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Abstract

This paper considers the problem of linear time-invariant (LTT) system identification using
input/output data. Recent work has provided non-asymptotic results on partially observed
LTI system identification using a single trajectory but is only suitable for stable systems. We
provide finite-time analysis for learning Markov parameters based on the ordinary least-squares
(OLS) estimator using multiple trajectories, which covers both stable and unstable systems. For
unstable systems, our results suggest that the Markov parameters are harder to estimate in the
presence of process noise. Without process noise, our upper bound on the estimation error is
independent of the spectral radius of system dynamics with high probability. These two features
are different from fully observed LTI systems for which recent work has shown that unstable
systems with a bigger spectral radius are easier to estimate. Extensive numerical experiments
demonstrate the performance of our OLS estimator.

1 Introduction

System identification estimates the models of dynamical systems from observed input-output data [1],
which is an important topic in time-series analysis, control theory, robotics, and reinforcement
learning. There is an extensive literature on theoretical and algorithmic developments of system
identification, with many excellent textbooks [1, 2] and surveys [3, 4, 5] available. Classical results
often offer asymptotic convergence guarantees for learning system models from observed data [1, 5].
There has been an increasing interest in finite sample complexity and non-asymptotic analysis, since
good error bounds are essential for designing high-performance robust control systems as well as for
establishing end-to-end performance guarantees [6, 7, §].
In this paper, we consider the problem of identifying a discrete-time linear time-invariant (LTT)
system
T4l = A.%'t + Buy + Byw;

1
yt = Cxy + Duy + Dyvy, @

where x; € R”, y, € RP, u; € R™ are the system state, output and input at time ¢, respectively, and
w; € R?, v, € R denote the process and measurement noises. When C' =1, D =0 and D, = 0, i.e.,

*This work is supported by NSF career 1553407, AFOSR Young Investigator Program, and ONR Young Investigator
Program. Emails: zhengy@g.harvard.edu; nali@seas.harvard.edu.



we have direct state observations, (1) is known as a fully observed LTI system, for which a line of
recent work has derived sharp finite-time error analysis based on ordinary least-squares (OLS) using
a single trajectory [9, 10]. Notably, despite the correlation between states xg,z1,...,2p and the
noise wg, w1, ..., wr_1, the analysis technique [9] is suitable for both stable and unstable systems
(captured by p(A) < 1, p(A) > 1, respectively — the spectral radius of A), under a regularity
condition. Furthermore, it is shown that more unstable linear systems with a bigger p(A) are easier
to estimate using OLS [10]. This is consistent with the result in [6], where only the last data sample
of multiple independent trajectories is used.

When C # I, i.e., (1) is a partially observed LTI system, OLS can also be used to recover
Markov parameters which in turn allow constructing the system parameters A, B, C, D using the
celebrated Ho-Kalman algorithm [11]. However, the methods and analysis techniques are typically
more involved than those for fully observed LTI systems. In [12, 13], OLS is used to estimate Markov
parameters and the Hankel matrix using a single trajectory, respectively; but their methods require
strictly stable system p(A) < 1 and non-asymptotic bounds depend on the inverse stability gap
#(Aﬁ' More recently, the method in [12]| has been extended using a pre-filtered variation of the OLS
in [14], working for marginally stable system p(A) < 1, and the finite-time estimation error therein
does not degenerate as p(A) — 1. Using outputs as regressors also allows for stochastic system
identification with p(A) <1 [15]. In addition to OLS, projected gradient descent can recover the
state-space representation (1) using a polynomial number of samples [16], but this method requires
an assumption stronger than strictly stability of A.

One key factor preventing the techniques in [12, 13, 14] from unstable systems is that the
error state e, = CAT 'z, 7,1 becomes unbounded if p(A4) > 1, where T is the length of Markov
parameters. This issue is tightly related to the single-trajectory setup. Similar to [6], strict stability
can be removed using multiple independent trajectories since e; is replaced by the initial state xg
in each trajectory that is zero by restarting the experiment. This setup is briefly observed in [12,
Remark 3|, and is used in recent work [17] in which a standard nuclear norm regularization is
discussed. Note that only the last output measurement yr_; of each trajectory is used in the OLS
estimation of [17], which facilitates the non-asymptotic analysis but might be very data inefficient.
The setup of multiple trajectories was also used in [7| where the authors focused on stable SISO
(single-input and single-output) systems and derived sharp bounds on H, error between the true
unknown plant and the estimated FIR (finite impulse response) approximation.

Contributions: We focus on the partially observed LTI system (1) that can be open-loop stable
or unstable. Our contributions are two aspects. First, motivated by [7], we present a simple OLS to
estimate the Markov parameters using multiple trajectories. In contrast to [12, 14, 13|, the setup
of multiple trajectories allows for any spectral radius of A. Unlike [17], we utilize all data samples
in each trajectory for the OLS estimator, thus improving the data efficiency. See Table 1 for a
comparison with recent work on LTI system identification. Second, we present a non-asymptotic
analysis on the estimation error by leveraging standard concentration results of random matrices
with special upper-triangular Toeplitz structures in data matrices. The OSL estimator is provably
consistent for both stable and unstable systems, and the convergence rate scales as O(1/v/N) for
estimating the Markov parameters, where N is the number of trajectories. This rate is consistent
with previous work [17, 12, 13, 14, 7|; see Table 1. Unlike fully observed LTI systems where recent
work has proven that more unstable systems are easier to estimate [10, 6], our theoretical bound
suggests that partially observed LTI systems with bigger spectral radius p(A) are harder to estimate
when there exists process noise wy. Interestingly, if the process noise is zero, i.e., w; = 0, our
non-asymptotic bound is independent to p(A). Numerical experiments on two marginally stable and
unstable systems demonstrate the performance of our OLS estimator compared to that in [17, 14].



Table 1: A summary of recent non-asymptotic analysis for LTI system estimation

Paper Meas. Type Stability  Rollouts Data Inputs us a Ratz’ B.C.D
This work MIMO Any Multiple all Gaussian @ (N - %)
Sun et al., 2020 [17] MIMO Any Multiple final Gaussian O(Nfé)
Tu et al., 2017 [7]* Partiall SISO  p(A) <1 Multiple all  Deterministic (’)(N’%) o( N*%)
Oymak et al., 2019 [12] MIMO p(4) <1 Single all Gaussian O(N"2)
Sarkar et al., 2019 [13] MIMO p(A) <1 Single all Gaussian (’)(N_%)
Simchowitz et al., 2019[14] MIMO p(A) <1 Single all Gaussian O(Nfé)
Dean et al., 2019 [6] MIMO Any Multiple final Gaussian - O(N_%)
Sarkar et al., 2018 [9] Full)  MIMO  Any? Single  all Gaussian - O(N"?)
Simchowitz et al.,2018 [10] MIMO p(A) <1 Single all Gaussian - O(Nfé)

. For partially observed LTT systems, the convergence rate is typically expressed in terms of estimating the Markov
1
parameter G, scaling as O(N~ 2 ); The refined robustness result of Ho-Kalman algorithm in [9] (see also [15, 12])

suggests that the convergence rate for estimating A, B, C, D is O(Nfé). For robust controller design, we might not
need to estimate A, B, C, D explicitly; see Appendix C for further discussion.

. For fully observed LTI systems, the rate is expressed in terms of state space matrix estimation A, B;

L. Their method can be used for unstable SISO systems, but their results on Hoo error bounds are specialized for
open-loop stable SISO systems.

2 . The result requires a regularity condition on eigenvalues of A [9, Section 5]; also see [9, Theorem 1] for detailed
scaling of convergence.

Organization: The rest of this paper is organized as follows. We present the problem statement
and least-squares procedure in Section 2. Non-asymptotic analysis is discussed in Section 3, and
numerical results are presented in Section 4. Section 5 concludes the paper. Proofs are postponed to
the appendix, where some auxiliary results on non-zero initial state, recovery of state-space models,
and selecting the length of Markov parameters are also discussed.

Notation: Given a matrix A € R™*"  the Frobenius norm is denoted by ||A||p = y/Tr(AAT),
and we denote ||A]| as its spectral norm, i.e., its largest singular value omax(A). p(A) denotes the
spectral radius of a square matrix A, and AT denotes the transpose of matrix A. For a symmetric
matrix B € S, Apin(B) denotes its minimum eigenvalue. Multivariate normal distribution with
mean f and covariance matrix ¥ is denoted by N (u, X).

2 Problem Statement

We consider the MIMO (multiple-input and multiple-output) LTT system (1). It is assumed that the
process and measurement noises are i.i.d. Gaussian, i.e., wy ~ N(0,021) and v; ~ N(0,021). Given
a horizon T', we aim 1) to learn the first 7' Markov parameters of the system

G=[D CB CAB ... CAT2B] e RP*"T (2)

and 2) to provide a finite sample bound on the estimation accuracy. Together with the classical
Ho-Kalman algorithm [11] and recent robustness results in [12, 13|, a consistent estimate of G can
return a consistent estimation of system matrices (A4, B,C, D) up to a similarity transformation.
Note that the matrices B, and D, in (1) are unknown but not estimated.



2.1 Data collection via multiple rollouts

By running experiments in which the system (1) starts at 2o = 0! and the dynamics evolve with a
given input u;, we record the resulting output measurements y;. We call the input/output trajectory
(y¢, uy) from such experiment as a rollout. To identify the Markov parameter (2), we excite the
system with Gaussian noise u; ~ N (0,021) for N rollouts, each of length 7. The resulting dataset is

{<y§i>,u§i)> :1<i<N, ogth_1},

where t indexes the time in each rollout and ¢ denotes each independent rollout.

This multi-rollout data collection procedure is motivated by [7], where the authors focused on
open-loop stable SISO systems with optimal deterministic input design. This multi-rollout setup
is also adopted in recent work [17], where only the last output measurement y(TZ)_l is recorded in
each rollout. A similar multi-rollout setup is used for estimating fully observed LTI systems in [6].
Another widely-used data collection procedure is based on a single rollout |10, 14, 12, 13, 9|, where
we apply an input sequence from 0 to NV x T'— 1, without restart, and collect all the outputs. Table 1

lists a summary of recent non-asymptotic analysis of LTI system identification in different setups.

2.2 Least-squares procedure

To ease notation, for each rollout ¢, we organize the input/output data as

[ 7 7 7 T
g = [y 4O oy ] e R, N
u® = {u(()i) ugi) ugﬁ)_l} e R™<T

and the process/measurement noise as

w® = [w(()i) wgi) . wg,f)_l} € R?*T,
‘ S . (4)
@ = [v((f) vgz) v(Tlll] e RXT,
To establish an explicit connection with Markov parameters, each measurement y;,t =0,...,7T — 1

can be expanded recursively as (where we used the fact x(()i) =0)

yt(i) = ngi) + Dugi) + Dy

Ut , . . . 5
=S cat (a4 Bowl, ) + Dl + Diaf?. )
k=0

1We note that zo can be random with zero mean and bounded covariance, for which our estimation procedure
stays the same and the analysis can be easily carried over; see Appendix B for details. In addition, the length of
Markov parameters and the rollout length can be different; see Appendix E.



Upon defining two upper-triangular Toeplitz matrices corresponding to u® and w®, respectively,

ugy uf . “%—2
vh=10 0 uf ... W), ermTT
L0 0 0 uly @)
_w((]z) wgz) wéz) w%)_l_
0 ) )l
w® =1 0 0 w(()z) wgf)_?) e RIT*T,
L0 0 0 wi ]
and F = [0 CB, CAB, ... CAT_2BU,] € RP*4T | the measurement data (5) in each rollout i
can be compactly written as ‘ A A ‘
y D =aqUu® + FW® 4 D, (7)

Note that the noise terms W and v are zero-mean. We form the OLS problem as

N
G = i @ — xUu®2. 8
argXG{é}plng; ly I (8)

Defining our label matrix Y and input data matrix U as

Y= [y ... y™] ¢ RPN,
U=[U® ... UM] e RN,
the OLS becomes
min |V — XU| 3.
X eRpxmT

Hence, the least square solution is G =YUT where Ut = U T(UUT)_1 is the right pseudo-inverse of
U. Ideally, we would like the estimation error |G — G|| to be small. Our main result bounds this
error as a function of sample size N, length T', and noise levels oy, 0, and system parameters.

Remark 1 (Open-loop stability). For any fired T, the noise terms FW® D,w® in (7) are
zero mean with finite covariance, irrespective of p(A) < 1 or p(A) > 1. As shown in Sec-
tion 3, the OLS (8) is suitable for estimating both open-loop stable and unstable systems. For
the single-rollout setup in [12, 14, 13/, we need to generate N subsequences of length T, each of

. _ _ . _ T _
which evolves as yr = Guy + Fwy + Dyvy + e, with u; = [utT utT_l “I—T—i-l] e R w, =

[w;r w;';l w;';TH]T e R where the extra term e; = CAT_la:t_TH is due to the state at
time t — T + 1. The requirement of bounding this term makes the methods of [12, 13] only suitable
for strictly stable systems. Unfortunately, as pointed out in [1}], the condition p(A) < 1 is quite
restrictive, because simple oscillators and integrator from Newton’s law yield systems with p(A) = 1.
1

0 1
violates the strict stability. More recently, the authors in [14] have extended [12] for marginally stable
systems p(A) < 1 using a prefiltered OLS; see Table 1 for their comparison.

For example, the matrix A = [ }, corresponding to a discretization of Newton’s second law,



3 Results on Learning Markov Parameters

In this section, we work out the statistical rate for the OLS estimator (8) which uses all data samples
of each trajectory. Since W® and U® are independent, and v and U® are also independent,
our analysis is simpler than that in [12]. Similar to [6], our analysis ideas leverage standard non-
asymptotic analysis of random matrices with exploitation of the special Toeplitz structures of W
and U® in (6).

3.1 Theoretical bound on least-squares error
From (7), the systems of outputs are

Y = GU + FW + Dy,

where W = [W), ..., W] € RITNT oy = [y v(M] € RXNT, Following the OLS (8),
the estimation error is given by

G-G=yUuT(wuhH'-ag
=Y -gu)utwu") (9)
= (FW 4+ Do)UT(UUT) L.

Our main theorem quantifies the estimation error that captures the problem dependencies in term of
noise levels oy, 0y, system parameters F', D,,, and the dimension m + g + [.

Theorem 3.1. Fiz any 0 < 6 < 1. If the number of rollouts satisfies N > 8mT + 4(m + q + [ +
4)1og(3T/d), we have with probability at least 1 — &

A 0,C1 + 0, (o 1
_ P NI Nl
16 - ) < 29T [ (10

C1 = 8||Dy||\/2T(T + 1)(m + 1) 1og(27T /),

where

3 2
Cy = 16HFH\/<,1;3 + % + g) 2(m + q) log(27T/9).

Although this theorem is not hard to prove, we have a few interesting implications. First, the
bound (17) states that the estimation error |G — G|| behaviors as O(\/Lﬁ), which is consistent with
previous non-asymptotic results (they may scale differently with respect to other system quantities);
see Table 1. Second, our bound individually accounts for the process noise w; and measurement
noise v¢, while the results in [17] assume no process noise w; = 0. In addition, we have some further

observations below.

e Stable vs. unstable systems. Theorem 3.1 confirms that the OLS (8) returns a consistent estimation
of G for both stable and unstable systems, while results in [12, 13, 14| only work for stable systems
due to their single-rollout setup, as discussed in Remark 1. Recent results show that when states are
directly observed, unstable systems with bigger p(A) are easier the estimate in both multi-rollout [6]
and single-rollout [14]| setups. However, this statement might not be true for partially observed LTI
systems. In particular, the constant ||F|| will grow exponentially when p(A4) > 1 in Theorem 3.1,
suggesting that more trajectories are needed for unstable systems to achieve the same accuracy. This
is expected since the process noise w; will be amplified during the system evolution for unstable
systems. Interestingly, when the process noise w; = 0, the bound in Theorem 3.1 is independent to

p(A).



e Dependency of system dimensions. The bound (17) is not tight with respect to system dimensions.
First, there are pmT parameters in G to learn, and our bound states that we need O(mT) trajectories
(which is also required in [17]), each of which provides pT' measurements. There is a redundancy of
factor T'. Second, the constants C1 and Cy in Theorem 3.1 depends polynomially on the length T" of
G, suggesting more trajectories are needed to estimate longer Markov Parameters. However, our
numerical results (see Fig. 3) suggest that the normalized estimation error seems unrelated to the
length T after utilizing all data samples in (8). It is interesting to derive tighter bounds in future
work. To estimate A, B,C, D using the Ho-Kalman algorithm [11], the value of T should be big
enough to satisfy a rank condition on the Hankel matrix; see Appendix D for further discussion on
selecting T.

Finally, using the celebrated Ho-Kalman algorithm [11] and recent robustness analysis in[12, 9, 15],
we can obtain consistent state-space representation fl, B, é, D up to a similarity transformation. We
summarize this observation in the following corollary; See Appendix C for details on the Ho-Kalman
algorithm.

Corollary 3.1 (Recovery of System Parameters). Suppose that (A, B,C, D) in (1) is controllable
and observable. Then, for N and T sufficiently large, there exists a unitary matriz S, and a constant
Cs3 depending on system parameters (A, B,C, D), the dimension (n,m,p,q,l,T) and oy, 0y, 0y, and
logarithmic factor of N such that we have with high probability

max{(d — SASTI. 1 - $B]. 1€~ €51 - DI}y < .

where (/1, B.C, 15) is the output of the Ho-Kalman algorithm on the OLS estimation G from (8).

3.2 Proof sketch of Theorem 3.1

The basic proof idea is standard and similar to [6, 12, 17|. The spectral norm of the estimation
error (9) can be bounded as

16 = al < |[@un=| (Ien]jwoT || + 1. o).

Each term of the right-hand side will be bounded individually. In particular, we can show that with
high probability H(UUT)_lH behaves as O (%), HWUTH behaves as O(v/N), and HUUTH behaves
as O(v/N). Combining these terms leads to (17). Our proof relies on two standard lemmas in
concentration analysis of random matrices. The first lemma bounds the spectral norm of the product
of two Gaussian matrices |6, Lemma 1].

Lemma 3.1. Fiz a ¢ € (0,1) and N > 2(m + n)log(1/0). Let fr € R™, g € R™ be independent
random vectors fi ~ N(O,U?In),gk ~ N (0, O’SIm), k=1,...N. With probability at least 1 — 9,

< 40041/ N(m +n)log(9/d).

N
> feai

k=1

The second lemma gives a non-asymptotic bound on the minimum singular value of a standard
Wishart matrix |6, Lemma 2.



Lemma 3.2. Let up ~ N(0,021,),k =1,..., N be i.i.d vectors. With probability at least 1 — &, we
have

N
v (3T ) 2 VI - v - VR
u k=1

Using these two lemmas, we show bounds of |UUT||, |[vUT

and their proofs are provided in Appendix A.

)

wuT H in the following propositions,

Proposition 3.1. Fiz a 0 <6 <1, and N > 8mT + 16log(T'/d). We have with probability at least
1-90

1
Amin(UUT) > ZagN. (11)

Proposition 3.2. Fiz a 0 < <1, and N > 2(m +1)log(T/). We have with probability at least
1-46

[vUT|| < 20,0u\/2T(T + 1)N (m + 1) log(9T/6).

Proposition 3.3. Fiz a 0 <6 <1, and N > 4(m + q) log(T/d). We have with probability at least
1-96

3 T2 T

With the results in Propositions 3.1—3.3, Theorem 3.1 can be easily proved: Let N > 8mT +
4(m + q+1+4)log(37/5). Combining the estimates in Propositions 3.1-—3.3 via union bound, we
have with probability at least 1 — 9,

el
< oo™y Qefwo+ i o)

§04N <2O'v||D'U||\/2T(T + 1)N(m +1)log(27T/9)

u

5 T2 T
+ 4awHF||\/<3 +5 6) 2N (m + q) 10g(27T/5)>

_UvCl + 0u,Ca i
N Ou V N’

where the parameters C7, Cy are defined in Theorem 3.1.

We conclude this section by reiterating that details on Corollary 3.1 are postponed to Appendix C,
and that discussions of non-zero initial state and the length T of Markov parameter GG are provided
in Appendices B and D, respectively.

4 Numerical Experiments

We present a series of numerical experiments to demonstrate the performance of the OLS estimator (8).
We compare our method with the estimation approaches in [17, 14] for marginally stable systems,
and with [17] for unstable systems. Note that other methods in [12, 13| are only suitable for strictly
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Figure 1: Comparison with different methods: (a) marginally stable system Ay = Ay =1 (12); (b) open-loop
unstable system (13). The green curve with square dots denotes the OLS from [14] (single rollout); The blue
curve with diamond dots denotes the OLS from [17] (multi-rollout); The red curve with circle dots denotes
the OLS (8) in our work.

stable systems. Recall that [17] used the same multi-rollout setup but only records the last data

sample yg)_l, and [14] introduced a pre-filtered OLS relying on a single-rollout setup for which we set

the length as NT. All experiments were carried out in MATLAB, and our scripts can be downloaded
from https://github.com/zhengy09/SysId.

4.1 Estimation of marginally stable and unstable systems

We first consider a marginally stable system

1=l 3 =m0

D=0, B,=B, D, =1,

(12)

with A = 0.2, which corresponds to a discretization of Netwon’s second law. We also consider an
open-loop unstable system, adapted from [6], as follows

1.01 001 O
A=10.01 1.01 001|, C=[1 0 0],
0 001 101 (13)

B=1I3, D=0, By=1I5, D,=1.

In our data collection, we used inputs with o, = 1, and noises with o,, = 0.2 and ¢, = 0.5. For the
multi-rollout setup, the rollout length is set as 7' = 10, and we vary the number of rollouts from 50
to 500. For the method in [14], we run a new simulation with a single rollout of length NT'. The
behavior of different OLS estimates is illustrated in Fig. 1. As expected, increasing the number of
rollouts reduces the estimation errors for all methods. For all scenarios, utilizing all data samples in
our method returns a significantly better estimation than using the final data sample only in [17].
Note that we chose a typical set of parameters for the pre-filtered OLS [14], and by finely tuning the
parameters, its performance might be better than reported here.
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Figure 2: Estimation error for system (12) with varying length 7" and process noises. Left to right: o, = 0;
ow=0.2; 04 =04; 0, =0.6
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Figure 3: Estimation error for system (13) with varying length 7" and process noises. Left to right: o, = 0;
ow =0.2; 0, =0.4; 0, = 0.6.

4.2 Experiments with varying length 7" of Markov Parameters

Here, we present numerical results in which we fix the number of rollouts N = 500 and vary the rollout
length from 10 to 40. The standard deviations of input and measurement noise are o, = 1, 0, = 0.5,
and we vary the standard deviation of process noise from 0 to 0.6. The normalized estimation errors
are illustrated in Fig. 2 and Fig. 3. Interestingly, varying the length T' of the Markov parameters
seems to have little impact on the normalized errors of the OLS (8) and the prefiltered OLS in [14],
while the performance of [17] worsens quickly when the process noise o, is non-zero. Again, this
confirms the benefits of utilizing all the data samples, and also indicate the theoretical bound in
Theorem 3.1 is not tight. Another interesting point is that the behavior of the prefiltered OLS in [14]
seems independent of the process noise, suggesting that prefiltering can effectively mitigate the noise
level. It would be interesting to investigate how to incorporate prefiltering in the multi-rollout setup.

4.3 Experiments with varying spectral radius p(A)

Our final experiment demonstrates the influence of the spectral radius p(A) on estimation performance.
We consider a system with two inputs, two outputs, and state dimension being three, i.e., n =
3,m = 2,p = 2. We generate the system data as follows: matrix A with random integers from 1 to 5,
and matrices B, C, D with random integers from —2 to 2. Then, we re-scale the matrix A to adjust
its spectral radius p(A). In our simulations, we tested p(A) from 1 to 10. The numerical results are
shown in Figure 4. In this experiment, we fixed the length of Markov parameters as T'= 9, and the
number of rollouts as N = 1000. We used random inputs with ¢, = 1, and assumed measurement
noises with o, = 0.5. As clearly observed in Figure 4, when there is no process noise o,, = 0 (the left
subfigure), the estimation error is independent to the spectral radius p(A). When the process noise
becomes non-zero (the middle and right subfigures), the estimation errors become worse quickly as
p(A) goes bigger. These results are consistent with the theoretical prediction in Theorem 3.1.

10



106 106
0.12

W» :
0.1

101 101

A g

0.08 102 102

0.06 W. 100 109

102 102
0 5 10 0 5 10 0 5 10

Spectral radius of the open-loop system p(A)

I&-al

—@— Multi-rollout (all data) —— Multi-rollout (Sun et al.)

Figure 4: Estimation error with varying spectral radius p(A) and process noises. Left to right: o, = 0;
0w = 0.01; 0, = 0.05.

5 Conclusions

We have introduced a simple OLS estimator for partially observed LTI system identification using
multiple trajectories and analyzed its corresponding finite sample complexity. Our method utilizes all
data samples in the trajectories, thus making very efficient use of the available data, as demonstrated
in our experiments. For future work, it would be interesting to improve our analysis for the OLS
estimator, and to derive certain minimax risk lower bounds for identifying general LTI systems in
multi-rollout setup. It is also interesting to investigate other algorithmic variants (e.g., using outputs
in a prefiltering step [14, 15]) to mitigate system instability, and to adapt analysis techniques for
asymptotic normality [18] and data-dependent finite sample analysis [19] in the multi-rollout setup.
Similar to the Coarse-ID procedure [6], we are also interested in combining the results with robust
synthesis techniques (e.g., [8, 20, 21, 22]) to derive end-to-end guarantees for data-driven control.
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Appendix

A Proofs of Propositions 3.1-3.3

In this appendix, we provide the proofs of Propositions 3.1-3.3. For self-completeness, we first
introduce three technical lemmas.

Lemma A.1 ([23]). Given a positive semidefinite matriz A € ST, and another symmetric matriz
B € S", we have
)\min(A + B) Z )\min<B)-

Lemma A.2 (|23]). For any matriz A € R™*", we have

[A]l < [|AllF < /min{m, n}[|All.
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Lemma A.3 ([8, Lemma 2.10]). Let A be a block partitioned matriz with

A A ... A

Aor A ... Aoy,
A= . . . . ’

Aml Am2 v Amn

where each A;j has compatible dimensions. Then, we have

(Al [[A2ll -0 [[A1all

\AmH \A22H \A2nH
Al <

HAmlH HAm2H HAmnH

This lemma is true for any induced norm; see [8, Lemma 2.10| for a proof.

A.1 Proof of Proposition 3.1

Upon denoting the input data matrix of each rollout i as U = {ﬁéi) A(l)_

i) = [(u?))T, (ué“)T, 0, ..., OT eRrR™,

fort=0,...,7 — 1, we can write

(4)

For each t, the nonzero part of 4, follows a norm distribution with zero mean and covariance
aglm(t+1). According to Lemma 3.2, we have with probability at least 1 — 6/T

1 S ) [ NT
—2)\mm EtZut (ut ) EtT
u =1

>VN — /m(t+1) —\/2log(T/é), t=0,...,T—1,

where F; is a basis matrix that extracts the nonzero block.
Combining all of the estimates above via union bound, when VN > v'mT + /2log(T/6), by
Lemma A.1, we have with probability at least 1 — ¢,

N

T—1
T _ (1) (2) T
= E Uy ( E W)
t=0 1

=1 =1

=

12



which implies that

u

1 1 ZN @) (@ \"
gkmin (UUT) > ﬁ)\min ( Ur_q (uT—l) )
u i—1

> VN = VmT — \/210g(T/5).

The desired result in (11) follows by choosing the value of N such that

1
QJN > VmT + /2log(T/9).
This holds when N > 8mT + 16 log(T/§), considering the inequality (a + b)? < 2(a? + b?).

A.2 Proof of Proposition 3.2

For each rollout i, we can write

U(i)(U(i))T
r (¢ 7 % i 1T
£ ),
I
[v(()z) ne véf)_l] 0 0 u(()z) U’EFZ)—?,
Lo 0 0 ul) |
T—1 T-2
:[ o @)Y o )T ..,v%’ll(ué”f]
k=0 k=0
Therefore, we have

N T_l . . T_2 . . o .
:Z [ vliz)(u,(;))T, Zv,(:ll(ug))T, ol U:(ZE)_l(u(()Z))T] )

Applying Lemma 3.1 to each individual block, when N (T — j) > 2(m + 1) log(T'/é), we have with
probability at least 1 — §/7,

j . .
S o)

with ¢ = \/N(m +1)log(9T/d) for j = 0,...T — 1. Finally, union bounding over all these events,
by Lemma A.3, if N > 2(m + [)log(T'/d), we have with probability at least 1 — § the following

<Adoyoucy/ (T — j)

13



inequality holds:

N

Zv(i)(U(i))T

" N T-—
[ ZZ%(%)T szkJrl uk H ZUT 1 Uo H] H
i=1 k=0 k=0

<4oyoy ||[v/NT(m +1) log(_ 8), /N(T —1)( m+l)log 9T'/9), N(m +1)1log(97/6)]||
:401,0“\/]\7 m +1)1og(9/0) H[\F vT—1 ... ]H
=20,0,v/2T(T + 1)N(m + 1) log (9T /6).

N T-1

This completes the proof.

A.3 Proof of Proposition 3.3

Here, we prove the bound for

N
Z w@O@wenT

=1

|WUT|| =

We first give bounds on each ¢ x m block of the data matrix WUT that can be expressed as
WUy =3 Y w @), )T 1<j<T1<I<T
i=1 t=0
Applying Lemma 3.1 to the submatrix above, if N(T'— j + 1) > 4(q + m)log(T'/d), we have with
probability at least 1 — §/7?

| WU | < 400w VRN T =+ 1) + ) 105 (97 /3).

for 1 <I1<T,1<j<T. We define a scaling index

VT VT -1 VT -2 ... 1]
* \/T—l \/T—2 o1
M := * * T—2 ... 1
| * * * —_—

where * denotes the symmetric part. By Lemma A.2, we have
VT VT-1 VT—-2 ... 1]
x T —1 JT-2

P
M<| | * * -2 ... 1 :\2Z<Zl) (1+2+...+7)

k=1

—_

T
=\ (B2+k)—(1+2+...+7T)

N\ia

™ 712 T
5

3+2
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Finally, union bounding all the estimates of individual blocks, if N > 4(q+m)log(1/d), according
to Lemma A.3, we have with probability 1 —§

IWUT|| <M X 404,0u+/2N (m + q) log(9T/6)

which completes the proof.

B Non-zero initial state in each rollout

In this section, we discuss the influence of non-zero initial state in each rollout on the OLS estimator.
We highlight a minor modification of the theoretical bound in Theorem 3.1 when the initial state
follows an iid Gaussian distribution. '

Suppose that the initial state x(()z) of the i-th rollout satisfies x(()z) ~ N(0, agln). Each measurement
y,t =0,...,7 — 1 in (5) becomes

y = Ca? 4 D + Dy

t—1
= Z C Ak (Buggk_l + wagi)k_l) + Dugl) + C’Atac(()l) + vagl) , (14)
k=0

init. state  meas. noise

input & process noise

which is affected by input and process noises, initial state, measurement noise. Upon defining
H=[C CA CA? ... CAT-1] e rrT,
the measurement data (14) in each rollout ¢ can be compactly written as
y D =GUD + WO + g (IT ® x((f)) + D, (15)

Since the state information is not directly observable when C' #£ I, we treat the initial state xg as
noise, similar to the process/measurement noises wy, vy.
In this case, we can formulate the same OLS estimator (8). Now, we define

X, = [b@xél) IT®x(()N) c RIXNT

Then, the estimation error in (9) becomes

G-G=YUuT(wu"H'-aG
=Y -cu)ut(wuh (16)
= (FW 4+ HXo + D,o)UT(UUT) L.

Similar to Section 3.2, we have
1G =Gl < || (1E [woT || + 1T+ 1D [vuT]) -

We only need to bound the error term introduced by the non-zero initial state, given by the following
proposition.
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Proposition B.1. Fiz a 0 <6 <1, and N > 4(n+ m)log(T /). We have with probability at least
1-0

| XoUT|| < 4000u\/T(T 4+ 1)N(m + n)log(9T/6).

Proof. The proof is similar to that of Proposition 3.2/3.3. Consider that

%07 = {3 (Fr o af) @)
=1
[y (wi)T 0 0 0 ]
- mé’i(ug;f mél;(u%l;)T O
= Z zy (us )T ag ()T g ()T 0
=1 .
26! (W )T 2 W )T 2w )T W)

Applying Lemma 3.1 to each block of the matrix above, if N > 4(n + m)log(T/§), we have with
probability at least 1 — 6/T?

H(XOUT)UH < 4ogo\/2N(m + n)log(9T/8), 1<I<T,1<j<lL.

Union bounding all the estimates of individual blocks, if N > 4(n + m)log(T/J), according to
Lemma A.3, we have with probability 1 — §

1 00 ... 0
110 ... 0
XU <[ [t 1 1 - Of|l4090u\/2N(n +m)log(9T/))

111 1)
[1 0 0 0]
110 0

</|t b1 0 40004\/2N (n + m)log(9T /)
111 1,

=4000,\/T(T + 1)N(m + ¢) log(97/5).

We complete the proof. O

By slightly adjusting the proof of Theorem 3.1, we have the following corollary.

Corollary B.1. Suppose the initial state zg ~ N(0,0’%In), process/measurement noises wy ~
N(0,021,),v: ~ N(0,021;), and we choose the input uy ~ N(0,021,). Fir any 0 < & < 1. If the
number of rollouts satisfies N > 8mT + 4(m +n+ q+ 1+ 4)log(4T/0), we have with probability at

least 1 — 6
A v w 1
HG—GH < 00Co + 0,C1 + 0,Co /N7 (17)

Ou
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where

Co = 16||H||\/T(T + 1)(m + n) log(36T/9),
Cy = 8|| Dy ||\/2T(T + 1)(m + 1) log(36T/6),

Cy = 16||FH\/ r.r, €> 2(m + q) log(36T/9).

C Recovery of system parameters and Corollary 3.1

The celebrated Ho-Kalman algorithm [11] generates a controllable and observable state-space
realization (A, B,C, D) from the Markov parameter matrix G in (2). Recall that an LTI system
(A, B,C, D) is called controllable if

rank ([B- AB ... A" !B]) =
and observable if
C
CcA
rank ) =n.
CAn—l

Note that state-space realizations from the Markov parameters G are not unique, but they are only
different up to a similarity transformation.

To apply the Ho-Kalman algorithm, we need to construct the Hankel matrix H € RPT1x™
from the Markov parameter G

(T2+1)

CB CAB CA?B ... CA2B
CAB CA?2B (CA3B ... C(CALxflp
#—| CA’B  CA’B CA'B ... CA®T’B |
CATI-1B  CATL QAT | cATi+T-1p

where T' =T} + 15+ 1. We also denote ™~ to be the pT1 x mT> Hankel matrix created by dropping
the last block column of H. It is easy to check that

C C
CA CA
H= : (B AB ... AB], H = : (B AB ... AT7!pB].
C AT CAT!

Then, under the assumption of the controllability and observability of (A, B, C, D), both the Hankel
matrix H and its modified version H~ are of rank n, as long as min(71,7%) > n.
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The Ho-Kalman algorithm [11] on the noiseless Markov parameter G has
the following steps:
1. Perform the singular value decomposition (SVD): H~ = ULV, where
¥ e R™*™,

2. Compute the observability matrix O = U Z%, and return the first
p X n submatrix of O as C,

3. Compute the controllability matrix C = E%V, and return the first
n X m submatrix of C as B;

4. Return A = OTH*CT, where H is the pT} x mT, Hankel matrix by
dropping the first block column of H.
Note that D is the first p x m submatrix of G.

We can also apply the Ho-Kalman algorithm on the estimated Markov parameter G; see [12,
Algorithm 1]. The work [12] shows how the state-space estimations A, B,C, D degrade when using a
noisy estimation G. Precisely, we denote 1 as the analogous estimated version of H. The following
result is taken from [12, Corollary 5.4].

Proposition C.1 (|12, Corollary 5.4]). Suppose that (A, B,C, D) in (1) is controllable and observable.
Let (A, B,C, D) is the output of the Ho-Kalman algorithm on the OLS estimation G. Suppose

I~ A < ),

Then, there exists an unitary matriz S such that

. . - A nlH - HHHHH
max{||B — SBJ|,|C — CST|} <5y/nl[H ~H|,  [[A-SAST| < 72 )
Umln
As stated in [12, Lemma 5.2|, we have
|1 —H| < /min{Ty,T5 + 1}||G - G| (18)

Since || D — D|| < ||G — G|, for N sufficiently large and T large enough to have min{T}, T>} > n, we
can combine (18) and Proposition C.1 with Theorem 3.1 to arrive at the result in Corollary 3.1 with
a scaling of O(N~/4). A recent refined analysis of Ho-Kalman algorithm in [9] enables a rate of
estimation

max{[[A — SAST||, || B~ SBI|, |C — CST||} < C|IG - G,

where C is a problem-dependent constant (see |9, Section 5.3] for details). Combining this result
with Theorem 3.1, we arrive at the result in Corollary 3.1 with a scaling of O(N~1/2).

D Selecting the length of Markov Parameters T

As shown in Theorem 3.1 and the discussions therein, the constants C; and Cs depends on polynomials
on the length of Markov parameter T', suggesting a longer Markov parameter G requires more
trajectories to achieve the same accuracy. In our multi-rollout setup, we note that 7' is also the
length of each experiment. Therefore, we might want to use a small T" to reduce the workload of
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running experiments and improve sample efficiency. However, to guarantee the rank condition on the
Hankel matrices #,H~ in the Ho-Kalman algorithm, we need to make sure that min{7},75} > n,
where T7 + 15 + 1 = T'. In principle, the value of T should at least be 2n + 1, where n is the state
dimension.

On the other hand, we can represent open-loop stable systems in the frequency domain as follows

G 1
G(2) =C(2I —A)'B+D = k)— 1
()= CGI - A7 B+ D=3 G ;. (19
where G(k) € RP*™ denotes the kth spectral component. The form (19) is known as infinite impulse
responses of G. In particular, we have

D E=0
G(k) = ’
(k) {CAle E>1.

Upon denoting the least-squares solution G= [Go G ... GT—1], we form the estimated FIR
dynamics
T-1 1
z
k=0

If we want to bound the Ho, norm of G — C‘:, we can choose a value of T' to balance the truncation
error and OLS estimation error

R N e 1
IG = Gl = | Y- (GR) = Ci) 5 + > Gk
=0 k=T -
T—1 1 o] 1
< G(k) -G ) — —
<X (ew-6) |+ | ew
=0 Hoo k=T Hoo
OLS estimation error FIR truncation error

This strategy above has been widely used in robust controller synthesis after system identification;
see e.g., |7, 8, 24|, where an explicit state-space realization is not required.

E The length of Markov parameters and the rollout length can be
different

In OLS estimator (8), the rollout length of each experiment and the length of Markov Parameters

are the same. It is possible to use different lengths in the multi-rollout setup. Suppose we aim to

learn 77 Markov parameters and the rollout length is 75. Naturally, we need to ensure that 75 > T7.
Now for each rollout 7, we organize all the data as

7 i % 7 c 1

y( ) - |:y()) yg ) cte y(12) _1:| Rpx 27 ( )
i % % % X1

U()_— |:’UO() ’U§) ’UT(2) 1i| ERX 2,
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Each measurement y;,t = 0,...,75 — 1 can be expanded recursively as (where we used the fact
:E(()Z) =0)
yt(l) = C’aziz) + Dugl) + Dy

i1 ) . . . 21
=3 et (B, + Banl?, ) + Dul? + Dl @)
k=0

Upon defining two upper-triangular Toeplitz matrices corresponding to u(® and w®, respectively,

R
0 uOZ ulzl ... uTZ’B_Q . ui,f _9
U =10 0 u(()z) ... u%_g ... u%_:; e R xTz
i 0 0 0o . ug) ugé;ﬂ -
[0@ @ @ w® w? ] (22)
D wl) ) N @
) 0  w 1 Wy (L
WO =1 0 0 w(()l) .. wgf)_g w§32_3 e R <12,
0 0 0 owl L wl)
and
F=[0 CB, CAB, ... CAT'72B,] e RP*1,
and a residual signal matrix
B0 — cgTi—1 [0 o0 2D D $¥Q)—Tl+1} e RP¥T2.
the measurement data (21) in each rollout ¢ can be compactly written as
yD =gUu® + FW® + Do + EO (23)

proc. noise  meas. noie init. noie

where the output is affected by three types of noises: process noise, measurement noise, and the
noise introduced by the non-zero state x;_7,+1. Note that the noise terms W(i), v@ and E® are
zero-mean. We form the OLS problem as

N
G =arg min Z ly® — XUD|2. (24)
1

XeRpxmTy 4
1=

Defining our label matrix Y and input data matrix U as

Y= [y ... yM] e RPN
U=[00 .. W] eRmOXNT:
the OLS becomes R
min Y - XU,
X eRpxmTi
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IG = Gll/IG]
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Figure 5: Estimation error for system (13) with fixed 77 = 10. We varied rollout length 75 and process noises.
Left to right: o,, = 0; 0, = 0.2; 0, = 0.4; 0o, = 0.6. Estimation error 1: the result from OLS estimator (8),
and only take the first 73 Markov parameters; Estimation error 2: the result from OLS estimator (24);
Estimation error 3: the result from OLS estimator (8) and compare it with 75 Markov parameters.

and the least square solution is G = YUT. Following the analysis in Theorem 3.1, it is not difficult
to see that the OLS estimator (24) returns a consistent estimation.

Comparing the OLS estimator (8) and the OLS estimator (24): It is easy to see that they are
equivalent when 77 = T5. When fixing the length of Markov parameter 77 and increasing the rollout
length 75, we have two methods to estimate the 17 Markov parameters:

Gr,=[D CB CAB ... CAT~'B] e R

The first method is to use the OLS estimator (8) and only take the first 77 Markov parameters from
its solution; the second method is to use the OLS estimator (24). Note that in the presence of no
process noise w; = 0, we can see that there is always an extra noise term E(® in (23). This means
the OLS estimator (24) is not as good as the OLS estimator (8) in this case. This is confirmed
by the numerical results shown in Figure 5. When there is process noise, the OLS estimators (8)
and (24) have different balance: the constant F is increasing in (8), while the extra noise term E®)
in (24) is growing, when increasing the rollout length 75. Both these two OLS estimators suffer from
the system instability if there is process noise. In Figure 5, the results from the OLS estimator (8) is
numerically better than the OLS estimator (24) for this case.
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