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Stacking Integrators Without Sacrificing the Overshoot in Reset
Control Systems

Nima Karbasizadeh! and S. Hassan HosseinNial

Abstract— According to the well-known loop-shaping control
design approach, the steady-state precision of control systems
can be improved by stacking integrators. However, due to
the waterbed effect in linear control systems, such an action
will worsen the transient response by increasing overshoot
and creating wind-up problems. This paper presents a new
architecture for rest control systems that can significantly
decrease the overshoot and create a no-overshoot performance
even in the presence of stacked integrators. The steady-state
analysis of the proposed system will also show that improved
precision expected due to stacked integrators can be achieved
as well. A numerical simulation study is presented to verify the
results, and the tuning guide is presented.

[. INTRODUCTION

Increase the gain in lower frequencies as much as pos-
sible, this is one of the basic controller design criteria,
particularly in precision motion control. The criterion comes
from the well-known loop shaping technique for designing
controllers in frequency domain [1]. Such a design allows
for reducing the steady-sate error due to reference tracking
and disturbances. One of the possible ways to increase the
gain at lower frequencies is to stack integrators. However,
a well-known fundamental limitation of linear control sys-
tems precludes stacking too many integrators, the so-called
“Waterbed Effect” [2]. One can interpret the waterbed effect
for stacking integrators as excessive overshoot in transient
response. However nonlinear control systems are not inherent
to this limitations.

Reset control is one of the nonlinear control techniques
which introduces a simple non-linearity to control systems
but allows the the control system to overcome the linear
control limitations. Reset controllers were first proposed by
Clegg [3] in forms of a reset integrator which can improve
the transient response of a control system. In order to address
the drawbacks and exploiting the benefits, the idea was
later extended to more sophisticated elements such as “First-
Order Reset Element” [4], [5] and “Second-Order Reset
Element” [6] or using Clegg’s integrator in form of PI+CI [7]
or resetting the state to a fraction of its current value,
known as partial resetting [8]. Reset control has also recently
been used to approximate the complex-order filters [9], [10].
Advantage of using reset control over linear control has
been shown in many studies especially in precision motion
control [8], [11]-[15], [15]-[20]. However, these studies
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are mostly focused on solving one problem. For example
they either improve transient or steady-state response of the
system while paying little or no attention to the other.

One of the recent studies introduces a new reset element
called “Constant-in-Gain, Lead-in-Phase” (CgLp) element
which is proposed based on the loop-shaping concept [10].
Describing Function (DF) analysis of this element shows
that it can provide broadband phase lead while maintaining
a constant gain. Such an element is used in the literature
to replace some part of the differentiation action in PID
controllers as it will help improve the precision of the system
according to loop-shaping concept [10], [13], [14], [19].

In [13], [19], it is suggested that DF analysis for reset control
systems can be inaccurate as it neglects the higher-order
harmonics created in response of reset control systems. It is
concluded that higher-order harmonics can adversely affect
the steady-state precision of the system.

One of the benefits of providing phase lead through CgLp is
improving the transient response properties of the system,
as it is shown that it reduces the overshoot and settling
time of the system. However, the way to achieve this goal
is not only through phase compensation around cross-over
frequency. It is shown in [21] that since reset control systems
are nonlinear systems, the sequence of elements in control
loop affects the output of the system. It was shown that when
the lead elements are placed before reset element, it can
improve the overshoot of the system. However, no systematic
approach is proposed there for further improving the transient
response. In [22], it is shown that by changing the resetting
condition of reset element to reset based in its input and
its derivative, overshoot limitation in linear control, systems
can be overcome. This limitation has also been broken using
the same technique in another hybrid control system called
“Hybrid Integrator Gain System” (HIGS) [23]. However, in
these studies the effect of such an action on steady-state
performance of the system is not addressed.

The main contribution of this paper is to propose a new archi-
tecture for CgLp element which can benefit from increased
steady-state precision due to stacked integrators while com-
pensating the increased overshoot and even eliminating the
overshoot. This paper shows that this architecture will not
even increase the maximum of control input and thus is
less prone to wind-up problems. A guideline for tuning the
proposed architecture is also provided.

The remainder of this paper is organized as follows:
Section II introduces the preliminaries of the research. Sec-
tion III will present the proposed reset control architecture
and its properties. Section IV will introduce the suggested
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control loop design and Section V will present a numerical
study on closed-loop transient response of the proposed
control system and provides the tuning guideline. Section VI
presents the closed-loop steady-state performance analysis
of the proposed control system. At last, paper closes with
conclusion and ongoing work tips.

II. PRELIMINARIES

This section will discuss the preliminaries of this study.

A. General Reset Controller

The general form of reset controllers used in this study is
as following:

i (t) = Apz,(t) + Bre(t), if e(t) #0
ZR =z, (tT) = Az, (t), ife(t)=0 (1)
u(t) = Crar(t) + Dye(t)

where A,., B,., C,., D, denote the state space matrices of the
base linear system (BLS) and reset matrix is denoted by
A, = diag(y1,...,7y») which contains the reset coefficients
for each state. e(¢) and wu(t) represent the input and output
for the reset controller, respectively.

B. Hpg condition

The quadratic stability of the closed loop reset system
when the base linear system is stable can be examined by
the following condition [8], [24].

Theorem 1: There exist a constant 5 € R""*" and pos-
itive definite matrix P, € R"*", such that the restricted
Lyapunov equation

x1

P>0, ALP+PA, <O (2)
BIP =C) 3)
has a solution for P, where Cy and By are defined by
0n,,><7u.
CVO = [ /BCp On,«><n,w Pp ] 5 BO = Onm‘xnr
Inr
4)
and
AlP,A,—P,<0 (5)

where A.; is the closed loop A-matrix including an LTI
plant dynamics. n, is the number of states being reset and
Ny, being the number of non-resetting states and n,, is the
number states for the plant. A,, B,,Cp, D, are the state
space matrices of the plant.

In [25], the Hz condition is extended to systems where reset
element is not the first element in the loop, in other words,
the input to the reset element is a shaped error signal. The
stability analysis of elements presented in this paper can be
done using theories in [25].
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Fig. 1: The concept of using combination of a reset lag and a linear lead
element to form a CgLp element. The figure is from [10].

C. Describing Functions

Describing function analysis is the known approach in lit-
erature for approximation of frequency response of nonlinear
systems like reset controllers [26]. However, the DF method
only takes the first harmonic of Fourier series decomposition
of the output into account and neglects the effects of the
higher order harmonics. This simplification can be signif-
icantly inaccurate under certain circumstances [13], [27].
The “Higher Order Sinusoidal Input Describing Function”
(HOSIDF) method has been introduced in [28] to provide
more accurate information about the frequency response of
nonlinear systems by investigation of higher-order harmonics
of the Fourier series decomposition. In other words, in
this method, the nonlinear element will be replaced by
a virtual harmonic generator. This method was developed
in [29], [30] for reset elements defined by Eq. (1) as follows:

Cr(jwl — A) "I + jO(w)B, + Dy, n=1
H,(w) =4 Cp(jwnl — A,) " 'jO(w)B, odd n > 2
0, even n > 2
Ow) = —7A( L) =A™ (w)]
Aw) = 21 + A2
A(w) =T+ ev?r ©)
Ap(w) =T+ Ajestr
L(w) = A (w)ApA(w) A (w)

where H,,(w) is the n' harmonic describing function for
sinusoidal input with frequency of w.

D. Cglp

CgLp is a broadband phase compensation reset element
which has a first harmonic constant gain behaviour while
providing a phase lead [10]. This element consists in a reset

lag element in series with a linear lead filter, namely _ .
and D. For FORE CgLp:

ZFORE o

v
1

D(s) = s/wra +1

sfwy +1 ™
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Fig. 2: Proposed architecture for reset elements which includes a lead
element, L(s) before the reset element and ints inverse after the reset

element. The proposed lead is L(s) = ://::’i:ll and R(s) =

_ 1
s/wp+1°

where w,, = aw,, « is a tuning parameter accounting for a
shift in corner frequency of the filter due to resetting action,
and [w,,wy| is the frequency range where the CgLp will
provide the required phase lead. The arrow indicates the
resetting action as described in Eq. (1), i.e., the state matrix
of the element is multiplied by A, when the reset condition
is met.

CgLp provides the phase lead by using the reduced phase
lag of reset lag element in combination with a corresponding
lead element to create broadband phase lead. Ideally, the
gain of the reset lag element should be canceled out by the
gain of the corresponding linear lead element, which creates
a constant gain behavior. The concept is depicted in Fig. 1.

III. PROPOSED ARCHITECTURE FOR CONTINUOUS
RESET (CR) ELEMENTS

The new architecture which this paper proposes consists
of adding a first-order lead element, L(s), before the reset
element and adding the inverse of it, which is basically a
lag element, after the reset element. Fig. 2 depicts the new
architecture in which
s/wp+1 1
sfwp +1° R(s) = sfw+ 17

The presence of the denumerator in L(s) is to make transfer
function proper. If wy, is large enough, R(s) ~ L~!(s) in low
frequencies. In the context of linear control systems, adding
these two elements would almost have no effect on the output
of the system, provided the internal states stability. However,
in the context of nonlinear control systems, the output of the
system will be changed significantly.

In this new architecture the resetting condition is changed
from e(t) = 0 to 21(t) = 0. Considering that wy, is large
enough, the new resetting condition can be approximated as

21(t) = é(t) fwr + e(t) = 0. ©)

The new reset element resets based on a linear combination
of e(t) and é(t), where w; determines the weight of each.
Apparently, in closed-loop, e(t) and é(t) can be translated
to error and its differentiation.

L(s) = @®)

Remark 1: Following the stability criteria presented
in [25] for reset elements with shaped error signal, a reset
element in CR architecture has the same stability properties
as the reset element standing alone. In other words, adding
L(s) and R(s) in CR architecture, does not affect the
stability properties of the reset element.

895

The output of the proposed architecture is continuous as
opposed to > ., alone. The reason for the continuity of the
output of this element is existence of the lag element after
the reset element, which makes the discontinuous output of
reset element continuous.

A known property of the conventional reset elements is exis-
tence of high peaks in control input signal, which can result
in actuator or amplifier saturation. However, the continuity
of the output of the CR element significantly reduces such
peaks and consequently saturation problems.

IV. PROPOSED CONTROL LOOP ARCHITECTURE

The proposed closed-loop block diagram for having
stacked integrators along with a CR CgLp to compensate the
transient overshoot is presented in Fig. 3. In order to avoid
amplifying the frequencies higher that the bandwidth the
differentiator has been tamed [1]. In the tamed differentiator,

(10)

where w, is the cross-over frequency of the system. Such a
tuning allows for the maximum phase lead of the diffrentiator
to be achieved at w,. The stacked integrators, following the
rule of thumb presented in [1] has a corner frequency of

w; = we/10. (11)

Such a tuning results in loss of about 5° of Phase Margin
(PM) for each stacked integrator. Thus, one can expect an
increased overshoot and settling time as n increases. On the
other hand, as n increases, the steady-state precision of the
system is expected to be increased.

Wg = we/a, Wi = awe

~
~

Remark 2: For large enough wy, i.e, wp 00, the CR
architecture has the same DF as the ) , alone.

It is worth mentioning that the CgLp element has a constant
gain and since according to Remark 2, CR architecture will
not change the gain and phase behaviour of CgLp, the overall
control loop will have a DF gain and phase matching to that
of PI"D. Thus the control design in open-loop can be done
in frequency domain.

According to the guidelines presented in [10], [14], [19]
for tuning of CgLp elements, the following values can be
proposed for CgLp parameters:

v=0, a=11, (12)

The open-loop DF and HOSDF analysis of control loop

presented in Fig. 3 for n = 1, 2, tuned according to (10), (11)
and (12) is depicted in Fig. 4. Furthermore, in order to
observe the effect of CR CgLp, the open-loop Bode plot
for the controller in absence of CR CgLp is also depicted in
the same plot.
Without loss of generality, plant is assumed to be a mass
with P(s) = 1/s?. As a rule of thumb for Fig. 4, a = 3 for
the tamed differentiator. As expected and revealed in Fig. 4,
the gain of DF for CgLp+PI"D matches PI"D, however, a
phase lead has been provided. For an added differentiator,
both controllers lose around 5° of PM. This trend continues
as more integrators are stacked but nor shown in the plot for
the sake of clarity.

Wy = We, wy = 20w,.
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Fig. 4: DF and HOSIDF analysis of CR CgLp+PI"D compared to PI"D.

For the sake of clarity only n = 1,2 is shown. As a rule of thumb a = 3.
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Fig. 5: Step response of PID and CR CgLp+PID for different values of wy.

V. CLOSED-LOOP TRANSIENT RESPONSE

Because of the phase lead provided by CR CgLp, it
is expected that CgLp+PI"D show a lower overshoot as
compared to PI"D. While this expectation holds, for reset
control systems, PM is not the only parameter affecting
the transient response. In CR CgLp controllers, w; also
significantly affects the transient response, since as discussed
in (9), the resetting condition in closed-loop changes.

The effect of presence of CR CgLp and variation w; on the
step response of the CR CgLp+PID control system has been
simulated in Simulink environment of Matlab and presented

I I I
20 30 40 50 60 70 80
Phase Margin (°)

Fig. 6: The maximum ratio of w./w; to achieve a no-overshoot performance
for different values of PM and for n = 1,...,4. Note that 15° of PM is
provided by CR CgLp.

Fig. 5. Without loss of generality, w. has been chosen to be
100 rad/s.

Fig. 5 reveals that not only the phase lead provided by CgLp
improves the transient by reducing the overshoot but also
increase of the ratio of w./w; also reduces the overshoot. It
is worth mentioning that changing w./w;, neither affects the
gain behaviour of DF nor its phase.

Fig. 5 also shows that by increase of w./w;, one can achieve
a no-overshoot performance, while such a performance is not
achievable by PID no matter how wide the range of differ-
entiation is. However, too much increase of w,../w; can result
in a longer settling time. In order to find the combinations of
PM and w,./w; which can result in no-overshoot performance
for n =1, ..., 4, a series of simulations has been carried out
and the result is presented in Fig. 6. Note that 15° of PM is
provided by CR CgLp.

Fig. 6 suggests that even for 4 stacked integrators a no-
overshoot performance is achievable. However, for a certain
PM, stacking integrators require a higher ration of w./w; to
achieve no-overshoot. As a rule of thumb one can suggest
we/w; = 3 for PM larger than 25°.

Fig. 7 shows that step response of CR CgLp+PI"D and PI"D
for n = 1,...,4 for a constant differentiation band, i.e., a.
Figure reveals that while stacking integrators will increase
the the overshoot for linear controllers, CR CgLp+PI"D,
maintains a no-overshoot performance. The control input plot
also shows another interesting properties of CR CgLp+PI"D.
Although 4 integrators are stacked for CR CgLp+PI*D, the
maximum of its control input is lower than of PID. This indi-
cates that actuator and amplifier saturation problems despite
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Fig. 7: Step response of CR CgLp+PI"D and PI"D for n = 1,...,4.
we = 100 rad/s and @ = 3. The PM for PI"D is 45 — 5(n — 1) and for
CR CgLp+PI"D is 60 —5(n — 1) degrees. For CR CgLp+PI"D, w,/w; = 3.

TABLE I: The approximate saturation level which makes the controllers
presented in Fig. 7 unstable. The data is obtained through numerical analysis
with Simulink.

n=1 n=2 n=3 n=4
PI"D 320 750 1300 2100
CR CgLp+PI"D 300 700 1200 1900

of stacked integrators will not happen for the architecture
presented in this paper.

Furthermore the wind-up phenomenon is one of the known
problems discouraging the usage of multiple integrators in
linear domain. In order to study the robustness of CR
CgLp+PI"D and comparison with PI"D, a saturation block
was implemented in simulations to replicate the actuator
saturation. The results for n = 4 which is the one with
most vulnerability to wind-up is presented in Fig. 8, other
controllers are not shown for the sake of clarity. Moreover,
the approximate saturation limit which make each of the
controllers unstable is presented in Table I. Figure 8 reveals
that although the transient response has been worsened due
to saturation, the resetting action prevented the wind-up to
create unsuitability for CR CgLp+PI*D at this saturation
level. Fig. 8 also shows that continuity of the control input
signal is preserved in presence of saturation.

VI. CLOSED-LOOP STEADY-STATE PERFORMANCE

The main motivation for stacking integrators is to increase
the gain at lower frequencies and consequently decrease the
error due to sinusoidal tracking and disturbance resection
of the control system. In order to verify the improvement in
steady-state performance, one may refer to the sensitivity plot
of the control system. However, since reset control systems
are nonlinear and sensitivity plot should be approximated

r““““““
| ————]
s o

o

0.01 0.02

Control Input
S
T

-1000 -

-2000 L L
0

I
0.05 0.1 0.15 0.2 0.25 0.3

Time (s)

Fig. 8: Step response of CR CgLp+PI*D and PI*D. Controllers are the same
as in Fig. 7 and the control input signal is saturated at 2000 level.

=}
T

-100 - T

——CR CgLp+PID

CR CgLp+PI’D
——CR CgLp+PFD
——CR CgLp+PI'D

-150 : .
10° 10' 107 10
Frequency (rad/s)

Fig. 9: Hfgg Hi plotted for CR CgLp+PI"D. The plots closely match to the

sensitivity plots calculated based on DF analysis.

for them, one may find sensitivity plot calculated based
on DF approximation not accurate [29]. In order to more
accurately calculate the sensitivity plot, a series of simula-
tions had been carried out for tracking of sinusoidal waves
with different frequencies and the H:(gHZ has been plotted
for CR CgLp+PI'"D controllers in Fig. 7. The results are
plotted in Fig. 9. The simulation results closely match the
sensitivity plots calculated based on DF analysis. Thus, the
sensitivity results are not plotted for the sake of clarity. Fig. 9
reveals that the stacked integrators are perfectly reducing the
gain at lower frequencies as it would be expected for linear
control systems. Thus, the stacked integrators are expected
to improve the steady-state precision in terms of tracking and
disturbance rejection.

In order to better illustrate the steady-state performance
of the CR CgLp+PI"D controllers, the steady-state error
of controllers to sinusoidal input of sin(2t) is simulated
and depicted in Fig. 10. The results show that the stacked

897
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Fig. 10: Steady-state error of the PI"D and CR CgLp+PI"D for n = 2,4
to a sinusoidal input of sin(2t).
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(a) Multi-sinusoidal reference for tracking comparison of the controllers.
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(b) Steady-state error of the PI?D and CR CgLp+PI?D for a multi-sinusoidal
input of Fig. 11a.

x10*

1

Position (m)

1y 4 5 s 7 8 9
Time (s)
(c) Steady-state error of the PI*D and CR CgLp+PI*D for a multi-sinusoidal
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Fig. 11: Steady-state tracking performance comparison of the PI"D and
CR CgLp+PI"D for n = 2,4 for a multi-sinusoidal input.

integrators are performing as expected.
Furthermore, the tracking performance of CR CgLp+PI"D
controllers for a multi-sinusoidal input,

r(t) = sin(t) + sin(2t) + sin(4t) (13)

has been compared to that of PI"D and the steady-state
error is depicted in Fig. 11. The comparison verifies that for
multi-sinusoidal input as well as sinusoidal ones, the stacked

integrators for CR CgLp+PI"D, performs as expected.

VII. CONCLUSIONS

This paper presented a new architecture for a known reset
element called CglLp. The new architecture adds a linear
lead element before and a linear lag element after the reset
element. It was shown that the reset law will be changed
due to this change. Furthermore, it was shown that this
change significantly improves the transient response of the
control system by especially decreasing overshoot. It was
shown that the main limitation on linear control systems for
stacking multiple investigators, i.e., excessive overshoot, can
be solved by adding the proposed reset element to existing
linear control loop. A numerical study was done to show the
effect of tuning parameters on the transient performance of
the proposed reset element in controlling a mass plant and it
was shown that even for 4 stacked integrators a no-overshoot
performance can be achieved. Moreover, it was shown that
the maximum of control input signal for the new architecture
is lower than the linear controllers for a similar step input
and the new architecture is more robust to unstability which
may arise from wind-up phenomenon. The steady-state per-
formance analysis of the proposed control system showed
that the main objective of the stacked integrators, i.e., the
reduction of sensitivity function gain at lower frequencies is
achieved even with presence of the proposed reset element.
Practical implementation of the proposed reset element in
presence of noise and for more general motion plants such
as mass-spring-damper systems is the ongoing work of this
research.
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