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Soft-Minimum Barrier Functions for Safety-Critical Control Subject to
Actuation Constraints

Pedram Rabiee and Jesse B. Hoagg

Abstract— This paper presents a new control approach for
guaranteed safety (remaining in a safe set) subject to actuator
constraints (the control is in a convex polytope). The control
signals are computed using real-time optimization, including
linear and quadratic programs subject to affine constraints,
which are shown to be feasible. The control method relies on a
new soft-minimum barrier function that is constructed using a
finite-time-horizon prediction of the system trajectories under
a known backup control. The main result shows that: (i) the
control is continuous and satisfies the actuator constraints, and
(ii) a subset of the safe set is forward invariant under the control.
We also demonstrate this control on numerical simulations of
an inverted pendulum and a double-integrator ground robot.

I. INTRODUCTION

Robots and autonomous systems are often required to
respect safety-critical constraints while simultaneously achiev-
ing a specified task [1], [2]. Safety constraints can be achieved
by determining a control that makes a designated safe set Sg
forward invariant with respect to the closed-loop dynamics [3],
that is, designing a control for which the state is guaranteed
to remain inside Sg. Approaches that address safety using set
invariance include reachability methods [4], model predictive
control [5], and barrier function (BF) methods (e.g., [6]-[12]).

In particular, BFs have been employed in a variety of
ways. For example, they have been used for Lyapunov-
like control design and analysis [6]-[9]. In contrast, the
control barrier function (CBF) approaches in [10]-[12]
compute the control signal using real-time optimization. These
optimization-based methods are modular in that they combine
a nominal performance controller (which may not attempt
to respect safety) with a safety filter that performs a real-
time optimization using CBF-based constraints to generate a
control that guarantees safety. This real-time optimization is
often formulated as an instantaneous minimum-intervention
problem, that is, the problem of finding a control at the current
time that is as close as possible to the nominal performance
control while satisfying the CBF-based safety constraints.

Barrier-function methods typically rely on the assumption
that S is control forward invariant (i.e., there exists a control
that makes S forward invariant). For systems without actuator
constraints (i.e., input constraints), control forward invariance
is satisfied under relatively minor structural assumptions
(e.g., constant relative degree). In this case, the control
can be generated from a quadratic program that employs
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feasible CBF-based constraints (e.g., [10]-[12]). In contrast,
actuator constraints can prevent Sg from being control forward
invariant. In this case, it may be possible to compute a
control forward invariant subset of Ss using methods such
as Minkowski operations [13], sum-of-squares [14], [15],
approximate solutions of a Hamilton-Jacobi partial differential
equation [16], or sampling [17]. However, these methods may
not scale to high-dimensional systems.

Another approach to address safety with actuator con-
straints is to use a prediction of the system trajectories into
the future to obtain a control forward invariant subset of S;.
For example, [18] uses the trajectory under a backup control
to address safety with actuator constraints. However, [18]
uses an infinite time horizon prediction. In contrast, [19], [20]
determine a control forward invariant subset of Sy from a BF
constructed from a finite-horizon prediction under a backup
control. This BF uses the minimum function; thus, it is not
continuously differentiable and cannot be used directly to form
a BF-based constraint for real-time optimization. Instead, [19],
[20] replace the original BF by a finite number of continuously
differentiable BFs—each of which are used to form BF-based
constraints for real-time optimization. However, the number
of substitute BFs (and thus optimization constraints) increases
as the prediction horizon increases. In addition, the multiple
BF-based constraints can be conservative. Finally, it is worth
noting that [19], [20] do not guarantee feasibility of these
multiple BF-based constraints.

This paper presents a novel soft-minimum BF that uses
a finite-horizon prediction of the system’s trajectory under
a backup control. We show that this BF describes a control
forward invariant (subject to actuator constraints) subset of
Ss. Since the soft-minimum BF is continuously differentiable,
it can be used to form a single non-conservative BF-
based constraint for optimization regardless of the prediction
horizon. The advantages of the soft-minimum BF facilitate the
paper’s second contribution, namely, a real-time optimization-
based control that guarantees safety with actuator constraints.
Notably, the control is continuous, and the required optimiza-
tion is convex with feasible constraints.

II. SOFT MINIMUM

Let p > 0, and consider the function softmin, : R x - - x
R — R defined by

N
1
softmin,(z1, ..., 2n) £ _"log E e P*, (D
P i=1

which is the soft minimum. The next result shows that soft
minimum is a lower bound on minimum.
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Fact 1. Let z1,...,2z5y € R. Then,
log N
min{zy,...,2n} — 08 < softmin,(z1,. .., 2n)
P
<min{z,...,25},

Fact [I] shows that as p — oo, softmin, converges to the
minimum. Thus, softmin, is a smooth approximation of the
minimum.

III. PROBLEM FORMULATION

Consider the system

#(t) = f(z(t)) + g(x(t))u(d), @

where z(t) € R™ is the state, o = x(0) is the initial
condition, and u(t) € R™ is the control. Let 4, € R™*™
and b, € R", and define

UE{uecR™: Ayu<b,} CR™, 3)

which is the set of admissible controls. We assume that {/ is
bounded and not empty. We call u an admissible control if
forall t > 0, u(t) € U.
Let hs : R™ — R be continuously differentiable, and define
the safe set
Ss & {x € R": hy(z) > 0}. 4

Note that S is not assumed to be control forward invariant
with respect to () where u is an admissible control. In other
words, there may not exist an admissible control u such that
if g € S, then for all ¢ > 0, z(t) € Ss.

Next, consider the desired control uq : [0,00) — R™.

We note that uq is not necessarily an admissible control. In
addition, Ss is not necessarily forward invariant with respect
to () where u = uq.

The objective is to design a full-state feedback control
u : R™ — R™ such that for all initial conditions in a subset
of S, the following hold:

(O1) For all t > 0, z(t) € Ss.
(02) For all t > 0, u(z(t)) € Y.
(03) For all t >0, ||u(x(t)) — uq(t)]2 is small.

The following notation is needed. For a continuously
differentiable function n : R® — R, the Lie derivatives
of 1 along the vector fields of f and ¢ are defined as

L) & 2D gy L) & 20 )

IV. PRELIMINARY RESULTS ON BARRIER FUNCTIONS
USING TRAJECTORY UNDER BACKUP CONTROL

Consider a continuously differentiable backup control uy, :
R™ — U. Let hy, : R™ — R be continuously differentiable,
and define the backup safe set

Sy 2 {z € R™: hy,(z) > 0}. 6)
We assume S, C Sg and make the following assumption.

Assumption 1. If u = uy, and zg € Sy, then for all £ > 0,
z(t) € Sp.

Assumption [I] states that S}, is forward invariant with
respect to where v = up. However, S, may be small
relative to Ss.

Consider f : R" — R” defined by

f(@) 2 f(z) + g(x)up (@), (6)

which is the right-hand side of the closed-loop dynamics under
the backup control uy,. Next, let ¢ : R x [0, 00) — R™ satisfy

blam) =z + / " {(é(z,0)) do, )

which implies that ¢(z,7) is the solution to (2) at time 7
with 4 = wup, and initial condition z.

Let T > 0 be a time horizon, and consider h, : R® — R
defined by

h.(z) = min {hb(¢($, 1)),

and define

i hsw(w))}, ®)

T€[0,T]

S. £ {x € R": hy(x) > 0}. ©)

Note that for all z € S, the solution under uy, does not
leave S, and reaches Sy, within time T'. The next result relates
S. to Sy and Sg. The result is similar to [19, Proposition 6].
The proof is omitted due to space limitations.

Proposition 1. S, C S, C S..

The next result shows that S, is forward invariant with
respect to (2) where uw = uy,. In fact, not only is S, forward
invariant but the state converges to S, C S, by time 7' The
proof is omitted due to space limitations.

Proposition 2. Consider (2), where u = uy, and z( € S..
Then, the following statements hold:
(a) For all t > T, x(t) € Sp.
(b) For all t > 0, z(t) € S..

Since Proposition [2| implies that S, is forward invariant
with v = u;, and wp, is admissible, it follows that for all
xzo € S, the backup control w, satisfies [[OT)] and [(O2)]
However, uy, does not address [(O3)] One approach to address
[(G3)]is to use h. as a BF in a minimum intervention quadratic
program. However, h, is not continuously differentiable and
cannot be used directly to construct a BF-based constraint.
Instead of using h, as the BF, [19] uses multiple BFs—one
for each argument of the minimum in (8). However, (8) has
an infinite number of arguments because the minimum is over
[0, T]. This issue is addressed in [19] by using a sampling
of times. Specifically, let N be a positive integer, and let
T, 2 T/N. Then, consider hy : R® — R defined by

u(z) £ min {hbw(m,NTs», hs<¢<w7m>>},

min
i€{0,1,....,N}
(10)
and define - -
S. & {r € R": h.(z) > 0}. (11)

The next result relates S, to S, and Ss. The proof is
omitted due to space limitations.



Proposition 3. S, C S, C S..

The next result shows that for all 2y € S,, the backup
control wy, forces x to converge to Sy, by time 7. In addition,
the result shows that for all zy € S,, the state is in S, at the
sample times Ty, 27, ..., NT,. The proof is omitted due to
space limitations.

Proposition 4. Consider (2), where u = up, and zg € S..
Then, the following statements hold:
(a) For all t > T, z(t) € Sp.
(b) For all i € {0,1,..., N}, 2(iT}) € S..

Proposition [4] does not provide any information about the
state in between the sample times. Thus, Proposition 4| does
not imply that S, is forward invariant with respect to with
u = up. However, we can determine a superlevel set of N
such that for all initial conditions in that superlevel set, uy,
keeps the state in S, for all time. To define this superlevel
set, let [5 be the Lipschitz constant of hs with respect to the
Euclidean norm, and define

ly 2 sup || f(z) + g(@)up ()2,
TES,

which is finite if Ss is bounded. Define the superlevel set

- 1
S, 2 {x ER": hyu(z) > 2Tsl¢ls}. (12)
The following result shows that S, is a subset of S,. The
proof is omitted due to space limitations; however, it relies,
in part, on arguments similar to those in [19, Theorem 1].

Proposition 5. S, C S, C S, C S..

Together, Propositions [2] and [5] imply that for all zy € S,,
the backup control uy, keeps the state in S, for all time. Thus,
uyp, satisfies and but does not address

Since h. is not continuously differentiable, [19] addresses
[(G3)] using a minimum intervention quadratic program with
N + 1 BFs—one for each of the arguments in @]) However,
this approach has 3 drawbacks. First, the number of BFs
increases as the time horizon 7" increases or the sample time
Ts decreases (i.e., as N increases). Thus, the number of affine
constraints and computational complexity increases as [V
increases. Second, although imposing an affine constraint for
each of the N + 1 BFs is sufficient to ensure that A, remains
positive, it is not necessary. In particular, these N + 1 affine
constraints are conservative. In other words, the IV + 1 affine

constraints can significantly limit the set of feasible control.

Third, the method in [19] does not guarantee feasibility of
the quadratic program solved to obtain the control. In the
next subsection, we use a soft minimum BF to approximate
h. and present a control synthesis approach with guaranteed
feasibility and where the number of affine constraints is fixed
(i.e., independent of N).

V. SAFETY-CRITICAL CONTROL USING SOFT MINIMUM
BARRIER FUNCTION

This section presents a continuous control that guarantees
safety subject to the constraint that the control is admissible

(i.e., contained in ). The control is computed using a
minimum intervention quadratic program with a soft minimum
BF constraint. The control also relies on a linear program to
provide a feasibility metric, that is, a measure of how close
the quadratic program is to becoming infeasible. Then, the
control continuously transitions to the backup control uy, if
the feasibility metric or the soft minimum BF is less than a
user-defined threshold.
Let p > 0, and consider h : R™ — R defined by

h(w) £ softmin, (hs(¢(x,0)), hs(¢(w, 1)), hs(d(w, 2T5)),

ahh(¢(x7NTs))7hb(¢(xaNT::)))? (13)
which is continuously differentiable. Define
S & {z € R™:h(z) > 0}. (14)

Fact [1] implies that for all # € R", h(x) < h.(z). Thus,
S C S.. Fact [l also implies that for sufficiently large p >
0, h(z) is arbitrarily close to h.(x). Thus, h is a smooth
approximation of h,. Note that the if p > 0 is small, then
h can be a conservative approximation of h,. In contrast, if
p > 0 is large, then & is a less conservative approximation
of h,. However, in this case, 8%550) can have a large norm
at the points where h. is not differentiable. Thus, selecting
p is a trade-off between the conservativeness of i and the
. dh(z)
magnitude of the norm of =5=.
Next, let &« > 0 and € € [0,sup,csh(x)). Consider
B:R™ — R defined by

B(z) £ Lyh(z) + a(h(z) —€) + max Lyh(z)a,

15)

where for all z € R™, 5(z) exists because U is not empty.
Define
B2 {x € R":B(x) >0}, (16)

and the next result follows immediately from (I5) and (I6).
Proposition 6. For all x € 13, there exists 4 € U such that
Lih(z) + Loh(z)t + a(h(x) —€) > 0.
Consider v: R™ — R defined by

v(x) = min{h(z) — ¢, B(x)}, (17)
and define
2 {x € R":~(z) > 0}. (18)
Note that I' C B. For all x € T, define
uy () £ argmin || G — ug(z)||? (19a)
ueu
subject to
Lih(z) + Lgh(x)t + a(h(z) —€) > 0. (19b)

Since I' C B, Proposition [6] implies that for all « € T', the
quadratic program (19) has a solution.

Let x > 0, and consider a continuous function ¢ : R —
[0,1] such that for all a € (—00,0], o(a) = 0; for all a €
[k,00), o(a) = 1; and o is strictly increasing on a € [0, &].
The following example provides one possible choice for o.



Example 1. Consider o : R — [0, 1] given by

0, ifa<0,
ola)=4¢4%, if0<a<k,
1, ifa> k.

Finally, define the control

() = {[1 — o (y(@)up () + o (1)) u. (a),

up (),

ifzel,
else.
(20)

Since the soft-minimum BF £ is continuously differentiable,
the quadratic program (19) requires only the single affine
constraint as opposed to the N + 1 affine constraints
used in [19]. Since (I9) has only one affine constraint (I9b),
we can define the feasible set B as the 0-superlevel set of
B, which relies on the solution to the linear program in (I3)).
Thus, since there is only one affine constraint, we can use
the homotopy in to smoothly transition from u, to uy
as x leaves I'.

The next theorem is the main result on the control (13)-
that uses the soft-minimum BF approach. Note that bd A
denotes the boundary of the set .A.

Theorem 1. Consider (2) and the control u given by (I3)-
(20), where U is bounded, nonempty, and given by (3)), and
up, is continuously differentiable and satisfies Assumption [I]
Then, the following conditions hold:

(a) wu is continuous on R™.
(b) For all x € R™, u(x) € U.

(c) Assume z(t) € bdS,. Then, there exists T € (0,T}]
such that z(t + 7) € S C S..

(d) Assume oy € Sy, and let € > %Tsldals. Then, for all
t>0,z(t) €S, CS..

Parts and guarantee that the control is continuous
and admissible. Part|(c) does not guarantee that x stays in the
safe set Sy; however, implies that if = leaves Sy in between
sample times, then it must return to Sq by the next sample
time. This is a result of the fact that h is constructed from a
sampling of time. Finally, |(d)| states that if € > Tlyls, then,
S, is forward invariant under the control (I3)—(20). In this
case, x is in the safe set Sg for all time.

The control (T3)—(20) relies on the Lie derivatives in (3]
and (19b). To calculate L¢h and Lyh, note that

Oh(z) _ _ 1 (6phbw(wwn)hg(gﬁ(x,Nﬂ))Q(:c,NTS)

Ox e—rh(z)

N
+ Y e I (6, iT))Q(x, m)) :

i=0
2D
where h{, hl: R"x — R'™*"™ are defined by
Ohy, (53) 6hs(m)
) & "(z) & 22

and @ : R™ x [0,00) — R™ " is defined by
Q) & 20T) 23)
Differentiating with respect to x yields
Qun =1+ [ FolzQusds @
0

where f':R™ — R™ " is defined by f'(z) £ 8f(z)/0x.
Next, differentiating (24) with respect to 7 yields
0Q(z,7)

— o = I'(¢(z,7))Q,7).

Note that for all z € R™, Q(x,7) is the solution to (23,
where the initial condition is Q(z,0) = I. Thus, for all
x € R", Lyh(z) and Lyh(z) can be calculated from (21)),
where ¢(x, 7) is the solution to (2) under up, on the interval
T € [0,T) with ¢(x,0) = z, and Q(x,7) is the solution to
(23] on the interval 7 € [0, 7] with Q(z,0) = I. In practice,
these solutions can be computed numerically at each time
instant where the control algorithm @ is executed (i.e.,
the time instants where the control is updated). Algorithm
summarizes the implementation of , where 0t > 0 is the
time increment for a zero-order-hold on the control.

(25)

Algorithm 1: Control using the soft-minimum BF
quadratic program

Input: wug, up, hy, hs, N, Ty, €, K, 0, 6t, p
1 for k=0,1,2,... do
x « x(kot)
Solve (7) numerically to obtain {¢(x,iT3)}Y,
Solve numerically to obtain {Q(z,iTy)} Y,
Compute Lh(z) and Lyh(z) using and
h + (3
B « solution to linear program (I3)
~v + min{h — €, 5}
if v < 0 then
| u < up ()
else
u4 < solution to quadratic program (I9)
u < [1—o(y)]us(@) + o(7)us
end

e L N N R W N

= e
AW N = O

end

-
wn

VI. NUMERICAL EXAMPLES

Inverted Pendulum. Consider the inverted pendulum
modeled by (2), where

r@ =g a@=[t e= g

and 6 is the angle from the inverted equilibrium. Let © = 1.5
and Y = {u € R:u € [—u, a]}. The safe set is S; is given
by @, where hs(z) = m — ||z|lp, ||||p is the p-norm, and
p = 100. The backup control is uy,(z) = csat Kz, where
csat: R — U/ is a continuously differentiable approximation of
the saturation function, and K =[—3 — 3]. Let hy(z) =



cp — 2T Pyx, where ¢, = 0.07 and P, = [§:22 3-22], and note
that it can be confirmed using Lyapunov’s direct method that
Assumption [I] is satisfied. The desired control is ug = 0,
which implies that the objective is to stay inside Ss using
instantaneously minimum control effort.

We implement the soft-minimum BF control (I3)—{20),
where p =100, a = 1, and o is given by Example [T| where
k=0.05. We let 6t = 0.1 s, N =50, and Ty, = 0.1 s, which
implies that the time horizon is T'=5 s.

Figure [1] shows S, S, S, and S.. Note that S C S..
Figure [I] also provides the closed-loop trajectories for 8
initial conditions, specifically, zo = [0y 0]T, where 6y €
{£0.5,4+1,£1.5,+2}. We let ¢ = 0 for the initial conditions
with 6y € {0.5,1,1.5,2}, and we let € = %Tsl(z,ls for the
initial conditions with 8y € {—0.5,—1,—1.5, —2}, which are
the reflection of the first 4 across the origin. For the cases
with € = %Tsld)ls, part of Theoremimplies that S,
is forward invariant under the control (20). Note that the
trajectories with € = %Tsl(ﬁls are more conservative than
those with € = 0.

Figures [2] and [3] provide time histories for the case where
20 =1[0.5 0]T and € = 0. Figure shows 0, 6, u, ug, up,
and wu,. The top row of Figure [3| shows that h, hg, and h,
are nonnegative for all time. The bottom row of Figure [3]
shows ~, h, and 3. Note that 3 is positive for all time, which
implies that (T9) is feasible at all points along the closed-loop
trajectory. Since +y is positive for all time but is less than «
in steady state, it follows from (20) that u in steady state
is a blend of w, and u, (as shown in Figure [2). Note that
up, takes the pendulum back to S, but does not satisfy the
objective of using instantaneously minimum control effort.

Ground Robot. Consider the double-integrator ground
robot modeled by (2), where

o 0 0 4o

dy _ {00 _ | _|w
f(iL’) - 0 I g(x) - 1 0 ’ T = QI 9 U= |:’U/2:|’

0 0 1 Gy

and g, and g, are the positions in an orthogonal coordinate
frame. Let w = 1 and U = {[u; u2|T € R? : uy,up €
[—u, u]}. The safe set S5 projected into the g,—g, plane is
shown in Figure EL Note that Sg is bounded in the ¢, and
gy directions. The technical details of its construction are
omitted for brevity. The backup control is

() = [csat Ki(x — xb)} ’

csat Ko(x — xp,)
where csat: R — [—,u] is a continuously differentiable
approximation of saturation, K1 = [-3.16 0 —4.04 0], Ky =
[0-3.16 0 —4.04], and 2}, = [-0.1 —0.30 O]T.

Let hy(z) = o — (z — 2) " Po(z — 1), where ¢, =
0.0034 and P, € R*** is determined using Lyapunov’s direct
method in order to ensure that Assumption [I] is satisfied.
Figure E| shows as projection of &y, into the g,—q, plane.
The desired control is uq = [ Ki(z — zg) Ka(z — x) ]T,
where z, € R? is the desired value of the state (i.e., the goal
location).

3H( S* < N
Sy
—S
20—

Trajectories (e = 0.
Trajectories (e = 3Tilyl)

2t
3 L N\ J
-3 -2 -1 0 1 2 3
0
Fig. 1. Ss, Sp. S, Sk, and closed-loop trajectories for 8 initial conditions.
L
S

0 1 1 1 ]

—_—u - - — uq Upy oo U
15 : ‘ : s

0 5 10
t (s)

Fig. 2. 6, 0, u, ug, up, and uy for zg = [0.5 O]T and € = 0.

Fig. 3.

h, hs, hx, v, h — €, 8 and & for zg = [0.5 O]T and € = 0.

We implement the soft-minimum BF control (I3)—{20),
where p = 100, € = 0.1, & = 1, and o is given by Example ]|
where kK = 0.1. We let 6t = 0.02s, N =30 and T, = 0.1s.

Figure [ shows the closed-loop trajectories for 3 different
values of the goal x,. In each case, = converges to the goal



Sy
— S,

Trajectories
x X

05 _* Goal

=]
o

ay

_1 _‘L ‘ ‘ | J‘

-1 -0.5 0 0.5 1

Fig. 4. Ss, Sp, and 2 closed-loop trajectories with Algorithms m

2 while satisfying safety and the actuator constraints.

Figures [5] and [§] ]growde time histories for the case where
Ty = [-0.70100] . Figure |5 shows g, Qys Gz» Gy» U, Ud,
Uy, and . Flgure |§| shows h, hg, R, v, h — ¢, and 3. For
all t € [0,1.75], v < K because h — ¢ < k. Thus, during this
time w is computed from a blending of uy, and u, according
to @) For all t > 1.75, v > k, which implies that during
this time © = u,. In fact, u, = uq for all ¢ > 1.75.

0.2 o
0.4
S F.05
0.6
0.8 1
0.4
0
S 01 =02

t (s) t(s)

Fig. 5. qa, qy, dus Gy» U> Ud, Ua and u. for Algorithm [T with zy =
[—0.70.100]T.
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