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Abstract

Vibrationsin dynamicalstructures,as thoseencounteredor

instancan mechanicalaerospacer civil engineeringareof-

ten causedby internal or externalexcitations. Oneway to at-

tenuatevibrationsthat can be undesirablefor safetyor other
reasonsds by the useof active control systems. This means
to usefeedbackcontrollersdriving actuatorsat appropriatdo-

cationsbetweenthe structureandits environment. This work

consideraspecifickind of uncertairexcitationdueto atempo-
rary couplingof the structurewith a seconddynamicalsystem
which cannotbe influencedby actuatorscontrolling the main

structure. A linear control schemes proposedwhich is im-

plementedwith the feedbackof the structures$ stateonly and
ensureghe existenceof a ball of ultimateboundednessThe
effectivenessf the control schemas illustratedby numerical
experimentson a modelof a bridgeplatformwith crossingve-

hiclesasunknown couplingexcitations.

1

Activecontrolhasgrownin thelastyearsasameanto attenuate
vibrationsof dynamicalfflexible structuresubjectedo internal
or externalexcitations.Examplesareencountereéh areasuch
asmechanicalaerospacer civil engineering.Active control
meango usefeedbaclcontrollersdriving actuator@tappropri-
atelocationsbetweerthe structureandits ervironment.In the
last yearsdifferentapproachesave beentaken from control
theoryto developactive controllers.Within this context, robust
control methodshave beenusedto accountfor uncertainties
in the structuralmodelsandthe lack of knowledgeof the ex-
citations,which in most of the casesare even unpredictable.
Oneof therobustcontrolapproachefor this purposehasbeen
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basedn the constructve useof Lyapuna stability techniques
[1-3]. Within this approachsemiactve structuralcontrol sys-
temshave beendevelopedfor instancein [4-5]. In this kind
of systemsthefeedbackis designedo modify in realtime pa-
rametersuchasdampingor stiffnessto increaseheresistance
of the structuresascomparedvith the purely passve schemes.
Purelyactive controllers,in which the feedbacks usedto feed
actuatorsto implementdesiredforcesto the structures have
beenproposedor examplein [6-7].

Following this direction,this paperdealswith a classof struc-
turesexcited by the couplingwith anotherdynamicalsystem
during a certaintime. An active linear controlleris proposed
which usesfeedbackinformationfrom the controlledstructure
only. It is shavnthattheresponsef thestructureandtheexcit-
ing systemstayboundedwithin a neighborhoodf the origin.
The classof systemds illustratedby consideringa modelof a
bridge platform with an unknovn moving vehicle as coupled
exciting system Numericalresultsaregivento show the effec-
tivenesf the approachn gettinga practicalreductionin the
vibrationsof the platform.

2 Control scheme

Thecontrolobjectiveis to attenuatehe vibrationsof a system
describedy the statespacevariablesx € R™=. Theexcitation
appliedto this systemis dueto a secondsystem describecby
the statespacevariablesy € R"~, to whichit is coupled.This
coupling is uncertain. In this sense the following modelis
considered:

Main System: x = Acx + Beu + ge(x, W, 1), 1
Exciting System: y = A,y + g:(y,w, ).
u € R™ is the control, which actsonly on the main system.
A.,B. andA, areknown constantnatricesof appropriatedi-
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mensionsThe couplingbetweerthe systemgoesthroughthe
uncertainfunctionsg. andg,, andis dueto someinterchange
actionw € R¢, which canbedescribecby somemathematical
relationshipsuchasw = f(x,y,t). In thecasethatthereis no
coupling,w = 0.

Thefollowing assumptionsompletethe modelof the system.
Assumption 1: A. and A, arestablematrices.

Assumption 2: Thereexists an uncertainfunctione : R" x
R xR — R"r suchthate(-, -, ¢) is continuousande(x, y, -)
is continuoudor all t exceptfor aset{¢;,t,. .., t, }, andthere
exist known non—-n@ative constantscl, o, é., S, andy, such
that

(2.1) ge(x,f(x,y,t),t) = Bee(x,y, ),
(2.2) [le(x,y, )|l < agllx|| + agllyll + 6,
(2.3) llge(x, £(x,y,1), )|l < willx|| + prllyll + vr,

holdfor all x,y andt.
Considerthelinearfeedbackcontrol

u(t) = —yB: Kex(?), 2)

whereK. is thesolutionof thealgebraid_yapunw equation
KA. +A K. + Q. =0, (3)

for agivenmatrix Q. € R™:"<, positive definite. And where
~ > 0 is a gain parameter Notice that the matrix B. ' K of

this controlusesonly informationon the known part (A, Bc)

of the uncoupledmain system while the scalargain~y will be
chosenthrougha stability analysiswhich involvesthe known

part(A.) of the exciting systemandthe boundson the uncer

taintiesin Assumption2.

Thestability analysiswill ensurahatthecontroldefinedin (2),
with anappropriateselectionof +, guaranteethatthereexists
a parametenvaluep > 0 suchthatary admissibletrajectory
£(t) = (x(t),¥(¢)) entersB, = {¢ € R™ x R™: [¢] < p}
atatime 7', andthatthereexists a compactsetC, which is a
global uniform attractor of (1).

3 Stability analysis

Let us definethe following Lyapuna function candidatefor

system(1):
)
Yy

whereK; is thesolutionof thealgebraid_yapunw equation
KA +A. K, +Q, =0, (4)

for achosermmatrix Q, € R" " positive definite,andK =
diag(K.,K;). Thus

V(x,y) =<x,Kex >+ <y, Ky >= (x",y") K (

d
VBV S 2<XAX> 2 <X ge(X, W, 1) > +
2<y, Ay > +2<y,g(x,W,t) >.

Using Assumption2 andequationg3) and(4), we have:
d
av(xa y) S - <X, ch > _27||BCTKCX||2+

205 || [Be"Kex|| + 207 ly]l [Be" Kex||+
+26,|Be " Kex|| - <y, Qry > +2u7 K|l [1x]] [ly]1+
20| K| [¥1* + 2K | ]y

Usingthefactthat— < x, Qcx >< —Anin (Qe)||x||? andalso
that— < y, Qry >< —Anin(Q:)||¥]|? (WhereAnin denotes
theminimumeigervalue),andsetting

(Il llyll, 1B "Kex|))7,
(0, 2v,| K|, 250)T7

Z:
q:=

andaftersomemanipulationsyve arrive at

d
—V(X,y) S - < Z,MZ >+ < q,z >,

dt
where
my  —me —ag
M=| -my m3z -a] |,
—-af -—a 2y

with m1 :=Apin(Qe), ma =pl||K;|| andmsg :=Amin(Qr) —
2u7||K.||. Accordingto the Theoremof Hurwitz, we have that
M is positive definiteif andonly if (i) m; > 0, (i) mims —
m2 > 0, (iii) det(M) > 0.

Condition(i) is satisfiedby constructionsinceQ. is positve
definite. Condition(ii) leadsto

)\min(Qc) I:)\min(Qr) - QM:HKI‘”:I - (/J/f.)2||Kr||2 > 0. (5)

This conditionholdsif andonly if the following inequalities

aresatisfied: A (Q)
W< e (6)
2Kl
and
1/2
()\min (Qc) [)\min (Qr) - QM:HKI'”]) (7)
pr <
K|
Condition(iii) leadsto
2ataims + (af)?ms + (af)?mq ®)

2(m1mg — m2)
ChoosindQ.,Q. andy accordingo (6)—(8),thenM is positive
definite.Now, we have

d
7V ) < =Amin (M)l[2]]* + lall l12]|

)\min (M)
llall

I:={(x,y) € R* x R™

Thereforesettingr; =

suchthal|z(x,y)|| = r1},
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andr := (mz;xr ||(x,¥)]||, which is well-definedsinceTl is a
X,y €

compactset,we have that

d
—V 0

holdsfor all ||(x,¥)|| > 7.

The smallestlevel surfaceof V (x,y) containingB, (the ball
centeredatthe origin of radiusr) is givenby E,. := {(x,y) €
R x R", suchthatV (z,y) = Amin(K) 72 = V,.}. If we de-
notep thelengthof the major semi—axisof the hyper-ellipsoid
E,., then

V(xay)|E,, = )\min(K) 7'2 = )\max(K) p2,

whichleadsto

(9)

Thereforeary trajectoryv(t) = (x(¢),y(t)) entersthe ball of
ultimate boundednesB,, atatime ¢ = ¢.. Furthermoreas
it is provedin [6] with all the details,the compactset :=
{(x,y) € R* x R" suchthatV(x,y) < V,} =E,.UInt(E,)
is aglobaluniform attractorfor system(1).

Obsenrethata?, of, d., us, ur., andv, areboundsontheuncer

tainties,which aregivena priori, while Q., Q. and~ arefree
designparameters Accordingto the above stability analysis,
thedesignehasto choose., Q. andy satisfyinginequalities
(6)—(8). Theseinequalitiesgive only sufficient stability condi-
tions, which in practicecanberelaxed asit will beillustrated
in theexamplein the next section.

4 Bridge platform with moving vehicles

In [5] a semi—actre control approachfor an elastically sus-
pendedbridgewith crossingvehiclesis provided. Figurel de-
picts the main elementsf the simplified dynamicmodel. We
will apply the active control approachdescribedn Sectionl
to thatmodel. The bridge sectionconsistsof a rigid platform
with elasticmountson theleft—handandright—handsides.The
mainvariableghatwe will measuraretheverticaldeviation z
of thecenterof massC of thebridgeandtheinclination® with
respecto the horizonof the platform. Within a time interval
[to, ], an object, saya truck, crosseghe bridge. The truck
is modelledby a massm with an elasticsuspensiotfjdamping
¢ andstiffnessk). The truck crosseghe bridgewith velocity
v(t). Additional variables{, n and{ arechosenaccordingto
Figurel. The massof the platformis given by M, andthe
momentof inertiawith respecto C by the parametet.

Theactive controlis implementedy two actuatordocatedbe-
tweenthe groundandthe bridge at the left andthe right ends
respectiely. The actuators4d; and A, supplyvertical control
forces Mu; and Muy which complementhe resistant(pas-
sive) forcesF; and Fs given by the elasticsupports.u; and
ug arethe control variables. The objectie is that the active
forcesMu, andMu. significantlyimprove the attenuatiorof
thevibration of the bridgecausedy thecrossingvehicle.

i

=
<
—_——————1

o

TM"2+F2

Figure 1: Model of an actively mountedplatform bridge with one
crossingvehicle.

4.1 Equations of motion

Withoutlooseof generalitywe setty := 0. In thefollowing ¢
denoteghefinal time of interactionbetweerthe structureand
thetruck. This valuecanbe determinedby physicalsensors,
hencet is notanuncertairvalue.

Equationsof motion of the truck: For¢ < 0 andt > t; the
equationof motionof thetruckis m ij = kng — m g, whereng
is the positionof relaxedsuspensionfor ¢ € [0,t;] we have

mi=F—-—mg, (10)
] g

whereF := k(1o — (n+)) —c(ij+{), and¢ := z+ (£~ a)®,
assumingmallvaluesof ©.

Equationsf motion of the bridge: For ¢t < 0 thebridgeisin a
steadystate.Fort € [0, ¢;] we have thefollowing equationsf
motion:

MZ‘:Mg-FF—Fl—FQ—M’U,l—MUQ,

JO = (¢ —a)F +aF; — bF; + aMu; — bMus. (11)

whereFy = ki(—z10+ 2 —a®) + (2 — aé)), andF, =
ka(—z2,0+ 2+b0O) +ca(2+b0), beingzy o (respectiely z2 o)
the vertical position of relaxed left—hand(respectiely right—
hand)suspension.

In orderto usethe model framework in (1), we considerthe
bridgeasthe mainsystemandthetruck astheattachedsystem.
The spacestatevariablesare split into the oneswe measure,
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X = (z,@,z,é))T, andthe oneswe do not measurey :=
(n,m)7T. We alsoconsideru := (u1,u2)?’. The interaction
variablew = f(x,y,t) is now dueto theforce F' betweerthe
bridgeandthetruck, thatis the scalarfunction

w="F=k(no —(n+¢)—c(i+{).

For w = 0 the two systemsare obviously decoupled. This
occursfor ¢t > t¢, andthen the equationsof motion of the
bridgeare

M,E:Mg—Fl—FQ—MUI—MUQ,
JO =aF| — bFy +aMu; — bMus.

We have to build the matricesA., B, and A, with known
parametersandthefunctionsg. andg, includingthe coupling
effectsandthe uncertainties.

In this modelwe considerthatthe structuralparametersf the
bridge (M, J, ¢1,¢s, k1, ko) areknown, while the parameters
relatedto the truck (m, ¢, k, 10, €, v) areuncertain. For these
parameterswe assumehat £ = wy + Aw, with |Aw| < @,
£ =09 + Ao, with |Ag| < 7, & =Q, withQ < Q, & =T,
with T < 7T, |no| <fjo, |v(t)] < . In this descriptionwg
anday areknown nominalvaluesand, ,, T, 7o and are
known bounds.

Finally theequationsof motion(10) and(11) canbere-written
in thefollowing stateform:
x = Acx + Beu + ge(x,w,t) = Acx + Beu + g:(X,y, 1)
y=Ary +g(y,w,t) = Ay + & (x,y,1)

where
0 0 1 0
0 0 0 1
Ac = _k1+k2 ak1—bks _c1tes ac1—bes 9
M M M M
ak1—bks _ a2k1+b2k2 ac1—beso _ a2c1+b202
J J J J
0 0 0
0 0 0
Bce=| -1 -1 , and g.=
aM WM 30’3
7 7 c,4
Herefor ¢ € [0,t¢]:
k 1
gc,S(Xayat) = _Mz - H[k(f(t) - a’) + CU]G
c . c . k c .
_Hz - H(f(t) -a)® Hn Hn (12)
+£ + k—l + k—2 +
Mﬂo le,o MZ2,0 g
and
k 1 )
gea(%,,1) i= = TE() - @)z — F[K(EW®) - 0)
c c
+ev(E(t) - a)l0 - S(6t) - )z = S(EH) - %0
k (13)

k c
=) —a)n — < (€@) —a)n + (@) —a)mo
gkl bks I I

—721,0 + 722,0,

while, for ¢t > ¢y, wehave

= ﬁz + Ez +
ge,3 1= M 1,0 M 2,0 T 9
and
o— _%z + %z
Ge,a = 7 #10 7 20
We alsohave
Ar:( 0 1 )
—Wo —O0o

and,for ¢ € [0,%¢],

g (x,y,t)

where

0
gr,2 ’
k 1

[
grz = 2 = —[k(E() — a) + )0 — Sz

~ (@) —a)O — Awn—Agi+ —mo— g
m m

S .k
Fort > tg,itisg, := (0,—Awn— Acn + o -7
In [7] it is checledthatthe modeldescribedabore satisfieghe
Assumptiond and2 requiredin Section?2. Thisis necessarin
orderto ensurethatthe stability analysisdevelopedin Section
3 holds.

4.2 Tuning of the control law

For the designof the control law, we usethe following setof
known parameters:

Bridge: M = 10° [kg], J = 2-10" [kg m*], a = b = 25
[m], k; = 4-10% [N/m] and¢; = 4 - 10* [Ns/m] for each
i =1,2. 210 = 22,0 = —0.125 [m], which corresponado
the equilibrium positionfor the platformwithout truck andno
control.

Nominalparametergndboundsfor uncertaintiesi, = 1 [m],
wo = 40 [N/(m kg)], @ = 20 [N/(m kg)], o9 = 1 [Ns/(mKg)],
& = 5 [Ns/(mKg)], @ = 5 [N/(m kg)], T = 0.5 [Ns/(m Kg)],
7 = 8.33 [m/s] (v = 30 [km/h]), ko = 4 - 10° [N/m], ¢o = 10*
[Ns/m].

We selectQ, = I (identity matrix) and

5 0 0 0
0100
Qe = 0010}
00 01
which gives
_B.TK. — 0.0312 -0.0002 0.6641 —0.0251
¢ e\ 0.0312 0.0002 0.6641  0.0251 /°

andthegainmatrixis givenby G := —yB. K.

Proceedings of the European Control Conference 2001

81



With theabove selectionof Q,, theinequality(6) leadsto

r )\min (Qr)

< Smimer o 0.024.
" 2Kl

(14)

Takingp,. = 0.02 andusingtheselectednatrix Q., inequality
(7) leadsto

(Amin(Qe) [Amin(@Qe) - zM;”Kr”DI/Q

&L = 0.021.
(15)
Thesetwo inequalitiesmposemaximumtheoreticalallowable
valuesfor the parameterg:;. and p; appearingin the affine
boundingof the couplinguncertainfunctiong, in Assumption

2.3.

pr. <

In this case taking ;. = 0.02 and 2 = 0.02, inequality (8)
becomes

v > 3.2051-10° =: 1,. (16)

Inequalitieg14), (15) and(16) give sufficientconditionsto en-
surethatthe control law satisfieghe stability analysisof Sec-
tion 3. Whencomputingtheuncertaintypoundsfor thedataset
in thisexample we obtaingu). ~ 20.62 andu$ ~ 1558.4, which
aresignificantlybiggerthanthemaximumallowablevaluesac-
cordingto the theoreticalstability analysis.In practice,simu-
lation resultsshow thatthe controllaw guarantee¢he derived
stability propertyevenfor theseactualvalues.This is because
the Lyapunw approachusedin the stability analysisis rather
consenative in giving sufficient stability conditions,which are
basedon rough estimatedor the valuesof af, o, d., us, ur,
andv,.. Practicealsoshovs thatvaluesof v lower than~, are
acceptabldo achieve stability and satishctory control results
asit is illustratednext.

4.3 Numerical example

The following unknonvn parameterdor the truck (which lie
within the prescribedincertaintybounds)areused:

Truck: m = 10* [kg], v = 8.33 [m/s] (v = 30 [km/h]), k =
4-10° [N/m], ¢ = 10* [Ns/m], o = 0.75 [m].

Figure2 shaws the time history of the vertical deflectionz of

the centerof massC' of the platform for the uncontrolledcase
(dashline) andthe controlledcase(solid line) whenusingy =

20. Theplatformis excitedby thecrossingof thetruck for time

t € [0,6] secondsandaftert = 6 secondsheplatformevolves
with no excitation. In boththe uncontrolledandthe controlled
casesthecenterof massegvolvestowardsits new equilibrium
position(z = 0.125[m]) with the truck on the platform, and
evolvesto recovertheinitial equilibriumpositionafterthetruck
leavesthe platform at =6 seconds A significantreductionin

the oscillationsaroundthe equilibrium positionsof C' canbe
obsenredwith the controloperation.

Figure3 shavsthattheinclination® of thebridgehasasimilar
patternfor theuncontrolledandthe controlledcase.lt behaes
almostlinearly while the truck crosseswith a constantspeed.

0.025

0.02 -

0.015

Bridge’s vertical displacement [m]

-0.005- |

-0.01 ! g

~0.015 | | | | | | | |
0 10 12 14 16

Time [s]

18

Figure2: Time history of z(¢) without control (dashline) andwith
control(solidline) usingy = 20.

After the truck leavesthe bridge, theinclination tendsto zero
in adampedoscillatorymotion.

x10™

Bridge’s inclination [rad]

-10 1 1 1 1 1 1 1 I
0 2 4 6 8 10 12 14 16

Time [s]

18

Figure3: Time history of ©(t) without control (dashline) andwith
control(solidline) usingy = 20.

Figure 4 displaysthe control signalsu; and u.. Initial im-
pulsive actionsare obsenedwhenthe excitation startsup and
whenit disappeardpllowedby smoothevolutionsto zero.

5 Conclusions

A linear feedbackcontrol law is proposedo actively reduce
the vibrationsof a classof structuresexcited by the coupling
with anuncertainsystem.The main practicaladwvantages the
simplicity of thecontrollaw. It is composedy anominalgain
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