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Abstract

A control design approach is presented for active steer�
ing of front wheel steered vehicles� The approach con�
sists of the application of disturbance decoupling via state�
derivative feedback� Simulations with the resulting con�
troller show that the use of state�derivative information
may considerably enhance vehicle safety� in particular un�
der adverse operating conditions such as icy roads�

� Introduction

Advanced vehicle control covers nearly every degree of
freedom in vehicle dynamics� and due to increasing
safety requirements in the automobile industry even more
progress will be made in this �eld� The newest technolo�
gies for improving driving safety consist of vehicle stability
control systems that improve the directional stability and
steerability of a vehicle�

In ��� a control law was presented for active car steer�
ing which robustly decouples the yaw mode from the lat�
eral dynamics of the car� In driving experiments with
side�wind and ��split braking the safety advantages were
demonstrated which result from the disturbance attenua�
tion properties of this control�

Here we present an alternative control design approach
for active steering control� The objective is the design of
a controller that renders the yaw dynamics of the vehicle
independent of disturbance torques� Although the yaw
dynamics can not be disturbance decoupled by means of
a static or dynamic state feedback� it will be shown that
this is possible when using state�derivative information in
the feedback loop� By adding state�derivative information

to the feedback loop we are indirectly providing the con�
troller with disturbance information� and we are actually
solving a variant of the disturbance decoupling problem
with disturbance measurement 	DDPm
�
In section � we present the vehicle model which is used

for the synthesis of active steering control� In section � we
consider disturbance decoupling by state�derivative feed�
back and the conditions under which asymptotic stabil�
ity of the closed loop dynamics can be guaranteed� In
section 
 these results are used to derive a controller for
active steering� In section � the resulting controller is in�
vestigated by simulations with a nonlinear vehicle model�
Finally� conclusions are given in section ��

� Vehicle model

Consider a vehicle with mass m and moment of inertia J
about its vertical axis� Its yaw dynamics are in�uenced
by disturbance torques MzD around its vertical axis� re�
sulting from side wind� a �at tire or braking on icy roads�
The objective for active steering is the attenuation of this
disturbance torque�
A vehicle model in which the wheels of the vehicle are

assumed to be lumped into one wheel along the centerline
of the vehicle is described in ���� The longitudinal velocity
vx is available from the rear�wheel ABS� and will be as�
sumed to be constant� Therefore the states of this nonlin�
ear single�track model are the yaw rate r and the side�slip
angle �F at the front axle� see Figure �� The input to the
vehicle is the front wheel steering angle �F � �S��C � It is
composed of a steering angle �S commanded by the driver
and a steering angle �C from the active steering system�
The lateral force FyF at the front axle is

FyF 	x� �F 
 � cos �FFsF 	�F � �F 
 � sin �FFlF �

with state�vector x � ��F � r�
T and longitudinal tire force

FlF � This lateral force FyF is linearized for small devia�
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Figure �� The single�track model

tions from stationary cornering around an operating point
��x� �u� 	 ���F � �r� �S� yielding approximately

FyF �x� �F � 	 F���S� �F���S � FlF ��F � �F � � ���

We have introduced the coe
cients

F���S� 	 �cF� cos �S �

F���S � FlF � 	 � �
FlF

cf
� �S tan �S �

with the front�tire cornering sti�ness cF 	 �cF� where
cF� is the cornering sti�ness on a dry road and the un�
certain road adhesion factor is � � �
 The linearization
��� results in a nonlinear single�track model that is linear
in the input
 It is then possible to write the single�track
model in state�space form with output y 	 r� yielding

��
�
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y 	 r�
���
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� Disturbance decoupling

In ��� the use of state�derivative information for distur�
bance attenuation was presented for linear systems
 In ���

it was shown that state�derivative information can be used
to achieve disturbance decoupling of linear and nonlinear
systems

It this section it is shown that nonlinear systems that

are not disturbance decouplable by means of a regular or
dynamic state feedback� under certain conditions� can be
disturbance decoupled when using state�derivative infor�
mation in the feedback loop
 Furthermore� by using the
results of ��� �� it will be shown that asymptotic stability
of the closed loop system can be guaranteed for minimum
phase nonlinear systems� provided that the disturbance is
equal to zero

Consider the SISO a
ne nonlinear system de�ned on

the subspace Rn and a�ected by a scalar disturbance q


�x 	 f�x� � g�x�u� e�x�q� u � R

y 	 h�x�� y � R� ���

where the vector��elds f� g� e � Rn � R
n� and the

function h � Rn � R are assumed to be analytic


De�nition ��� A well�posed regular state�derivative feed�
back is given as

u 	 ��x� � �d�x� �x � ��x�w� u � R� x � �� ���

where ��x� �	 ���x � Rn and w � R is a new control
input� The functions �� � � Rn � R are analytic and the
analytic function �d � Rn � R

n satis�es

�� �d�x�g�x� �	 �� �x � �� ���

Remark ��� The requirement of regularity� i�e� ��x� �	 ��
allows further access to the system in order to achieve
additional design objectives� such as asymptotic stabil�
ity of the closed loop system� The requirement of well�
posedness ��� is crucial in the solvability of the disturbance
decoupling problem by state�derivative feedback� When
�� �d�x�g�x� 	 � we obtain by substitution of �	� in the
state�equations �
� a closed loop system

M �x 	 �f�x� � g�x���x�� � g�x���x�w � e�x�q�
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This constraint is clearly not feasible since the matrix
M � �I � g�x��d�x�� is singular� The requirement of
well�posedness is thus a necessary condition for having a
well�de�ned closed loop system ��� �	�

The problem of disturbance decoupling by state derivative
feedback may be formulated as follows

Problem ��� �DDPd� Consider the system ��	� Under
what conditions does there exist a regular and well�posed
feedback ��	 such that in the closed loop dynamics the
disturbance q does not in
uence the output y� no matter
how w is chosen�

As mentioned in the introduction� seeking a disturbance
decoupling control law ��� amounts to solving a variant
of the disturbance decoupling problem with disturbance
measurements �DDPm�� In the DDPm� see ��	� instead of
��� a feedback is to be found of the form

u � ��x� 
 ��x�w 
 ��x�q� u � R� ���

The following result from ��	 solves the DDPd as a variant
of the DDPm� For the de�nitions of relative degree and
the Lie�derivative Lfh�x� of a function h 
 Rn � R along
a vector �eld f on Rn� we refer to ��	�

Theorem ��� Consider the system ��	 with input rela�
tive degree � and disturbance relative degree �� The dis�
turbance decoupling problem by state derivative feedback
�DDPd	 is solvable if and only if either

�i	 g�x�� e�x� linearly independent and � � �

�ii	 g�x�� e�x� linearly dependent and � � � ��

Corollary ��� Consider the system ��	 and assume that
the input relative degree � is �nite and ��	 holds� Suppose
that the feedbacks ��x�� ��x� and �d�x� are chosen such
that

��x� 
 �d�x�f�x�

�� �d�x�g�x�
� �

L
�
fh�x�

LgL
���
f h�x�

��x�

�� �d�x�g�x�
�

�

LgL
���
f h�x�

�d�x�e�x�

�� �d�x�g�x�
� �

LeL
���
f h�x�

LgL
���
f h�x�

�

���

Then� all feedbacks of the form �cf� ��		

u � ��x� 
 �d�x� �x
 ��x�w


��x���h�x�� � � � � L���
f h�x���� ���

solve the disturbance decoupling problem �DDPd	� The
function ��h�x�� � � � � L���

f h�x�� is an arbitrary analytic
function and w denotes an arbitrary new input function�

Remark ��� Note that the equations ��	 are solvable in
��x�� ��x� and �d�x��

Besides disturbance decoupling there are additional re�
quirements on the closed loop system� such as asymptotic
stability or tracking� From linear control theory it is well�
known that the stability respectively instability of the zero
dynamics is very important for design purposes� and this
may be expected to be true in the nonlinear case as well�
see ��	�
Consider the SISO nonlinear system ��� with equilib�

rium �x and input relative degree � at �x� The zero dy�
namics� see ��	� are the dynamics under the restriction
y�t� � � �t� provided that q � �� If the DDPm is solvable�
then � � � and we have y�k� � Lk

fh�x� for k � �� � � � � ����
Therefore the zero dynamics must evolve on the subset

Z� � fx � Rn 
 Lk
fh�x� � �� k � � � � � �� �g�

The ��th derivative of the output y is

y��� � L
�
fh�x� 
 LgL

���
f h�x�u
 LeL

���
f h�x�q� ���

The additional constraint y��� � � shows that the input
u� needed for zeroing the output y is given by

u��x� q� � �
L
�
fh�x�

LgL
���
f h�x�

�
LeL

���
f h�x�

LgL
���
f h�x�

q� ����

The zero dynamics of ��� are thus given by

�x � f�x� 
 g�x�u��x� ��� x � Z�� ����

In ��	 a feedback was proposed for the simultaneous
achievement of disturbance decoupling and asymptotic
stability of the closed loop system for q � �� This feed�
back is given by

u �
�

LgL
���
f h�x�

�
�L�

fh�x�� LeL
���
f h�x�q

� c�h�x�� c�Lfh�x�� � � �� c���L
���
f h�x�

� ����

where c�� � � � � c��� are real numbers� Introduce the poly�

nomial p�z� �
P���

k�� ckz
k� In ��� �	 the following su�cient

condition for solvability of the DDPm with stability
is given� It is in fact the nonlinear equivalent of the
well�known result in linear systems theory� Ackermann�s
formula� see ��	�

Proposition ��� Suppose that the equilibrium �x � � of
the zero dynamics of the system ��	 is locally asymptot�
ically stable and the polynomial p�z� is Hurwitz� Then
the feedback law �
�	 locally asymptotically stabilizes the
equilibrium �x when q � ��

As is done in linear control theory� a nonlinear system with
asymptotically stable zero dynamics is said to be mini�
mum phase� For these systems the simultaneous achieve�
ment of disturbance decoupling �DDPd� and asymptotic
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Figure �� ��split braking with initial speeds of �� km�h and �	 km�h respectively

stability of the equilibrium 
x is achieved by simply choos�
ing the function � in ��
 as

��y� � � � � y�����
 � �c�h�x
� c�Lfh�x
� � � �

�c���L
�����
f h�x
 ���


However the hypothesis that the zero dynamics are asymp�
totically stable may not be necessary in order to obtain
disturbance decoupling and asymptotic stability� In fact�
there are systems having unstable zero dynamics in which
the simultaneous achievement of these two goals is still
possible ��� ���

� Application to active steering

As mentioned in the introduction� the objective of the ac�
tive steering system is to render the yaw rate r of the
vehicle independent of the disturbance torque MzD� The
vehicle system ��
 has input and disturbance relative de�
gree � � � � � and by Theorem ��� the DDPd is solvable�
The zero�dynamics� thus with MzD � 	� are

��F � �
lcr
mlF

cos� �F
vx

�F �
ax
�vx

sin���F 
� ���


Consider the positive de�nite function V ��F 
 � ��
F � For

small �F the time�derivative of V ��F 
 becomes approxi�
mately

�V ��F 
 � ��

�
lcr
mlF

� ax

�
��
F

vx
�

Given the magnitude of cr�m� even on an icy road with
cr small� it holds that ax 	 �lcr��mlF 
� When vx 	 	 we

have �V ��F 
 
 	� � �F �� 	� and by the second method
of Lyapunov �F � 	 is a locally asymptotically stable
equilibrium of the zero dynamics ���
�
In ��� it is shown that the equations ��
 and ���
 result

in the following controller�
��������
�������

�C �
�

F���S � FlF 


�
��F �

mlR
lcF� cos �S

�
ayP
�c

�

� kd�x
� �r � kp�r � rref 

�H�s
�S � wd

�wd � ��r � rref 
�

���


The feedback gains kd and kp satisfy kd �� 	 respectively
kp 
 	� A reference value rref for the yaw rate is com�
puted by a pre�lter F �s� vx
 that gives the controlled ve�
hicle a similar steady�state response to the conventional
vehicle ���� The feedback gain kp locally asymptotically
stabilizes the steady state with yaw rate r � rref � The
variable ��F denotes the estimated side�slip angle at the
front axle and the function F�� see ��
� compensates for
the e�ect of steering by longitudinal tire�forces� A �lter
H�s
 has been added to the feedback of �S � and makes
an improvement of the handling performance of the con�
trolled vehicle possible�
Unlike in the linear case� see ���� we have not been able

to completely decouple the disturbance MzD� We have
therefore added an integrating action wd� and the con�
troller ���
 should be referred to as the nonlinear distur�
bance semi�decoupling controller� More importantly� the
controller ���
 is not robust with respect to the uncertain
road adhesion factor �� Therefore � has been replaced by
a control parameter �c that may be scheduled against the
velocity vx�
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Figure �� Lane�change maneuver on an icy road� single sinusoidal steering wheel input ��L � ���� at v � 	� km
h
with road adhesion coe�cient � � ���

Remark ��� We have been content with asymptotic sta�
bilization of the steady�state with r � rref � One might
want to achieve asymptotic output tracking� see ���� �	
�
In that case� asymptotic stability of the tracking dynamics
for y � rref is needed� However� tracking control requires
feed�forward of �rref with unity gain� resulting in rather
large controller steering angles �C � In general this will
result in poor performance of the tracking controller due
to saturation of the tire side�forces� since no saturation is
incorporated in the linearization ��
 of the lateral force
FyF at the front axle�

� Simulation results

The simulations are performed using a 
��th order non�
linear double�track model that has been developed in �����
The nonlinear tire characteristics are described by the
HSRI tire model ����� This nonlinear double�track model
has been extended with a PID cruise speed controller that
distributes the drive
brake torques scheduled by the wheel
slips� This makes it possible to incorporate the e�ect of
the anti�lock braking system �ABS��

m �	�� kg lF ����� m
J ���� kg m� lR ���
� m
cF� ������ N rad�� lP ����� m
cR� 
����� N rad�� iL ���


Table �� Data for the single�track model

The front steering angle of the conventional car �S �
�L�iL is completely determined by the steering wheel an�
gle �L� In modelling the actuator dynamics� we assume a
third order actuator model

Ga�s� �
�a


s� �a
� ��

a

s� �
p

�as� ��

a

� wa � 
�f�

where f � �� Hz� The single�track model data are taken
from Table � and correspond to a BMW ���i� The con�
troller parameters are empirically set to

kd � ���
�� kp � ��� �c � ��	��

The �rst maneuver to be investigated is ��split braking�
When a braking maneuver is performed on a road surface
with asymmetric road adhesion coe�cients� then this
results in so�called ��split braking� This means that the
di�erence between the braking forces at the left and right
wheels of the vehicle induce a disturbance torque around
the vertical axis which needs to be compensated� Figure 

shows ��split braking maneuvers of the conventional and
controlled vehicle at two di�erent initial velocities� At
t � ��� s braking is started and the induced disturbance
torque results in an undesired yaw motion of the vehicle�
From the course of the yaw rate r it can be clearly seen
how the disturbance semi�decoupling controller assists the
driver in the attenuation of the disturbance impact� Since
the disturbance semi�decoupling controller is provided
with disturbance information� it is able to react fast to
the disturbance torque and it preserves the directional
stability of the vehicle�

Apart from the directional stability� the handling perfor�
mance and steerability of the controlled vehicle is very
important� In the automotive industry� a standard test
for the analysis of the handling performance is an emer�
gency lane�change maneuver� A single lane�change ma�
neuver can be simulated by applying a single sinusoidal
wave at the steering wheel� Here� a single sinusoidal wave

�L�t� �

�
��L sin���t � ��
�� if t � ���
 s� 
�
 s�

� else

with amplitude ��L is applied to the steering wheel�
As mentioned in the previous section� the disturbance

decoupling controller is not robust with respect to ��
Therefore an important aspect to be investigated is the
sensitivity of the controller ���� to variations of the pa�
rameter �� Therefore we consider a severe lane�change
maneuver on an icy road surface� i�e� with � � ���� In
Figure � the result is presented in a true�scale stroboscopic
visualization� The safety advantage of active steering con�
trol over conventionally steered vehicles is clearly shown�
The tire side forces of the conventional vehicle reach their
saturation limit and the vehicle looses its directional sta�
bility� The controlled vehicle� however� adjusts the steer�
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ing angle �F such that the directional stability is preserved
and the tire forces do not reach their saturation limit�

� Conclusions

In this paper a control design approach based on an ap�
plication of nonlinear disturbance decoupling by state�
derivative feedback was presented for active steering con�
trol� Unlike in the linear case the resulting controller does
not achieve complete disturbance decoupling� and it is not
robust with respect to the changing road adhesion coef�
�cient� However� the simulations have shown that the
presented controller may considerably enhance the safety
of motion� in particular under adverse conditions such as
icy roads�
The main advantage of the presented controller is its

ability to react fast to disturbances that a�ect the vehicle
dynamics� However� the in�uence of actuator rate limita�
tions has not been considered� while the use of the yaw
acceleration signal in the feedback loop of the controller
may put too heavy load on the actuator�
On the other hand� the use of the yaw acceleration

�r� which can be computed using noise�sensitive accelero�
meters� may cause severe noise problems� Therefore ad�
vanced accelerometers or sophisticated �ltering techniques
may be needed to overcome these noise problems�
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