vqiq)− 1
C iL

(1)

(ac)

 i̇d = −Rs

Ld
id + ωr

Lq

Ld
iq + 1

Ld
vd

i̇q = −Rs

Lq
iq − ωr

Ld

Lq
id − ωr

Lq
λm + 1

Lq
vq

(2)

where id and iq are the d and q axis current respectively,
Ld and Lq are the inductances in the respective axis, Rs

is the stator resistance, ωr is the rotor electrical frequency,
λm is the permanent magnet flux linkage, C is the dc side
capacitance, R is the parallel dc side resistance, and iL is the
dc side load current. The overall system was derived using
the standard dq-transformation shown in the appendix.

The inputs to (1)-(2), vd and vq , can be written in terms
of the modulation indices dd, dq ∈ [−1, 1]:

vd = dd
vdc
2

vq = dq
vdc
2

(3)

based on sine PWM, coupling the dc voltage to the ac
currents.

The system model, (1)-(2), can then be decomposed into
fast and slow modes and written using singular perturbation
theory as follows [15]:

ẋ = f(x, z, u, d) (4)
µż = g(x, z, u, d) (5)

where 0 < µ � 1, x , vC and z , (id, iq)
T are the slow

and fast modes respectively, u = (dd, dq)
T are the inputs,

and d , iL is the disturbance.

B. Overall Controller Design
The goal of a PMSG controller is to regulate the dc bus

voltage. Typical controller design using singular perturbation
theory decomposes the inputs into slow and fast components
as u = us + uf , generally known as composite control
[15]. However, following existing approaches for control
of electric machines [9] and power electronics [22], the
controller will be developed as follows:

• The fast modes are regulated through u to follow a
desired reference, i.e. z → z∗

• The slow modes are controlled through z∗ to follow a
certain reference, i.e. x→ x∗

1) Inner Loop: For the fast mode controller design, the
slow modes, x, are assumed to be constant, i.e. x = x̄, and
thus (5) can be written as:

µż = g(x̄, z, u, d) = g̃(z, u, d) (6)

where u is designed by a static or dynamic controller to
ensure fast regulation: z → z∗.

Fig. 2. Overview of the proposed controller design for singular
perturbation systems. The dashed lines depends on the type of
controller used and sensor availability.

2) Outer Loop: The outer/slow controller assumes that
the dynamics of the closed loop fast subsystem are instanta-
neous:

0 = g(x, z, u, d) (7)

and u can be obtained from (7) and written as a function
of the slow and fast modes, i.e. u = p(x, z, d). The slow
subsystem then becomes:

ẋ = f(x, z, p(x, z, d), d) = f̃(x, z∗, d) (8)

with the new input z∗.
Fig. 2 presents an overview of the proposed controller

design. As can be inferred from this figure, the closed loop
dynamics for the fast subsystem z need to be much faster
than x. Therefore, fast regulation of z → z∗ is a crucial
requirement.

III. FAST INNER CURRENT REGULATOR

In this section, the controller design for the fast subsystem
defined by (2) is presented. Following the procedure outlined
in Section 1B, the slow mode (dc bus voltage) is assumed to
be constant, i.e. vdc = v̄dc. Therefore, the inputs/modulation
indices, dd and dq , can be re-written in terms of the voltages
vd and vq respectively based on (3). In this case, (2) becomes
a linear state space system.

We consider standard decoupling techniques for inverters
[9] by defining new inputs, ṽd, ṽq , as follows:

vd = ṽd − ωrLqiq

vq = ṽq + ωrLdid + ωrλm
(9)

Plugging (9) into (2) we can obtain the following:

i̇d = −Rs

Ld
id + 1

Ld
ṽd (10)

i̇q = −Rs

Lq
iq + 1

Lq
ṽq (11)

Therefore, each current controller can be designed indepen-
dently. The controllers’ goals are to regulate z → z∗ or
id → i∗d and iq → i∗q .

A. D Axis Current Control
For the d axis current controller, we assume that the overall

system, including the reference i∗d (constant), is defined by
the following linear dynamics:

i̇d = −Rs

Ld
id + 1

Ld
ṽd

i̇∗d = 0

ed = −id + i∗d

⇒
ẋd = Adxd +Bdud

ẋ∗d = Sdx
∗
d

ed = Cdxd +Qdx
∗
d

(12)



The controller, ud, is designed using output regulation tech-
niques [8]:

ud = Kdξd + Tdx
∗
d (13)

where ξd is an estimate of xd (e.g. using a Luenberguer or
Kalman filter), Kd is designed such that σ(Ad + BdKd) ⊂
C− and Td is a feed forward gain satisfying:

AdΠd +Bd(KdΠd + Td) = ΠdSd

CdΠd +Qd = 0.
(14)

Proposition 1: The control law, ud = Kdξd + Tdx
∗
d,

satisfying (14) and σ(Ad +BdKd) ⊂ C− ensures id → i∗d.
The proof follows standard arguments of output regulation
theory [8].

B. Q Axis Current Control

A similar procedure is followed for the q-axis current
regulator. The overall dynamics are as follows:

i̇q = −Rs

Lq
iq + 1

Lq
ṽq

i̇∗q = 0

eq = −iq + i∗q

⇒
ẋq = Aqxq +Bquq

ẋ∗q = Sqx
∗
q

eq = Cqxd +Qqx
∗
q

(15)

and the goal is to ensure that iq → i∗q or eq → 0 as t→∞.
The controller law is uq is given in a similar form:

uq = Kqξq + Tqx
∗
q (16)

where ξq is an of the current iq through a linear observer.
The feedback matrix Kq is designed to ensure that σ(Aq +
BqKq) ⊂ C− and Tq satisfies the same full information
regulator equations:

AqΠq +Bq(KqΠq + Tq) = ΠqSq

CqΠq +Qq = 0.
(17)

Proposition 2: The control law uq = Kqξq + Tqx
∗
q sat-

isfying σ(Aq + BqKq) ⊂ C− and (17) ensures iq → i∗q as
t→∞.

Lastly, the feedback matrices Kd and Kq should be
optimized carefully in order to guarantee that fast regulation
of the currents id and iq . Semi-definite Programming (SDP)
techniques are used in the case study section for the tuning
of the controller gains [13].

IV. NMPC BASED DC VOLTAGE CONTROL - SLOW
SUBSYSTEM

NMPC is used for the controller design of the slow
subsystem, vdc, in order to provide the references i∗d, i∗q to
the inner current control. In this case, it is assumed that the
fast dynamics are instantaneous, i.e. µ→ 0 in (5). Based on
(2), the left hand side is simplified as:

0 = −Rs

Ld
id + ωr

Lq

Ld
iq + 1

Ld
vd

0 = −Rs

Lq
iq − ωr

Ld

Lq
id − ωr

Lq
λm + 1

Lq
vq

(18)

and vd and vq can be obtained as:

vd = −rsid + ωrLqiq

vq = −rsiq − ωrLdid − ωrλm
(19)

Plugging (19) into the dc voltage dynamics (1), the following
nonlinear system is derived:

v̇dc = − 1
RC vdc −

1
C iL

+ 3
2C

1
vdc

(
−rs(i2d + i2q) + ωr(Lq − Ld)iqid − ωrλmiq

)
(20)

Notice that the inputs in this case are now id = i∗d and
iq = i∗q , i.e. the references for the inner loop controller. In
addition, the new model (20) is nonlinear due to the second
degree terms in the inputs and the reciprocal of the state term
(1/vdc).

The goal of the slow subsystem controller is to regulate the
dc bus voltage to a certain reference, v∗dc, while at the same
time reducing losses and satisfying constraints associated
with the voltage boundaries (e.g. see MIL-STD-704F [1])
and the physical limits of the PMSM (current and voltage).

A. Optimal Operation and Constraints

Since only active power is consumed by the dc side of a
PMSG, the ac side currents should be controlled as to provide
only active power whenever possible (i.e. unity power factor).
The torque produced by the PMSG is defined as follows:

Te =
3

2

P

2
(λmiq + (Ld − Lq)iqid) (Nm) (21)

where P is the number of poles. Therefore, the electrical
power, at the ac/mechanical side, can be obtained from the
previous equation using the torque/power relation:

Pe = Teωm = 3
2
P
2 ωm (λmiq + (Ld − Lq)iqid) (22)

⇒ Pe = 3
2ωr (λmiq + (Ld − Lq)iqid) (23)

where ωm is the rotor mechanical speed (rad/sec) and the
last equation is obtained from ωr = P

2 ωm.
For generation mode, the electrical power is decided only

by the dc load. However, since Pe is a function of both
id and iq , there are multiple solutions to (23). The optimal
solution minimizes the rms (or peak) of the ac side currents,
i.e. providing only active power whenever possible.

The constraints for a PMSM typically involve current and
voltage limits. These can be written as follows:

i2d + i2q ≤ I2peak (24)

v2d + v2q ≤ V 2
peak (25)

Plugging (19) into (25) and assuming rs ≈ 0, we can rewrite
the voltage constraints in terms of dq currents:

(ωrLqiq)
2

+ (ωrLdid + ωrλm)
2 ≤ V 2

peak =
(vdc

2

)2
(26)

The equality V 2
peak =

(
vdc
2

)2
is based on sine PWM as shown

in (3) for dq = dd = 1.



Finally, the optimal operation of the PMSM based gen-
erator for a fixed dc load power, Pe, is a solution of the
following optimization problem:

min
id, iq

i2d + i2q

s.t.
3
2ωr (λmiq + (Ld − Lq)iqid) = Pe

i2d + i2q ≤ I2peak

(ωrLqiq)
2

+ (ωrLdid + ωrλm)
2 ≤

(
vdc
2

)2
(27)

During steady state operation, the slow side controller should
satisfy (27). Of particular importance are the non-trivial
solutions for (27), contained in the interior of the following
set:

E =

{
(id, iq)T ∈ R2

∣∣i2d + i2q ≤ I2peak,

(ωrLqiq)
2

+ (ωrLdid + ωrλm)
2 ≤

(
vdc
2

)2} (28)

i.e. when the inequalities in (27) are non-binding. For this
case, it is possible to supply only active power from the
generator, hence minimizing the ac currents.

B. NMPC Formulation
We consider a NMPC controller for dc bus voltage reg-

ulation and optimal operation of the PMSG. To ensure
convergence to the desired reference voltage, we expand (20)
by an integral term as follows:

v̇dc = − 1
RC vdc −

1
C iL

+ 3
2C

1
vdc

(
−rs(i2d + i2q) + ωr(Lq − Ld)iqid − ωrλmiq

)
ėint = −vdc + v∗dc

(29)

For simplicity, (29) is written as the nonlinear system:

ẋ = fc (x, u, d) (30)

where x = (vdc, eint)
T , u = (id, iq)

T , d = iL.
The extended nonlinear system (29) is then discretized at

a certain time step Ts:

xk+1 = fd(xk, uk, dk) (31)

using Forward Euler (FE). The NMPC can now be formally
stated:

min
xk, uk

N−1∑
k=0

(xk − xref)
TQ(xk − xref) + uTkRuk+

(xN − xref)Q(xN − xref)

s.t.
xk+1 = fd(xk, uk, dk)

||uk||22 ≤ I2peak for k = 0, ..., N − 1

(ωrLqu2,k)
2

+ (ωrLdu1,k + ωrλm)
2 ≤

(x1,k
2

)2
Vdc-min ≤ x1,k ≤ Vdc-max for k = 1, ..., N

(32)

where N is the prediction horizon, xref = (v∗dc, 0)
T , and

Q, R � 0. The main advantage of using the proposed NMPC
is that under certain conditions, the optimal solution to (32)
satisfies (27) during steady state, as shown in the following
proposition.

Proposition 3: Assume Q = Diag (γ, β) and R =
γI , where ε, γ, β are positive constants. Let Pe ,
−
(
v2dc/R+ vdciL

)
, rs = 0, and perfect tracking is achieved,

i.e. x1,k = v∗dc for k greater than a certain M .
During steady state (xk+1 = xk), assume the optimal

solution to (32) is as follows: X∗ = x∗k ⊗ 1T
N and U∗ ,

u∗k⊗1T
N , where N is the horizon. Then u∗k is also a solution

to (27).
Proof: During steady state, the optimal solution of the

MPC problem satisfies:

x∗k = x∗k + Tsfc(x
∗
k, u

∗
k, dk) (using FE) (33)

Using (29), the previous equation simplifies to:

−
(vdc
R

+ iL

)
=

3

2

1

vdc
(ωr(Ld − Lq)iqid + ωrλmiq) (34)

Multiplying both sides of (34) by vdc we obtain:

Pe = −
(
v2dc
R

+ vdciL

)
=

3

2
ωr (λmiq + (Ld − Lq)iqid)

(35)

Therefore, the same equality constraint of (27) is obtained
by the previous equation. Lastly, since R = γI implies that
uTkRuk = γ||uk||22, during steady state the cost function
(besides γ) and constraints of (32) are equivalent to (27).
Therefore, the solution u∗k for (32) during steady state is
also a solution to (27).

The proposed control strategy not only dynamically reg-
ulates vdc to the reference voltage, but also optimizes the
steady state based on (27). During high speed operation, it
may not always be possible to be in the interior of E and

TABLE I. PMSM parameters based on the BMW i3 motor/generator
[5], [18].

Ld 0.090 mH Lq 0.255 mH λm 0.0385 Vs

rs 5.3 mΩ nmax 11400 rpm Poles 12

Tmax 250 Nm Pmax 125 kW Iphase-peak 400 A

Fig. 3. Proposed control strategy for a IPMSM based generator
system in dc microgrids.



(a) DQ currents (top) and dc bus voltage (bottom). The dashed lines
represent the references.

(b) Three phase currents (top) and modulation indices in abc form
(bottom).

Fig. 4. Simulation results for case 1. A load change from 43.5 kW
to 62.25 kW occurs at t = 0.04 s.

TABLE II. Control parameters for active rectification of an IPMSM
based generator.

Fsw (switching freq.) 40 kHz Ts−o 0.5 ms

Ts−i 25 µs Vdc-min 420 V

Vdc-max 670 V N 10

Q Diag (0.1, 9000) R 0.1I2×2

flux weakening is implicitly achieved by ensuring the current
and voltage limits in E are satisfied.

V. CASE STUDY AND SIMULATION RESULTS

We consider the parameters for the IPMSM shown in
Tab. I. These machine parameters are based on the BMW
i3 motor/generator [5], [18]. The voltage reference is set
to 540 V with a maximum load of 125 kW. The NMPC
discretization rate is at least Ts−o ≥ 0.5 ms while the
inner loop current regulator sampling time is Ts−i = 25 µs
(corresponding to a Fsw = 40 kHz switching frequency).
The overall control strategy is shown in Fig. 3. As can be
seen in this figure, the NMPC is the outer control associated
with the slow subsystem (vdc), with inputs as the reference
dq currents to be used in the fast current regulator. The dq

(a) DQ currents (top) and dc bus voltage (bottom). The dashed lines
represent the references.

(b) Three phase currents (top) and modulation indices in abc form
(bottom).

Fig. 5. Simulation results for case 2. A pulsed load occurs at t =
0.04 s (on) and t = 0.08 s (off). The load changes from 34 kW to
81 kW.

decoupling block is based on equations (10) and (11). Finally,
the modulator uses (3) to compute the modulation indices for
sine PWM. The control parameters are summarized in Tab.
II.

A. Case 1

We first consider the parameters in Tab. II with a dc load
change from 43.5 kW to 62.25 kW at t = 0.04 s. The
mechanical speed of the machine is n = 7000 rpm. The
optimal currents at 43.5 kW can be solved using (27) as
id-opt = −62 A and iq-opt = −135.3, while at 62.25 kW are
id-opt = −93.5 A and iq-opt = −174.9 A. The steady state
values for the dq currents are optimal for both of these power
levels, as can be seen from Fig. 4a. In addition, the reference
currents are tracked accurately and much faster than the
NMPC sampling time. The dc bus voltage is regulated within
10 ms and is maintained within the bounds (dashed red).

Fig 4b shows the phase currents and the modulation
indices (abc). Both of these can be obtained using the inverse
Park transformation:

Iabc = K−1 (id, iq, 0)
T and dabc = K−1 (dd, dq, 0)

T

(36)



where K is defined in the appendix. As mentioned previ-
ously, dd, dq ∈ [−1, 1] for sine PWM, which is implicitly
enforced through (26).

B. Case 2

Next, we consider a pulsed load change from 34 kW to
81 kW at t = 0.04 s and t = 0.08 s (on/off respectively).
The mechanical speed in this case is n = 8000 rpm. The
control parameters are the same as the previous case. Fig.
5a shows the dq currents and the dc bus voltage. It can be
seen that the voltage is kept within its limits and converges
to the reference of 540 V. Fig. 5b shows the phase currents
and the modulation signals. It can be seen that when the load
is set to 81 kW, the modulation indices reach their limit of
±1. This implies that inequality (26) is binding at this load
power. In this mode of operation, more id current is added
to reduce the effect of the permanent magnet flux linkage
and its induced back emf.

VI. CONCLUSION AND FUTURE WORK

A controller design is presented for PMSG in dc mi-
crogrids. The proposed method is analyzed using similar
assumptions of singular perturbation theory. The inner loop
controller for the ac currents is developed using output
regulation while the outer loop control for the dc bus voltage
tracking is based on NMPC. It is shown that the NMPC is
able to track the dc bus voltage accurately and minimize
the peak ac currents, increasing efficiency. Simulation results
are presented using parameters for the BMW i3 IPMSM.
Future work includes full hardware testing of the proposed
controller and stability analysis of the proposed techniques.
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APPENDIX

The abc to dq transformation used in the derivation of (1)
and (2) is the following:

K =
2

3


cos(θr) cos(θr − 2π/3) cos(θr + 2π/3)

− sin(θr) − sin(θr − 2π/3) − sin(θr + 2π/3)
1
2

1
2

1
2


(37)
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