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GPS-denied Navigation: Attitude, Position, Linear
Velocity, and Gravity Estimation with Nonlinear
Stochastic Observer

Hashim A. Hashim

Abstract—Successful navigation of a rigid-body traveling with
six degrees of freedom (6 DoF) requires accurate estimation of at-
titude, position, and linear velocity. The true navigation dynamics
are highly nonlinear and are modeled on the matrix Lie group of
SE2(3). This paper presents novel geometric nonlinear continu-
ous stochastic navigation observers on SE;(3) capturing the true
nonlinearity of the problem. The proposed observers combines
IMU and landmark measurements. It efficiently handles the IMU
measurement noise. The proposed observers are guaranteed to
be almost semi-globally uniformly ultimately bounded in the
mean square. Quaternion representation is provided. A real-
world quadrotor measurement dataset is used to validate the
effectiveness of the proposed observers in its discrete form.

Index Terms—Inertial navigation, stochastic system, Brownian
motion process, stochastic filter algorithm, stochastic differential
equation, Lie group, SE(3), SO(3), pose estimator, position,
attitude, feature measurement, inertial measurement unit, IMU.

I. INTRODUCTION

UTONOMOUS navigation would be infeasible without

robust algorithms that enable accurate pose (i.e. attitude
and position) and velocity estimation of a rigid-body. The chal-
lenge of attitude estimation, an essential component of pose,
has been explored extensively over the past three decades [1]-
[5]. Attitude can be defined given at least two observations in
the inertial-frame and their measurements in the body-frame.
For instance, a typical low-cost inertial measurement unit
(IMU) module includes a magnetometer and an accelerometer
which supply the two necessary body-frame measurements
and a gyroscope which provides measurements of angular
velocity. The main shortcoming of low-cost sensors is the high
level of noise. Multiple solutions tackle attitude measurement
uncertainty in attitude estimation, namely Gaussian filters [2],
nonlinear deterministic filters on the Special Orthogonal Group
SO(3) [3], [5], and nonlinear stochastic filters on SO(3)
[1], [4]. In contrast, pose estimation requires a vision unit
in addition to an IMU. Initially, Gaussian filters dominated
the area of pose estimation. In the last few years, nonlinear
deterministic filters on the Special Euclidean Group SE(3) [6],
[7] and nonlinear stochastic filters on SE(3) [8]-[10] have
been shown to be more effective. Pose estimation algorithms
rely on measurements of angular and linear velocity [8]. In
practice, linear velocity information is not attainable in case
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of 1) a GPS-denied environment and 2) a vehicle equipped
with low-cost sensors.

The true six degrees of freedom (6 DoF) navigation dynam-
ics are a combination of attitude, position, and linear velocity
dynamics. The dynamics are highly nonlinear, are modeled on
the Lie group of SE5(3), are neither right nor left invariant,
and rely on angular velocity and acceleration. The naviga-
tion problem has been approached using Gaussian filters, for
instance, [11]. Other solutions that attempted mimicking the
true navigation dynamics include a Riccati observer [12] and
an invariant extended Kalman filter (IEKF) on SE»(3) [13].

Considering the true nature of the navigation dynamics, this
paper proposes novel nonlinear stochastic navigation observers
on SE»(3) that 1) mimics the true navigation dynamics; 2)
estimates rigid-body’s attitude, position, linear velocity, and
unknown gravity; and 3) relies on measurements of angular
velocity and acceleration. The noise associated with IMU
measurements is successfully handled. The closed loop signals
are guaranteed to be almost semi-globally uniformly ultimately
bounded (SGUUB) in the mean square. The novel solutions
is shown to be cost-effective at a low sampling rate using a
real-world dataset.

The rest of the paper is organized as follows: Section
IT introduces important math notation and the preliminaries,
and formulates the navigation problem in a stochastic sense.
Section III presents a novel nonlinear stochastic navigation
observer. Section IV presents the obtained results. Finally,
Section V summarizes the work.

II. PROBLEM FORMULATION

A. Preliminaries

In this paper, sets of real numbers, nonnegative real num-
bers, and a real n-by-m dimensional space are defined by
R, Ry, and R™*™, respectively. For z € R™ and M €
R™ ™ ||z|| = vaxTx is the Euclidean norm of z and
[|M||Fp = /Tr{MM+*} is the Frobenius norm of M with
* being a conjugate transpose. I,, denotes an n-by-n identity
matrix, while 0,x., and 1, «,, denote n-by-m dimensional
matrices of zeros and ones, respectively. A set of eigenvalues
of M € R™*"™ is described by A(M) = {A1, Aa,..., A\, } with
Ay = A(M) being the maximum value and \,;, = A(M)
being the minimum value of A(M). P{-} represents probability
and E[-] denotes an expected value. {Z} represents fixed
inertial-frame and {B} denotes fixed body-frame. Rigid-body’s
attitude is defined by R € SO (3) where SO(3) = {R €
R3>3|RRT = RTR = I3, det(R) = +1} with det(-) being
a determinant. so(3) defines the Lie algebra of SO(3) with
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50(3) = {[z]x € R¥?|[z]] = —[7]x,r € R?}. Note that
[*]x is a skew symmetric matrix such that

T

T2

T3

[ 0 —XI3 X2

T3 0 —X1

—T2 X1 0

The inverse mapping of [-]« follows the map vex : so (3) —
R? with vex([r]x) = z,Vx € R3. The anti-symmetric
projection on so (3) is represented by P, (A4) = $(A—AT) €
50(3),VA € R3*3, Y = vex o P, describes a composition
mapping where Y (A) = vex(P,(A4)) € R3, VA € R3*3.
The Euclidean distance of R € SO (3) is described by

|R[|r = Te{Is — R}/4 € [0,1] (1)

where —1 < Tr{R} < 3 and ||R||; = &|[Is — R||%, see [1],
[4]. Consider a rigid-body navigating in 3D space where its
attitude, position, and velocity are termed R € SO (3), P €
R3, and V € R3, respectively, with R € {B} and P,V € {Z}.
Let SE; (3) = SO (3) x R3 xR C R®*5 be the extended form
of SE (3) = SO (3) x R? ¢ R*** with

SE; (3) ={X e R°*°| Re SO (3),P,V R’} (2

(2], =

] €s0(3), z=

R PV
X=URPV)=| Oxs 1 0 |€SE,(3) ()
O1x3 0 1

X € SE; (3) denotes a homogeneous navigation matrix which
is assumed to be bounded. The tangent space of SE; (3) at
point X is TxSE; (3) € R5*®. Define a submanifold Uy =
50 (3) x R3 x R? x R C R5%5 such that

Un = {u([Qx,V,a,r)| [Qx € 50(3),V,a € R k € R}
Qx V a
O1x3 0 O
O1x3 & O
with © € R?, V € R3, and a € R? being the rigid-body’s
true angular velocity, linear velocity, and apparent acceleration

composed of all non-gravitational forces affecting the rigid-
body, respectively, where €2, a € {B}.

u([Qx,V,a,k) = elUp C RS (4)

B. Measurements and Dynamics
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Fig. 1. Navigation estimation problem.
The true dynamics of the homogeneous navigation matrix
in (3) are as follow:
R =R[Q],
P =V
V =Ra+ ?

X =XU-¢gX (5)
N—————

Compact form

with ? denoting a gravity vector. The left portion

of (5) represents the detailed navigation dynamics,
while the right portion is its equivalent compact
R PV
form with X = 0ix3 1 0 € SEs(3),
Oi1x3 0 1
[Q] x O3x1 a
U=u([Qx,03x1,a,1) = | 01x3 0 0 | €Up, and
O1x3 1 0
Osx3 Osx1 — &

G = u(03¢3,03x1,— 1) = | O1x3 0 0 €
O1x3 1 0
Uy, visit (4). Note that X : SEy (3) x Upns — TxSEq (3).
The components of the navigation matrix X, namely R, P,
and V, become completely unknown when the vehicle is
equipped with low-cost sensors in a GPS-denied environment.
Fig. 1 depicts the navigation problem. Availability of a set of
sensor measurements enables the estimation of X. Consider
a group of n landmarks observed in {Z} and measured in
{B} [8]-[10]:

yi = Xﬁlpi + [(nly)'l" O’O]T € RS

yi=R"(p; — P)+n! € R? (6)

where X' = U(RT,~R"P,—R"V), p; € {Z} denotes the
ith landmark observation, y; € {B} denotes the sth landmark
measurement, and n! € {B} denotes the noise associated with
Yi» U; = [y ,1,0]", and B, = [p],1,0]. Note that in this
analysis, nf is assumed to be zero.

Assumption 1. The number of non-collinear landmarks avail-
able for observation and measurement is greater or equal to
three.

Measurements of (2 and a are easily obtainable by a low-
cost IMU module:

O
am

with ng and n, being unknown bounded zero-mean noise.
A derivative of a Gaussian process is a Gaussian process.
Therefore, one can express ng = QdBq/dt and n, =
Qdf,/dt as Brownian motion process vectors [14], [15] with
Q = diag(Qi1,1,922,933) € R3*3 being an unknown
positive time-variant diagonal matrix. 0?2 = QQT denotes
the covariance of ng and n,. For more details on the Brow-
nian motion properties with regard to the attitude and pose
estimation problems visit [1], [4], [8]. Hence, the attitude
dynamics in (5) can be represented in an incremental form
as dR = R[Q,]xdt — R[QdSq]«. From (1), the dynamics in
(5) may be rewritten as a stochastic differential equation:

=Q0+4+ng eR?

7
=a+ng, €R3 @

dl[R|li = (1/2)vex(Pa(R)) (Umdt — QdfBo)
dP = Vdt (8)
av = (Ray, + g)dt — RQdf,

where  Tr{R[Q,]x} = Tr{Po(R)[Qm]x } =

—2vex(P4(R)) " Q,,, visit [1], [8], [16]. In other words, (8)
can be described as

dz = fdt + hQdp 9)



where = = [|R||,PT,VT]T € R, f =
[(1/2)vex(Po(R) ", VT, (Ram + €)']T € R,
h e R™, Qdf = [d8}Q,05,,,d8,Q]" € R,

Q = diag(Q,Q,9) € R”?, and 3 = [3,04,1,8,]" € R’
Note that diag denotes a diagonal matrix. With the aim of
achieving adaptive stabilization, define

o = [sup Qy.1,5up Qz.9,5up Q3 3] € R3 (10)
0 >0

t>0 t>

Definition 1. [4], [8], [16], [17] For the stochastic dynamics
in (9), (t) is almost SGUUB if for a known set A € R” and
x(to) there is a constant ¢ > 0 and a time constant 7. =
Te(K, x(to)) with E[||z(to)]]] < ¢,Vt > to + ¢

Lemma 1. [/4] Consider the stochastic system in (9) and
suppose that V(x) is a twice differentiable cost function with
V:R” — Ry such that

LV(z) =V]f+ %Tr{h@ghTVm} (11)

where LV(z) denotes a differential operator, V,, = 0V /0x
and V., = 0°V /02 Define wi(-) and ws(-) as class Koo
functions and let constants 11 > 0 and 12 > 0 such that

@1 () < V(z) < wa(x)

LV(z) =V]f+ %Tr{h@QhTVm} < —mV(z)+mn (13)

12)

Thus, the stochastic differential system in (8) has almost a
unique strong solution on [0, 00). Additionally, the solution x
is bounded in probability satisfying

E[V(z)] < V(x(0))exp(—mt) +n2/m

Furthermore, the inequality in (14) shows that x is SGUUB
in the mean square.

(14)

C. Estimates, Error, and Measurements Setup

Consider & to be the estimate of o described in (10). Let
the covariance error be

G=0—6€eR?

Let the estimate of X € SE; (3) in (3) be

A o R PV
X=UR,P,V)=| 01x5 1 0 | €SEy(3) (15)
01><3 0 1

where R € SO (3), P € R3,and V € R3 refer to the estimates
of R, P, and V, respectively. Define the error between X and
X as

such that X~' = W(RT,—R"P,—-R'V), R= RR', P =
P—RP,and V =V — RV. The overarching objective of
driving X — X means that X — I, R — I3, P = 03%1,
and V — 03x1. Let us define the error as

o 51

9, =p; — X pi:@*X@': [(pi*Ryi*P)T’O’O]T

where g, = [g,0,0]", p; — Ry; — P = p; — P, p; = p; — Rp,
and P = P — RP. Let s; > 0 be the sensor confidence level
of the 7th measurement. Define the following elements in the
context of available vector measurements:

Pe = - il SiPiy ST =Dy Si

M =37 si(pi — pe)(pi —pe) "

=X sipipd — sTpep! . ae)
]’%T]DE = Z?:l Sigi = é Z—?:l Si(pi ~— Ryi — P)

MR =37 si(pi—pe)(pi — P)TR

=" si(pi—pe)yi RT

It can be deduced that R — I indicates that P, — P.

Lemma 2. Let R € SO(3) and M = M € R3*3 as
in (16). Consider M = Tr{M}I3 — M where Ayp and
Xﬁ denote the minimum and the maximum eigenvalues of
M, respectively. Since ||MR||; = 1Te{M (I3 — R)} and
Y (MR) = vex(Po(MR)), then

A . - . _ -
= (L4 Tr{R})[[MR]]; < IC(MR)|* < 224|[MR||:  (17)
Proof. See ( [6], Lemma 1). O]

In view of Lemma 2, let A(M) = {\1, A2, A3} with A3 >
A2 > A1. According to Assumption 1, all the eigenvalues of
A(M) are nonnegative, and at least A\, and A3 are greater than
zero. As such, ( [18] page. 553): 1) M is positive-definite,
and 2) )\(M) = {)\3 4+ Ao, A3+ A, Ao + )\1} such that A =
Ao+ A1 > 0.

Definition 2. Define an unstable set U; C SO (3) as

U, = {R(O) € SO (3)| Te{R(0)} = —1} (18)
where R(0) € U, if one of the following conditions is met:
R(0) = diag(1, —1,—1), R(0) = diag(—1,1,-1), or R(0) =
diag(—1, —1,1) which indicates that || R(0)||; = +1.

III. NONLINEAR STOCHASTIC NAVIGATION OBSERVER

In view of the vector measurements in (16), and the true
compact dynamics defined in (5), we propose the following
nonlinear stochastic navigation observer with known gravity
developed on the matrix Lie Group of SE, (3) and compactly
expressed as:

X =XU,, - WX (19)
with Un =
[Qm] x O3x1 ap
01x3 0 0
01x3 1 0
he estimate of X, and W =

u([Qm}XvOSXhamvl) =

€ Un, X € SE5 (3) being

=
T

u((walx, wy,we, 1) =

['LUQ]X Wy Wq
01x3 0 0 € Upn being a matrix composed
O1x3 1 0

of correction factors. It becomes apparent that



X : SE, (3) x Upg — T SEy (3) C R5*5. The observer in
(19) can be detailed as follows:

]? = R[Qp]x — [wQ]XR
p = V - [wﬂ]xp -
V :Eam—[wﬂ]x‘?—wa
we kw(|[MR||; + 1) X (MR)
1[[MR|;+2 -
4de1ag(R Y (MR))é (20)
wy = [pe)xwa — kR P
Wq = —? - k‘aRTPE
kr :%%exp(wéul) )
oo = kndiag(RTY(MR))RTY(MR) — ko106

with ky,, ky, kg, Vo, and k, being positive constants. Quater-
nion representation of (20) is presented in the Appendix.

Theorem 1. Consider the stochastic system in (8). Let As-
sumption 1 hold true. Let the nonlinear navigation stochastic
observer in (19) be combined with the set of measurements in
(16) along with yj, = X 1p;, Q. = Q+ngq, and a,, = a+n,.
Hence, for R(0) ¢ U, defined in (18), all the signals in
the closed-loop are almost semi-globally uniformly ultimately
bounded in the mean square.

Proof. Considering (8) and (20), one obtains

dR = Rlwg]xdt — ~[RQdﬂQ]><

dP = (V + Rwy)dt + R[P], kQdfq o

dv ((13— R)g + Rw,)dt — RRQdf,
—R[V]«RQdp

Thus, it is straightforward to show that

- 1 - 1 .
d||MR||; :ir(MR)TdeH—ir(MR)TRQdﬁQ
L _ ~fR o hr
dR"P. = (R'V —[p.— R" P.]xwq + wy) dt
A~ ~fP~ A
+—[P —pe+ RTP.]x R Qdfq
hp
dRTV = (—[wa]xR"V +(R—13)" & 4+ w,) dt
~ A fv/\
~[[RTV]«R R ][ QdBa QdB, |"
hy
(22)

Let V= V(||MR||;,R" P.,R"V,&) be a Lyapunov function
candidate given by

V=ve4 Vb (23)

The real-valued function V* has the map V¢ : SO (3) x R? —
R, defined by

. . 1
V"=eXP(IIMRHI)IIMRH1+WHUIIQ 24)

In view of (11), one easily finds that VHMRII (IIMR||; +

1)exp(ER) and VHMRII ME = = (|IMR||; + 2)exp(ER).
From (13) and (22), one obtains

a a 24 Tyra 1 ~T A
LV =V, fr+ §Tr{hRQ RVt — 570 0
1 . . .
<3 exp(|[MR|[)(|[MR||1 + D)X (MR) wq
+ krY(MR)" Rdiag(c)R" Y (MR) — 1575 (25)

o

where Q2 < diag(c) as in (10). Replacing wq and & with
their definitions in (20) and considering (17) in Lemma 2,
one finds

LV <

=~ kwAgr ~ ~ ST
(U T ) BB e (0 R MR + ko0 5
"o

where k.50 < (ky/2)|lo|]* + (ks /2)||5]* as to Young’s
inequality and cg = 1 \g7(1+Tr{R}). Bringing our attention
to the second part of (23), the real-valued function V® has the
map V? : SO (3) x R3 x R® — R, defined by
IRTE[*  IRTVI*  [[RTVIPVTRRTP.
Jr —
4 4k, L

where k, and p are positive constants. From (11), one has

B B ka ~
< —kwerexp(||MR|DMEl - - l5]” + (26)

Vb = 27)

Vb

-~ -~ 1 ~—~ -~
RTP. — ||RTP6H2RTPE - ;HRTVHQRTV

b
VRTP RT P,

b
VR"—V

IR P.|PL, + 2R B.PT R
1 i o
f||RTV\| RTV — | RTVIPRTE.

(28)

Virvary = ;dllRTV\IQI3 -

RTEVTR

N

Therefore, from (13), (22), (27), and (28), one obtains
T 1

LV = Vi p fo 4 5T{hp QhpVie 5 e p )

1

+VbTVfV+ TI‘{h\/Q2h TVRTV}

< — (ko — 01)HRTPEH4 —(1/p—c)|[RTV*

+ (kaky/p® + c3)|[RT V|| RT P||?

3Cp

+egl[RTVIP|ITs = Rl + (55— + 7)I| [

5 (29)
Al

3cp 4 1 - 1 _ II?H
where ¢ = = + 3, = o tm = 4 4kd
_ ||?H ?

Cg = ‘5hy , ey = sup;so(l + V1?), and cp =
Sup;>q ||[P — pCH2 Also, one finds Tr{ RQ*R"} = Tr{Q?},

VTRwq], RTV = 0, and |[I; — R||p = 2v2\/||R||i <
A/ ||M R||1 Hence, the inequality in (29) becomes

ky, —c L(kgky, /p? + c3)
EVb < _ T v 1 2 v
S €6 |: %(kdku/lﬁﬁ-cg) ﬁ_CQ €1
Ay
HT 712 5 3cp 2
+cgllR V| ||13_RHF+(7+7 lle[l® (30)

2

where e; = [[|RT P.||?,||RTV|?]". It can be deduced that A,
can be made positive by selecting &, > 3/4, k, > pc./c,, and



ky, > cyp?/(uc; — c;). Considering the parameter selection
above, define A\; = A(A41). In view of (23), (26), and (30), the
differential operator £V can be expressed as

LV < — kycrexp(|[MR||0)][M Rl — (ks /2)]|5]?
+ (ko /2)[lo]® = A[|[RTE|[* = A [[RTV
3Cp

+ | RTVIPIL: = Rllr + (57 + £l

ez — (ko /2)||51]”

C
kwer | F1ixe
C
7912x1‘ Mg

Az

Seg[

+ n2l|o||? 31)

where ¢5 = [y/exp([MR|I)|IMRI1 | BT B[, || RTV|2)T
and 1y = 33” + szVd' To make A positive,
consider  selecting  k,cr); > c2/4.  Define
er = [\/exp(l|MIE5||I)\\MRHL|\1'35T15’5||27IU'?T‘~/H2,|I3|I]T and
m = min{\(As), k,/2}. Hence, one has

LY < —mller|® + nallo]|? (32)

such that
dE[V]/dt =
In accordance with Lemma 1, it becomes apparent that

0 <E[V(®)] < V(0)exp(=mt) + nz/m, Yt >0

E[LV] < —mE[V] + n2 (33)

Thus, it can be seen that the vector er is almost SGUUB
which completes the proof. O

A. Nonlinear Stochastic Observer with Unknown Gravity

Consider an unknown gravity vector ? and let g denote
the estimate of ? Define the error between g and ? as g =
E — Rg. Modify w, in the observer design in (20) to include
é as follows:

Wy = —§ — koR' P.

—[wa]xg + pyg R P: (34)

where 7, > 0 is an adaptation gain. Let V =

V(||[MR||;,R"P.,R"V,R"g,5) be a Lyapunov function
candidate glven by V = V2 +V? where V¢ is as in (24) while
yo — LB P H4 WRTVI* | [[RTgl® _ IRTVIPVTRRTP.

4kq 274 “w

w. Following the analogous proving steps of
Theorem 1 the obtained result is similar to (33).

The detailed implementation steps of the observer in its
discrete form can be found in Algorithm 1, where At denotes
a small sample time.

é:

IV. EXPERIMENTAL RESULTS

This section experimentally evaluates the performance of
the proposed nonlinear stochastic navigation observers on the
Lie group of SE; (3). The discrete forms of the proposed
observers (known gravity and unknown gravity) outlined in
Algorithm 1 have been examined using real-word data (EuRoc
dataset) [19]. The dataset contains the ground truth, IMU mea-
surements obtained by ADIS16448 at a sampling rate of 200

Algorithm 1 Discrete nonlinear stochastic observer
Initialization:
1: Set RO\O € SO (3), and PO\O, V0|0, 5’0‘0, go € R3
2: Start with k£ = 0 and select the design parameters
while (1) do

. Ry Poe Vi
3: X}c\k = O1x3 1 0 and
Oi1x3 O 1
. [Qm{k]]x 03x1 am[k}
U = 01x3 0 0
01x3 1 0
/* Prediction */
4: Xk+l\k = Xk|k eXp(UkAt)
/* Update step */
Pe = é Z?:1 sipilk], sr = 2?21 Si
. My, =" sipilklpd K] — STpcpAcT
C\MRe =S s il - po) v KR
R'P.[K) = SlT > iz si(pilk] = Rugeyilk] — Pegage)
wa k] Few (|| M Ry |1 + 1) X (MRy)
L IMBELE2 , diag(R] Y (M Ry))on
o Jwvle) = [pelbl]xwalk] - k, BT PL[K
/* If gravity is known, g1 = ? */
g1 = erAt(—lwa[k]]xgk + py R P-[k])
walk] = —grt1 — koRT P. (k]
[wolk]]x  wyv[k]  walk]
7. Wy, = O1x3 0 0
O1x3 1 0

b ki = 7 IAIE2 o077 )
9: Gk4+1 =0k + Athdlag(RkJrl‘kT(MRk))Rk+1|kT(MRk)

. _Atko"}/agk: R
10: X’H—Hk-‘rl = eXp(7VV]€A15)AX]€_H|]C
1n: k=k+1

end while

Hz, and stereo images obtained by MT9V034 at a sampling
rate of 20 Hz. Owing to the fact that landmark positions are
not included in the dataset, landmarks are placed arbitrarily.
To increase the rigor of the experiment, IMU measurements
were supplemented with additional normally distributed noise
no = N(0,0.12) (rad/sec) and n, = N(0,0.11) (m/sec?)
with a zero mean and a standard deviation 0.12 and 0.11,
respectively. The design parameters are selected as follows:
ko = 3, k, = 10, kg = 10, v» = 3, 75 = 2, and
k, = 0.1, while the initial covariance estimate is & (0) =
g (0) = [07 0, O]T

Fig. 2 shows strong tracking capabilities in view of uncer-
tain measurements and large initialization error in attitude and
position. Fig. 4 demonstrates fast convergence of the error
components ||[RRT |1, ||P—P||, ||V = V||, and ||g — &|| from
large values to the close neighborhood of the origin. It can
be noticed that impressive results have been achieved at low
sampling rates demonstrating the computational inexpensive-
ness of the proposed algorithm.
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discrete navigation observers (Algorithm 1; red dashed-line and blue center-
line). The landmarks are plotted as black circles.
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Fig. 3. Position: true (black solid-line) vs estimated observers (red dashed-line
and blue center-line).

V. CONCLUSION

This paper addresses the problem of attitude, position, linear
velocity, and gravity estimation of a vehicle traveling with
6 DoF. Nonlinear stochastic navigation observers on SEs(3)
has been proposed. The proposed observers are guaranteed to
be almost SGUUB in the mean square. Experimental results
revealed robustness and fast adaptability of the proposed

approach for identification of unknown pose, linear velocity
and gravity.
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Appendix
Quaternion of the Proposed Observers

Let Q = [g0,q']" € S® denote a unit-quaternion vec-
tor where ¢qg € R and ¢ € R3? such that S* =

{QeRY||QIl = V@ +q'q = 1}. The inverse of Q
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Fig. 4. Error of proposed observers: Known Gravity vs Unknown Gravity.

is Q7' = [q —q" ] € S5 Let ® be a quaternion
product such that the quaternion multiplication of Q1 =
[qo1 ¢/ ]T € S® and Q2 = [qo2 ¢ |7 € S is
Q1 © Q2 = [q01902 — 41 42, 90142 + qo2¢1 + [q1]xq2] . The
mapping from unit-quaternion to SO (3) is Rq : S* — SO (3)

R = (05— llal*)Ts + 299" + 240 [¢] . €SO(3)  (35)
The quaternion identity is Q1 = [£1,0,0,0]T where R, =
I, see (35). For more details, visit [20]. Q = [Go,q"]" €S3
is the estimate of @ = [go,¢']" € S* such that Ry =
(@ — 11d1>)Xs + 244" + 24o (4], € SO(3). Considering
gravity estimation, the equivalent quaternion representation of
the observer in (20) and (34) is as follows:

Yi =pi —Rgyi — P

Q, =MR= 21—1 si (pi — pe) szRg

Y(¢,) = \iexg’Pa(CI)q))

Vg =R'P.= L300 s

MR = YTe(M - ,}

o _ [ o - I U

Q. —[Qnlx |’ wa  [wa]x

Q =16,,Q - 39Q

P :V—[wQ]XP—wV

14 :RQam—[wQ]XV—wa

wo = k(MR + DY (®,)
ﬁ%nédmgmgr(@q))&

wy = [pe]xwa — kyvy

We = —g — kqvgq

é = —[wo]xg + ,fVYqu ~

kr = (Yo /8)([|MR||r + 2) exp(|| M R||1)

N = kndiag(RLY(®g))REY(®y) — koot
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