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Restart FISTA with Global Linear Convergence

Teodoro Alamo, Pablo Krupa and Daniel Limon

Abstract— Fast TIterative Shrinking-Threshold Algorithm
(FISTA) is a popular fast gradient descent method (FGM) in the
field of large scale convex optimization problems. However, it
can exhibit undesirable periodic oscillatory behaviour in some
applications that slows its convergence. Restart schemes seek
to improve the convergence of FGM algorithms by suppressing
the oscillatory behaviour. Recently, a restart scheme for FGM
has been proposed that provides linear convergence for non
strongly convex optimization problems that satisfy a quadratic
functional growth condition. However, the proposed algorithm
requires prior knowledge of the optimal value of the objective
function or of the quadratic functional growth parameter. In
this paper we present a restart scheme for FISTA algorithm,
with global linear convergence, for non strongly convex opti-
mization problems that satisfy the quadratic growth condition
without requiring the aforementioned values. We present some
numerical simulations that suggest that the proposed approach
outperforms other restart FISTA schemes.

Keywords: Fast gradient method, restart FISTA, convex
optimization, linear convergence, quadratic functional growth
condition.

I. INTRODUCTION

Fast gradient methods (FGM) were introduced by Yurii
Nesterov in [3], [4], where it was shown that these methods
provide a convergence rate O(1/k?) for smooth convex
optimization problems with non strongly convex objective
functions [4], where k is the iteration counter. These methods
were generalized to composite non smooth convex optimiza-
tion problems in [5], [6], [7]. The resulting algorithm is
commonly known as FISTA algorithm [5]. Because of its
complexity certification, it is often used in the context of
embedded model predictive control [8], [9], [10]. Another
possibility to address composite convex optimization prob-
lems is to use splitting methods like ADMM [11], [12], [13].

FISTA algorithms can be applied in a primal setting (as in
the Lasso problem [5]), or in a dual one [14], [15]. They can
be thought of as a momentum method, since the linearization
point at each iteration depends on the previous iterations.
Since the momentum grows with the iteration counter, the
algorithm can exhibit undesirable periodic oscillating behav-
ior for certain applications, which slows the convergence rate.
To mitigate this, restart schemes have been proposed in the
literature which stop the algorithm when a certain criteria
is met. It is then restarted using the last value provided by
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the stopped algorithm as the new initial condition [16], [17],
[18].

In [16] two heuristic restart schemes for FGM are pro-
posed which exhibit improved convergence rates over non-
restart FGM schemes. These restart schemes reset the mo-
mentum of the FGM in order to eliminate the undesirable
oscillations whenever the periodical behavior is detected. A
restart scheme similar to the ones in [16] with O(1/k?) con-
vergence rate for smooth convex optimization is presented in
[18]. In [19], an algorithm is proposed that uses the restart
schemes from [16]. Numerical results show improvements
over previous restart schemes for FGM, but no theoretical
results on convergence rates are provided.

Recently, linear convergence rate has been derived for
several first order methods applied to convex optimization
problems with non strongly convex objective functions that
satisfy a relaxation of the strong convexity known as the
quadratic functional growth [20].

In [20, Subsection 5.2.2] a restarting scheme of FGM is
presented with global linear convergence rate for convex
optimization problems that satisfy the functional growth
condition with parameter ;.. However, in order to implement
this strategy, prior knowledge is needed of either the optimal
value of the objective function or the value of y, which can
be challenging to compute.

In this paper we propose a novel restart scheme for FISTA
algorithm applied to solving convex constrained problems.
We show that the algorithm guarantees global linear con-
vergence rate O(1/,/jt) for convex optimization problems
with non strongly convex objective functions that satisfy
the quadratic functional growth condition with parameter p.
The proposed algorithm does not require prior knowledge
of the value of p or of the optimal value of the objective
function. We provide theoretical upper bounds on the number
of iterations of the algorithm needed to achieve a given
accuracy.

Additionally, we show numerical results comparing the
proposed algorithm with the heuristic restart schemes from
[16] and the restart scheme from [20] for Lasso problems.

In Section [l we introduce the problem formulation. Sec-
tion [[IIl presents FISTA algorithm and some restart schemes.
The convergence rate of non restart FISTA algorithm under
the satisfaction of the quadratic functional growth condition
is presented in Section In Section [V] we present the
proposed restart scheme for FISTA and state its global lin-
ear convergence. Numerical results comparing the proposed
algorithm with other restart schemes applied to FISTA are
shown in Section [VIl Finally, conclusions are presented in

Section [VIIl
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Notation: Given vectors z and y, we denote by (x,y)
their scalar product, i.e. (z,y) = x'y. Given vector ,
|[z]l2 denotes its Euclidean norm (||z|2 = VzTz), and
|| - |1 denotes its I1-norm (sum of the absolute values of
the components of x). Given R > 0 we denote by | - || r
the weighted Euclidean norm ||z||g = VT Rz, and by
|lz|l« = ||z||g-1 its dual norm. In(-) is the natural logarithm
and e is Euler’s number. || denotes the largest integer
smaller than or equal to z; [2z] denotes the smallest integer
greater than or equal to . Given a set X C IR" we denote
by Iy its indicator function. That is, Ix(xz) =0 if z € X,
and Iy (x) = oo if @ ¢ X. The relative interior of set X
is denoted by ri(X). Given the extended real valued func-
tion f: R" — (—o0,00] we denote by dom(f) its effec-
tive domain. That is, dom(f) ={xz € R" : f(z) < oo }.
We denote by epi(f) the epigraph of f. That is,
epi(f) ={ (z,t) e R"x R : f(z) <t}. We say that
function f: IR™ — (—o0,00] is closed if its epigraph is a
closed set. We say that f : R™ — (—o0, o0] is proper if its
effective domain is not empty. That is, if f is not identically
equal to co. We say that a vector d € IR" is a subgradient
of f at a point z € dom(f) if f(y) > f(z) + (d,y — z),
Vy € IR"™. The set of all subgradients of f at x is called
the subdifferential of f at = and is denoted by O f(z).

II. PROBLEM FORMULATION

We address the problem of solving the composite convex
minimization problem

f* = min f(z) = min ¥(z) + h(z), (N

under the following assumption.

Assumption 1. We assume that

1 h : R"™ — IR is a smooth differentiable convex
function. That is, there is R > 0 such that the
inequality

A(z) < h(y) + (Vh(). 2~ 9) + gz vl @)

is satisfied for every x € R" and y € R".

(i) ¥: R" — (—00,00] is a closed convex function and
X C IR" is a closed convex set.

(iii) Denote f =V + h. The minimization problem

min f(x)

reX

is solvable. That is, there is x* € X [|dom(¥) such
that f* = f(z*) = 1n§(f(:17)
S

We notice that it is standard to write down the first point
of Assumption [I] as

M) < h(y) + (V)2 ) + 2oyl O

where parameter L serves to characterize the smoothness of
h and S is a positive definite matrix. Constant L provides

a bound on the Lipschitz constant of the gradient Vhi(-) [4,
Subsection 2.1]. Since

L 1
Slle =yl = 5lle - yls,

we have that () implies @) if we take R = LS. This
simplifies the algebraic expressions needed to analyze the
convergence of the proposed algorithm.

We notice that Assumption[T] guarantees that the minimiza-
tion problem is solvable. The optimal set () is defined
as

Q={z:zeX f(x)=f"}.

This set is a singleton if f(x) is strictly convex. Given
z € IR™ we will denote Z its closest element in the optimal

set Q0 (with respect to the norm || - ||g). That is,
Z = argmin ||z — z|| g ()
z2€Q

Given y € IR", one could use the local information given by
Vh(y) to minimize the value of f = ¥+ h around y. Under
Assumption [1} this can be done obtaining the minimizer of
the strictly convex optimization problem

. 1 2
min ¥(z) + (Vh(y),z —y) + 5llz — ¥l
It is well known that this problem is solvable and has a
unique solution if Assumption [I] holds (see, for example,
Subsection 6.1 in [21] for an analogous result). For com-
pleteness we provide a proof of this statement in Appendix
[Al (see Property ).

The solution to this optimization problem leads to the
notion of composite gradient mapping [6], which constitutes
a generalization of the gradient mapping that can be found
in [4, Subsection 2.2] for the particular case ¥(-) = 0. See
also [5] for the particular case X = IR".

Definition 1 (Composite Gradient Mapping ¢(y)).
Under Assumption[ll and given y € R", we define

. . 1
y" =argmin W(z) + (VA(y),z —y) + 5]l - Yl

9(y) = Ry —y ™).

We notice that the composite gradient mapping is closely
related to the notion of proximal operator [22], [21, Chapter
6]. For example, one could state, after some manipulations,
the computation of the composite gradient mapping as the
computation of a proximal operator. In the context of optimal
gradient methods, it is assumed that the computation of y*
is cheap. This is the case when X is a simple set (box,
IR", etc.), R diagonal, and () a separable function. For
example, in the well known Lasso optimization problem,
the computation of y™ resorts to the computation of the
shrinkage operator [5]. See [23], Section 6 of [22], Chapter
28 in [24], or Chapter 6 in [21], for numerous examples in
which the computation of the composite gradient mapping
is simple.

The following property gathers well-known properties of
the composite gradient mapping ¢(y) and its dual norm



lg(w)ll« = llg(y)||r-1 [5], [6]. For completeness, we include
the proof in Appendix

Property 1. Suppose that Assumption [Il holds. Then,
(i) For everyy € R" and x € X:
1
Fy") = f@) < (9(w)y" — o) + 5l

= (gly).y—2) — 59w

1 1
sl =l + 5l — 2l
(ii) For every y € X:

SlaWI? < Fw) ~ S™) < f)

The composite gradient serves to characterize optimality
[6]. That is, under Assumption [l we have the following
equivalence

y€Qegy) =0.

This fact is proved in Appendix [C

III. RESTART FISTA SCHEMES

For a given initial condition z € IR", a minimum number
of iterations k,,;, > 0, and an exit condition E., the non
restart FISTA algorithm [5] is shown in Algorithm [ This
algorithm solves gg(l h(z) + ¥(z) under Assumption

Algorithm 1: FISTA
Require: z € IR", kp,in, > 0, E.
1 y():xo:ZJr,tQ:l,k:O

2 repeat
3 E=k+1
4 | a2 =y
k= 191@71
5 tk:§(1+,/1+4t§_1)
tr_1—1
6 ykzxk‘i‘;ik(l'k_l'k—l)
7 Compute exit condition F,

s until E, and k > kpin
Output: r =z, n =k

Since the optimality of z, is equivalent to g(zj) = 0 (see
Property [7 in Appendix [C), a typical choice for non restart
FISTA schemes is to choose ki, equal to zero and codify
the exit condition

lg(@r)ll« <,

where € > 0 is an accuracy parameter. It is also common
to use the exit condition ||g(yx—1)||« < €, since this exit
condition requires y,j_l, which has already been computed
in step M of the algorithm.
It is well known that under Assumption [l see also (),
the iterations of non-restart FISTA satisfy [5], [6],
2

fle) = 1" < ppalloo = @l VE 21 G)

where T( represents the point in the optimal set {2 closest
to the initial condition x( of the algorithm (see (@)). For the
sake of completeness, we present a detailed proof of this
claim in Appendix [DI We also prove in the same appendix
that the sequence {yx} generated by Algorithm [I] (FISTA)
satisfies

4l|zo — Zo||r
— —— Vk>0.
k+2 9 el

In restart schemes, one invokes several times FISTA
algorithm with a relaxed exit condition. Typical choices are
(see [16]),

(i) Function scheme:

lg(yr)ll« <

El =True & f(ay) > f(zx-1). (6)
(ii) Gradient scheme:
EY =True < (g(yr—1),xp—1 —zk) < 0. (7)

Given initial condition 79 € X, a minimum number of
iterations k,,;, > 0, an exit condition E., and an accuracy
parameter € > 0, the standard restart FISTA algorithm is
shown in Algorithm

Algorithm 2: Restart FISTA
Require: 7o € X, kpin >0, € >0, E.

15=0

2 repeat

3 j=J3+1

4 ri = FISTA(T‘j_l s kmina Ec)
s until [[g(r;)[[ <€

Output: z* = r;

The implementation of AlgorithmRlusually provides better
performance than the original non restart version [16], [18].

IV. CONVERGENCE OF RESTART FISTA UNDER A
QUADRATIC FUNCTIONAL GROWTH CONDITION

It has been recently shown in [20] that some relaxations
of the strong convexity conditions of the objective function
are sufficient for obtaining linear convergence for several
first order methods. In particular, the following relaxation of
strong convexity suffices to guarantee linear convergence of
different gradient optimization schemes for smooth functions
(¥(-) = 0). See [20, Subsection 5.2.2].

Assumption 2 (Quadratic Functional Growth). We assume
that the optimization problem

J* = min f(2)

zeX

is solvable and satisfies the following quadratic functional
growth condition with parameter p > 0:

* 1Y _
flx)—f*> 5”1‘—%”%, Vo e X,

where T denotes the closest element to x in the optimal set

Q (see ().



As can be seen in [20, Subsection 3.4], strong convexity
implies quadratic functional growth. This means that the
quadratic functional growth setting encompasses a broad
family of convex functions.

It is also shown in [20, Subsection 5.2.2] that if the value
of f* is known and ¥(-) = 0, then a restart FISTA based on
the exit condition

flxo) — I~

E; =True < f(zx) — f* < 2

) )
exhibits global linear convergence. This exit condition is
easily implementable if the optimal value f* is known. This
is the case, for example, in some formulations of feasibility
optimization problems, in which the optimal value f* is
equal to zero for every feasible solution. This restart scheme
corresponds to an optimal restart rate of \2/—% [20, Subsection
5.2.2].

We present now a novel result that further characterizes the
convergence properties of the non restart FISTA algorithm
under Assumption

Property 2. Under Assumptions [l and B} the iterations of
FISTA algorithm satisfy

. . Af(@o) = f)
i) flar) —f* < W
Gi) flaw) < f(xo), for all k> %J

Gi) f(ry) — 7 < T

, for all k > 1.

— f(og 2V/eFT
S forall k> { /g J

Proof. See Appendix [H

V. RESTART FISTA WITH GLOBAL LINEAR
CONVERGENCE

In this section we propose a novel restart FISTA algorithm
(Algorithm [3) that exhibits global linear convergence under
the quadratic functional growth condition. The algorithm
uses exit condition E', which is defined to be true if the
following two conditions are satisfied,

f(zo) _ef(xm) (9a)

(9b)

f(@m) = flak) <
f(CCk) < f(IO)a

E! = True &

with m = 4] + 1.

Inequality guarantees that the output of the FISTA
algorithm is no larger than the one corresponding to its initial
condition.

As it is stated in the following property, one of the
main features of the proposed algorithm is that the num-
ber of iterations n; required at each FISTA iteration
[rj,n;] = FISTA(rj—1,nj_1,E!) is upper bounded by
@ ~ L2 Moreover, the number of iterations required
by the proposed algorithm to attain a given accuracy ¢ is
upper bounded by

\1/—% [m <1 + 72<f(r0)2_ f*)ﬂ .

€

Algorithm 3: Linearly Convergent Restart FISTA (LCR-
FISTA)
Require: 7o € X', ¢ > 0

1 ng = O, _] =1

2 [Tl, Tll] = FISTA(’I’(), no, Eé)
3 repeat
4
5

j=J+1

[Tj, nj] = FISTA(’I’J',l, nj717 Etl:)

i f(r; 1) = f() > = (f(rj2) ~ f(r; 1)) then
| n; = 27’1,]',1

8 end if

until [[g(r;)||. <€

Output: r* = r;

=)

[N}

o

Property 3. Suppose that Assumptions [l and 2] hold. Then,
the sequences {r;}, {n;} provided by Algorithm B satisfy

1
@) §||9(7°j—1)||2 < flrjon) = f(ry), Vi > 1.
< 4+/e + 1’ vj

(i) n; < > 0.

Vi -
J
(iii) The number of iterations (3, n;) required to guarantee

i=0
g(ri)ll« < eis no largerzthan
J

2 [ 1 2000 =)

1L €

Proof. See Appendix

We notice that the factor 16 in the worst case complexity
analysis is conservative. The authors claim that a better factor
might be obtained at the expense of a more involved proof.

VI. NUMERICAL RESULTS

We consider a weighted Lasso problem of the form

min [ Az ~ b + W], (10)
where z € R", A € RVNX" is sparse with an average of 90%
of its entries being zero (sparsity was generated by setting
a 0.9 probability for each element of the matrix to be 0),
n > N, and b € RN. Each nonzero element in A and b is
obtained from a Gaussian distribution with zero mean and
covariance 1. W € R"*" is a diagonal matrix with elements
obtained from a uniform distribution on the interval [0, «].
We note that Lasso problems (IQ) can be reformulated in
such a way that they satisfy the quadratic growth condition
[20, Section 6.3]. For this problem, inequality of As-
sumption [] is satisfied, for instance, for a matrix R chosen

as
n
Riy =) [Hil,
j=1

with H = %ATA. This is due to the Gershgorin Circle
Theorem [25, Subsection 7.2]. See also [6, Section 6].



We show the results of applying algorithms 2] and ] with
an accuracy parameter ¢ = 107 !! using different restart
schemes and values of N, n and o. We take ry = 0.

The restart schemes shown are EJ (@) and EJ (@) from
[16], restart condition E* (8) [20], and the restart condition
E! (@) proposed in this paper (using Algorithm [3). Addi-
tionally, we show the results of applying FISTA algorithm
without using a restart scheme. In order to provide a fair
comparison between the performance of the restart schemes,
the algorithms are exited as soon as a value of y; that
satisfies ||g(yx—1)||« < € is found. We note that, in order
to implement the restart scheme based on E}, we had to
previously compute the optimal value f*, which was done
by using Algorithm 3] with € = 10712,

Tables [ to M show results of performing 100 tests
with different randomized problems (I0) that share common
values of parameters N, n and «. Tables show the average,
median, maximum and minimum number of iterations.

TABLE I
TEST 1. COMPARISON BETWEEN RESTART SCHEMES

Exit Cond. E. | Norestart | EI ES o
Avg. Tter. | 670.6 | 8207.2 | 1648.7 | 687.5 | 1569.5

Median Iter. | 676 8241 1608.5 | 666.5 | 1571

Max. Iter. | 783 10109 2156 | 930 | 2053
Min. Iter. 570 6737 1192 | 567 917

Results of 100 tests with N = 600, n = 800, a = 0.01, e = 10~11,

TABLE 11
TEST 2. COMPARISON BETWEEN RESTART SCHEMES

Exit Cond. EL No restart E,Jf E? E}
Avg. Iter. 1683.7 | 34116.4 | 7743.3 | 1606.7 | 4601.9

Median Iter. 1659 33127.5 7242 1594 4503
Max. Iter. 2162 51201 14080 2201 7266
Min. Iter. 1406 24539 3894 1306 2499

Results for 100 tests with N = 600, n = 800, o = 0.003, e = 10~ 11,

TABLE III
TEST 3. COMPARISON BETWEEN RESTART SCHEMES

Exit Cond. E! No restart Ef E¢ E}
Avg. Iter. 705.9 8379.5 1786.3 686 1709.4

Median Iter. 704.5 8135.5 1773 680.5 1703
Max. Iter. 873 12055 3218 892 2512

Min. Iter. 547 5943 987 529 1042

Results for 100 tests with N = 300, n = 400, o = 0.01, e = 10~ 11,

Figures [Tl to B show the value of ||g(xy)||« for a randomly
selected problem out of the randomized problems used to
compute the results shown in tables [ to [ respectively.

Figure [ shows the value of n; at each iteration j of
Algorithm [3] for the three examples whose results are shown
in Figures[Ito[3l Note that the final value of n; is lower than
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|
VE
. f
10 E, E
= OFg
=~ 10°¢ : 1
X *E
9 c
= 107k
10%F E
st ‘ ]
0 500 1000 1500 2000
Iteration
Fig. 1. Value of ||g(yg)||« for a problem (I0) of Test 1.
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Fig. 2. Value of ||g(yg)||« for a problem (I0) of Test 2.

the previous one in all three instances due to the algorithm
exiting as soon as the condition ||g(yx—1)||+« < € is satisfied.

VII. CONCLUSIONS

In this paper we have presented a novel restart scheme
with guaranteed global linear convergence. The algorithm
relies on a quadratic functional growth condition. One of
the advantages of the proposed algorithm is that it does not
require the knowledge of the parameter p that characterizes
the quadratic functional growth condition, or the optimal
value of the minimization problem. We provide an upper
bound of the required number of iterations equal to

= [ (1 2L =L

We have presented numerical evidence of the good perfor-
mance of the algorithm when compared with other restarts
schemes. It outperforms the restart scheme based on the
knowledge of the optimal value f*.
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APPENDIX
A. Existence and Uniqueness of Composite Gradient
We present in this appendix some well known facts about

convex analysis that are required to analyze the properties of
the composite gradient.

Property 4. Suppose that
(i) ¥: R"— (—o0,00] is a closed convex function.
(i) X C IR" is a closed convex set.
(iii) The set dom(W) (X is non empty.
(iv) Ix : R™ — {0,00} is the indicator function of X.
That is,
0 ifzek
oo otherwise.

Iv(e) = {
(V) The function Uy : R"™ — (—o00, 0] is defined as
Uy(x) =T(x)+ Ix(z), Vo € R™

Then

(i) The function U x is proper, closed, and convex.
(ii) The relative interior of dom(¥ y) is non empty.
(ili) There is z € X and d € R" such that Uy (z) < oo
and

Uy(z) > Vx(z)+ (d,x —2), Ve € R".

Proof. From dom(¥) (X # 0 we have that both dom(¥)
and X are non empty. The epigraph of the indicator function
Iy is, by definition,

epillxy) = {(z,t)e R"x R : Iy(z) <t}
= {(z,) e R"x R : 2€X,0<¢}.
Since X and T={te€ IR : t>0} are non empty

closed sets, epi(Ix) = X x T is also a non empty closed
convex set. Thus, by definition, Iy : R"™ — {0,00} is a
closed convex function. Since both ¥ and Iy are closed
convex functions, ¥y = W + I» is also a closed convex
function (the sum of closed convex functions provides
closed convex functions [26, Proposition 1.1.5]). Since



dom(V¥y) = dom(¥) (X # (), we infer that the domain
of Wy is non empty. This implies that Wy is not iden-
tically equal to oco. Moreover, since ¥ : IR" — (—o00, 00]
we have that Uy : IR™ — (—o0,00]. We conclude that
Ux(x) > —oco for every € IR". From this and the fact
that ¥y is not identically equal to co we have that Uy is
proper.

Since dom (¥ y) is a non empty convex set, it has a non
empty relative interior ri(dom(¥y)) (see [26, Proposition
1.3.2]).

It is a well know fact from convex analysis that the
subdifferential of a proper convex function at a point in the
relative interior of its domain is non empty [26, Proposition
5.4.1]. Suppose now that z € ri(dom(¥y)). Since Uy is a
proper convex function we have that the subdifferential of
Wy at z is non empty. This means, by definition, that there
is d € R" such that

Uy(x) > Vy(2)+ {d,x—z), Ve e R".

Property 5. Suppose that Assumption [I] holds. Given any
y € IR", consider the quadratic function h, : R" — R
defined as

. 1
hy(e) = (Vhiy), 2 ) + 5l — yllh
Then, the minimization problem

min ¥(z) + hy ()

zeX

Y

is solvable and has a unique solution. That is, there exists a
unique point y* € X such that

")+ hy(yh) = it (@) + by (@) < oo,

Proof. Notice that the minimization problem is equiva-
lent to

i (o) + T (2) + by (2),
where [y is the indicator function of X. If we define
Wy = WU + Iy we can rewrite the original problem (L1) as

zréllllgn Uy (z) + hy(z).

We notice that the assumptions of Property 4| are satisfied
if Assumption [I] holds. Thus, we infer from Property M that
Uy : R" — (—o0,00] is a proper closed convex function.
We also have that the quadratic function h, : IR" — IR is
also proper and closed because it is a real valued continuous
function (see [26, Proposition 1.1.3]). Since the sum of
closed functions is closed (see [26, Proposition 1.1.5]), we
infer that I, = W x+h, is a closed function. Moreover, from
Property 4] we also have that there is 2 € X and d € R"
such that

(i) Tx(z) < 0.

(i) Px(x) > VUy(z)+ (d,x — 2), Vo € R".

Therefore,

Fy(2) = W (2) + hy(2) = 72 < o0,

Fy(z) = Vx(z) + hy(z) (12)
> Uy(z) 4+ (d,x — 2z) + hy(z), Ve € R™
We infer from (@2) that the closed function

F,: IR" — (—o0,00] is not identically equal to oo
and therefore, proper. We conclude that F, is a proper
closed convex function. From Weiertrasss’ Theorem (see
Proposition 3.2.1 in [26]) we have that the set of minima
of F, over IR" is nonempty and compact if there is a
scalar 4 such that the level set ®(y) ={z : Fy(z) <7}
is nonempty and bounded. From ({I2) we have that ®(v,)
is nonempty. Moreover, we also infer from (I2) that ®(v,)
is a bounded set because F), is lower bounded by a strictly

convex quadratic function of 2. We conclude that
min ¥(z) +hy(z) = min Vx(z) + hy(2)

= min Fy(z) <7, < .

zc IR™

is a solvable optimization problem. That is, there is y* € X
such that

U(yt) +hy(yh) = 1é1£{\11(:v) + hy(x) < o0.
The set of minimizers consists of a single element y+

because of the strictly convex nature of Fy (h, is a strictly
convex function). B

B. Proof of Property

We prove in this appendix Property 1l which is rewritten
here for the reader’s convenience.

Property 6. Suppose that Assumption [Il holds. Then,
(i) For everyy € IR" and x € X:

F) = £@) < lolw) ™ =)+ 5lo)? (13

= lglyy— ) - ZloWIZ  (13b)

1 1
= —5ly" =@k +5ly —2l7 (130

(ii) For every y € X:

SlawI? < Fw) - Su™) < f)

Proof. From Property Bl we have that there is a (unique)

y* € X such that
U(y") +hy(y") < U(@) + hy(a), Ve e X, (14)

where hy(z) = (Vh(y),z — y) + 3|z — y||%. Denote now
Uy = U+ Iy, where Iy : R" — {0,00} is the indicator
function of X. Since y* € X we have Ix(yT) = 0.
Therefore, inequality implies

Va(yh) +hy(y™) < V() + hy(2), Yo € R".
Denote now F, = Wy + h,,. From last inequality we have

Fy(er) < Fy(z), Vz € R".



By definition of subdifferential at a point, we have that the
previous inequality implies

0€dF,(y"). (15)

We have that Wy is a proper closed function and
ri(dom(¥y)) # 0 (see the first two claims of Property [).
The domain of the quadratic function A, : IR" — IR is IR".
Since h,, is a continuous real value function in IR", it is also
closed (see Proposition 1.1.3 in [26]). We have that

ri(dom (¥ x)) () ri(dom(hy)) = ri(dom(¥x)) (| R"
= ri(dom(¥y)) # 0.

Since Fyy = Ux + hy is equal to the sum of two closed
convex functions and

ri(dom (¥ x)) m ri(dom(hy)) # 0,

we have OF,(y*) = 0V (y*) + Ohy(y™) (see Proposition
5.4.6 in [26]). The subdifferential of the differentiable func-
tion hy at y* is Vhy(y*) = Vh(y) + R(y™ —y). Thus, we
obtain from (I3)

0€0F,(y") =0Wx(y")+ohy(y™)
=0Tx(y") + Vh(y) + Ry —y).
Since g(y) is defined as R(y — y™*) we obtain
9(y) = Vh(y) € 0% x(y").
By definition of O x(-) we have
V() = Ya(y") + (9(y) = Vh(y),z —y"), Vo e R
Obviously, since X C TR™, this implies
Va(z) > Va(y™) + (9(y) - Vh(y),z —y"), Vo e X.
Since y™ € X and Uy = ¥ for every z € X, we obtain
U(z) > U(y™) + (9(y) — Vh(y),z —y"), Yz € X. (16)
The convexity of h(-) implies
h(z) > h(y) + (Vh(y),z —y), Vz € X.

Adding this inequality to (I6) yields

(
>U(y*) + (g(y) — Vh(y),z —y™)
+h(y) + (Vh(y),z — y)
= V(") + (9(y),z —y™)
+h(y) + (Vh(y),yt —y), Ve e X. (17)

From Assumption [Il we have
1
h(y) = h(y™) = (Vh(y),y™ —v) — S lv* -l
1,
= h(y™) = (Vh(y).y" —v) = IR 9W)II%

= h(y") — (Vhiy) v — 1)~ 5o

Adding this inequality to (I7) yields
1
F@) 2 (") +hy") + (9w) 2 —y") = 5l

= Fu) + (o) — ) — 3o, Ve € X

From this inequality we have

fh) = flx) <(g(y),y*t —x) + %Hg(y)lli Vo e X.

This proves (13a). We now prove (13B) and (I3d) by means
of simple algebraic manipulations.

F™) = @) < )y — o)+ eI
= (gw)y — oy —v)+ o)

+

=(9(y),y — =) +{g(v),y" —y) + %Ilg(y)l\f

= {9(y),y —2) + (9(y), ~R™"g(y)) + %Hg(y)lli
= {g()oy — 2~ 9@ + 5 o) 2

1
=(g(y),y —x) — §Hg(y)||3, Vz € X. (18)

This proves (I3B). From this inequality, and the definition of
g(y), we obtain

Fy™) ~ F@) < Ry~ vy — )~ IR~y
=—(Ry—y"),z—y) - %Hy -y %
=~y v+ oyl + 5le— vl
= —3lly* —allk+ 5y~ ollh, Vo € X

This proves (I3d). Suppose now that iy € X. Particularizing
inequality (I8) to = = y yields

1
sla@IE < fw) = f"), vyex.
The inequality f(y) — f(y*) < f(y) — f* trivially follows
from f* < f(y*). m
C. Characterization of optimality
The following property serves to characterize the optimal-
ity of a given point y € R".

Property 7. Suppose that Assumption[llholds. Then y € R"
belongs to the optimal set

Q={z:zeX flx)=f"}

if and only if g(y) = 0.

Proof. We first show that g(y) = 0 implies y € 2. Since
R = 0, we infer from equality g(y) = R(y — y™) that
g(y) = 0is equivalent to y = yT. Suppose that z* € Q C X.
Then, we obtain from g(y) = 0, y = y* € X, and the first
claim of Property [1 the following inequality

£ 2 £ — o)yt — )~ a2
=f") = f).



That is, f* = f(z*) > f(y). Since y = y™ € X, this is
possible only if y is also optimal (f(y) = f*). This proves
that g(y) =0 implies y € . We now prove that y €
implies g(y) = 0. Suppose that y € Q. Then, f(y) = f* and
we obtain from the second claim of Property [

Slo)I2 < 7lw) — 7 =o0.
This implies g(y) = 0. B

D. Convergence of non restart FISTA
Property 8. Suppose that Assumption [1| holds. Then, the
sequences {zy} and {yi} generated by Algorithm[Il (FISTA)

satisfy
o 2llwo — To|R

) < -
@ flxw) — f e , forall k > 1,
. 4l|zo — Zol|r

< — >0,
(i) [lg(ye)ll« < ) forall k>0

where T represents the point in the optimal set ) closest to
the initial condition xo of the algorithm.

Proof. First claim:

We denote g, = g(yx), Yk > 0. Additionally, we recall
that || - [l = - [|[g-1.

From step 4 of FISTA algorithm we have

Ty =y, Vk> 1. (19)
This implies that
g1 = R(yx — y) = R(yr — x41), Yk > 0.

Particularizing inequality (I3d) of the first claim of Property
[Bltoy =1y € R", and z = 7o € Q C X, we obtain

_ 1 B 1 B
fd) — f(@o) < —§Hyo* — Zoll% + §||y0 — Zo|%-

By construction we have that x9 = yo and 21 = yar .
Furthermore, by definition of Zo, we have f(zo) = f*.
Therefore we can rewrite previous inequality as

L ] 1 i
flx1) = f §—5||CU1—$0|\%+§||$0—$0||% (20)
1
< §||170—570||?%-

This proves the claim of the property for £ = 1. We now
proceed to prove the claim for k > 2. From equality (I9) we
have

Thyl = y,j, Vk > 1.

Therefore, from inequality (I3B) of Property [6l we obtain that
for every x € X and every k£ > 1

F@) 2 f) + ol — w2,

We notice that, by construction, x3 € X, k > 1. Particular-
izing at x and Zo, we obtain from last inequality

1
flar) > f(rper) + §||9k||i — gk, yr — x), Vk > 1,(21a)

1
F(@0) = f(wrsr) + 5ll9xl1% = (g yx — o), Vh > 1. 21b)

In order to write down the proof in a compact way, we
introduce the following incremental notation, valid for all

k>0,
fx = flax) — 17,
oy, = x) — To,
SYk = Yk — To, -
Inequalities (2Ta) and 21B) in an incremental notation, are

1
Ofk — 0fkg1 > EHQkHi — gk, 0yr — 0z), Yk > 1, (22a)

1
=0fitr 2 5l9ellZ = Con, ye), Yk = 1. (22b)

We introduce now the auxiliary variable I'y, defined as
Ty =t3_10fk — t26 frg1, Yk > 1.
From Property [0] in appendix [E] we have
=13 —tg, Vb > 1.
We now use this identity to obtain
Ty = (8§ — te)dfr — 170 frn
= (t7 —t)) (6 fx — 0 fus1) — td foy1, Yk > 1.

In view of Property [0 ¢t; > 1, Vk > 0. This implies that we
can replace, in inequality @3), 6 fx — 6 fr+1 and —d fr11 by
the lower bounds given by inequalities (22a) and (22B). In
this way we obtain

(23)

1
T2 (6 - ) 3llnl = (oo~ 60))
1
st (gl - (ow. 00 )

t2
= EngkHi — (g th(Oyr — Oxk) + tedy), Vhk > 1.(24)

From step 6 of the algorithm we have for all £ > 1 that

tr_1— 1
Y = Tk + kol (xx — xk—1). This can be rewritten in
incremental notétion as
tr_1—1
Oy — Oy = kli(&ck — 5$k_1), Vk > 1. (25)
We now define, for every k > 1
Sk = 0Tp_1 + tkfl((S:Z?k — 517]@,1). (26)
From the definition of s; and (23) we obtain
S — 0T = 0Tp—1 + tk,l(&rk — 5$k71) — oy
= (tk—l — 1)(5.%% — &Ek—l)
=t (dyr — dxy), Vk > 1. 27
From 24) and 27) we obtain
1
Iy > 5”%91@”5 — (k> th(sk — 0xk) + thday)
1
= §||tkgk||f — (tkgr,sk), Vk > 1. (28)



Using (26) and 27) we now show that g can be written in
terms of s; and sjy1.

trgr =tk R(Yr — Thg1) = tu R(OYr — 0Tk41)
=t R(0yx, — Sk + 0z, — dTgq1)
= R(sx — dxk + ti(dxk — dxky1))
= R(sk — Sk+l)7 Vk > 1.
With this expression for ;g we obtain from (28)

(29)

1
Iy > §||R(Sk — skr1))12 — (R(sk — Sk+1), Sk)

1
§||5k+1 — skll% + (R(sk41 — Sk), Sk)

1
S (sh1 = si) + sllh — §H8k|\fz
1 1
§||Sk+1||%% - 5”31@”%{7 Vk > 1.
Thus, for every k > 1,
1 1
Ty =110 fk — 20 frr1 > §||Sk+1|\?a - §||Sk||?g-

Equivalently

1 1

6 ferr + §||Sk+1||%:z <ti 1 0fk + 5H5k||%%a Vk > 1.

Since this inequality holds for every £ > 1 we can apply it
in a recursive way to obtain

1 1
36 frr1 + §||5k+1|ﬁ% < tgof1+ §||51||?%
1
= 5f1 + 5”5.%0 + t0(5I1 — 5:170)”%
1 _
=46f + 5”1‘1 - ,T()H%, Vk > 1.
From 20) we have
1 -
flay) = 1"+ 5lley = Zoll% <
Thus,
1 1
t70 frt1 + §|\Sk+1||%z < 5llzo = Zolh, V> 1. (30)

|0 — Zol|%-

DN | =

Therefore,

2 * 1 2 1 = 112
te(f(@r1) = f7) + 5 lskr1llk < 5llzo = Zollz, vk 2 1.
From this inequality, and taking now into account that
ty > L for all k£ > 0 (second claim of Property [0), we
conclude

. < |zo — Zoll% _ 2[lwo — Tl

_ > 1.
f@ry1) — 7 < Qti =" kt2e Vk>1
That is, )
2||zo — %ol
— < == R V> 2.
flzr) = f* < Gpig o RZ
||

Second claim:
We first prove the claim for £ = 0.
lgCyo)ll« = 1 R(yo — v« = llyo — v I
= l[zo = z1]lr = l[w0 — To + o — 21 [|R

< ||lzo — Zollr + [|T1 — Tol| &-

From @20) we derive
lz1 — Zo||r < |20 — Zol| B (3D
Thus,
l9(wo)ll« < llxo — Zollr + |21 — Zollr < 2[|z0 — Zo||R-

We now prove the claim for k£ > 0. From (30) we also have

lsk+1llr < llzo — Zollr, Yk > 1. (32)
We also have that
s1 = 0xp + t0(5$1 - 6$0) =X — Zg. (33)

From @BI) we derive ||s1]|r = ||z1 — Zol|r < ||zo — Tol| R
From this and (32)) we obtain

Iskllr < ||lzo — Zollr, Yk > 1. (34)

From here we derive, for every k > 1,

lsk+1 — skllr < l[sk+1llr + [Iskllr
< ||zo — Zollr + [|r0 — Tol|r = 2[|x0 — To r-
From ([29) we have
1
gk = ER(SIC — Sk_;,_l),Vk > 1.

Therefore, for every k > 1

1
ll gl t_”Sk — spr1llr
k

2 _
< t—”fl?o — Zollr
k

< lzo — Zo|| &-

4
k+2
We notice that the last inequality is due to the second claim
of Property 91 This proves the second claim of the property.
|
E. Properties of the sequence {ti}

Property 9. Let us suppose that to = 1 and that
1
=g (14148, ), vk L
Then

() t2_, =t3 —tg, forall k > 1.
k42
(i) t > % > 1, for all k > 0.
Proof.
(i) For every k > 1, t is defined as one of the roots of

t—tp—t:_, =0.

Therefore we obtain ¢7_; = t7 — t.

(i1) The claim is trivially satisfied for k£ equal to 0. We
now show that if the claim is satisfied for £ — 1 then
it is also satisfied for k.

1

5 (1+1+422_, )

1 1

3 (1 + \/415%_1) =5 tte-1

175

Y

10



Since the claim is assumed to be satisfied for £k —1 we
have tj,_; > *L and consequently

1
g+ =

k+2
5 —

2
|

F. Proof of Property

From equation (3) we have

. 2 _
flog) — f* < m”xo — Zollh, VE > 1.

Due to Assumption [2] we also have

12 _ *
§H$o — Zol|% < f(wo) — f*.

Therefore,
4
L —f"), Vk > 1. 35
fok) = I < e (o) = ), VE 2 1. (39)
This proves the first claim. Denote
4
= —0, Vk>1.
Qg MCESEk =
With this notation we rewrite (33)) as
flaw) = 7 < an(f(xo) = f7), VE= 1. (36)
2
Suppose now that k > {—J Then,
Vi
4 4 R S
ST A G
TR "\ Tr
Therefore,
2
ar € (0,1), Vk > {—J 37
0.0 VH

This, along with inequality (36), yields

Flaw) — £ < flxo) — £, VE > %J .
Equivalently,
Fax) < Fxo), Wk > L% |

This proves the second claim of the property. In view of
inequality (38) we have

flzr) — f* < ap(f(zo) — f7)
= ar(f(zo) — f(zx) + f(xr) — ")
= o (f(wo) — f(zx)) + o (f(xr) — 7).

Therefore,

(1 —aw)(f(zx) = %) < aw(f(wo) = flzr)).  (38)

11

Suppose now that k > Q—Ve:lJ This implies & > {%J
and consequently 1 —ay, > 0 (see (37)). Dividing both terms
of inequality (38) by 1 — ay, we get

flaw) = 17 (f (xo) = f (1))

_ 4
p(k+1)?

TR (f(ao) — f(a)
A(f (20) — f(w1))

(0%
S k

1_ak

Pt 1)

IN

G. Proof of Property

By construction, r;_; € X, for all j > 1. Therefore, we
have from the second claim of Property [I that

1
EHQ(ijl)”i < f(rjor) = frfq), Vi> 1

We also notice that r; is computed invoking FISTA algorithm
using r;_1 as initial condition (z = r;_1). That is,

(39)

[rj,nj] = FISTA(ijl, nj717 Etl:)

Since the output value f(r;) is forced to be no larger

than the one corresponding to zg = z+ = T;r_l, we have

f(rj) < f(r;_,). Therefore, we obtain from inequality (39)
that

1
5”9(73—1)”3 < flrj—1) = f(rj_y)
< frj—1) = f(rj).
This proves the first claim of the property. We now show
that if n,_1 < 4—“5“, then the value n; obtained from
J NG J

[rj,n;] = FISTA(rj-1,nj-1, E;),

also satisfies

4v/e+1

n; < .

J = NG

)

J, we infer, from the third claim of

(40)

Denote

m =

2ve+1

VI

Since m >
Property 2] that

[(w0) = f(om)

flam) = f* < -
From this inequality, we obtain
Flam) — Flan) < flam) — f* < L) = @n),

e



Therefore, the first exit condition is satisfied for m = m.
Since m = L%J + 1 we have m > % This means that for
m = mm, the corresponding value for k is no larger than

2m =2 L%/H—lJ < 4(\/H—1).
vE LT e

We also notice that, in view of the second claim of Property
2l the additional exit condition f(x) < f(x) is satisfied

for every
2
k> |—]|.
kd

Therefore, n;_1 < 4—V\/B—+l implies that n;, obtained from

[rj,n;] = FISTA(rj_1,nj_1, EL), also satisfies (@0). We
now prove, by reduction to the absurd, that n; cannot be

larger than 4—V\/€_:1. Suppose that
4ve+1
n; BT: (41)

Because of the previous discussion, the previous inequality
could be forced only by the doubling step n; = 2n;_; of the
algorithm. That is, inequality (4I) is possible only if there is
s such that ng_1 > 2Vetl anqg

VI
f("’sz) -

flrs—1) = f(rs) >

Since

[rs—lans—l] = FISTA(TS—% Ng—2, Eé)a

we have that r;_; is obtained from rs;_o applying

2v/e+1
N/

iterations of FISTA algorithm. However, we have from the
third claim of Property 2 that this number of iterations
implies

Ng_—1 >

- f(rsfl)'

e

flrs—1) = f(rs) < flrs—1) —

From the second claim of Property [l we also have
f(ri ) < f(rs—2). Thus,

J(rs—2) — f(rs—
Fran) = (g < L2 2T 0)
That is, there is no doubling step if ngs_; > 2—V\ef:1 This

proves the second claim of the property.
We now show that there is a doubling step at least every

2 _ *
7= [in (1 20 Y]
€
steps of the algorithm. Suppose that there is no doubling step
from iteration j = s+ 1to j = s+ 7', where s > 1. That is,

flrj—2) = f(rj-1)

e

f(rj—1) = f(r;) <

, Viel[s+1,s+T].

12

From this, and the first claim of the property, we obtain the
following sequence of inequalities

Sllg(rasr DI < frovra) = Frasr)

;f(mtr D <1>T(f(r51) = f(rs))

e

< f(rstr—2)

<(2) e -1 )7<2>T(f(ro)f*)
ln 120 rn)=s7)

‘() e (o) = 1)

< () (o)~ £°)

62

<W> (flro) = f) = 5
We conclude that 7' consecutive iterations without dou-
bling step implies that the exit condition is satisfied
(lg(rs47—1)|l+ < €). We conclude that there must be at least
one doubling step every T iterations. This implies that there
exist j € [s + 1,5+ T such that

flrj_1) = f(ry) > f(rj—2) —

e
Therefore, n; = 2n;_;. Moreover, since {n;} is a non
decreasing sequence, we get nsyr > n; = 2n;_1 > 2n,,
Vs > 1. That is,

frj-1)

Ns+T

ng < , Vs > 1. 42)

Suppose that j is rewritten as j = m+n7T, where 0 <m < T
and n > 0. From the non decreasing nature of {n;},

m~+nT

S

=0

n—1 T

Z Uz + Z Z Nm+i+eT

£=0 i=1 (43)

<Tnm+T Z Nmger =T Z Nmger =T Z Nj—eT-
=1 =0 =0

Also, from inequality @2), we have n;_r < %
inequality in a recursive manner we obtain

1 L
nj—erT < (5) ng, fZO,...,TL

This, allows us to infer from that

J n 1 4 oo 1 4
1=0 =0 £=0

The last claim of the property follows directly from this one
and the bound n; < 4vetl f the second claim. That is, if

j denotes the first index for which ||g(r;)||« < €, we get that
the number of total iterations is bounded by

I Using this

ijn- <oy, < STVeFT _ 16T
SR S T SR
- \1/_% {m (1 + 72(f(ri)2_ f*)ﬂ .
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