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Abstract

Volatility of the stock price is the key to the pricing problem
of stock related derivatives in finance. Volatility appears in the
diffusion term of the usual modeling of stock prices. One pop-
ular approach is to take volatility to be stochastic, and assumes
that it satisfies a stochastic differential equation. Taking the
stock price to be the observation, we may then pose the filter-
ing problem of estimating the volatility on line based on the
stock price data. This is an unconventional filtering problem
which we solve in this paper. But even more interesting is the
fact that this filtering algorithm is inherently not robust. In the
rest of the paper we derive the robust form of this filter.

1 Introduction

There is a general consensus in the mathematical finance com-
munity that the assumption of constant volatility in the Black-
Scholes model is not borne out by the actual data. Various al-
ternative models have been proposed, including stochastic ones
[1] [2]. One popular model with stochastic volatility is due to
[3]. One immediate question that arises is : can one estimate
the volatility (preferably online) as one gathers the stock price
data ? On a purely theoretical level, the solution to this prob-
lem is trivial, as the quadratic variation of the stock price over
a time interval should be exactly equal to the integral of the
volatility function over the same time interval. In a previous
paper [4], we show that this theoretical result has no mean-
ing when applied to real stock price data, and to propose a
new formulation of the model leading to a well-defined estima-
tion problem for the case that the noise processes in the model
for stock price and volatility are mutually independent. Un-
fortunately, it seems that we can not apply the method in [4]
to the case when these noises are correlated. The purpose of
this paper is to reformulate the filtering problem for stochas-

tic volatility whose driving noise has a correlation to the noise
in stock price. First we introduce a complementary observa-
tion mechanism which does not contain the signal dependent
noise. Hence, we can derive the Zakai equation for the newly
introduced observation model. After showing that we can con-
vert the introduced observation mechanism to the original one,
the Zakai equation for the original model can be derived. At
present we don’t know the useful transformation to obtain the
robust form of the Zakai equation for the noise correlation case
and the splitting-up method seems to be not applicable to the
noise correlation case in general. However to solve the Zakai
equation, we can develop the splitting-up method to fit our fil-
tering problem of stochastic volatility by using the method of a
stochastic characteristic curve.

2 Problem Formulation

We consider the following model for the price of a stock mar-
ket:

����� � ���������
�
� ����������� ���� � ��� (2.1)

with

�� ��� � 	� ������ 
�� ���������

�Æ
�
� ����������� � ��� � ��� (2.2)

where ���� denotes the price of stock market at time � , � ���
is stochastically varying volatility and 	� 
� Æ are positive con-
stants. When Æ is zero, we get the usual stochastic volatility
model originally proposed by Hull and White [3] . We shall
see later that this extra term is essential for deriving the robust
form of the filter when the noise terms in the models of the
stock and the volatility are correlated.

In this model, we assume that

� (i) The price of stock market is observable. Our first ob-
jective is to estimate the stochastic volatility � ��� based
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on the observation of stock prices ����� � � � � �. Our
next objective is to solve the pricing problem for options
in this framework.

� (ii) �������� and �� are Brownian motion processes
with

����������� � �����������
� ����������� � � (2.3)

������������� � ��� (2.4)

and �� is independent of �� and ��.

The observation process ���� can be explicitly solved as

���� � �� ������� 	




� �

�

	 ���
�

�

� �

�

�
	 ���
������ (2.5)

We introduce the process ���� defined by

���� � �
����������
 (2.6)

Then the modified observation process ���� is the solution of


���� � �
�� 	



	 ���
��

�
	 ���
�����
 (2.7)

Now it seems that we have a usual filtering problem for the
signal process 	 ��� and the observation process ����;


	 ��� � �	 ���
�� ��	 ���
�����

�Æ
�
	 ���
������� 	 ��� � 	� (2.8)


���� � �
�� 	



	 ���
�

�
�
	 ���
������ ���� � �
 (2.9)

However for the above system we can not formulate the usual
filtering problem because the observation noise depends on the
signal process 	 ��� (see [5]). Here we shall repeat the argu-
ment stated in [4]. In fact, for the theoretical model (2.8) and
(2.9), we have the following results:

���
���

�����
���

������������ ���
���
� ���

�

� �

�

	 ���
� �
�
 (2.10)

where � � �
���
� � �

���
� � � � � � �

���
���� � �� with ����� �

����������� ������ ��������� � ��
�
� ���� � ���
 More simply,

by using the Ito formula, we also have the following filter:

������ 


� �

�

����
���� �

� �

�

	 ���
�
 (2.11)

Noting that 	 ��� is continuous, we can obtain the 	 ���-process
by differentiating ������ � 


� �
�
����
����� with respect to �,

i.e.,

���� �� �




�
������� 


� �

�

����
����� (2.12)

is exactly equal to 	 ������ � �.

In practice, however, the real data ���� is never continuously
available in t. We always have discrete observations, however
small is the time interval. Therefore, for real data, the formula
(2.10) can not be used to estimate the process 	 ��� for any
� 	 ��� � �.

Our point of departure from the conventional approach in the
observation that the real data ���� will be very close, but not
necessarily identical to the solution of equation (2.7). In prac-
tice , ���� is only available at discrete time-points, however
small the time interval.

3 Nonlinear Filtering Problem

3.1 Derivation of Zakai Equation

In order to apply the usual non-linear filtering theory to the ob-
servation data (2.9), the main difficulty is the dependence of
the signal 	 ��� on the noise. So first we replace this depen-
dence,i.e., we introduce the new observation mechanism:

����� �

� �

�

�� �
�	 ����
	 ���


�������
 (3.1)

First we consider the filtering problem for (2.8) with (3.1).

Noting that the initial condition 	 ��� has an initial probability
density �����, we obtain:

Theorem 3.1 [6] The unnormalized probability density func-
tion ���� �� �
�� is a solution of

���� �� �
�� � ����� �

� �

�

������ �� �
	�
�

�

� �

�

������ ������ �� �
	�
 ������ (3.2)

where

������ ����� � �
�� �

���
�

� �������� ����
����
��

(3.3)

and

����� � �

��
�
����� � Æ���




����
�

�

�
�

��
������ �

Æ�



�� �������
 (3.4)

Now we need to reconstruct the observation data ���� from
�����. Noting that


���� �
�
	 ���
 ������
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i.e., in the Zakai-equation the signal � ��� is fixed as �, we ob-
tain the following theorem:

Theorem 3.2 The unnormalized probability density function
���� ����� for the original observation data ���� is a solution
of

���� ����� � ����� �

� �

�

������ �����	�

�

� �

�


���� ������ �����	����� (3.5)

where


���� ����� � �
�

�
� �

�
� ��
�

�
����� ��


�
�
����
��

� (3.6)

3.2 Realization of Zakai-equation

If the observation noise is independent of the system noise, it
is possible to transform the Zakai equation to the robust form.
Hence we can use the real observation data . However in our
situation at present we don’t know the robust form. So a possi-
ble way to solve the derived Zakai equation by using the obser-
vation data is to introduce the time discretized approximation
of the Zakai equation as used by Pardoux [7]. To do this we
need to extend the splitting up method in [8] to the noise de-
pendent case . Let

� �
�

�� �

We split �	� � 
 in steps 	��� � � � � ������. Consider an interval
���� ��� ����� � � 	� �� � � � � �. We set

	�
���
�� ���

	�
� ��� � �

�

�
� � �

�
��

���
�� ��� � 	�

� � ���� ��� ���� (3.7)

	�
���
�� ��� �

�

�
�
���
�� ���	� � 
��

���
�� ��� Æ 	�����

� � ���� ��� ���� (3.8)

with

�
���
�� ���� � �

���
� (3.9)

�
���
�� ���� � �

���
����� (3.10)

and the sequence ����� , and ��������� are defined as follows�
�
���
����� � �

���
�� ���� ���� 	�

�
���
��� � �

���
�� ���� ���� 	�� �

���
� � ��

� (3.11)

where � is a sufficiently large constant and Æ denotes the
Stratonovich integral.

By using the method of a stochastic characteristic curve, we get

Proposition 3.1 The explicit solution of (3.8) is given by

�
���
�� ��� �� � ��
� ��

��

� ��

� � �
���
������ ������

� ��
�
�

��

�
������ ������ �

�

�
��� ����

	� �

�
�
� � �

���
������ ��������
�

	������ ���� ���� 	� ��
�
� �

�

�
��
������ ������� 
 	���

for � � ���� ��� ����

where �
���
�� ��� �� is a solution of the deterministic equation

given by (3.7).

To solve the deterministic ������ ��� ��-equation, the transforma-
tion � � �� is useful for avoiding the singularity at � � 	,

Proposition 3.2 Denoting

��
���
�� ��� �� � �

���
�� ��� ����

we have

���
���
�� ��� ��

��
� �

��
�


�

�
�� � �Æ� � �����

���
���

���
�� ��� ��

��
�

��

�

�
� �� ��
�

�

�
��
 � ���

�

� �
�

�
�
�

� ��������
���
�� ��� ��

��

���
�
���
�

�
�

�
� � ���� � ��� �

�

�
������

��

�
�

�

�
�������� ��� �� � 	�

��
���
�� ��� �� � �

���
�� ���� ���� 	� ����

From above propositions, we can realize the Zakai-equation.
The remaining problem is to show the mathematical property
to support the convergence of the proposed algorithm

We assume that the volatility process � ��� in ����� a.s. �� 

	. So we introduce the Hilbert spaces for � � 	

� � ������� � � � ������� � ����� � 	�
and identify � with its dual. We denote by � � the dual of �
and norms on � and � by � � � and �� � ��, respectively.

The duality between � and � �is referred to as � �� � �.

Proposition 3.3 We assume that

Æ � ��� (3.12)

Hence the system (3.7), (3.8) define in a unique way ������ � �
���
��

in ��
�
�� �� �� ��

�
�� ���, respectively.

Proof. Noting that �� � �

� � ���� � � �
�

�
� 
�
��� � �

�

�

�
��� ��

��
�� � �Æ� � �����

�
�
��

��
���

�����

�
�
� � �� �

�

�
�
�

�
� �

�
��

��

�
�
�

�
� �

�
�
��
�
�
�

�

�

���

�

�
��� ���
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Hence form (3.12) we have

� � ���� � � �
�

�
� ������ � �� ������� � ����� (3.13)

for some � � � and � � �. It follows from (3.7) and (3.13)
that

�	����� �
��� � �

� �

��

��	����� ��������

��



�
� ��

� �

��

�	����� ������� � �	���� ��� (3.14)

For 	����� -process, we convert (3.7) to the Ito form:

�	
���
�� �
� �




�
	
���
�� �
��
 �

�

�
����	

���
�� �
��


���	
���
�� �
��� �
�� (3.15)

It follows that �� � �

����
����� � ���
����
��� � �

� �����
�
� �

�

����
�
�� � �

�
�
�

�
� �

�

����
�
�
����
�
	�� ��

����

�
��������� � ����

�
���������

� ������ (3.16)

and by using the integrating by parts formula we get

����
��� �� � ���
�
� �

�
� 	���

�
�
�
	�� ��

� ������ (3.17)

By using the results given by Pardoux [7], we have

�	����� �
��� � 


� �

��

�	����� ������� � �	 �������
���

�

� �

��

���	
���
�� ���� 	

���
�� ������

��

� �

��

���	
���
�� ���� 	

���
�� ������ ���� (3.18)

where

����� �� �� ������ � � �������� (3.19)

Taking a mathematical expectation to (3.18), we obtain

���	����� �
���	� �
 � �����
� �

��

�	����� �������	

� ���	����� ��
���	 (3.20)

3.3 A priori estimates

We begin by establishing a priori estimates.

Proposition 3.4 The processes 	����� � 	
���
�� satisfy

�

� �

�

��	����� �
�����
 � �� (3.21)

�

� �

�

�	����� �
����
 � � (3.22)

���	����� �
���	 � �� (3.23)

���	����� �
���	 � ���
 � ��� � � (3.24)

where � does not depend on � or � for a convenient choice of

.

Proof. It follows from (3.14) and (3.18) that

���	����� ���� ��
� ���� � �	����� ���� ��
� ����	
����	����� ��
��� � �	����� ��
���	

���
���
� ��	���

��

���	����� ������ � �	����� ��������	 � � (3.25)

for a convenient choice of 
. Hence using (3.11) we get

���	����	���	 ����	���� ��	

���
���
� ��	���

�

���	����� ������ � �	����� ��������	 � � (3.26)

Summing up the relation (3.26) from 0 to �, we deduce

�

� �

�

��	����� �
�����
 � ���

� �

�

�	����� �
����
 � ��

���	���� ��	 � �� (3.27)

where � is independent of � or � but depends on 	� and �. It
is also easy to obtain form (3.14) and (3.18)

���	����� �
���	 � �����	����� �
���	 � �� (3.28)

From (3.14) we deduce

���	����	 �
���	 � ���	����� ��
���	� (3.29)

By using the Ito formula, from (3.18) we obtain

���	����� �
���	� �
��
� �

��

�	����� �������	

� ���	����� ��
���	

����
� �

��

���	
���
�� ���� 	

���
�� �����	����� �������	

���
� �

��

��	����� ���� ��	
���
�� ��������	�

It follows from (3.16) and (3.17) that

���	����� �
���	� ��
 � ��� � �����
� �

��

�	����� �������	

� ���	����� ��
��	
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Choosing
�� � ��� � ���

we get
����

���
�� ������ � ��������� ��������

Hence we also get the estimate (3.24).

3.4 Convergence

From Proposition 3.3, we can extract subsequence, still de-
noted ������ � �

���
�� such that

�
���
�� � �� in ������ 	 � weakly

�
���
�� � �� in ������
� weakly

and

�
���
�� � �

���
�� � ��� �� in ���� ������
�� weakly star�

We can present the following two lemmas from [8].

Lemma 3.1 The functions �� and �� are equal to a common
function �.

Proof. It follows from (3.7) that

�
���
����� � �

���
�� ���

�

� ������

�

���� � �

�

�
� �

�

�
��

���
�� ����� 	 


and from (3.15)

�
���
�� ���� �

���
����� �

� �

��

�

�
�
���
�� �����

	

� �

��

�

�

�
��

���
�� ������

� �

��


��
���
�� ����� ����

Summing up , we get

��
���
�� ���� �

���
�� ����

�

� ������

�

���� � �

�

�
� �

�

�
��

���
�� �����

�

� �

��

�

�
�
���
�� ����� 	

� �

��

�

�

�
��

���
�� �����

�

� �

��


��
���
�� ����� ���� (3.30)

We also regard the operator �� as

�� � ��
 � �	 	
����

Hence
��������� ����� � �������

For the operator 
�
� we find that


�
� � ��
 � �	 	
����

with ��
�
������ ������ � ������. Hence

���������� ���� �
���
�� �������� ������

� ���

� ������

�

������ � �

�

�
�

�
�

�
��

���
�� ������� ��������

�

����

� �

��

�

�
�������� ������� ��������

�

����

� �

��

�

�
��
�
��

���
�� ������� ��������

�

������
� �

��


��
���
�� ����� �������� ������

� Const.����
� ������

��

�������� ����� � ������� ���������

���
� ������

��

������� ��������

� �


��



���

� ������

��

�������� ����� � ������� ����������

����
� ������

��

������� �������������

� Const.


�

Since ������ � �
���
�� � �� � ��, weakly in ��

�
�� � �	 	 
����,

we have � �

�

������ � ������ �������� 	 


hence �� 	 �� 	 �.

Lemma 3.2 � 	 �

Proof. See [8] .

Theorem 3.3 We have

�
���
�� � � in ����� �	 � strongly

�
���
�� � � in ����� �
� strongly

�
���
�� ���� �

���
�� ��� � ���� in �����
�� strongly

�� � �
� � �

Proof. It is easy to show that

��������� ���� ������� ���������� �������

���
� ������

��

��������� ����� � �
��
���
�� ���� �

���
�� ������� 	 
�

From (3.7) we also have

��������� ������ ���������� �������

����
� �

��

� ��� �
�

�

�
� �

�

�
��

���
�� ���� �

���
�� ��� � ��� 	 
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Summing up these equations and using (3.11), we obtain

����
���
�� ������ � ����

�

����

� �

��

� ���� �
�

�
���� �

�

�
��

���
�� ���	 �

���
�� ��� 
 ���

���

� ������

�

����
���
�� ����� � ����

���
�� ���	 �

���
�� ������� � �

and

����
���
�� ������ �����

���
����

��

���

� �

�

����
���
�� ����� � ����

���
�� ���	 �

���
�� �������

����

� ������	�

�

� ��� �
�

�
���� �

�

�
�

��
���
�� ���	 �

���
�� ��� 
 ��� � �


Here we shall show the strong convergence of ������ -process.
Introduce

������� � �������� �
���
�� ������

����

� �

�

� ���� �
�

�
���� �

�

�
�

������� �
���
�� ����	 ���� � �

���
�� ��� 
 ���

���

� ������

�

�������� �
���
�� �����

���������� �
���
�� ����	 ���� � �

���
�� ��������

� �
���
� ��� � �

���
� ��� � �

���

 ���

where

�
���
� ��� � ����������
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Noting that
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we have
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From the results of weak convergence of ������ - process, we have
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From (3.31), choosing � 
 �, we have � � �������. Hence
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Similarly we can check the convergence of ������ -process.
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