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Event-Triggered Tracking Control of Networked and Quantized Control
Systems

Wei Ren, Dimos V. Dimarogonas, and Raphaél Jungers

Abstract—This paper studies the tracking control prob-
lem of networked and quantized control systems under both
multiple networks and event-triggered mechanisms. Multiple
networks are to connect the plant and reference system with
decentralized controllers to guarantee their information trans-
mission, whereas event-triggered mechanisms are to reduce
the information transmission via multiple networks. In this
paper, all networks are independent and asynchronous and
have local event-triggered mechanisms, which are based on local
measurements and determine whether the local measurements
need to be transmitted. We first implement an emulation-based
approach to develop a novel hybrid model for tracking control
of networked and quantized control systems. Next, sufficient
conditions are derived and decentralized event-triggered mecha-
nisms are designed to ensure the tracking performance. Finally,
a numerical example is given to illustrate the obtained results.

I. INTRODUCTION

The introduction of wired/wireless networks to connect
multiple smart devices leads to networked control systems
(NCS), the area of which includes three activities [1]: control
of networks; control over networks; and multi-agent systems.
The presence of networks improves efficiency and flexibility
of integrated applications, and reduces installation and main-
tenance time and costs [2]-[4]. Different smart devices may
be physically distributed and interconnected such that their
communications are via different types of networks, which
in turn result in many issues, such as transmission delays,
packet dropouts, quantization, etc. Therefore, the main chal-
lenge is how to design the control scheme to limit the effects
of the aforementioned network-induced issues and to achieve
the desired performances while keeping the information
transmission as minimal as possible. One suitable approach
in this context is periodic event-triggered control (PETC)
[5]-[7], combining time-triggered control (TTC) [8], [9] and
event-triggered control (ETC) [10]-[12]. The PETC allows
the triggering condition to be evaluated with a predefined
sampling period to decide the information transition, and
leads to a balance between TTC and ETC by avoiding the
continuous evaluation of the triggering condition [5], [7].
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Many existing results on NCS focus mainly on stabil-
ity analysis and stabilization control, and both TTC and
ETC/PETC have been addressed [3]-[5], [13]. However,
tracking control, as a fundamental problem in control the-
ory [14], [15], received less attention [16]-[18]. The main
objective of the tracking control is to design controllers
such that the plant can track the given reference trajectory
as close as possible [19], [20]. In the tracking control, the
controller consists of two parts [21]: the feedforward part
to induce the reference trajectory for the plant, and the
feedback part to drive the plant to converge to the reference
trajectory. As opposed to the traditional tracking control,
the main challenge of the tracking control of NCS is that
only local/partial information is transmitted to the plant due
to limited-capacity communication networks. In addition,
the information transmission via networks may be a error
source affecting the tracking performance [21]. Therefore,
both network-induced errors and local interaction rules need
to be considered simultaneously, and thus result in additional
difficulties in the tracking performance analysis.

In this paper, we study the event-triggered tracking con-
trol problem for networked and quantized control systems
(NQCS), where several issues caused by the network and
quantization are included [22]. To this end, we implement an
emulation-like approach as in [3], [14], [15], and develop a
novel hybrid model using the formalism in [23] to address the
event-triggered tracking control for NQCS, which is our first
contribution. In particular, a general scenario is considered:
multiple independent and asynchronous networks are applied
to ensure the communication among different components.
This scenario stems from many physical systems, where
different communication channels are applied to connect
sensors, controllers and actuators. Hence, this setting allows
to recover the architectures in [14], [15], [21] for NCS
and [17], [18], [24] for MAS as special cases. In partic-
ular, external disturbances are considered in [24], whereas
quantization effects are studied here. Based on this setting,
a general hybrid model is developed to incorporate all the
issues caused by multiple networks and decentralized event-
triggered mechanisms (ETMs). Our second contribution is
to apply the Lyapunov-based approach to investigate the
effects of these issues on the tracking performance. Specif-
ically, motivated by multiple Lyapunov functions approach,
some reasonable assumptions are provided, the decentralized
ETMs are designed to reduce the frequency of the informa-
tion transmission, and the tradeoff between the maximally
allowable sampling period (MASP) and the maximally allow-
able delay (MAD) is derived to guarantee the convergence of



the tracking error with respect to the network-induced errors.

Preliminaries are presented in Section The tracking
problem is formulated in Section and a unified hybrid
model is developed in Section [V] Lyapunov-based condi-
tions and decentralized ETMs are derived in Section [Vl A
numerical example is presented in Section Conclusions
and further research are stated in Section

II. PRELIMINARIES

R = (—00,+00); R>g 1= [0,400); Rsg := (0, +00);
N:={0,1,2,...}; Ny :={1,2,...}. Given two sets A and
B, B\A:={z:2z € B,x ¢ A}. | -| denotes the Euclidean
norm. Given two vectors z,y € R, (z,y) := (z7,yT)7T
for simplicity of notation, and (x,y) denotes the usual inner
product. It denotes the vector with all the components being
1, I denotes the identity matrix of appropriate dimension,
and diag{ A, B} denotes the block diagonal matrix made of
the matrices A and B. Given a function f : Ry — R",
f(tT) = limsup,_ o+ f(t + s). A function o : R>p —
R>o is of class K if it is continuous, a(0) = 0, and strictly
increasing; it is of class [C if it is of class K and unbounded.
B:R%Z, — Rx is of class KL if B(s,t) € K for fixed t > 0
and (s, t) decreases to zero as t — 0 for fixed s > 0. A
function 3 : R ) — R is of class KLL if B(r, s,t) € KL
for fixed s > 0 and B(r, s,t) € KL for fixed t > 0.

Consider the hybrid system [23]:

{a'c:F(x,w), (x,w) € C,

1
(z,w) € D, o

rt = G(z,w),

where © € R" is the system state, w € R™ is the external
input, F : C — R" is the flow map, G : D — R™ is
the jump map, C is the flow set and D is the jump set.
For the hybrid system (I), the following basic assumptions
are presented: the sets C, D C R™ x R™ are closed; F
is continuous on C; and G is continuous on D. In (I)),
z € R" is defined on hybrid time domain, which is denoted
by domz C Rxg x N with the following structure: for each
(T, J) € domz, domz N ([0,T] x {0, ...,J}) can be written
as Uy<j<y_1([tj,tj+1], j) for some finite sequence of times
O=to<t1 <...<ty;=T.(',j) 2 (t,5)ift'+j < t+j.
A solution (z,w) to is a function on the hybrid time
domain satisfying the dynamics in with the following
property: domz = domw; (-, j) with fixed j is absolutely
continuous; and w(+, j) with fixed j is Lebesgue measurable
and locally essentially bounded. A solution (x,w) is
maximal if it cannot be extended. Define |lw|¢ ;) =

max ess. sup lw(t’, 5],
(t,5") €domw\E(w),(0,0) X (t',5") =X (t,5)
sup sup |lw(t’,j')| p, and |w| =
(1.4)E2(w), (0.0) (5 X(1.) |
SUp (¢ jyedomw 10| (2.5), where Z(w) = {(t,7) € domw :

(t,j + 1) € domw}. &, (x0) is the set of all the maximal
solutions to (I) with xy = x(0,0) € C' U D and finite ||w]|.

Definition 1 ( [23]): The hybrid system is input-to-
state stable (ISS) from w to z, if there exist 5 € KXLL and

v € Koo such that |z(t, j)| < B(|z(0,0)[,t,5) +v(lwll(,5))
for all (¢,j) € domz and all (z,w) € &, (x0).

III. PROBLEM FORMULATION

In this section, we first state the tracking control prob-
lem for the NQCS studied in this paper, and then present
the detailed information transmission among the plant, the
reference and the controller via multiple networks.

A. Tracking Problem of NOQCS

Consider the following nonlinear system

Ty = fp(mpvu)7 Yp = gp(xp)7 ()

where x, € R™ is the system state, u € R™“ is the control
input, and y, € R"¥ is the plant output. Similar to [14]-[20],
the reference system tracked by (@) is of the form:

Ty = fp(l‘rvuf)7 Yr = gp(xr)~ 3)

where z, € R™ is the reference state (n, = n,), ur € R is
the feedforward control input, and y, € R™ is the reference
output (n,, = n,,). Assume that the reference system (3) has
a unique solution for any initial condition and any input.

To track the reference system, the controller designed for
in the absence of the network and quantizer is u = uc+us,
where u. € R"* is the feedback item from the following
nonlinear feedback controller

Te = fc(33C7yp7yr)7 Ue = gc(mc)v €]

where x. € R™ is the state of the feedback controller;
ug € R™ is the feedforward item and is related to plant
state and reference state [21]. We assume that f;, and f. are
continuous; g, and g. are continuously differentiable.

Since the emulation-based approach is applied [3], [14],
[15], the feedback controller (@) is assumed to be designed
for the network-free and quantization-free case. Hence, the
objective of this paper is to implement the designed con-
troller over both ETMs and multiple networks and quantizers,
and to ensure that the assumed tracking performance of the
system (2)-@) will be preserved for the NQCS under rea-
sonable assumptions and the designed decentralized ETMs.

B. Information Transmission over Multiple Networks

The information is sampled via the sensors, quantized
and then determined (by the ETM to be designed) to be
transmitted via the network. Since the sensors and actuators
may be of different types, the connection among the plant,
the reference and the controller may be via multiple net-
works (e.g., wired/wireless networks [2], [4]). Therefore, the
information is transmitted via multiple networks, which are
assumed to satisfy the following assumption.

Assumption 1: In the case that the ETM is implemented,
all the sensors and actuators are connected via N € Ny
independent and asynchronous networks.

For each network ¢ € A := {1,..., N}, the information
to be transmitted is denoted by z; := (y5, yf, uf, uf) € R":
with n}, := 2n; + 2n;,. The dynamics of z; is written as

2= [z, p, T, 2L), (5)



where f! can be computed explicitly via (2)-@). The de-
pendence of Z; on w, and z; comes from the potential
dependence of y, (or ) on w, (or z;). Denote z :=
(z1,...,2n) € R™ with n, := vazl ni,and 2 = f, :=
(fL,..., fN) € R"=. Because of the band-limited capacity
of each network and spatial locations of its sensors and
actuators, all the sensors and actuators of each network are
grouped into ¢; € N nodes to access to the network, where
1 € N [13], [25]. Correspondingly, z; is partitioned into /;
parts. For the i-th network, its sampling time sequence is
given by {t’ :i € N,j € Ny}, which is strictly increasing.
At t;, one and only one node is allowed to access to the
i-th network, and this node is chosen by an time-scheduling
protocol; see Subsection For the i-th network, the
sampling intervals are defined as h% := t’,, — t:, where
i € N and j € N,. Since it takes time to compute
and transmit the information, there exist transmission delays
T; > O‘suchl that .the information is received at the arrival
times 1% = ti + 7.

Assumption 2: For the i-th network, i € N, there exist
constants 7; > A; > 0 and ¢; € (0,7T;) such that ¢; < h; <
T; and 0 < 7/ < min{A;, R’} hold for all j € N.

In Assumption 2] T; > 0 is called the maximally allowable
sampling period (MASP) for the i-th network, A; > 0 is
called the maximally allowable delay (MAD), and ¢; > 0
is the minimal interval of two successive transmissions. The
constant &; is determined by hardware constraints [3], and
ensures the exclusion of Zeno phenomena. In the network-
free case [7], ¢, = 0 and 0 < h; < T; in Assumption
Note that the MASP and MAD are design parameters and
will be upper bounded in Subsection

The sampled information is quantized before being trans-
mitted. For each network, each node j € {1,...,¢;} has a
quantizer. The quantizer is a piecewise continuous function
qj- L Q;- C R™, where Q; is finite. The following
assumption is made for the quantizer; see also [26].

Assumption 3: For all i € N and j € {1,...,4;}, there
exist m > n’ > 0 and néj > 0 such that for all zh e Rf}: i)
] < mj = i) — 23] < s i) 1] > md =gy ()] >
m’ — n’; i) [2]] < no; = (j;(z;) =0

In Assumption 3} €; = ;(2;) — z; is defined as the
quantization error. m’ is the range of the j-th quantizer in
i-th network, n} is the bound on the quantization error. The
condition i) gives a bound on the quantization error when
the quantizer does not saturate. The condition ii) provides a
method to detect the possibility of saturation. The condition
iii) implies that if the signal is so small, then it is quantized
as zero. Based on the quantizer (j; and Assumption [3| the
quantizer applied in this paper is of the form:

qi(ph, 2h) = iz /), jef{L,....6},  (6)

where ;L;» > ( is a time-varying quantization parameter.
Assumption 4 ( [27]): The initial state (xpo, 0, Zco) iS

known a priori and bounded. The quantization parameter u§

is such that |2%| < m}u’ forall j € {1,...,4;} and i € N.

Assumption [] is to ensure that the quantizer does not sat-
urate. This assumption is enforced easily for linear systems
[22]. See [28] for more details for the nonlinear case.

For the i¢-th network, combining all the quantizers
in ¢; nodes yields the overall quantizer: ¢;(u;,z;) :=
(61 (p1,21), - - qp, (g, 24,)), where g i= (pf, ... pp,) €
R% is evolving as

te (r;,T;H), (7)

:ul(t) =0,
it Q; = diag{Q,...,Q},  (8)

pi(rl ) = Qi (rh),

where Q; € (0,1]. The quantized measurement is defined
as Z; = (Up, Ut- 96 98) = (ai(peis yp)s @i (paas y0)s i (pais )
¢i(mi,yf)); the quantization error is defined as ¢ :=
(ellga 617:’ eéa E?) = (g]g - yéa g: - y?aﬂz - Ué,ﬂ% - u’?)

To reduce the transmission frequency, a local ETM is
implemented for each network. That is, at each sampling
time t;, only when the event-triggered condition for the i-
th network is satisfied can the quantized measurement be
transmitted. Denote by 2 := (p, ¥, Uc, Ur) € R™ the
received measurement after the transmission, and the control
input received by the plant is @ := 4. + u¢. The network-
induced errors are defined as e, := §p — Yp, €& = Jr — Yr,
€. := U, —Uc and e := Us—us. From N networks, we denote
£2=(%,...,2v)and e : =2 — z = (e1,...,ey) € R"=.

In the interval [}, %, ], the received measurement Z; via
the ¢-th network is assumed to be implemented via the zero-
order hold (ZOH) mechanism, that is,

Zi(t)=0, Vte[riri,]. )

At ré-, whether Z; is updated via the latest information is
based on the local ETM at ¢}. Assume that the event-
triggered condition for the ¢-th network is given by I'; > 0,
where the function I'; : R>o — R will be designed explicitly
in Subsection I'; > 0 implies that the quantized
measurement needs to be transmitted, and Z; is updated with
the latest measurement. That is, 2; is updated by

i*) = z;(r}) + hi(k(t)), ei(t})), Fi(té) >0,
(10)

where x; : R>g — N is a counter to record the number
of the successful transmission events. That is, /@i(tf) =
wi(t%) + 1if Ti(t) > 0, and m(tfr) = ri(t}) otherwise.
h’? € R"* is the update function and depends on the time-
scheduling protocol as in Subsection Denote h! :=
(hy, h{, hi, hi) from the definition of Z;. Furthermore, we
can rewrite as

A7) = (1= T(T3(t)))%

+hl (ki (t}),ei(t)))] (11)

where T : R — {0, 1} is defined as Y(I';) = 1if I'; > 0



and Y(T';) = 0 otherwise. From (T1)), e; is updated by
ei(rj") = 4i(r} ") — (")
= ei(r§) + T(Fl(t;))
x [0l (ki (1), xi(t)), e(t), ma(t])) + 2a(r)) — 2i(rj)]
= e;(r;) + T(T's(t}))
x [02 (ki (t5), x:(85), ea(t)), pa(t5)) — ea(t))],

where h'(m@,xi,ei,ui) = € + hi(l{i7ei) and X; =

(:cp, xl zl ul).

C. Time-Scheduling Protocols

Since each network has ¢; nodes with ¢ € A/, the time-
scheduling protocol is introduced to decide the node to access
to the network. Similar to the analysis and the terminology in
[3], the function h® (k;, e;) in is treated as the protocol.
Based on ¢; nodes for the i-th network, e; is partitioned into
e; = (e,...,ej ). If the [;-th node is granted to access to the
i-th network, where I; € {1,...,¢;}, then the corresponding
component e}; is updated and the other components are kept
constant. In the literature [3], [13], many time-scheduling
protocols can be modeled as h’ (x;, e;), and two commonly-
used protocols are recalled.

The first one is the Round-Robin (RR) protocol [13]. The
period of the RR protocol is ¢;, and each node has one and
only one chance to access to the i-th network in a period.
The function h? is given by

he(ki,e;) i= (I — Wi(rs))es(t;) + Wiks)ei(t]),
where, W;(k;) = diag{W¥}(;), ..., ¥} (k;)} and ¥} (k;) €
R™y X1y , Zf;zl ny,, = né. \I/;L (K)i) =1T1if Ri = lz +]£2 with
g€Nand l; € {1,...,4;}; otherwise, ¥] (x;) = 0.

The second one is Try-Once-Discard (TOD) protocol [25].
For the TOD protocol, the node with a minimum index where
the norm of the local network-induced error is the largest is
to access to the network. The function hi is given by

h (ki ei) == (I — Wi(e;))
where, U;(e;) = diag{¥(e;),..., ¥} (e;)}, and ¥} (e;)
I if min {argmax1<k<p \ek\} = l,, otherwise, ¥} (e7) =

ei(th) + Wi(e))ei(t5),
0.
IV. DEVELOPMENT OF HYBRID MODEL

After the presentation of the information transmission, we
construct the hybrid model for the event-triggered tracking
control of NQCS in this section. Since our objective is
to guarantee the convergence of x, towards x;, we define
the tracking error  := z, — x; € R™, and the auxiliary
variable e, = (e,,e.) = (e, — er,ec) € R™ with the
network-induced errors ¢, €;, €. defined in Section where
N = Ny + nc. Combining all the variables and analyses in

Subsection [[II-B] we derive the following impulsive model:
7;] = Fn(67 7, Tcy Ty €a, €f, er)
Ze = Fo(6,m, Tc, Ty, €0, €1, €1)

: _ g((ixn;f)xg_@foe) t' € lrf,ril, (12a)
ér = G(0,m, Tc, Ty, €4, €5, €r)
= Gt(6,1m, ¢, Xy, €a, €5, €;)
muﬂ—zm@x 8i(ri ") = ai(r),
ei(ri") = el(rl) + T(0i () [—ei(t))
hi (i (£5), 4 (£5), e (£5), i (£)],
el(rt") = el(rd) + T(I(t))[—el () (12b)
+ b (i (), @ (8), e (), pa(£))),
eh(rt ") = el(rl) + T (t)) [—ei ()
b (8, (6, ea(8), (8,
where e; = (el, el el), hi (hl —bi,bi),hi = hi and
hi=pi.§ (61,...,5N)€RN and(5 GRZO is to model

the ‘continuous’ time of the i-th network and depends on wu}
and/or its differential [14], [15]. All the functions in
can be derived by relevant calculations. Now, our objective
is to derive reasonable conditions and ETMs simultaneously
to guarantee ISS of the system (I2)) from (e, er) to (7, €,).

To facilitate the analysis afterwards, we transform @I)
into a hybrid model in the formalism of [23]. Define
x = (1,2, 2) € R™ and e := (e, €, 6r) € R™ with
Ng = Np + ne +n, and ne = ny, + ny + n,. Define
m = (my,...,my) € R with m; := hi(ki,e;) —e; €
R™ storing the information for the update, where e; :=

(el el el) and h; := (hi, ki, hi) are defined in (T2). Let
k = (k1,...,6n) € RN with x; € N defined in (T0);
M= (ula"wuN)eRS with £ := ZZENE'L and MZGR

defined in ()-@); 7 := (r1,...,7n) € RY with , € R
defined as a timer to record both sampling intervals and
transmission delays for the i-th network; b := (b1,...,bn) €
RN with b; € {0,1} to show whether the next jump is from
the sampling event or the update event. That is, for the ¢-
th network, b; = 0 means that the next event will be the
sampling event, while b; = 1 means that the next event will
be the update event. Denote X := (z,e,pu,m,d,7,k,b) €
R =R x R x R® x R x RV x RN x RY x {0, 1}V,
and the hybrid model is given by

X =F(X),
Xt = G),
where C := Uzj\il Ci, D:= Uf\il(Du U Dy;),
Ci:={XeZ: (b)) e ({0} x T;)U ({1} x A;)},
Dy = {x €EX: (b’i77—l) € {0} [EH 1]}5
D2i = {% ER: (bi,T) {1} X A2}7

and T; := [O,TiLAi = [O,Az] with T; > 0 and A; > 0
from Assumption [2] The mapping F' in is defined as

F(x) = (f(67x7 6)79(57x7 6)70707E’E’ O’ 0)7 (14)

Xed,

13
XeD, (13)



where f := (F),, F}, F) and g := (Ga, Gy, Gy) are derived
from (12a). The mapping G in (13) is defined as

Gl(x)a

X e Dy,
G0 = {G2<x>,

15
X € Dy, (15

with Gl(%) = Ufil Gli(}:),Dl = Uiil Dli,Gg(:}:) =
Uilil G2i(X), Dy = fvzl D>;, and
_ . -
e
1
Myi(z,e,m, k)
s XeD iy
GLi(X) == Y '
AiT
k+TT)I —A)E
| b+ (T -AN)E |
Q’ x ¢ Dli)
(16)
_ . -
Ei(x,e,m, k)
Qip
M2i(xaeama"{)
, X € Dy,
Goi (%) == ) 2 (17)
r
K
L Aib |
g, X ¢ Dy,
where A; = diag{Al,...,AN} € RM*Y with A} =
0if k = i € N and A¥ = 1 otherwise; ; :=

diag{Q},..., Q)} € RS with QF = Q; if k=i e N
and Qf = ] otherwise;

Myi(z,e,m, k) := Oy;m + (I — ;) My;(z,e,m, k),
Mai(x,e,m, k) == O;m + (I — D;)Ms;(e,m),
Ei(z,e,m, k) == P2,m+ Y(T;)(I — ®;)E;(e,m).

Here, ®; := diag{®},...,®N} € R"X"e My, =
(ML, ..., MY) € R, My; = (M},;,..., M%) € R"
and E; := (E},...,EN) € R". If k = i, then ®¥ = 0,
Mf; = (1= T(T3))mi + T03) (hilkisei) — i), My; =
—e; —m; and EF = e; + m;. If k # i, then ®¥ = I and
Mf; = M§; = Ef = 0.

For the hybrid model (13), the sets C' and D are closed.
Since fp, fe,gp and g, are continuous in Subsection
the functions f and ¢ in (T4) are continuous, and thus the
flow map F in (I4) is continuous. The jump map G in (I3)
is continuous and locally bounded from the continuity of
Gy, in (T6) and Go; in (I7). Hence, we can verify that the
hybrid model (T3) satisfies the basic assumptions introduced
in Section [[I

V. MAIN RESULTS

In this section, the main results are established. We first
present some necessary assumptions, then design the event-

triggered condition for each network, and finally establish
the convergence of the tracking error.

A. Assumptions

To begin with, two assumptions are presented for the
(e, pt;)-subsystem, and an assumption is given for x-
subsystem under the designed controller. ,

Assumption 5: There exist a function W; : R™ x R% x
R" x N x {0,1} — Rsq which is locally Lipschitz
in (e, pi,m;) for all k, € Nb € {0,1}, a, €
Ko, 7 € {1,...,6}, and X; € [0,1) such that for all
(ei7ui7mi7ni,bi) S R x R% x R x N x {07 1},

ai(let]) < Wilei, pi, mi, ki, bi) < azi(les]),

Wiei, pi hi(kis €i) — ei, ki +1,1)

< NiWilei, piy mi, #4,0) + azi(|ef]) + aai(leg]),  (19)

Wi(ei =+ my;, QZ/UL“ —€; — My, Ky, 0)

S Wi(ei7 Hi, Ty, K, 1) + a5i(‘e§|) + aGZ(‘eﬂ) (20)

Assumption 6: There exist a continuous function Hj, :
R" x R™ — Rsq, 01p;, 02, € Koo and Ly, € [0, OO)
such that for all (z,x;,b;) € R™ x N x {0,1} and almost
all (eg, 1, m;) € R™ x RE x R”,

OWi(e4, pis mi, Kiy b;)
661'
+ Liv, Wiei, pti, mi, i, bi) + o1in, (

(18)

7gi(67x7 6)> < Hibi ((E,@)

&l)-
2D
Assumptions [5}ff] are on the e;-subsystem, whose prop-

erties are described via the function W;. Assumption [3] is

to estimate the jumps of W; at the discrete-time instants.

Specifically, (T9) is for the successful transmission jumps

(i.e., I'; > 0) at the sampling instants t%, and @) is for

the update jumps at the arrival instants r; Assumption|§|

is to estimate the derivative of W; in the continuous-time
intervals, and the coupling is shown via the function Hj,.

Since Assumptions [3}j6] are applied to the e;-subsystem, (I9)-

([20) hold with respect to the additional items ¢ and ef, which

are parts of e; and treated as the internal disturbances caused

by the network. Similar conditions have been considered in
existing works [3], [14], [15], where however only a common
communication network and TTC are studied.

Assumption 7: There exist a locally Lipschitz function V' :

R™ — R>o, arv, a2v, Cuib;, Cib;» C3ibi s Caib; € Koo, and

ty Biv, s vin; > 0, Lip, € R such that

av(|n]) < V(z) < azv(|z]),

and for all (e;, p;, my, ki, b;) € R x R% x R™ x N x {0,1}
and almost all x € R"=,

ef]) + o2ip,

Ve R™, (22

<VV('T)5 f(5,$7 €)> < _MV($> - Z [Hfbl ($7 e)

+ (i, = Oiv, ) W7 (€3, iy mi, iy bi) — Kip, (2, €, 1, m)

—in; (20) + Cuav, (l€f]) + Caan, (l€f])] (23)
(Vin, (2:), f1(6,2,€)) < Lip,pi(2i) + K, (x, €, 1, m)

+ HE, (2, €) + Cav, (|ef]) + Caan, (J€f]), (24)




where H;p, is defined in Assumption @ Pib; R™: — R>o
is a locally Lipschitz function with ;p, (0) = 0, and Ky, :
R x R™ x R x R" — Rx is a continuous function.

Assumption [/| describes the property of the z-subsystem
via the function V. Under the designed controller, (22)-
(23) imply that the 7-subsystem satisfies the ISS-like prop-
erty from (El 1 Wi, e, e;) to . This assumption is rea-
sonable due to the implementation of the emulation-based
approach, where the controller is assumed to be known a
priori to ensure the tracking performance robustly in the
network-free case. Hence, in the presence of the network,
(sz\; W, e, e;) is treated as a whole disturbance from the
interior of the plant. Moreover, provides the growth
bound on the derivative of the function ¢, on the flow. Note
that the information of multiple networks is not required in
Assumption [/} and that the function ¢;,, will be applied to
design the ETMs. Finally, for the linear case, Assumptions
can be represented as a whole linear matrix inequality;
see e.g. [29].

B. Decentralized Event-Triggered Mechanisms

With Assumption we next show how to design the
ETM for each network based on the functions W; and V.
To this end, the function I'; in (TI) is defined as a mapping
from R™: x R x R% x R™ x N x {0,1} to R:

(1 = 2b;)vip, W7 (€5, pti, mi, Ki, by)
— (1 =b)pidivin, (2:), (25)

where W; is defined in Assumption E], @i, 1s defined in
Assumption [/} p; € R>q is a design parameter satisfying
€ [0, p;), and

Fi(zia Ciy Wiy TGy K, bl) =

N e max{)\i,mio—}, 26)
1—=piLio
_ 1; L’LO = —7i0,
pi = 1 27
min {1, (Lio + vi0) "} , Lio > —%io,

with \; in Assumption E and ~io, Lio in Assumption
With the function (23)), the event-triggered condition is
Ti(2i, e, i, mi, ki, b;) > 0. The proposed event-triggered
condition is similar to those in [10], [12], [29] for the
ETC in different contexts. One difference between (23]
and the existing ones lies in the local logical variable b;,
which leads to two cases in (23). Since the case b; =
1 implies that the update event will occur at the arrival
instant, the ETM is not needed and T';(z;, e;, pt;, my, ki, 1) =
—vaW2(es, i, mi, ki, 1) < 0, which thus implies that
the ETM will not be implemented in this case. In con-
trast, for the case b; = 0, the next event is the trans-
mission event, and the ETM is implemented to deter-
mine whether the sampled measurement will be transmitted.
Hence, I';(2i, €i, fi, My, ki, 0) = YioW2 (e, priymi, k;,0) —
pidiwio(z;) > 0 will be verified in this case. As a result,
the parameters in 26)-(27) only depend on the case b; = 0,
and all the designed event-triggered conditions are consistent
with the transmission setup and decentralized since only local
information is involved in each event-triggered condition.

Remark 1: In @23), if p; = 0 for some i € N, then T; is
always positive, and thus the proposed ETC is reduced to the
TTC as in [14], where T; is called the maximally allowable
transmission interval. Since all the networks are independent,
both TTC and ETC can be combined by allowing that some
networks perform the TTC while the others perform the ETC,
which is a potential extension of this paper. ]

Finally, consider the following differential equation

Giv, = —2Liv, Giv, — Vv (1 + 0av, )03, +1),  (28)
where i € N, L;, > 0 is given in Assumptlon@ and %b >
0 is given in Assumptlon In @28), 0, € (0, A (/515 (0) —
1), and thus the initial values ¢, (0) € (1, A; 1), where )\, is
given in . From Claim 1 in [30] and Claim 1 in [15], the
solutions to (28)) are strictly decreasing as long as ¢;p, > 0.

C. Tracking Performance Analysis

Now we are ready to state the main result of this section.
Theorem 1: Consider the system (I3)) and let Assumptions
hold. If the MASP T; and the MAD A; satisfy

T; € Ti,
T; € Ai7

(29a)
(29b)

A ¢i1(0),

Yio®io (T, ) 2 (1 + Qil)
> (1+ 0i0)vioPio(Ti),

711¢11( )

where ¢;p, is the solution to (28) with ¢, (0), dip, (T;) > 0
then the system (I3) is ISS from (e, ef) to (n,e,). That
is, there exist § € KLL and ¢; € K, such that for all
(th?) € RZO X N’

[(n(t, ), ea(t, 5))| < B(X(0,0)[,¢,5) + @1 ([lesll 2.5))
+ ea(llexllr,5))- (30)

The proof is omitted due to the space limitation; see
[14], [15] for the similar proof strategy. The proof strat-
egy is to construct the Lyapunov function U(X) :=
Vi) + S max{ip, d, (1:) W2 (es, i, mi, k55, b7), (1 —
bi)piviv,(z;)} based on Assumptions then to show
that the function U(X) is decreasing on the flow and non-
increasing at the jumps, and finally to guarantee the con-
vergence of U(X) via hybrid systems theory [23]. Theorem
implies the convergence of the tracking error to a region
around the origin, and the size of the convergence region
depends on the network-induced error (e, er). If the feed-
forward control inputs are transmitted directly to the plant
and reference system, then ef = 0,7 = 0, and thus the
convergence region can be further smaller.

Comparing with previous works [4], [14], [15], [19],
[29] on NCS and [16], [17] on MAS, the event-triggered
tracking control problem is studied here for NQCS under
decentralized ETMs and network constraints. In particular,
quantization effects and/or time delays are not considered
in [4], [15]-[17], [19], [29], and the time-triggered tracking
control is addressed in [14], [15]. Therefore, a unified model
is developed here and the tracking performance is achieved
via less communication, which is shown via the numerical
example in the next section.
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Tracking errors under the RR protocol case and the ETMs (33),
= T2 = 0.01 and A1 = AQ = 0.0015.

VI. NUMERICAL EXAMPLE

Consider two connected single-link robot arms, whose
dynamics are presented as (1 = 1,2)

il a2
qp —Clp7

qu = —q; sin qP + Zb” qé’ — qp + ciug,

where qp : (qp ,qp 2) e R2 with the configuration coordi-
nate qp and the velocity q , both of which are measurable,
u; € R is the input torque, and ai,c; > 0,b;; € R are certain
constants. The references are given by

<1l 42
qr _qr )

y | PENEE
a;° = —a;sing;' + wa a7 —a7) + ciuf,

where q! := (g¢!,q??) € R? are the measurable reference
state, and u{ = 5sin(5t) is the feedforward input. In the
network-free case, the feedback controller is designed as
ul = —c; ay(sin(qp') —sin(qi")) — (ap! —ai') — (a> —ai?)]
such that the tracking error is asymptotically stable.

Here, we consider the case that the communication be-
tween the controller and the plant is via the ETMs and two
communication networks and quantizers. The controller is
applied via the ZOH devices and the networks are assumed
to have ¢; = 3 nodes for qp , qp and wu;, respectively. Set
maX;e(1,2},je{1,2,3) 1 = 0.8 and max;e 1.2} jeq1,2,3y Q) =
0.6. Hence, the applied feedback controller is given by

; e e i i il 5 o
ue = —c;  laq(sin(dy!) —sin(ar')) — (65" —ar') + (657 ~a )]
ug 18 assumed to be transmitted to (32) directly, and !, g2
are implemented in the ZOH fashion. That is, u! knows but
does not depend on qi!, gi2.

Based on (B1)-(32), we obtain that ;) = (F, F?) with

— (2, —azlsin(n + qi1) — sin(q:! > — sin(rn + gt

ﬂ b ey 1 sinlath o] (el — (o) 1
2371,2 bij(my — 1m2;) + cief + cied), F (Fl F2> with
F = (% —a;sing' + Zj:Lz z](qr - qr ) + ciup),
G, = (-F,,0), G- = —F, and Gy = —(4},%¢). In
addition, |G;| < Dile;| + [mi2] 4 [(bir — L)nix + (biz —
Dmia] + [birns—i1| + [biana—iy2] + 2ailer] + c;let| with
D; = +/3max{l + a;,c;}. From [14], we choose the
appropriate Lyapunov function W;(e;, u;, my, k;, 75, b;). For

8 1‘0 1‘2
Time (&)

Fig. 2. Tracking errors under the TOD protocol case and the ETMs (33),

where 77 = T5 = 0.014 and A1 = Az = 0.0025.

instance, W;(e;, j1i, mi, ki, Ti, b)) 1= wilel] + |p;| for the
TOD protocol, where w; € (0, (1 — max; Q)/ max; n}).
|OW (e, iy mi, ki, 73, bi) /O] < M; with M; = \/¥; for the
RR protocol case and M; = 1 for the TOD protocol case.
Assumptlonholds with \; = max{\/ ;—1) /6,,w7m1n +
Ql} and ag; = ag = a5 = ag; = 0. Assumptlon
holds with L;y = MDl,Ll = M?D;/\;, Hio(z,e) =
Hi(x,e) = Mi(|ni2] + [(bin — 1)77¢1 + (biz — L)niz| +
|bi177(3—i)1| + |bi277(3—i)2|)s UliO(U) = 012‘1(1)) = ¢;M;v and
0'22‘0(’0) = 0921 (’U) = QGiMiU for v > 0.

To verify Assumption (7} define V() := 25:1 GinZ +
GiaMi1Miz + iz, wWhere @1, dio, ¢i3 are chosen to make
V satisfy (22). Assume that there exist time-varying pa-
rameters G;,d; € [—a;,a;] such that a;[sin(n; + qit) —
sin(nin +ai' + el + e”)] = (e +¢/') and a;[sin(q}") —
sin(qt + e“)] = ae!'. Thus, using twice the fact that
2ab < ca? + b?/c for all a,b > 0 and ¢ > 0, we get that
TV Fy B, ) < S0 (s + (201 — 2
Gi2)ninNiz — (2¢z‘3 — ¢i1)nhH + (¢227711 + 2¢i3mi2) (bir (M1 —
7721)+bz2(7712*7722))+0 5(050" + 051" ) (Pirmin +2dismiz) 2 +
0.500Dilesl? + o (4a2|el]? + c2|el[2)], where 00,01 >
0 are defined in (28). Therefore, if ¢1, ¢2, 3 are chosen
such that 22) holds and —H} (x,e) — K, (x, e, pu,m) —
Qib, (2i) = =i + (200 — 2di3 — Gi2)nirniz — (2diz —
@1)771-22 + (@amin + 2¢i3mi2) (bin (M1 — m21) + bia(m2 —

92)) +0.5(050" + 051" ) (i1 mi1 + 2¢i3mi2)?, then Assumption
is verified with 6, (v) = 02, Yo = /T + QioD?,
Yi1 = /i + 00 M; D2 /A2, Cip, (v) = 0102 |v|?, Cagp, (v) =
oira?|v|? and 7; > 0 is arbitrarily small.

To satisfy the aforementioned conditions, we choose
$11 = 8,12 = 12,913 = 6,021 = 5,020 = 7,23 =
9,@1 = 9.81 % O.Q,CLQ = 9.81 % 0.3,61 = 2,62 = 4,7& =
00057Q10 = 0.05 and 0i1 — QzOMz/)\l ThUS, LlO =
8.8860, L1; = 18.8501, Log = 12, Lo; = 25.4558,v19 =
22.9436,v11 = 48.6706,v20 = 30.9839, 721 = 65.7267 for
the RR protocol case; Li1g = 5.1303, L1; = 10.8831, Loy =
6.9282, Ly; = 14.6969,v19 = 22.9436,v11 = 28.1,v99 =
30.9839, v21 = 37.9473 for the TOD protocol case. By the
detailed computation, p; = 0.0501 and p2 = 0.0371 for RR
and TOD protocols. Hence, p; € (0,p;), and the ETM is

Ui = —biyil(ey, ef, i) > + (1 = bi)piilmi|* > 0. (33)

Set (;510(0) = ¢11(0) = 1.1023 and (bzo(O) = ¢21(0) =
0.8816 for the RR protocol case, and we have 177 =




TABLE I
COMPARISON OF TRANSMISSION NUMBERS IN DIFFERENT TRIGGERING
CASES

Event-triggering Time-triggering

Network

etwor RR case TOD case [14], [15]
Network 1 887 1606 2000
Network 2 1448 1838 2000

0.0256,A; = 0.0064,75 = 0.0161, and A, = 0.0026.
Set ¢10(0) = ¢11(0) = ¢20(0) = ¢21(0) = 1.0468 for
the TOD protocol case, and we have 77 = 0.0279,A; =
0.00445,T» = 0.02115, and Ay = 0.0032. To simplify the
simulation, the transmission intervals and the transmission
delays are constants. Under the ETM (28), Figs. [T}}2] show
the convergence and boundedness of tracking errors in RR
and TOD protocol cases, respectively.

The numbers of information transmission in different cases
are presented in Table [l Note that we consider 23 units of
time for the RR case and 32 units of time for the TOD
case. Therefore, the transmission numbers are the same (2000
times) in the time-triggered case [14], [15], whereas the
transmission numbers are reduced to different extents in the
event-triggered case. In particular, the transmission numbers
of two networks in the RR case are less than these in the
TOD case.

VII. CONCLUSIONS

We presented a Lyapunov-based emulation approach for
the event-triggered tracking control problem of NQCS, where
the information communication is via multiple asynchronous
networks. To deal with the considered problem, we pro-
posed a new hybrid model, and then established sufficient
conditions and designed decentralized event-triggered mech-
anisms. The tradeoff between the MASP and the MAD
was determined to guarantee the tracking performance. The
effectiveness of the proposed approach was illustrated via a
numerical example.
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