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Approximate Quantiles for Stochastic Optimal
Control of LTI Systems with Arbitrary Disturbances

Shawn Priore, Christopher Petersen, and Meeko Oishi

Abstract—We propose a method for open-loop stochastic op-
timal control of LTI systems based on Taylor approximations of
quantile functions. This approach enables efficient computation
of quantile functions that arise in chance constrained reformula-
tions. We are motivated by multi-vehicle planning problems for
LTI systems with norm-based collision avoidance constraints, and
polytopic feasibility constraints. Respectively, these constraints
can be posed as reverse-convex and convex chance constraints
that are affine in the control and disturbance. We show for
constraints of this form, piecewise affine approximations of the
quantile function can be embedded in a difference-of-convex
program that enables use of conic solvers. We demonstrate
our method for multi-satellite coordination with Gaussian and
Cauchy disturbances, and provide a comparison with particle
control.

I. INTRODUCTION

As missions with multiple space vehicles become common-
place, new technologies are required for effective autonomous
operation that enable coordination amongst multiple vehicles
in a challenging environment, despite limited resources (such
as fuel). Autonomy for spacecraft must accommodate the
need to plan and optimize under uncertainty, which may arise
due to modeling inaccuracies, nonlinearities in sensing and
estimation processes, and actuation mechanisms. Many of
these uncertainties may be stochastic, but may not necessarily
follow Gaussian distributions. Constructing optimal controllers
to ensure collision avoidance and performance constraints,
despite such stochasticity, requires accurate assessment of risk.
In this paper, we seek to construct algorithmically efficient
solutions to stochastic optimization problems for cooperative,
multi-vehicle problems in potentially non-Gaussian environ-
ments.

Algorithms for stochastic optimization often face significant
computational hurdles that can create undesirable trade-offs
with accuracy [[1], particularly in systems with limited com-
putation. Particle approaches [2], [3] have employed sample
reduction techniques for convex [4], [S] and non-convex [6]]
problems, but still are subject to tradeoffs between accu-
racy and computational burden. Approaches that rely upon
moments [7], [8], [9] may create excessive conservativism,
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and typically require an iterative approach to controller syn-
thesis and risk allocation, to circumvent non-convexity that
arises in the process of separating joint chance constraints
into individual chance constraints via Boole’s inequality [10],
[L1], [12]. Recent work has employed Fourier transforms in
combination with piecewise affine approximations [13]], [14],
to evaluate chance constraints without quadrature for linear
time-invariant (LTI) systems with disturbance processes that
have log-concave probability density functions (pdf).

Our approach to constrained stochastic optimization of LTI
systems with potentially non-Gaussian disturbances is based
on approximations of a quantile function. We consider multi-
vehicle planning problems with two types of constraints: a)
norm-based collision avoidance constraints, and b) polytopic
feasibility constraints. These forms readily arise when vehicles
must avoid each other, as well as static obstacles in the
environment, while remaining in some desirable polytopic
set and reaching a desired convex target set. We show that
these constraints can be reduced to chance constraints that
are affine in the control input and disturbance. The norm-
based constraints yield reverse convex constraints and the
feasibility constraints yield convex constraints. In both cases,
assessment of a quantile function, the inverse of the cumulative
distribution function (cdf), is necessary to evaluate these con-
straints. However, quantile functions are notoriously difficult
to compute.

Our approach is to construct a Taylor series approximation
of the quantile function that is amenable to arbitrary distribu-
tions. We generate an affine approximation of the quantile by
evaluating the Taylor series approximation at regular intervals
to yield a piecewise affine constraint that can be embedded
within a standard difference-of-convex programming frame-
work [15]. We employ an iterative approach as in [11[], [16],
to allocate risk and synthesize an optimal control. Although
iterative, our approach can be considerably faster than a
particle approach because it exploits convexity. The main
contribution of this paper is the construction of a first-order
quantile approximation that enables efficient evaluation of
chance constraints. Our approach relies upon affine structure
in the collision avoidance and feasibility chance constraints.

The paper is organized as follows. Section provides
mathematical preliminaries and formulates the optimization
problem. Section reformulates the chance constraints by
approximating the quantile function. Section [[V| demonstrates
our approach on two multi-satellite rendezvous problems, and
Section [V| provides concluding remarks.



II. PRELIMINARIES AND PROBLEM FORMULATION

We denote the interval that enumerates all natural numbers
from a to b, inclusively, as N, ;. Random vectors are in-
dicated with a bold case v and non-random vectors with an
overline v. We presume I,, represents an identity matrix of
size n, and 0, x,, represents a n X m matrix of zeros. We
denote the 2-norm of a matrix or vector by | -||. For a random
variable, we denote its pdf as ¢, its cdf as @, and its quantile
function as ®1.

A. Problem Formulation

We are motivated by problems in multi-vehicle stochastic
optimal control. We consider a discrete-time LTI system given
by

x(k+1) = Ax(k) + Bu(k) + w(k) (1)

with state (k) € R", input (k) € U C R™, disturbance
w(k) € R™ that is a random variable, and initial condition
Z(0). We presume U is a convex polytope and that the system
evolves over a finite time horizon of NV € N steps.

We rewrite the dynamics at time k as

x(k) = A*T(0) + Cu (k)T + Co (k)W 2)

with
U=[u0)" ... u(N-1) ] cu (3a)
W:[on w(N-1)7]" eRY™  (3b)
Cu(k) =[A*'B ... AB B 0,x(n_tym] € R™”*N™ (30)
Co(k) =[A"1 .0 AL Ouxn_ryn] €R™N™ (3d)

We consider a planning context, in which (I)) captures the
evolution of v vehicles in a bounded region, with state x; and
concatenated input U; for vehicle i. We presume desired target
sets that vehicles must reach, known and static obstacles that
vehicles must avoid, as well as the need for collision avoidance
between vehicles, all with desired likelihoods.

P{.’D,(/{) S ﬁ,k} >1l—ar (4a)
P{||Sxi(k)—Sol > r} > 1—a,, Vi € N 4 (4b)
P{||Sxi(k)—Sz;(k)|| > r} > 1—a,, Vi#j €Ny, (40)

We presume convex, compact, and polytopic sets 7, C R",
known matrix S € RZ*™, positive scalar r € R, static
object locations o € R™, and probabilistic violation thresholds
T, g, oy € (0,1).

We seek to minimize a convex performance objective J :
XNX’U XuNXv —R.

minimize J(Xl,...,XU,Ul,...,ﬁq,) (5a)
Ts,....Us
subject to Ui,...,U, e UV, (5b)
Dynamics ) with Z1(0),...,Z,(0)  (5¢)
Probabilistic constraints (@) (5d)

where X; = [z (1) z/ (k)] " is the concatenated state

vector for vehicle 7.

We first note that each constraint in (@) can be rewritten
in one of the two following forms, which are convex in the
control input and affine in a random variable (as shown in

Appendix [A).

v

ﬂﬂfﬂc] Ptemi<cpy>l—a  (6a)
Jj=1li=1
ﬂﬂflx] —gmi>cp>l—a (6b)
j=1li=1

The function f;(-) : X x UN — R is convex, g; € Ry is a
scalar, and 7); is a real and continuous random variable that is
a function of the disturbance. We presume n; is the number
of scalar constraints imposed on vehicle j, ¢; is a constant,
and « is a probabilistic violation threshold.

Assumption 1. The pdf of the random variable n; can be
differentiated at least ng times, and the quantile of n; must be
convex and non-negative in the region A =[1 — a, 1].

This assumption is not overly restrictive, as it can be met
by most distributions. Differentiability is needed for the Taylor
series approximation of the quantile; fewer derivatives means
a coarser approximation. Convexity over this range is met
when 1) the first derivative of the pdf is strictly negative on
B = {x | ®,,(x) € A}, and 2) the pdf converges to zero as x
increases on 3. The intuition behind these criteria is that when
both conditions are met, the cdf will be strictly concave on B,
and hence, the quantile will be strictly convex. However, we
note that not all distributions will have a convex quantile in A:
Consider the Beta distribution with shape parameters (cv, 3)
both less than one, which results in a bi-modal distribution
with modes at both ends of the support.

The reformulation (6a)-(6b) requires the quantile evalua-
tions be non-negative to tighten the probabilistic constraints.
For constraints like (4a), many models assume a symmetric
distribution and E[n;] = 0. This implies the quantile is non-
negative in the convex region. Similarly, the use of distance
metrics in {@b)-@c) imply n; will be strictly positive. In the
event that this is not the case, a slight modification to (6a)-(6b)
and Assumption |l| can be made to maintain tightening of the
constraint.

Assumption 2. The random variable n; has a known quantile,
@, *(p), for some p € (0,1).

This assumption is easily met by symmetric distributions;
many have either a location parameter that represents the
median or an easy way to find the median. For distributions
on a semi-infinite support or that are skewed, satisfying this
assumption may be more difficult. Approximations via brute
force or other methods may be distribution dependent. In
practice, it may be sufficient to choose <I>;i1(1 —¢) to be some
value approaching the upper end of the support, setting ¢ to
be arbitrarily small.



Problem 1. Solve the optimization problem

minimize J (X1,..., Xy, U1, ..., Uy) (7a)
Uty U
subject to Uj,...,U, e UV, (7b)
Dynamics ) with Z1(0),...,Z,(0)  (7¢)
Probabilistic constraints (6a)-(6b) (7d)

with open loop control Uy, ..., U, € UV, for probabilistic
violation thresholds small enough to maintain convexity, under
Assumptions 1 and 2.

The main challenge in solving Problem [T] is assuring (7d).

III. METHODS

To solve Problem [T} we employ a standard risk allocation
framework in conjunction with a quantile reformulation. We
then approximate the quantile function over its convex region,
via piecewise affine constraints. Lastly, we employ difference-
of-convex programming to iteratively solve reverse convex
constraints to a local optimum. These reformulations enable
solution via a series of quadratic programs.

A. Quantile Reformulation

First, consider the reformulation of (6a). We take the com-
plement of (6a) such that the probability function consists of
a union of events,

P U U L@ 0.0

j=1li=1

) +gimi < Cz] <a 3

To take the complement, we reverse the sign of the inequality.
Next, we implement Boole’s inequality to create an upper
bound for the original probability,

P! U 5@ 0.0

i)+ aini > ¢ 9)
Jj=1li=1
< ZZP{JCL 'rJ +g’LnL > Cz} (10)
j=11i=1

Using the approach in [11]], we introduce variables w;; to
allocate risk to each of the individual probabilities

P {fi(@;(0 )+gmz<cz}>1—wj (11a)
ZZ%J‘ <a (11b)
j=1i=1

Wi s >0 (11¢)
By inverting the argument of (ITa)), we obtain
Plws (@ A@mOT)} 21-u,
< o L (¢ — fi(z;(0),T;)) Zq’;il (1_%‘]‘)
12)
Rearranging (I2)), we obtain
fi(@;(0),U;) <c;i—g; (‘I’;il (1- %j)) (13)

The reformulation of (6b) proceeds similarly, and results in
reverse convex constraints.

Definition 1 (Reverse convex constraint). A reverse convex
constraint is the complement of a convex constraint, that is,
f(z) > c for a convex function f : R — R and a scalar
ceR

By combining the reformulations (6a)-(6b), we obtain

fl(xj( ) ) <6 — Gi (¢';il (1 _Qij)) (14a)
i Dt wi S« (14b)
w;; >0 (14c)
£:(@;00),T;) > ¢ + i (<I> (1 + 8, )) (14d)
Y il B, <a (14e)
B.>0 (14f)

Zig

Lemma 1. For the controller U+, ...,U,, if there exists risk
allocation vartables g“ satisfying (14b)-(14d) for constraints
in the form of (14a) and risk allocation variables f3,. sat-

isfying (14¢ (I_ll_f]) for constraints in the form of @]) then
Uy, ..., U, satisfy (7d).

Proof. Satisfaction of (14D)-(T4c) and (T4e)-(141) implies (T0)
meets the probabilistic violation threshold of 1 — «. Boole’s
inequality and De Morgan’s laws guarantee (7d) is satisfied.

O

The constraint (T4a) is convex in U, however (T4d) is
reverse convex. Additionally, while Assumption [T] guarantees
the convex1ty of ([4a), the expressions @, '(1 — w,;) and

o, 1 - B ) are non-conic and cannot be readﬂy handled
by off-the- shelf solvers.

B. Quantile Approximation

The quantile for many continuous random variables does not
have a closed form, and brute force numerical approximations
may be costly to compute. Approximation methods are typi-
cally tailored to specific distributions [17], [18], [19], although
some recent approaches have focused on generic methods to
approximate quantile functions of arbitrary distributions.

We use an approach that relies on a Taylor series expansion
of the quantile [20]. For a random variable X, and an initial
evaluation point ®'(py) for py € (0,1), [20] proposes an
iterative process that evaluates a finite Taylor series expansion
at points that are an interval A € R apart. With ny + 1 Taylor
series terms, a quantile approximation at p.41 = p. + h is
described by

O (per1) = 5 (pe) (15)
ng+1 d d
0 Q) ( ) log(pc /pc)
- Z ) )d ’ :i]l

P=Pec

where v = —log(p) is a variable substitution used for
numerical tractability. Typically, nqy = 3 or 4 derivatives are
sufficient, and steps ¢ are computed until a predetermined
terminating percentile.
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Fig. 1. Quantile approximation method applied to a Cauchy distribution. The
blue line represents the true quantile, the red points result from a Taylor series
approximation , the black points show the error threshold &, and the green
lines represent the affine approximation @

Derivatives of the quantile are obtained via the inverse
function theorem,

e_'y
0 (p)=—F= (16)
oy X (7) ox(p)
where the i derivative of the quantile will elicit the the 5 — 1
derivative of ¢x(-). Analytical expressions for the first four
derivatives are provided in [20].

The error in the approximation

a7
is characterized by the unused Taylor series terms, such that

€ € O ([h/ min(pi—1, po)]™) (18)

so that e converges to 0 as h — 0 and ng — oo [20].

We presume a piecewise affine approximation to connect
evaluation points. However, to ensure a reasonable number of
variables and constraints in the optimization, we selectively
choose evaluation points, rather than connecting all points.
Given an error threshold, &, we seek a subset of [* affine
terms, such that

q);(l (pe) < qefg[ax ](mz'jq Wi + Qijq) < (i’;(l (pc) +& (19)
1,01%*

for slopes and intercepts m;,, ¢;;q, respectively, for Vq €
N [1,1%]> 88 shown in Figurem Here, ¢ and j refer to the vehicle
and constraint indices, respectively. We propose Algorithm [T]
to compute the reduced set {m;;,,¢;;, | V¢ € Nj1 -1} Note
that although the error threshold, &, is formulated with respect
to the approximation (not the true quantile), Assumption [I]
guarantees that (I9) becomes an affine overapproximation of
the true quantile as € — 0.

Algorithm 1 Computing {m,;,, ¢;;,} from ¢y,

Input: The PDF of n;, ¢,,, and its derivatives (b;h_, ey $,’}>,
instantiating point pg, termination point p;, known quantile
<I>;i1 (po), step size h, and maximum error threshold &.
Output: Affine terms of &L, {m;;, ¢, }

1. for p; = pg + h to p; by h do

2: Pi (I)fl(pi)

3: end for

4: 10

5: while ¢ <! do

> Via (T3)

6 for j=[0toi+1by —1do
. Pi=Pi
7 < R
8 ¢ Pi—pixm
9: fory=i+1tol—1by1do
10: ey =Py — (py x m+c)
11: if €, > £ then next j
12: end for
13: {mz'jqagijq} —m,c
14: Break
15: end for
16: 147

17: end while

We reformulate (T4a) with the piecewise affine approxima-

tion (19), as

= 1
fi(jj(o)’ Uj) <c¢— ; (§ij) (20a)
Sij = Myjqwij + Cijg V4 € Njpgep - (20b)
Z§:1 Z:l;l Wi S (20c)
w;; =0 (20d)

with slack variables s;;. A similar reformulation can be posed
for (T4d). In the limit, as (T9) becomes an affine overapproxi-
mation of ®~1(-), (20) is a tightening of (T4) and Assumption
[T] ensures the convexity of (20).

,UU, if there exists risk

and slack variables s, ;

.Uy asymptotically satisfies (7d)

Lemma 2. For a controller Uy, ...
allocation variables Wi, and ﬁz;

satisfying 20), then Uy, ...
as h — 0 and n — oc.

Proof. By (18), the approximation error € — 0 as h — 0 and
n — oo. In this case, (2Z0) conservatively enforces (T4) by
(19). By Lemma [T} is conservatively enforced. O

We note that a limitation of our approach is that we can
only guarantee constraint satisfaction in the limit. In practice,
a sufficiently differentiable distribution will likely behave well
enough that four or more derivatives will result in an approxi-
mation with small errors given a small enough step size. Many
common distributions will fall into this category, especially
those of the exponential family of distributions. Where this
methodology will likely fail is multi-modal distributions or
distributions that have a non-smooth terminating derivative.



Proposed reformulation to solve Problem [I}

minimize J(Xl,...,Xv,Ul,...,ﬁv) (21a)
Uiy Us
Wi, Wi
S115-++5845
subject to Ui,...,U, €UV, (21b)
Dynamics with initial states Z1(0),...,%,(0) (21¢)
. , _ — 1 _ — 1
VJ S N[l,v]aZ € N[l,nj] fl(l'](()), UJ) <c — ; (§ij) and/or fl(l'j(O), U]) >c; + ; (§ij) (21(1)
Vj e N[l,v]ai € N[l,nj]aq € N[1,l*] Sij > Myiq Wij T Cijg and/or Sij > Mg éij + Cijq (21e)
Z;:l E:Zl gij S and/or Zg:l ZZZI ﬁij S (Zlf)
Vi €Nt €Nip,) w; >0 andlor (.. >0 (21g)

We have found empirically that a step size, h, on the order of
10~°, is sufficiently small that the approximation error, (T7)),
is also on the order of 1076,

C. Reverse Convex Constraints

A standard approach to handling reverse convex constraints
is difference of convex programming,

minimize Fy(x) — Go(x)
* (22)
subject to  Fi(x) — Gi(x) <0 forie Ny g

in which the cost and constraints are represented as the
difference of two convex functions, i.e., Fp, F;(:) : R® — R
and Go,G;(-) : R" — R for x € R™ are convex. The
convex-concave procedure solves to a local minimum
[L5] through an iterative approach, which employs first order
approximations of Gy, G; at each iteration. Feasibility of (22)
is dependent on the feasibility of the initial conditions.

We can show that (T4d) elicits a difference of convex
formulation by subtracting f;(z;(0),U;) from both sides. We
also add slack variables to accommodate potentially infeasible
initial conditions [[13]], [21]]. When using a difference of convex
program, Lemma [I] guarantees a feasible but locally optimal
solution.

IV. EXPERIMENTAL RESULTS

We demonstrate our algorithms in simulation on a multi-
vehicle spacecraft navigation problem with two disturbances:
one that is Gaussian (for validation), and one that is Cauchy
(to demonstrate our method’s capabilities). All computa-
tions were done on a 1.80GHz i7 processor with 16GB of
RAM, using MATLAB, CVX [22]] and Gurobi [23]. Poly-
topic construction and plotting was done with MPT3 [24].
The system formulations are implemented in SReachTools
[25]. All code is available at https://github.com/unm-hscl/
shawnpriore-approximate-quantiles.

Consider a scenario in which three satellites are stationed
in low earth orbit. Each satellite is tasked with reaching a
terminal target set, while avoiding other satellites. The relative
dynamics of each spacecraft, with respect to a known and fixed

origin, are described by the Clohessy-Wilthire-Hill (CWH)
equations [26]]

& — 3wl — 2wy = —= (23a)
Me
F
i+ 2wt = 2 (23b)
me
F
i+ wiz= H (23c)

with inputu; = [ F, F, F, ], massm,, and orbital rate

w = with gravitational constant p and orbital radius

o
R3’
Ry. We discretize (23) with a first-order hold, with sampling
time 30s, and insert a disturbance process that captures model

uncertainties, so that dynamics for vehicle ¢ are described by

with U; = [—5,5]2, and time horizon N = 8, corresponding
to 4 minutes of operation.

The terminal sets 7; are 5 X 5 X 5m boxes centered
around desired terminal locations in x,y, z coordinates, with
speeds bounded in all three directions by [—0.01, 0.01]m/s. For
collision avoidance, we presume that all satellites must remain
at least » = 15m away from each other, hence S = [13 03]
to extract the positions. Violation thresholds for terminal sets
and collision avoidance are ar = v, = 0.1, respectively.

3
P{ﬂxi(N) 672} >1—ar (25

i=1
N 3
PO () IS (@ik)—z;(k)] 2rp 21— (26)
k=1i,j=1
The performance objective is based on fuel consumption.

3
IO, TU2,Ts) =Y U, U,

=1

27)

When approximating the numerical quantile, we presume
intervals h = 5 x 1075, and maximum approximation error
¢ = 0.1. For symmetric distributions, we set the instantiating


https://github.com/unm-hscl/shawnpriore-approximate-quantiles
https://github.com/unm-hscl/shawnpriore-approximate-quantiles

point, py, to 0.5 with known quantile <I>_1(p0) = 0. For
non-symmetric distributions, we set the instantiating point to
0.9. Computation of ®~*(py) was completed with MATLAB’s
implementation of the incomplete gamma function for the Chi
quantile. Analytical results were used to compute ®~*(p) for
the sum of squared Cauchy random variables. Each quantile
approximation used the first three derivatives of the pdf. Con-
vergence criteria was defined as the difference of sequential
outputs and the sum of slack variables both less than 10~%;
difference of convex programs were limited to 100 iterations.

A. 6D CWH with a Gaussian Disturbance

We first consider a Gaussian noise with zero mean and co-
variance Y = diag(10~*-I3,5x 10~8-13). Once reformulated,
the target set constraint has a Gaussian distribution and the
collision avoidance has a Chi distribution with three degrees
of freedom. As neither have an analytical expression for their
quantile function, the use of standard tools or methods [14],
[16] for Gaussian distributions is not viable.

For terminal constraint (25), formulation into (6a) via
(36) results in 7; that is a univariate Gaussian distribution
with zero mean and variance P;.3X(k) P;, with ¥(k) =
S HANTS AL such that g;n; = Py S(k) Pl ;.

For the collision avoidance constraint @), formulation into
(6b) via (B9) follows the derivation as in [16 Thm 1], and
results in

1S (2(k) —a;(k))||
= [|S(A*T:5(0) + Cu(R)Ti; + Cun () Wi ) |
> [|8(A*7i(0) + Cu(B)Ui5) | = 1SCu(HWiss| (g,
- st st s f
fi(§(0)7ﬁ) gini

where the index -;_; represents the difference between the two
variables, respectively, and p is a multivariate Gaussian. By
the compatibility of matrix norms, we obtain

(29)

g = || 252(0)ST) [ -l

where ||p|| follows a Chi distribution with three degrees of
freedom.

We compare the proposed method with the mixed integer
particle approach using two polytopic overapproximations of
the collision avoidance constraint, based on the L., and L,
norm. We generated 10 disturbance samples to generate an
open-loop controller. Note that different disturbance samples
were used when generating the controller for either variant.

The resulting trajectories, costs, and computation times dif-
fer dramatically, as shown in Figure|Z| and Table|l| (Differences
in the z-coordinates were minimal, so we only plot the x and
y coordinates in Figure [2]) To assess constraint satisfaction,
we generated 10° Monte-Carlo sample disturbances for each
approach; the the Lo distance between the mean positions at
each time step are shown in Figure 3] Table[[Tshows that while
all three methods satisfied the collision avoidance constraint,

neither particle control approach satisfied the terminal set
constraint.

The proposed method performed two to three orders of
magnitude faster than particle control. Given the significant
increase in binary variables needed to perform particle control,
this comes as no surprise. We attempted to increase the number
of disturbance samples, however, we could not generate a
solution in a under two hours. Conversely, the low number
of disturbance samples is likely the cause for the poor per-
formance with respect to the target set constraint. Given the
random nature of the sampling process, ten samples is not
enough to characterize the behaviour on a larger scale.

Figures 2] and [3] show that the differences in avoidance
regions impacted the results. With the Ly collision avoidance
region overapproximated by both the L., and L; regions, we

—+— Vehicle A Vehicle B —+—Vehicle C [JTarget Set
[—Proposed Method - - -Particle Control, ¢; —Particle Control, ., * Initial Location|

251

201

15

y (in meters)
v
T

X (in meters)

Fig. 2. Comparison of trajectories in (z, y) coordinates from proposed method
(solid) and particle control (dashed for L1 norm; dotted for Lo, norm).
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— Proposed Method - - -Particle Control, ¢; -—Particle Control, £,
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T
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N
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Fig. 3. Comparison of Lo inter-satellite distances between proposed method
(solid) and particle control (dashed for L; norm; dotted for Lo, norm).

TABLE I
COMPUTATION TIME AND CONTROL COST FOR CWH DYNAMICS WITH A
GAUSSIAN DISTURBANCE.

Metric Proposed Particle control
method Loo [ ILi

Computation Time (sec) 6.82 245.65 | 4199.10

J(U1,Us,Us3) 92.04 102.79 | 117.56




TABLE II
CONSTRAINT SATISFACTION ("SAT”) FOR CWH DYNAMICS WITH
GAUSSIAN DISTURBANCE, WITH 10> SAMPLES AND PROBABILISTIC
VIOLATION THRESHOLD OF 1 — o« = 0.9.

. Proposed Particle control
Constraint || vothod | AT [TEo [ SAT [ Ly [ SAT
Collision
Avoidanee || 09630 v 109997 | v | 1.0000 | v
g:{mmal 0.9127 v 02183 0.0993

expected the collision avoidance likelihood to be significantly
higher than the proposed method. However, the sharp edges
of the polytopes created control choices that led to more
aggressive direction changes. This phenomena is apparent in
the lack of smoothness in the particle control trajectories in
Figure 2] Similarly, the larger avoidance regions effectively
increased the avoidance distance to 18m for the L., particle
control run and 23m for the L; particle control run, as
observed in Figure 3] The additional distance had a distinct
impact on the overall cost of each of these controllers. To
produce a closer comparison, we also used 14- and 26-faced
polytopes, however neither resulted in a solution within a 24
hour time frame.

B. 4D CWH with Cauchy Disturbance

We consider the planar CWH dynamics (23a), (23b) with
a Cauchy disturbance that is parameterized with location as
zero and scale elements I'(k),

1074 if j € {4n+{1,2} | n € N1}

5x1078 if j € {4n+{3,4} |n € Nio,k—1]}
(30)

corresponding to position and velocity elements, respectively.

I'(k); =

For the terminal set constraint, because the set is axis-
aligned, it can be written as function of a single Cauchy
random variable,
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Fig. 4. Comparison of trajectories in (x,y) coordinates for proposed method
(solid) and with an analytic quantile (dashed). The trajectories are nearly
indistinguishable as seen in the magnified subplot.
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Fig. 5. Comparison of inter-satellite distances between proposed method
(solid) and with an analytic quantile (dashed). The inter-satellite distances
are nearly indistinguishable as seen in the magnified subplot.
e x; <7,
$)+en Co(k)W < g,
~—

gini Ci

& e, (AFT5(0) + Cu (k)T
fi(®5(0),U;)
where €, is the m-th column of an appropriately sized identity

matrix. Here,
9i"i —emc ( ) ( )777

and 7; has a standard Cauchy distribution. Note that without a
direct covariance measure between two Cauchy distributions,
(31D cannot be easily extended to account for polytopic con-
straints of more than one dimension.

For the collision avoidance constraint, the main challenge
arises from the coupling across random variables that arises
from taking a norm. By falsely considering each dimension as
independent, we under approximate the norm

€2y

(32)

1S (@i(k) — x; (k)| (33)
= ||S(AFzi( +Cu(k)U + Cu(B)W,) ||
> ||S(A* i (0)+Cu(B)Tiy) || = 1SCu (F) Wi |
> ||S(A¥Zi—; (0)+Cu(k)U;—;) | —max (SC,, (k)T (k)) || p||
£:((0),0) gimi

where p is a 2D vector consisting of independent and iden-
tically distributed standard Cauchy variables, and max(-)
returns the element of the argument vector with the maximum
value. Note that the random variable of interest is |p]|°,
which we can show through convolution to have closed-form
expressions for the pdf, cdf, and the quantile,

P
P2 (%) = e R (34a)
@), 2(x) = Larctan (VI+z) — (34b)

o2 (@) = tan” (§(1+p)) — 1 (34c)

Figures [] and [5] and Tables [T and [[V] show that the
proposed method with the numerical quantile performed nearly
identically to the proposed method with an analytical quantile.
We observed differences on the order of 104, as shown in
the subplot of Figure [4] This is likely attributed to



TABLE III
COMPUTATION TIME AND CONTROL COST FOR CWH DYNAMICS WITH
CAUCHY DISTURBANCE.

Proposed method

Metric Numerical | Analytical

Computation Time (sec) 153.86 157.98

J(U1,U2,U3) 93.11 93.11
TABLE IV

CONSTRAINT SATISFACTION (“SAT”) FOR CWH DYNAMICS WITH
CAUCHY DISTURBANCE, WITH 10° SAMPLES AND PROBABILISTIC
VIOLATION THRESHOLD OF 1 — o« = 0.9.

Proposed method

Constraint Numerical | SAT | Analytical | SAT
Collision Avoidance 0.9979 v 0.9978 v
Terminal Set 0.9086 v 0.9085 v

our choice of a very small interval h, which yielded a highly
accurate quantile approximation.

V. CONCLUSION

We proposed a method for chance constrained stochastic
optimal control of LTI systems that exploits a numerical
approximation of the quantile function. Our approach is
amenable to distributions whose pdfs are sufficiently smooth.
We demonstrated our approach on a multi-vehicle satellite
control problem with Gaussian and Cauchy disturbances.

APPENDIX

A. Reformulation of Constraints

1) Polytopic constraint set: Consider a terminal set con-
straint, captured by (#a) as

P{x(N) e Tn} > 1—a, (35)
whose argument can be rewritten in halfspace form as
Pz ;(N) <p for some P € RL>", p € RE, for L the number
of half-space constraints in 7. Expanding into an intersection
of scalar constraints, we obtain

Pxj(k) <p
L
= ﬂ P zj(k) <p;
L i=1
& () P (AFZ5(0) + Cu(k)T;) + Pi.. Co(R)W <
1=1 N~~~
1i(Z;(0),U;) 9ini ¢
(36)

where P; . is the i row of the matrix P, meaning that
Plx(N)eTn}>21—-a< P{@EO)} >1-« 37

as in (6a)), with random variable 7 that is a linear transforma-
tion of w.

2) Norm based constraint set: For probabilistic collision
avoidance between vehicles ¢ and j with minimum L distance
r € Ry and violation threshold 1 — o, we consider

P{llzi(k) —a; (k)| 21} > 1 -« (38)
Using the reverse triangle inequality, we obtain
[ (k) — ;5 (k)| (39a)

=[| A% [2:(0) = 7;(0)]+Cu (k) [Us = U] +Cu (k) (W = W) |

(39b)
> | A" [zi(0) ~7;(0)]+Cu () [T~ U] |~ [|Cus (k) (Wi = W) |
fi(Z(0),U5) gt
(39¢c)
hence
Plllzi(k) —a;j(k)| 2r} 21— <P{BI%) >r} 21 -a

(40)
as in (6b). Note that this is a one-way implication.
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