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Abstract

This contribution proposes a recursive, computationally efficient, ready-
to-use, online method for the ellipsoidal state characterization for linear
discrete-time models with additive unknown disturbances vectors (bounded
by known possibly degenerate zonotopes) corrupting both the state differ-
ence equation and the sporadic measurement vectors, which are expressed
as linear inequality and equality constraints on the state vector.

The algorithm is decomposed into time updating and observation up-
dating steps. In the latter, a suitable switching estimation gain is designed
in such a way as to ensure the input-to-state stability of the estimation
error.

1 INTRODUCTION

There is no more need to praise the interests of the set-membership state es-
timation techniques neither is there a necessity to recall how interesting alter-
native they offer to conventional state estimation methods where the statistical
assumptions on the disturbances can not be satisfied in certain practical situa-
tions, nor how increasing attention they are currently receiving since the noises
of their models are assumed only to be bounded. Nevertheless, the stability
question is rarely addressed in this kind of estimation approach.

On the other hand, the constrained state filtering has been widely studied
in stochastic context [Sim10], [DL13], [JZ13]. In [AIBS19], constrained Kalman
filter variations were reexamined and an alternative derivation of the optimal
constrained Kalman filter for time variant systems was proposed. The litera-
ture is less abundant on this subject when it comes to bounded error framework.
LMI techniques were employed for ellipsoidal set-membership constrained state
filtering with linear [YL09a] and linearized nonlinear [YL09b] equalities. In
[NBH15], the authors used a combined stochastic and set-membership uncer-
tainty representation by integrating, into the Kalman filter structure, ellipsoidal
constraints on the state vector as a relaxation of equality constraints. All these
works faced a same challenge, not arising here, in inverting the estimation er-
ror covariance matrix, becoming inevitably singular, when dealing with equality
constraints.
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- INSA CVL). 63 av. de Lattre de Tassigny, 18020 Bourges Cedex, FRANCE. Tel. +33 2 48
23 84 78 Yasmina.Becis@univ-orleans.fr.

1

ar
X

iv
:2

01
2.

03
26

7v
3 

 [
ee

ss
.S

Y
] 

 2
7 

A
pr

 2
02

1



In our early paper [BABD08], we presented a state bounding estimation al-
gorithm for linear discrete-time systems, where the state and all the (process
and measurement) disturbances were characterized by multidimensional ellip-
soids. In order to guarantee the input-to-state stability of the estimation error
and the size decrease of the state bounding ellipsoid at the measurement updat-
ing stage, a polynomial equation had to be solved, at each time step, involving
the computation of the eigenvalues and eigenvectors of a matrix having the
same dimension as the state vector. This issue was partially solved in [SLZ+18]
by overbounding, by a parallelotope, the output noises in the measurement
correction step initially characterized by an ellipsoid. Even if this approach
was computationally very attractive, it was somehow conservative, because the
output disturbances were overbounded twice: first by an ellipsoid then by a
parallelotope. There also remained a non linear equation to solve at the time
prediction step (while overbounding geometric sum of two ellipsoids) whenever
the volume, rather than the squared axes sum of the resulting ellipsoid was to
be minimized.

Looking more generally into the set-membership techniques, they can mainly
be separated in two families: 1. those using the bound on the 2−norm of some
quantities of interest, resulting typically in ellipsoidal bounding sets that are
nothing else that balls or hyperspheres undergoing rotations and scalings and
2. those bounding the ∞−norm of such quantities, leading to intervals (which
are boxes or hypercubes), parallelotopes (skewed, stretched, or shrunken images
of such boxes) or zonotopes (flattened images of boxes, which are also general-
ization of parallelotopes). The drawbacks of using exclusively the ellipsoid as
bounding set for both state and disturbances vectors were highlighted above.
Now, when using intervals, the recourse to interval computing softwares includ-
ing time costly operations such as subpavings and contractors are inevitable
to overcome the conservatism of such aligned with the coordinates axes boxes
[JKDW12], [RJ15]. And when dealing with zonotopes to characterize the outer
bound of the set of all possible values of the state vector, it is necessary to use
some tools such as LMI to manage the growth of the number of generators,
inherent to the zonotopes summing, during the time update, and to their inter-
section, during the measurement correction (cf. [Com15] and references within).
This is why we chose two different bounding techniques: the ellipsoids (based
on the 2−norm) to characterize the set of all possible values of the state vec-
tor at each time step and the zonotope (based on the ∞−norm) to bound the
disturbances. Moreover, we are interested here in the state estimation of linear
discrete-time systems subject not only to bounded process and measurement
disturbances but also to all kinds of linear constraints applied to the state vec-
tor, i.e., equalities (modelled by hyperplanes) and inequalities (represented by
polyhedrons and zonotopes); all, noises and constraints, manifesting themselves
sporadically, not at all time steps.

The paper is organized as follows. After this introduction, which is com-
pleted by some notations and definitions, in the second section, the constrained
set-membership state estimation problem with sporadic measurements is formu-
lated. The third section concerns the time-prediction stage, while the correction
stage of the estimation algorithm is detailed in forth one. Its properties and sta-
bility are studied in the fifth section. Numerical simulations are presented in
the sixth and finally, a brief conclusion terminates the paper.
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Notations and definitions

1. The symbol := (resp. =: ) means that the Left Hand Side (resp. RHS) is
defined to be equal to the Right Hand Side (resp. LHS). Normal lowercase
letters are used for scalars, capital letters for matrices, bold lowercase
letters for vectors and calligraphic capital letters for sets. IR, IR∗, R+,
R∗+ denote the sets of real, non-zero, nonnegative and positive numbers
resp. IN and IN∗ are the sets of nonnegative and positive integers resp.
l,m, n, p ∈ IN designate vectors and matrices dimensions. The subscript
k ∈ IN is the discrete time step and i, j ∈ IN∗ are vector and matrix
component indices.

2. xi is the ith component of the vector x. aij is the ith row and jth column
element of A :=

[
aij
]

= [aj ] ∈ IRn×m and aj ∈ IRn is its jth column vector
(if n = 0 or m = 0, A is an empty matrix).

3. 0n ∈ IRn and 0m×n ∈ IRn×m are zero vector and zero matrix resp. and
In ∈ IRn×n is the identity matrix.

4. AT , A†, rank(A), Ker (A) and R (A) stand resp. for the transpose, Moore-
Penrose inverse, rank, kernel and range of the matrix A. If A is square,
tr(A), |A| = det(A) and A−1, are its trace, determinant and inverse (if
any) resp.

5. Diag(xi)i∈{1,··· ,k} is a diagonal matrix where x1, . . . , xk are its diagonal
elements.

6. A Symmetric matrix M is Positive Definite, denoted by SPD or M > 0
(resp. Positive Semi-Definite or non-negative definite, denoted by SPSD
or M ≥ 0) if and only if ∀x ∈ IRn–{0}, xTMx > 0 (resp. xTMx ≥ 0).
This condition is met if and only if all its eigenvalues are real (because of
its symmetry) and positive (resp. non-negative). The matrix inequality
M > N (resp. M ≥ N) means that M −N > 0 (resp. M −N ≥ 0).

7. ‖x‖ := ‖x‖2 :=
√
xTx is the 2-norm of the vector x; ‖A‖2,1 :=

∑
j

‖aj‖

and ‖A‖ := ‖A‖2 := σmax(A).

8. Bnp := {z ∈ IRn| ‖z‖p ≤ 1} is a unit ball in IRn for the p−norm. Bn2 and
Bn∞ := [−1, 1]n are the centred unit hypersphere and hypercube/box resp.

9. S1⊕S2 := {x ∈ IRn|x = x1 +x2,x1 ∈ S1,x2 ∈ S2} is the Minkowski sum
of the sets S1,S2 ⊂ IRn and ⊕mi=1 Si :=S1 ⊕ · · · ⊕ Sm.

10. E(c, P ) := {x ∈ IRn| (x− c)TP−1(x− c) ≤ 1} is an ellipsoid in IRn, where
c ∈ IRn is its center and P ∈ IRn×n is a SPD matrix that defines its shape,
size and orientation in the IRn space. It can be also viewed as an affine
transformation of matrix M (where MTM = P ) of the unit Euclidean
ball Bn2 : E(c,MTM) = {x ∈ IRn| x = c+Mz, z ∈ Bp2}. If M is not SPD
but only SPSD, then the ellipsoid is degenerate. It has an empty interior
in the case where p < n.
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11. H(d, a) := {x ∈ IRn|xTd = a} is a hyperplane in IRn of normal vec-
tor d ∈ IRn and whose signed distance from the origin is a

‖d‖ . Let

also G(d, a) := {x : xTd ≤ a} be one of the two halfspaces into which
the hyperplane divides the IRn space and G(−d,−a) is the other one.
Now let D(d, a) :=G(d, 1 + a) ∩ G(−d, 1 − a), i.e., D(d, a) := {x ∈ IRn :∣∣xTd− a∣∣ ≤ 1} which is the strip of IRn, of width 2‖d‖−1

, that can also be
seen as a degenerate unbounded ellipsoid or zonotope centred at H(d, a).
P(C,d) =

⋂m
i=1 G(ci, di) is a polyhedron.

12. Z(c, L) := {x ∈ IRn| x = c+Lz, z ∈ Bm∞}= ⊕
q
j=1{tjlj , |tj | ≤ 1}⊕{c} is a

zonotope of center c, obtained by affine transformation, of shape matrix
L ∈ IRn×m, of the unit box Bm∞, where m can be smaller, equal to or
greater than n. A zonotope is also a convex polyhedron with centrally
symmetric faces in all dimensions. Besides its vertex representation suit-
able for geometrical sum, there is a halfspace representation, suitable for
intersection: ZH(D,a) =

⋂
iD(di, ai).

13. The support function of a set S ⊂ IRn is ρS : IRn → IR,
x 7→ ρS(x) := sup

u∈S
uTx. H

(
x, ρS(x)

)
is the supporting hyperplane of

S and S ⊂ G
(
x, ρS(x)

)
. ρE(c,P )(x) = cTx+

√
xTPx cf. [Che94].

2 PROBLEM FORMULATION

Consider the following linear discrete time system
xk = Ak−1xk−1 +Bk−1τ k−1 +Rk−1νk−1, (1a)

where x0 ∈ E(x̂0, ς0P0) =: E0 ⊂ IRn and νk ∈ Bm∞, (1b)

where xk ∈ IRn, τ k ∈ IRl and νk ∈ IRm are the unknown state vector to be es-
timated, a known and bounded control vector and an unobservable bounded pro-
cess noise vector with unknown statistical characteristics, resp., E(x̂0, ς0P0) =: E0
is a known ellipsoid (cf. §1.10.), where x̂0 ∈ IRn is the initial estimate of xk
at k = 0, P0 ∈ IRn×n is a SPD matrix, ς0 ∈ IR∗+ is a scaling positive scalar,
the product ς0P0 is chosen as large as the confidence in x̂0 is poor; Bm∞ is the
unit ball for the ∞−norm in IRm (cf. §1.8.); Ak ∈ IRn×n and Bk ∈ IRn×l are
known state and input matrices, resp. and Rk ∈ IRn×m is the generator ma-
trix defining the shape of the zonotope bounding the unknown input vector:
ηk ∈ Z(0n, Rk), where ηk :=Rkνk. Now consider the output equation for the
system (1):

FTk xk = yk, yk ∈ IRpk (2a)

¯
yki ≤ yki ≤ ȳki , i ∈Pk := {1, . . . , pk} ⊂ IN, (2b)

where, the output matrix Fk := [fk1
. . . ,fkpk ] ∈ IRn×pk is time varying and so

is the number of its columns, pk ∈ IN, which can be zero sometimes. Indeed,
the measurements are available in varying amounts, at not all but only some
sporadic, not a priori known, time steps k. Three cases can be exhaustively
enumerated: 1) for some i ∈ Dk ⊂ Pk, both (finite and distinct) bounds are
available:

¯
yki < ȳki ; 2) for some i ∈ Gk := (

¯
Gk ∪ Ḡk) ⊂ Pk, only one bound,

either ȳki (if i ∈ Ḡk) or
¯
yki (if i ∈

¯
Gk) is available, in this case, the other

(unavailable) bound is considered as ∓∞. 3) for some other i ∈ Hk ⊂ Pk,
the bounds are equal:

¯
yki = ȳki . The sets Dk, Ḡk,

¯
Gk and Hk form a partition

4



for Pk: Pk = Dk ∪ Ḡk ∪
¯
Gk ∪Hk. The measurement inequalities (2) can be

rewritten as
fTkixk ≤ ȳki and

¯
yki → −∞, if i ∈ Ḡk, (3a)

−fTkixk ≤ −
¯
yki and ȳki → +∞, if i ∈

¯
Gk, (3b)

fTkixk = ȳki , and
¯
yki = ȳki if i ∈Hk, (3c)∣∣∣ 1

γki
fTkixk − yki

∣∣∣ ≤ 1, otherwise (i ∈ Dk) (3d)

where γki :=
ȳki
−

¯
yki

2 and yki :=
ȳki

+
¯
yki

2γki
(3e)

(3a)⇔ xk ∈ Ḡki :=G(fki , ȳki), ∀i ∈ Ḡk, (4a)

(3b)⇔ xk ∈
¯
Gki :=G(−fki ,−

¯
yki), ∀i ∈

¯
Gk, (4b)

(3c)⇔ xk ∈ Hki :=H(fki , ȳki), ∀i ∈Hk, (4c)

(3e)⇔ xk ∈ Dki :=D
(

1
γki
fki , yki

)
, ∀i ∈ Dk, (4d)

where G, H and D are a halfspace, a hyperplane and a strip resp. (cf. §1.11.).

Assumptions 2.1 From now on, we assume that

1. all known matrices and vectors intervening in (1) and (3), as well as the
SPD P0 and ς0 ∈ IR∗+ are bounded;

2. all the columns of all the matrices intervening in (1) and those of Fk are
nonzero;

3. the matrix Fk(Hk) := [fki ]i∈Hk
, intervening in (3c) or (4c), has full col-

umn rank (in order to avoid contradictory constraints leading to an empty
set);

Aims 2.2 We are intending here to design an estimator x̂k for the state vector
xk of the system (1)-(2), such that,

1. a set (ellipsoid Ek of center x̂k) containing all possible values of the true
state vector xk is quantified, at each time step k ∈ IN∗ (standard require-
ment for a set-membership approach);

2. the state estimate vector x̂k is acceptable, i.e., it belongs to all the sets
defined in (3).

3. under some conditions, the estimator x̂k is ISS, (Input-to-State Stable, cf.
Theorem A.5). This is one of the distinguishing features of the algorithm
designed here.

The other distinguishing feature is that, unlike the other set-membership tech-
niques, such as those using exclusively intervals, zonotopes or polytopes, the one
detailed here delivers an optimal (w.r.t. some chosen criterions) set, without
any conservatism. Since the only measured information about the true state
vector xk consists in its belonging to the sets defined in (3), there is no better
estimate than the one that belongs to these sets. But such an estimator is not
unique and is not necessarily stable so the most suitable one will be chosen
among the set of all possible estimators by optimizing a given criterion.
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Let Ek := E(x̂k, ςkPk) be the ellipsoid containing all possible values of the
true state vector xk. Note that the singular values of the shape matrix ςkPk
correspond to the semi-lengths of its axes, whose directions are defined by the
associated–orthogonal since Pk is symmetric–eigenvectors. In what follows, we
have to determine the progression law for the ellipsoid Ek (and thence for the
state estimate vector x̂k) such that the aims i.–iii. are fulfilled.

3 Time update (prediction stage)

Let Ek/k−1 := E(x̂k/k−1, ςk−1Pk/k−1) be the ellipsoid including the “reachable
set” of every possible value of xk−1 ∈ Ek−1 that evolves according to the
plant dynamics eq. (1a), subject to (1b). The following theorem gives the
parametrized family of ellipsoids Ek/k−1 that contains the sum of the ellipsoid
resulting of the endomorphism of matrix Ak−1 applied to Ek−1 on one hand and
the zonotope Z(0n, Rk−1), on the other.

Theorem 3.1 If xk−1 ∈ Ek−1 := E(x̂k−1, ςk−1Pk−1) and xk obeys to (1), then
∀µ := (µ1, . . . , µm)T ∈

(
IR∗+
)m

,
xk ∈ E(x̂k/k−1, ςk−1Pk/k−1) =: Ek/k−1 := Ek/k−1m

⊇ Ek/k−1m−1
⊇ . . . ⊇ Ek/k−10

where Ek/k−1i
:= E(x̂k/k−1, ςk−1Pk/k−1i

) and

x̂k/k−1 :=Ak−1x̂k−1 +Bk−1τ k−1, (5a)

Pk/k−1 :=Pk/k−1m
, (5b)

Pk/k−10
:=Ak−1Pk−1A

T
k−1; (5c)

and, ∀i ∈ {1, . . . ,m},
Pk/k−1i

:= (1 + µi)Pk/k−1i−1
+

1 + µi
µiςk−1

rk−1i
rTk−1i

, (5d)

rki (the ith column of Rk) being the generator vector of the zonotope containing
all possible values of the process noise ηk :=Rkνk.

Proof. Conforming to (1a), the set containing every possible value of xk can
be schematized by (

Ak−1Ek−1 ⊕
{
Bk−1τ k−1

})
⊕Z(0n, Rk). (6)

First, Ak−1Ek−1 = E(Ak−1x̂k−1, ςk−1Ak−1Pk−1A
T
k−1) is the image of the ellip-

soid Ek−1 by the endomorphism of matrix Ak−1 and Ek/k−10
is its translation by

the known vector Bk−1τ k−1. Secondly, Ek/k−1 is the outer-bounding ellipsoid
of the Minkowski sum (cf. §.1.9.) of Ek/k−10

and the zonotope Z(0n, Rk−1):

Ek/k−1 ⊃
(
Ek/k−10

⊕ Z(0n, Rk−1)
)
. Thirdly, the zonotope Z(0n, Rk), where

Rk =
[
rk1

, · · · , rkm
]
, can be represented as the sum of m degenerate ellipsoids

[KV14]:

Z(0n, Rk) =
m
⊕
i=1
E(0n, rkir

T
ki).

Now, the Minkowski sum of two ellipsoids E(c1, P1) and E(c2, P2) is not an
ellipsoid, in general, yet can be bounded by a parametrized ellipsoid [MN96]:

E(c, P (µ)) ⊃ E(c1, P1)⊕ E(c2, P2), ∀µ ∈ IR∗+, (7)

where c = c1 + c2 and P (µ) = (1 + µ)P1 + (1 + 1/µ)P2. (8)
Applying this result sequentially to

Ek/k−1 ⊃ Ek/k−10
⊕
(
m
⊕
i=1
E(0n, rk−1i

rTk−1i
)

)
, (9)

eventuates in (5). q
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The parameters µi :=µki are positive scalars, chosen in such a way as to
minimize the size of Ek/k−1. The most telling measures of the size of an ellipsoid
are surely the volume and the sum of the squared semi-axes lengths. Since
the eigenvalues of ςk−1Pk/k−1 are the squared semi-axes lengths of Ek/k−1, the
former is proportional to their product, i.e., to ςnk−1 det(Pk/k−1) and the latter
is equal to ςk−1 tr(Pk/k−1).

Theorem 3.2 Let Ek+1/k defined in Thm 3.1.

1. If Pk+1/k0
is SPD, then Ek+1/k has the minimum volume if µ = µvol

k ,
where, ∀i ∈ {1, · · · ,m},

µvol
ki := 1

2n

√
(n− 1)2h2

ki
+ 4nhki − n−1

2n hki , (10a)

where

hki := ς−1
k rTkiP

−1
k+1/ki−1

rki . (10b)

2. Ek+1/k has the minimum sum of the squared axes lengths, if µ = µtr
k ,

where

µtr
ki :=

√
rT

ki
rki

ςk tr(Pk+1/ki−1
) ,∀i ∈ {1, · · · ,m}. (11)

and the recursive formula (5b)-(5d) becomes:

Pk+1/k =
(
1 + µ̄k

µ̄k0

)(
Pk+1/k0

+
µ̄k0

ςk
R̄k
)
, (12a)

where

µ̄k0 :=
√
ςk tr(Pk+1/k0

), where Pk+1/k0
given in (5c), (12b)

µ̄k :=

m∑
i=1

‖rki‖ = ‖Rk‖2,1 , (12c)

R̄k :=

m∑
i=1

‖rki‖
−1
rkir

T
ki . (12d)

Proof.

1. If Pk/k−10
is SPD then Pk/k−1i

is so, ∀i ∈ {1, . . . ,m}. The volume of an el-
lipsoid being proportional to the determinant of its shape matrix and ςk−1

being considered as constant at time step k, µvol
ki = arg min

µi

det(Pk+1/ki
),

(10) can be deduced from [Che94] p. 84.

2. The sum of the squared semi-axes lengths of an ellipsoid being the trace
of its shape matrix, µtr

ki = arg min
µi

tr(Pk+1/ki
); (11) can be derived from

[MN96]. As for (12), it is a direct consequence of the result [DWP01]
saying that the minimum trace ellipsoid containing the Minkowski sum of
m ellipsoids is :

E(c, P ) := ⊕mi=1 E(ci, Pi), (13)

where

c :=

m∑
i=1

ci and P :=
( m∑
i=1

√
tr(Pi)

)( m∑
i=1

(√
tr(Pi)

)−1
Pi

)
. (14)

Then, after noticing that
tr(rk−1i

rTk−1i
) = rTk−1i

rk−1i
= ‖rk−1i

‖2 (15)

7



and that
m∑
i=1

rkir
T
ki√

tr(rk−1i
rTk−1i

)
= Rk Diag(µ̄ki)

−1
i∈{1,··· ,m}R

T
k , (16)

(14) applied to Ek/k−10
⊕
(
⊕mi=1 E(0n, rk−1i

rTk−1i

)
, leads clearly to (12).

It is also stated in [DWP01] that such an ellipsoid is the same that the
one obtained sequentially in (11). q

Remark 3.1 It is worth noting that the volume minimisation problem
arg min

µi

det(Pk/k−1i
) has an explicit solution here. If the unknown input vec-

tor was bounded by an ellipsoid, as was the case in [MN96, DWP01, BABD08,
SLZ+18], rather than by an interval-like set, such as a zonotope, µvol

ki would be
the unique positive solution of an n−order polynomial to be solved at each time
step k.

Remark 3.2 Because of the equality constraints introduced by the measure-
ments i ∈ Hk, the matrix Pk looses rank during the correction stage. Hence,
the Ek/k−1’s volume minimization, (10), should be avoided in favor of (11) be-
cause of the inversion of Pk/k−1i

involved in the former, in (10b).

Remark 3.3 When minimizing the sum of squared axes lengths of Ek/k−1, it
is not necessary to compute the m intermediate values of Pk/k−1i

, given by the
recursive formula (5b)-(5d). Pk/k−1 can be computed directly using (12) instead.
Note also that the matrix Mk is invertible thanks to the assumption 2.

Remark 3.4 It is possible to minimize the weighted sum of the squared axes
lengths of Ek/k−1: tr(CPk/k−1C

T ), for any C ∈ IRnC×n, nC ∈ IN∗. In this case,
the optimal value for µ would be (cf. [Che99])

µtr
ki :=

√
rTk−1i

CTCrk−1i

ςk−1 tr(CPk/k−1i−1
CT )

, i ∈ {1, · · · ,m}, (17)

µ̄k :=
∥∥CRkRTkCT∥∥2,1

=

m∑
j

‖Crki‖ , (18)

Mk := Diag(‖Crki‖)i∈{1,··· ,m}. (19)

Given the ellipsoid at the previous time step Ek−1, Thm 3.1 provides the
ellipsoid Ek/k−1 whose center is given by (5a) and whose shape matrix is given,
up to the factor ςk−1, by the recursive formula (5b)-(5d) which depends on µ;
Thm 3.2 offers the optimal values for this parameter according to two criterions,
the choice of which is let to the user, in the absence of equality constraints.
Otherwise, the shape matrix is calculated directly by (12).

4 Measurement update (correction)

The dynamic state evolution equation (1) allowed to compute the predicted
ellipsoid Ek/k−1 which contains all possible values of the state vector xk taking
into account all the measurements up to time step k − 1 if any. Now, let us
recall the other sets containing xk, obtained from the measurements:

(3)⇔ xk ∈
⋂
i∈Gk

Gki ∩
⋂
i∈Dk

Dki ∩
⋂
i∈Hk

Hki , if pk 6= 0. (20)

8



It is interesting to note that the intersection of half-spaces can be considered
as a possibly unbounded polyhedron and that the intersection of strips is a
zonotope: ⋂

i∈Gk

Gki =:Pk :=P
(
[fki ]i∈Gk

, [yki ]i∈Gk

)
, (21)

⋂
i∈Dk

Dki =:Zk :=ZH
(
[fki ]i∈Dk

, [yki ]i∈Gk

)
. (22)

The correction stage consists in performing the intersection between Ek/k−1 and
the set (20), allowing to find Ek ⊃ Sk in light of the current measurements,
where

Sk :=
((
Ek/k−1 ∩

⋂
i∈Gk

Gki
)
∩
⋂
i∈Dk

Dki
)
∩
⋂
i∈Hk

Hki (23)

=
((
Ek/k−1 ∩ Pk

)
∩ Zk

)
∩
⋂
i∈Hk

Hki . (24)

It will be shown that this intersection is the one between Ek/k−1 and the possibly
degenerate (if Hk 6= ∅) zonotope. It does not result in an ellipsoid in general
and has to be circumscribed by such a set, which is the subject of the upcoming
paragraphs. We shall begin by working on the intersection Ek/k−1 ∩Gki in §4.1.
Secondly, we’ll be dealing with the intersection between an ellipsoid and a strip

in order to carry out the set obtained in §4.1 and intersecting it with
⋂
i∈Dk

Dki ;

§4.2 provides the optimal ellipsoid overbounding this intersection. Thirdly, the
intersection of an ellipsoid with a hyperplane will be presented in §4.4, in order

to handle the intersection of the previously obtained ellipsoid with
⋂
i∈Hk

Hki .

Finally, all these results will be compiled in a unique state estimation algorithm
in §4.5.

4.1 Intersection of an ellipsoid with a halfspace

The intersection between the ellipsoid Ek/k−1 obtained in § 3 and the polyhedron
Pk can be reformulated as the intersection of Ek/k−1 and a series of strips Dki .
To grasp this idea, take any closed convex set S and a hyperplane H intersecting
it. The intersection of S with a halfspace G delimited by H is nothing else that
its intersection with the strip formed between H and a support hyperplane of
S, parallel to H and contained in G. Now, if H doesn’t intersect S, the latter
is either a subset of G or lies outside of it, and if H is tangent to S (being
its support hyperplane), then S is either again a subset of G or it has only one
point in common with it. In the case where S is an ellipsoid and the intersecting
halfspace corresponds to the constraint (4a)/(3a), the theorem below provides
the parameters of the intersecting strip. To obtain the intersection of an ellipsoid
with the halfspace given by the constraint (4b)/(3b), it suffices to replace f by
−f and ȳ by

¯
y:

Theorem 4.1 (ellipsoid-halfspace intersec.) Let c ∈ IRn, f ∈ IRn–{0n},
P ∈ IRn×n SPSD, ς ∈ IR∗+ and ȳ ∈ IR.
If ȳ < −

¯
ρ, (case 1)

E(c, ςP ) ∩ G(f , ȳ) = ∅; (25a)
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else if ȳ ≥ ρ̄, (case 2)

E(c, ςP ) ∩ G(f , ȳ) = E(c, ςP ); (25b)

else if ȳ = −
¯
ρ, (case 3)

E(c, ςP ) ∩ G(f , ȳ) = E(c, ςP ) ∩H(f ,−
¯
ρ) = {c− ς 1

2 (fTPf)−
1
2Pf}; (25c)

else (−
¯
ρ < ȳ < ρ̄), (case 4)

E(c, ςP ) ∩ G(f , ȳ) = E(c, ςP ) ∩ D( 1
γf , y), (25d)

where

γ := 1
2 (ȳ +

¯
ρ) and y := 1

2γ (ȳ −
¯
ρ) (25e)

¯
ρ := ρE(c,ςP )(−f) = −cTf +

√
ςfTPf (cf. §1 13.) (25f)

ρ̄ := ρE(c,ςP )(f) = cTf +
√
ςfTPf . (25g)

Proof.

Definition 4.1 The signed distance from a set S ⊂ IRn to a vector x ∈ IRn is
ζ(S,x) := max

‖u‖=1
uTx− ρS(u).

Proposition 4.2 ([KV06]) The signed distance from an ellipsoid to a hyper-
plane is given by:

ζ
(
E(c, P ),H(d, a)

)
:= ‖d‖−1

(∣∣a− cTd∣∣−√dTPd). (26)

Let E := E(c, ςP ). The signed distance from E to H(f , ȳ) is

ζ := ‖f‖−1
(∣∣ȳ − cTf ∣∣−√ςfTPf) . (27)

• ζ ≥ 0 means that H(f , ȳ) does not intersect E in more than one point:

1. if cTf > ȳ, then E ⊂ G(−f ,−ȳ) and E ∩ G(f , ȳ) = ∅ ⇔ (25a);

2. if cTf ≤ ȳ, then E ⊂ G(f , ȳ)⇒ E ∩ G(f , ȳ) = E ⇔ (25b);

3. if cTf − ȳ =
√
ςfTPf , then H(f , ȳ) is tangent to E and

E ∩ G(f , ȳ) = E ∩ H(f , ȳ) = {č}, where č is calculated using (43d),
letting δ ← ȳ − cTf , with δ2 = ςfTPf , f ← f , P ← ς−1P .

• If ζ ≤ 0, then H(f , ȳ) intersects E and H(−f , ρ(−f)) is the ellipsoid’s
supporting hyperplane of normal vector −f which is contained in G(f , ȳ).
Indeed,

x ∈ H(−f , ρ(−f))⇔ xTf − cTf = −
√
ςfTPf ≤ ȳ − cTf

⇒ xTf ≤ ȳ ⇔ x ∈ G(f , ȳ). (28)

Thence, G
(
−f , ρ(−f)

)
is its supporting halfspace and E ⊂ G

(
−f , ρ(−f)

)
.

Therefore,

E ∩ G(f , ȳ) =
(
G
(
−f , ρ(−f)

)
∩ G(f , ȳ)

)
∩ E (29)∣∣ȳ − cTf ∣∣ <√ςfTPf means that 0 < ȳ+ρ(−f) < 2

√
ςfTPf , entailing,

on one hand,

G(f , ȳ) =
{
x
∣∣xTf ≤ ȳ} =

{
x

∣∣∣∣ 2

ȳ + ρ(−f)
xTf ≤ 2ȳ

ȳ + ρ(−f)

}
= G(γ−1f , y + 1) (30)
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and G(−f , ρ(−f)) =

{
x

∣∣∣∣− 2

ȳ + ρ(−f)
xTf ≤ 2ρ(−f)

ȳ + ρ(−f)

}
= G(−γ−1f ,−y + 1), (31)

on the other hand. Finally, the proof (25d)–(25e) is achieved thusly:

E ∩ G(f , ȳ) = E ∩
(
G
(
γ−1f , y + 1

)
∩ G
(
− γ−1f ,−y + 1

))
(32)

= E ∩ D
(
γ−1f , y

)
. q

The figure 1 illustrates the above theorem. It shows how the intersection be-
tween a (blue/big) ellipsoid and a halfspace (all the colored area) is the same as
the intersection of this ellipsoid with a strip (dark colored area). The (red/small)
ellipsoid overbounding this intersection will be calculated in the next paragraph.

Figure 1: Intersection of an ellipsoid with a halfspace (n = 2)

4.2 Ellipsoid bounding the intersection of an ellipsoid
with a strip

In the previous paragraph, we showed that the incorporation of the measure-
ments i ∈ Gk result, as for those i ∈ Dk, from the intersection of the predicted
ellipsoid with a zonotope, formulated as an intersection of several strips. We
need now to overbound this intersection by an ellipsoid. To begin with, the
theorem below presents a family of parametrized ellipsoids that contain an el-
lipsoidal layer, coming out of the intersection of E(c, ςP ) with the strip D(f , y),
which can be considered–interestingly enough–as an ellipsoid unbounded in all
directions orthogonal to f .
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Theorem 4.3 (ellips./strip inters.) Let c ∈ IRn, ς ∈ IR∗+, y ∈ IR, P ∈ IRn×n

SPSD and f ∈ IRn–{0n},

if y − 1 > ρ̄ or y + 1 < −
¯
ρ, (case 1)

D(f , y) ∩ E(c, ςP ) = ∅; (33a)

else if y + 1 ≥ ρ̄ and y − 1 ≤ −
¯
ρ, (case 2)

D(f , y) ∩ E(c, ςP ) = E(c, ςP ); (33b)

else if y = −
¯
ρ− 1, (case 3.a)

D(f , y) ∩ E(c, ςP ) = H(f ,−
¯
ρ) ∩ E(c, ςP ) = {c− ς 1

2 (fTPf)−
1
2Pf}; (33c)

else if y = ρ̄+ 1, (case 3.b)

D(f , y) ∩ E(c, ςP ) = H(f , ρ̄) ∩ E(c, ςP ) = {c+ ς
1
2 (fTPf)−

1
2Pf}; (33d)

else (−
¯
ρ < y + 1 < ρ̄ or −

¯
ρ < y − 1 < ρ̄), ∀β ∈]0, 1[, (case 4)

D(f , y) ∩ E(c, ςP ) = D(f̆ , y̆) ∩ E(c, ςP ) ⊂ E(c̆(β), ς̆(β)P̆ (β)) =: E(β), (34a)
where

f̆ := 1
γf and y̆ := 1

γ (fT c+ δ), (34b)

P̆ (β) :=P − αβPffTP, (34c)

c̆(β) := c+ αβδPf , (34d)

ς̆(β) := ς + αβ
(
γ2(1− β)−1 − δ2

)
, (34e)

α :=
(
fTPf

)−1
, (34f)

δ := 1
2 (ȳ +

¯
y)− fT c = 1

2 (ȳ +
¯
y − ρ̄+

¯
ρ), (34g)

γ := 1
2 (ȳ −

¯
y), (34h)

ȳ := min(y + 1, ρ̄) and
¯
y := max(y − 1,−

¯
ρ) (34i)

and
¯
ρ and ρ̄ are defined in (25f)–(25g).

Proof. Let E := E(c, ςP ). The signed distance from the ellipsoid E to each of
the two hyperplanes H(f , y ∓ 1), bounding the strip D(f , y), is

ζ := ‖f‖−1 (∣∣y ∓ 1− fT c
∣∣−√ςfTPf). (35)

When ζ > 0, the ellipsoid doesn’t intersect any of both hyperplanes meaning
either that it is situated between them i.e., contained in the strip (case 2)
or that the ellipsoid is located outside the strip, in which case (case 1), the
intersection is empty. In the case 3, the interior of the ellipsoid is outside the
strip touching it in only one point and the case 3 of Thm 4.1 is then applicable:
D(f , y) ∩ E = G(f , y + 1) ∩ E (case 3.a) and D(f , y) ∩ E = G(−f ,−y + 1) ∩ E
(case 3.b). In the case 4, where ζ ≤ 0, the intersection is not empty. It is then
possible to introduce the following lemma, based on the results of [FH82] and
[TWS97]:

Lemma 4.4 ∀y ∈ IR, c ∈ IRn, f ∈ IRn, σ ∈ IR∗+ and SPD P ∈ IRn×n, if
D(f , y) ∩ E(c, σP ) 6= ∅, then

∀ω ∈ IR∗+, E(c̃(ω), σ̃(ω)P̃ (ω)) ⊃ D(f , y) ∩ E(c, σP ),

where

P̃ (ω) :=P − ω(ωα+ 1)−1PffTP,

c̃(ω) := c+ ω(ωα+ 1)−1δPf = c+ ωP̃ (ω)f−1δ,
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σ̃(ω) :=σ + ω(1− α(ω + α)−1δ2),

δ := y − fT c and α is given in (34f).

This lemma is also the mono-output case of the “observation update” part of
Thm 1, [BABD08]. (34c), (34d) and (34e) are obtained by setting
ω :=αβ(1− β)−1, thus β = ω(α+ ω)−1. But before applying the lemma above,
it is suitable to reduce the strip D(f , y) in case where one of the two hyperplanes
does not intersect the ellipsoid E , i.e., when either y + 1 > ρ̄ or y − 1 < −

¯
ρ,

by translating the aforementioned hyperplane so that it becomes tangent to the
ellipsoid, as proposed in [BBC90]. The new strip so obtained is D(γ−1f , y̆),
where γ and y̆ := y are given in (25e) and obtained by applying (case 4) of Thm
4.1 to E ∩ G(−f ,−y + 1) and to E ∩ G(f , y + 1). q

4.3 Optimal value of the parameter β

Now, the optimal value of the weighting parameter β with respect to a judi-
ciously chosen criterion is derived. In their well-known paper [FH82], Fogel and

Huang give two optimal values of ω :=
αβ

1− β
: the first minimizing the determi-

nant of ς̆ P̆ and the second, its trace, thus optimizing the volume and the sum,

resp., of the squared semi-axes lengths of the ellipsoid E
( ω

ω + α

)
, defined in (34).

Contrary to all such algorithms in the literature, [MN96, KV97, DWP01, Che05],
that minimize the size of the ellipsoid E(β), the optimal value of β chosen here
is the one that fulfills some stability criterion of the estimation algorithm to
be derived, in the manner of [TWS97, BABD08, SLZ+18], by minimizing some
quadratic measure of the estimation error vector in the worst noise case.

Theorem 4.5 Let E(β) given by (34), where c ∈ IRn, ς ∈ IR∗+, y ∈ IR,
P ∈ IRn×n SPSD and f ∈ IRn–{0n} meet case 4 of Thm 4.3, then ς̆(β) defined
in (34e) satisfies

ς̆(β) = max
x∈D(f̆ ,y̆)∩E(c,ςP )

Vβ(x) (36a)

where Vβ(x) :=
(
x− c̆(β)

)T
P̆ (β)†

(
x− c̆(β)

)
; (36b)

and its minimum is given by

β∗ := arg min
β∈]0,1[

ς̆(β) =

{
1− γ|δ|−1

if |δ| > γ

0, otherwise;
(36c)

where f̆ , y̆, α and δ are defined in (34b), (34f) and (34g).

Proof. Applying the generalization of the Sherman-Morrison formula to the
pseudo-inverse of the matrix (34c) (cf. Corollary 3.5 [Xu17]), we can write

P̆ (β)† = P † +
αβ

1− β
P †PffTPP †. (37)

Since c ∈ R (P ) (being the center of the ellipsoid of shape matrix ςP ) and
αβPf ∈ R (P ), by the use of (34d), it is clear that c̆(β) ∈ R (P ). Now, noticing
that (PP †)T = P †P , and recalling that, for all x ∈ R (P ), PP †x = x, then
replacing (37) in (36b) leads to

Vβ(x) :=
(
x− c̆(β)

)T(
P † +

αβ

1− β
P †PffTPP †

)(
x− c̆(β)

)
=
(
x− c̆(β)

)T(
P † +

αβ

1− β
ffT

)(
x− c̆(β)

)
. (38)
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Inserting (34d) in (38), we can show, by the mean of some standard algebraic
manipulations, that1, ∀x ∈ R (P ),

Vβ(x) =
αβγ2

1− β
(y̆ − f̆Tx)2 − αβδ2 + (x− c)TP †(x− c), (39)

max
x∈D(f̆ ,y̆)

Vβ(x) =
αβγ2

1− β
− αβδ2 + (x− c)TP †(x− c), (40)

max
x∈D(f̆ ,y̆)∩E(c,ςP )

Vβ(x) =
αβγ2

1− β
− αβδ2 + ς = ς̆(β). (41)

The optimal value of β is obtained by zeroing the derivative of ς̆:
dς̆

dβ
(β∗) = 0⇔ γ2 (1− β∗)−2 − δ2 = 0⇔ β∗ = 1− γ|δ|−1

. (42)

Since β∗ ≥ 0, this solution is conditioned by |δ| > γ; if |δ| ≤ γ, the solution to
the above minimization problem would be β∗ = 0. q

Remark 4.1 The representation of the output noise vector’s bounding set as
an intersection of strips, rather than as an ellipsoid, enables this optimization
problem to have an analytical solution.

Remark 4.2 The center, c̆(β∗), of the (red/small) ellipsoid E(β∗) is the orthog-
onal projection of c, the center of the (blue/big) one, E(c, ςP ), on the nearest
strip boundary (cf. fig. 2).

Figure 2: Intersection of an ellipsoid with a strip (n = 2)

1Vβ is optimized on D(f̆ , y̆)∩E(c, ςP ), it is then obvious that x ∈ R (P ), since x ∈ E(c, ςP ).
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4.4 Ellipsoid resulting from the intersection of an ellip-
soid with a hyperplane

Now let us examine the intersection of an ellipsoid with a hyperplane. This
intersection is the projection of the ellipsoid on the subspace represented by
this hyperplane and leads to a degenerate ellipsoid of lesser dimension, whose
shape matrix loses one rank with each intersecting (not parallel) hyperplane (cf.
fig. 3). The theorem below gives the expression of thusly obtained ellipsoid.

Figure 3: Intersection of an ellipsoid with an hyperplane (n = 3)

Theorem 4.6 (ellips./hyperplane inters.) Let c ∈ IRn, P ∈ IRn×n SPSD,
ς ∈ IR∗+, f ∈ IRn–{0n} and y ∈ IR,
if y > ρ̄ or y < −

¯
ρ, (case 1)

E(c, ςP ) ∩H(f , y) = ∅; (43a)

else if y = ρ̄ = −
¯
ρ, (case 2)

E(c, ςP ) ∩H(f , y) = E(c, ςP ); (43b)

otherwise (if −
¯
ρ ≤ y ≤ ρ̄) (case 3)

E(c, ςP ) ∩H(f , y) = E(č, ς̌P̌ ), (43c)

where

č := c+ αδPf , (43d)

P̌ :=P − αPffTP , (43e)

ς̌ := ς − αδ2, (43f)

δ := y − fT c (43g)
and where α,

¯
ρ and ρ̄ are defined in (34f), (25f) and (25g) resp.

Proof. To start with, recall that an affine map F : IRn → IRn, x 7→ Lx + a
turns an ellipsoid E(c, P ) into another one E(Lc+a, LTPL) and the hyperplane
H(f , y) into H(L†f , y+fTL†a). Throughout this proof, we’ll be changing coor-
dinate systems but dealing with one and the same hyperplane H :=H(f , y) and
one and the same ellipsoid E := E(c, ςP ). Consider the vector f ∈ IRn − {0n}.
Two cases (different from those of the Thm) will be distinguished depending on
whether f ∈ Ker (P ) (1) or f /∈ Ker (P ) (2).
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1. f ∈ Ker (P ). This means that the matrix P is not SPD but only SPSD
(having at least one zero eigenvalue) and fTPf = 0. In this case E ⊂ H′, where
H′ := {x ∈ IRn|fTx = c} is the hyperplane of normal vector f and containing
the center c of E . If c /∈ H, i.e., fT c 6= y (corresponding to case 1 of the Thm,
with fTPf = 0), E is a subset of the hyperplane H′ parallel to H and E∩H = ∅,
as in (43a). Otherwise (case 2), H′ = H, meaning that E ⊂ H and E ∩ H = E ,
as in (43b).

2. Consider now f /∈ Ker (P ) and let n̄ := rank(P ) ≤ n. We shall define the
affine transformation that maps the unit hypersphere or ball into the ellipsoid
E(c, ςP ):

Bn2
F1−−→ E(c, ςP ), i.e., F1 : x̄ 7→ x = (ςP )

1
2 (x̄+ c). (44)

Now consider its (pseudo-)inverse transform F †1 that maps the ellipsoid into (a

possibly degenerate) unit ball: E(c, ςP )
F†1−−→ E(c̄, P̄ ) , where

c̄ = 0n and P̄ = Īn,n̄ where Īn,n̄ :=

[
In̄

0
¯
n×

¯
n

0
¯
n×

¯
n

0
¯
n×

¯
n

]
,

¯
n :=n− n̄ (45)

and H(f , y)
F†1−−→ H(f̄ , ȳ), i.e., x̄ ∈ H ⇔ x̄T f̄ = ȳ. In the new coordinates

system transformed thusly, the unit normal vector to the hyperplane H and its
minimum signed distance from origin are resp.

f̄ :=
P

1
2f√
fTPf

, with
∥∥f̄∥∥ = 1 and ȳ :=

(
y − fT c

)√
ςfTPf

. (46)

Let e := [1 0 . . . 0]T the first vector of the identity matrix and
H := In − 2

‖f̄−e‖2 (f̄ − e)(f̄ − e)T (47)

is the Householder symmetric (H = HT ) and unitary (HHT = In) matrix that
transforms f̄ into e: Hf̄ = e⇔ f̄ = HTe = h1.
Next, let F2 : x̄ 7→ ¯̄x = H(x̄ − ȳf̄) that transforms the former (second)
coordinate system into the third one, in which the considered hyperplane is
orthogonal to e and contains the origin: ¯̄x ∈ H ⇔ ¯̄xTe = 0, i.e.,

H(f̄ , ȳ)
F2−−→ H(¯̄f , ¯̄y) where ¯̄f := e and ¯̄y := 0. (48)

The (possibly degenerate) unit ball E(c̄, P̄ ) is transformed, by F2, into the

(possibly degenerate) hypersphere E(¯̄c, ¯̄P ), where
¯̄c :=H c̄− ȳHf̄ = −ȳe and ¯̄P :=HP̄HT = Īn,n̄ (49)

Now, the distance between the center of the ellipsoid E(¯̄c, ¯̄P ) and the hyperplane

H(¯̄f , ¯̄y),
∣∣∣¯̄cT ¯̄f − ¯̄y

∣∣∣ =
∣∣−ȳeTe− 0

∣∣ = |ȳ| is compared to the projection of the

radius of the former onto the normal vector to the latter:√
¯̄fT ¯̄P ¯̄f =

√
eT Īn,n̄e = 1. (50)

If |ȳ| > 1 (case 1 with fTPf 6= 0), then E ∩ H = ∅. Otherwise (case 3), the
spheroid2 resulting from the intersection of the (possibly degenerate) hyper-

sphere E(−ȳe, Īn,n̄) and the hyperplane H(e, 0) is E(¯̌̄c,
¯̌̄
P ) where

¯̌̄c := ¯̄c+ eT ¯̄ce = −ȳe+ (eTe)ȳe = 0n, (51a)

¯̌̄
P :=

(
1− (eT ¯̄c)2

)(
Īn,n̄ − eeT

)
=
(
1− ȳ2

)(
Īn,n̄ − eeT

)
. (51b)

This ellipsoid is expressed in the third coordinate system. Well, we have to
find its expression in the orignal one and for this purpose, the inverse former

transformations will be applied in reverse order: E(¯̌̄c,
¯̌̄
P )

F1◦F−1
2−−−−−−→ E(č, σ̌P̌ ). To

2A spheroid is a possibly degenerate hypersphere.
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start with, we’ll apply the inverse transformation F2 to the spheroid:

E(¯̌̄c,
¯̌̄
P )

F−1
2−−−→ E(¯̌c, ¯̌P ), to obtain

¯̌c :=HT ¯̌̄c+ ȳf̄ = ȳf̄ (52a)

¯̌P :=HT ¯̌̄
PH =

(
1− ȳ2

)(
HT Īn,n̄H −HTeeTH

)
=
(
1− ȳ2

)(
Īn,n̄ − f̄ f̄T

)
.

Then, applying F1: E(¯̌c, ¯̌P )
F1−−→ E(č, σ̌P̌ ), yields to

č := (ςP )
1
2 ¯̌c+ c = c+ (ςP )

1
2 ȳf̄ (53a)

σ̌P̌ = (ςP )
T
2 ¯̌P (ςP )

1
2 = ς

(
1− ȳ2

)(
P − P 1

2 f̄ f̄TP
1
2

)
. (53b)

Lastly, choosing σ̌ := ς
(
1−ȳ2

)
and P̌ :=P−P 1

2 f̄ f̄TP
1
2 and replacing afterwards

ȳ, f̄ , č, P̌ and σ̌ by their respective expressions, (46) and (53), we get to
(43e)−(43f). q

4.5 The overall state estimation algorithm

Theorem 4.7 Let us set the following assignments
ȳki ← min(ȳki , ρ̄ki) and

¯
yki ← max(

¯
yki ,−

¯
ρki). (54a)

If xk satisfies (1) meeting (3), then

xk ∈ Sk ⊆ Ek := E(x̂k, ςkPk), (54b)

where Sk is defined in (24) and ∀k ∈ IN∗,

ςk := ςkpk , Pk :=Pkpk and x̂k := x̂kpk ; (54c)

ςk0
:= ςk−1, Pk0

:=Pk/k−1 and x̂k0
:= x̂k/k−1; (54d)

x̂k/k−1 and Pk/k−1 are given in (5a) and (12); and for i ∈ {1, . . . , pk},
Pki :=Pki−1 − αkiβkiϕkiϕTki , (54e)

x̂ki := x̂ki−1 + αkiβkiδkiϕki , (54f)

ςki := ςki−1
− αkiβ2

kiδ
2
ki ; (54g)

where

αki :=

{
θ−1
ki
, if pk 6= 0 and λki 6= 0,

0, otherwise;
(54h)

βki :=


1, if

¯
yki = ȳki and −

¯
ρki 6= ρ̄ki ,

1− γki |δki |
−1
, else if |δki | > γki ,

and (−
¯
ρki <

¯
yki or ȳki < ρ̄ki),

0, otherwise;

(54i)

δki := 1
2 (ȳki +

¯
yki − ρ̄ki +

¯
ρki), (54j)

γki :=
1

2
(ȳki −

¯
yki), (54k)

θki :=fTkiϕki , (54l)

ϕki :=Pki−1
fki , (54m)

ρ̄ki :=λki + fTki x̂ki−1 and
¯
ρki := 2λki − ρ̄ki , (54n)

λki := (ςki−1
θki)

1
2 . (54o)

Proof. Direct application of Thms 4.1, 4.3, 4.5 and 4.6 to Sk given in (24). q
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The time prediction stage given by Thms 3.1 and (12) and the measurement
correction phase, given by Thm 4.7 are concatenated to form the hole state esti-
mation algorithm presented in Algorithm 1, where N is the number of samples.

Remark 4.3 In the case where Hk 6= ∅, the matrix Pki loses rank with each
intersecting hyperplane Hki , i ∈ Hk, thusly entailing the progressive flattening
of the ellipsoid Eki . Depending on the rank of the matrix Rk (on which no
assumption is made), the rank of Pk+1/k can be recovered at the time-update
phase.

Remark 4.4 Setting either αki = 0 or βki = 0 results in freezing Eki−1
, mean-

ing that the corresponding measurements fki ,
¯
yki , ȳki do not bring any useful

information.

Remark 4.5 The cases 1 of Thms 4.1, 4.3 and 4.6 are not explicitly treated
in this theorem assuming that they can not occur since the intervening mea-
surements should be consistent with the system model; yet the case where the
measurement fki ,

¯
yki , ȳki is aberrant is implicitly considered, setting again ei-

ther αki = 0 or βki = 0, preventing so the updating of the ellipsoid Eki−1
.

Remark 4.6 This algorithm is of low computational complexity. Indeed, all
the operations are simple sums and products: they were optimized in this re-
gard and are thence suitable for systems with high dimensional state vector
(bif n) and with many measurements (big pk). The intermediate variables αki ,
θki , λki , ϕki were added on to perform redundant vector and matrix operations
only once. Thereby noticing that fTki x̂ki−1

= 1
2 (ρ̄ki −

¯
ρki) allows to determine

δki := 1
2 (ȳki +

¯
yki)−fTki x̂ki−1

and
¯
ρki :=λki−fTki x̂ki−1

using addition of scalars,
in (54j) and (54n) resp., rather than multiplication of possibly high dimensional
vectors.

Remark 4.7 For more numerical stability and in order to avoid the explosion
of the matrix Pk, caused by the set summations at the prediction step, the as-
signments (54d) can be replaced by Pk ←

ςkpk

ς0
Pkpk , ς̄k ←

ς0ςkpk

ς̄k−1
and ςk ← ς0.

Then Pk would, by itself, represent the shape of the ellipsoid Ek up to a constant
factor ς−1

0 and the new variable ς̄k is introduced to keep track of the decreasing
parameter ςk, with ς̄0 = ς0.

5 Algorithm properties and stability analysis

The proposed algorithm is designed in such a way as to fulfill the requirements
1. - 3., expressed in the §2 and this is what will be shown in this section. The
stability requirement 3. exploits the Input-to-State stability concept: roughly
speaking, for an ISS system, inputs that are bounded, “eventually small”, or
convergent, should lead to the state vector with the respective property; and
that the 0-input system should be globally asymptotically stable. More formal
definitions and results are given in the Appendix A.3.
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Algorithm 1 Computation of the ellipsoid E(x̂k, ςkPk)

Input: x̂0, ς0, P0, N
Output: x̂k, ςk, Pk

1: n← size of x̂0

2: for k = 1, 2, . . . , N do
3: Input: Ak−1, Bk−1, Rk−1, τ k−1, intervening in (1),

Fk = [fki ]i∈{1,...,pk}, ȳk = [ȳki ]i∈{1,...,pk},
¯
yk = [

¯
yki ]i∈{1,...,pk}, as in (3);

{// Time prediction //}
4: Pk/k−10

← ATk−1Pk−1Ak−1; {Initialization}

5: µ̄k−10
:=
√
ςk−1 tr(Pk/k−10

); µ̄k−1 :=

m∑
i=1

‖rk−1i
‖ as in (12b) and (12c);

6: R̄k−1 :=

m∑
i=1

‖rk−1i
‖−1

rk−1i
rTk−1i

, as in (12d);

7: Pk/k−1 :=
(
1 + µ̄k−1

µ̄k−10

)(
Pk/k−10

+
µ̄k−10

ςk−1
R̄k−1

)
as stated in (12);

8: x̂k/k−1 :=Ak−1x̂k−1 +Bk−1τ k−1 conforming to (5a);
{// Measurement correction //}

9: pk ← number of columns of Fk;
10: if pk = 0 then
11: x̂k ← x̂k/k−1; Pk ← Pk/k−1; ςk ← ςk−1;
12: else
13: ςk0 ← ςk−1; Pk0 ← Pk/k−1; x̂k0 ← x̂k/k−1; {Initialization}
14: for i = 1, . . . pk do
15: ϕki :=Pki−1

fki ; θki :=fTkiϕki as in (54m) and (54l);
16: if θki = 0 then
17: x̂k ← x̂k/k−1; Pk ← Pk/k−1; ςk ← ςk−1;
18: else
19: αki := θ−1

ki
; λki := (ςki−1θki)

1
2 as in (54h), (54o);

20: ρ̄ki :=λki + fTki x̂ki−1
;

¯
ρki := 2λki − ρ̄ki , as in (54n);

21: ȳki ← min(ȳki , ρ̄ki);
¯
yki ← max(

¯
yki ,−

¯
ρki) as in (54a);

22: δki := 1
2 (ȳki +

¯
yki − ρ̄ki +

¯
ρki); as in (54j);

23: γki := 1
2 (ȳki −

¯
yki), as in (54k);

24: if
¯
yki = ȳki and −

¯
ρki 6= ρ̄ki then

25: βki = 1;
26: else if |δki | > γki then

27: βki = 1− γki |δki |
−1

;
28: else
29: βki = 0;
30: end if
31: Pki :=Pki−1 − αkiβkiϕkiϕTki , as in (54e);
32: x̂ki := x̂ki−1

+ αkiβkiδkiϕki , as in (54f);
33: ςki := ςki−1

− αkiβ2
ki
δ2
ki

as in (54g);
34: end if
35: end for
36: x̂k ← xkpk ; Pk ← Pkpk ; ςk ← ςkpk ;
37: end if
38: end for
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Theorem 5.1 Consider the system (1) subject to (3) and its state estimation
algorithm given by Thms 3.1 and 4.7.

1. If x0 ∈ E(x̂0, σ
2
0P0), then ∀k ∈ IN∗, xk ∈ E(x̂k, ςkPk);

2. The vector x̂k is acceptable, i.e., it satisfies (4a)–(4d):

∀k ∈ K, x̂k ∈
⋂
i∈Gk

Gki ∩
⋂
i∈Dk

Dki ∩
⋂
i∈Hk

Hki , (55)

where K := {k ∈ IN|pk 6= 0}.

3. The sequence (ςk)k∈IN∗ is decreasing and convergent on IR+, where ςk is
defined in (54g) and it satisfies

ςk = max
x∈Sk

Vk(x), where Sk is given by (24) and

Vk(x) :=
(
x− x̂k

)T
P †k
(
x− x̂k

)
. (56a)

Proof.

1. This point is satisfied by construction. Indeed, from (24), Thms 3.1 and
4.7, we have

x0 ∈ E0 ⇒
(
x1 ∈ E1/0

)
∧
(
x1 ∈

(
P1 ∩ Z1 ∩

⋂
i∈H1

H1i

))
⇒ x1 ∈ S1 ⇒ x1 ∈ E1 ⇒ · · · ⇒ xk−1 ∈ Ek−1

⇒
(
xk ∈ Ek/k−1

)
∧
(
xk ∈ Pk ∩ Zk ∩

⋂
i∈Hk

Hkj
)

⇒ xk ∈ Sk ⇒ xk ∈ Ek, ∀k ∈ IN∗. (57)

2. This point is also granted by construction. To check it, consider
x̂k0 := x̂k/k−1. From (54f),

fTki x̂ki = fTki x̂ki−1
+ αkiβkiδkif

T
kiϕki .

If fTkiϕki = 0 or |δki | ≤ γki , it means that x̂ki is already in Dki or Hki .
Else,

fTki x̂ki = fTki x̂ki−1
+ βkiδki . (58)

Now, if i ∈ Hk, β = 1 according to (54i), then inserting (54j) in (58), re-

sults in fTki x̂ki = yki meaning that x̂ki ∈ Hki . Otherwise, β = 1−γki |δki |
−1

and fTki x̂ki − yki = −1, if δki < −γki and fTki x̂ki − yki = 1, if δki > γki ;
this means that x̂ki ∈ Dki . Combining these results for i ∈ Gk ∪Dk, leads
to x̂k ∈ Sk, where Sk is defined in (24) and considering (3), the proof of
the point 2. is achieved.

3. From (54g) of Thm 4.5, ςki − ςki−1
= −αkiβ2

ki
δ2
ki

. Since αki , defined in
(54h), is a quadratic form when it is non-zero, it is obvious that ςki−ςki−1 ≤
0. From (54c) and (54d), ςk := ςkpk and ςk−1 =: ςk0 , then

ςk − ςk−1 = ςkpk − ςk0
= −

pk∑
i=0

αkiβ
2
kiδ

2
ki ≤ 0. (59)

The sequence
(
ςk
)
k∈IN

is decreasing, bounded above by ς0 and hence con-
vergent. q

Theorem 5.2 Let
F̄k :=Fk(Gk ∪Dk) := [fki ]i∈Gk∪Dk

∈ IRn×p̄k , (60a)
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p̄k := Card(Gk ∪Dk) and K̄ = {i ∈ IN∗|p̄k 6= 0}. (60b)

If the pairs {Ak, F̄Tk } and {Ak, Rk} are sporadically observable3 and completely
uniformly controllable resp., then

1. the volume of Ek and all its axes lengths are bounded;

2. Vk, given in (56a), is an ISS-Lyapunov function for the estimation error
x̃k :=xk − x̂k, which is ISS4.

Proof. The proof is detailed in the Appendix A. q

6 NUMERICAL SIMULATIONS

First, for the sake of graphic illustration, the presented algorithm is applied
to a second order randomly generated system with coil-shaped input and one
(either strip or halfspace type) measurement, also randomly generated at each
time-step for k = 0, · · · , 100. The figures 4a and 4b show the evolution of the
ellipsoid Ek for a stable model (the eigenvalues of state matrix A :=Ak are less
than 1) and a model at the stability limit (the eigenvalues A :=Ak are 1), resp.

(a) Stable state model (b) Unstable state model

Secondly, in order to evaluate the algorithm performances, the matrices of
the system model (1) and (3) are generated randomly for two values of the state
dimension: n = 10 and n = 100, with % = q = r = s = n

2 , m = n, π = n
5 and

µ = µtr
k ; the input vector Bk−1τ k−1 contains sine entries of random magnitude

and frequency. P0 = 100In, ς0 = 1 and x̂k0 randomly chosen on the boundary
of E0. The measurements are available at all time steps K = {1, . . . , N} in
the case 1; at some randomly chosen time steps, in case 2 and K = ∅ in the
case 3 (where only prediction stage is performed without any measurement
correction). For each case, the simulations are run 25 times under MATLAB
R2018b on Intel Core i7 (2.3GHz, 8G RAM), each one for a different system
model and containing N = 100 time steps. The results are summarized in Table
1. Let ς tr(P ) := mean ςk tr(Pk)

k∈{1,...,N}
: the average sum of Ek’s squared axes lengths,

3cf. Definition A.3 in the Appendix A.2
4cf. Definitions A.4, A.5 and the Lemma A.5.
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‖x̃‖ := mean ‖x̃k‖
k∈{1,...,N}

: the mean estimation error vector norm and T : the average

computational time for the simulation horizon of N time steps. It is plain to see

n K ς0 tr(PN )

ςN tr(P0)
ς tr(P )

‖x̃N‖
‖x̃0‖

‖x̃‖ T (ms)

10
case 1 0.010 1 141 0.027 3.02 18
case 2 0.026 2 206 0.053 4.60 15
case 3 0.058 7 540 0.066 7.25 10

100
case 1 0.712 7·105 0.264 26.68 1870
case 2 0.707 2·106 0.269 46.19 1321
case 3 5.774 5·106 0.702 71.16 700

Table 1: Simulation results

that the algorithm considered here exhibits better performances for systems of
rather smaller dimension but it can still be fairly efficiently used with very high
dimensional systems provided enough measurements are available. Moreover,
given its low running time, it can be implemented online with such systems.

7 CONCLUSION

We have proposed an ellipsoidal state characterization for discrete-time lin-
ear dynamic models with linear-in-state sporadic measurements, which are cor-
rupted by additive unknown process and measurement disturbances, enclosed
by zonotopes, on one hand and subject to linear equality and inequality con-
straints on the other hand. Here is a turnkey, ready to use, easily implementable
algorithm, without any parameter to tune.

A particular attention was accorded first to the stability of the estimation
algorithm, which is ISS despite of the irregularity of the measurements; then to
its computational efficiency. Indeed, the proposed algorithm is composed of only
low demanding, optimized in this sense operations (matrix sums and products),
no costly tools nor heavy operations such as interval arithmetic or LMI, not even
matrix inversion have to be performed, what makes this algorithm suitable for
high dimensional systems. Furthermore, the challenge faced in other Kalman-
like algorithms, inherent to the inversion of the state error covariance matrix–
which is inevitably singular in presence of equality constraints–is circumvented
here since the matrix Pk is actually never inverted.

A Appendix: Stability analysis

A.1 Kalman filter analogy

To prove Thm 5.2, we’ll be using the observability and controllability properties
of the Kalman filter. For this purpose, we have to show the analogy of the
latter with the proposed algorithm. Consider the following linear time-varying
stochastic system with some bounded matrix Āk ∈ IRn×n:

ξk = Āk−1ξk−1 +Bk−1τ k−1 +Rk−1wk−1, k ∈ IN∗ (61a)

y̌k = F̄Tk ξk + vk, ∀k ∈ K̄, (cf. (60b)) (61b)
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where wk ∼ N (0n,Wk) (61c)

vk ∼ N (0p̄k , Vk) (61d)
where ξk ∈ IRn is the unknown state vector, y̌k := [yki ]i∈Gk∩Dk

∈ IRp̄k ,
yk := 1

2 (ȳk −
¯
yk) and F̄k ∈ IRn×p̄k , defined in (60), are the output vector

and the observation matrix resp.; Bk−1τ k−1 is the known input intervening in
(1a); and wk−1 and vk are gaussian centred noise vectors of covariance matrices
Wk−1 and Vk resp. Now consider the Kalman filter, designed for the system (61):

ξ̂k = ξ̂k/k−1 +Kkδk (62a)

P̄k = (In −KkF̄
T
k )P̄k/k−1 (62b)

δk := y̌k − F̄Tk ξ̂k/k−1 (62c)

Kk :=

{
P̄k/k−1F̄k(F̄Tk P̄k−1F̄k + Vk)−1, if k ∈ K̄
0n×p̄k , otherwise;

(62d)

ξ̂k/k−1 = Āk−1ξ̂k−1 +Bk−1τ k−1 (62e)

P̄k/k−1 = Āk−1P̄k−1Ā
T
k−1 +Rk−1Wk−1R

T
k−1. (62f)

The time prediction stage, (5), of Thm 3.1 can be seen as the prediction stage of
the Kalman filter (62e)-(62f) and the measurement correction stage (54), given
in Thm 4.7 is nothing else than (62a)-(62d). This is stated in Proposition A.1.
Forasmuch as the Kalman filter undergoes numerical stability issues when the
system (61) is subject to equality constraints (the matrix F̄Tk Pk−1F̄k+Vk in the
Kalman gain, (62d), becoming ill-conditioned), (3c) are not considered for the
moment.

Proposition A.1 If x̂k is computed in line with the algorithm composed of
(5a), (12) and (54) and if ξ̂k is the Kalman estimator (62) designed for the
system (61), such that

Āk :=λkAk, λk :=
√

1 + µ̄k

µ̄k0
, (63a)

Wk :=
µ̄k+µ̄k0

ςk
Diag(µ̄−1

ki
)i∈{1,··· ,m}, (63b)

Vk := Diag
(
ω−1
ki

)
i∈Gk∩Dk

, where ωki :=
αki

βki

1−βki
(63c)

and where µ̄k0 , µ̄k, αki , βki are defined in (12b), (12c), (54h), (54i) resp.
ςk := ςk−1 − δTk Υkδk, where Υk := Diag

(
αkiβ

2
ki

)
i∈Gk∩Dk

, for a fixed ςk0
; (64)

and if x̂0 = ξ̂0 and P̄0 = P0, then
∀k ∈ IN∗, x̂k = ξ̂k and P̄k = Pk. (65)

Proof. Replacing βki = (ωki + αki)
−1ωki and αki from (54h) in (54e), the latter

can be rewritten
Pki = Pki−1 − Pki−1fki

(
fTkiPki−1fki + ω−1

ki

)−1
fTkiPki−1 .

Then, using the inversion lemma, it comes that

P−1
k = P−1

kp̄k
= P−1

k0
+

p̄k∑
i=1

ωkifkif
T
ki . (66)

Recalling that Pk = Pkp̄k and that Pk0
= Pk/k−1 and noticing that

p̄k∑
i=1

ωkifkif
T
ki = F̄Tk VkF̄k (67)
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we have

P−1
k = P−1

k/k−1 + F̄Tk V
−1
k F̄k. (68)

Applying the inversion lemma again to (68), the algorithm (54) can be rewritten
as (61b), (62) and (63). Finally, using Pk+1/k defined in (12) and considering
(63a) and (63b), we obtain (62e)-(62f), which completes the proof. q

A.2 Observability and controllability

Before examining the observability and the controllability of the studied sys-
tem (1)-(2), we need to define the controllability and observability gramians, of
length l ∈ IN:

C̄k+l,k :=

k+l−1∑
i=k

λ̄−2
i+1,kΦk,i+1RiWiR

T
i ΦTk,i+1 (69a)

Ōk+l,k :=

k+l∑
i=k

λ̄2
i,kΦTi,kF̄iV

−1
i F̄Ti Φi,k (69b)

where Φk+l,k :=Ak+l−1 . . . Ak, with Φk,k+l = Φ−1
k+l,k, is the state transition ma-

trix associated to Ak ∈ IRn×n which is assumed to be invertible;
λ̄k+l,k :=λk+l−1 . . . λk, where λk is defined in (63a); Vk ∈ IRp̄k×p̄k is an SPD
matrix, Rk ∈ IRn×m and F̄k ∈ IRn×p̄k .

Definition A.1 (uniform complete controllability) The matrix pair

{Āk, RkW
1
2

k } is uniformly completely controllable, if there exist positive con-
stants %̄1 and %̄2 and a positive integer h, such that, for all k ≥ h,

%̄1In ≤ C̄k,k−h ≤ %̄2In. (70)

Definition A.2 (uniform complete observability) The matrix pair
{Āk, F̄Tk } is uniformly completely observable, if there exist positive constants
%̄1 and %̄2 and a positive integer h, such that, for all k ≥ h,

%̄1In ≤ Ōk,k−h ≤ %̄2In. (71)

Proposition A.2 ([SG95, BGEGG09]) Let K̄ = IN∗ (cf. (60b)). If the ma-

trix pairs {Āk, RkW
1
2

k } and {Āk, F̄Tk } are uniformly completely controllable and
observable resp., the estimation covariance matrix of the Kalman filter (62),
designed for the system (61), satisfies the following inequalities, for all k ≥ l:

(Ōk,k−l + C̄−1
k,k−l)

−1 ≤ P̄k ≤ Ō−1
k,k−l + C̄k,k−l.

Proposition A.3 The pairs {Āk, RkW
1
2

k } and {Āk, F̄Tk } are uniformly com-
pletely controllable and observable resp., if and only if {Ak, Rk} and {Ak, F̄Tk }
have the respective properties.

Proof. Since λk and W
1
2

k , given in (63a) and (63b), are a both bounded and
positive (resp. SPD), the observability and controllability gramians, associ-

ated to the matrices Ak, Rk and F̄k: Ok,k−l :=
∑k+l
i=k ΦTi,kF̄iV

−1
i F̄Ti Φi,k and

Ck,k−l :=
∑k+l−1
i=k Φk,i+1RiR

T
i ΦTk,i+1, are SPD bounded matrices if and only if

Ōk,k−l and C̄k,k−l, given by (69), associated to λkAk, RkW
1
2

k and F̄k are also
bounded SPD matrices. q
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It is needless to say that it is difficult to ensure the full rank for the matrix
sum Ōk,k−h (69b) on a time window of constant length h when dealing with
sporadic measurements. The system (1)-(3) can therefore not be uniformly
completely observable. Let us then introduce a new observability criterion for
this kind of systems by using the observabilty gramian with a variable length:

Definition A.3 (sporadic observability) Assuming that F̄k := 0n×p̄k , ∀k /∈
K̄ (cf. (60b)), the pair {Āk, F̄Tk } is said sporadically observable, if there exist
positive constants %̄1 and %̄2 and a positive integer h, such that, for all k ≥ κk(h),

%̄1In ≤ Ōk,k−κk(h) ≤ %̄2In,
where κk(h) ∈ IN is s.t.

Card
(
{i ∈ K̄|k − κk(h) ≤ i ≤ k}

)
= h (72)

and where Card(S) stands for the cardinality (number of elements) of the set S.

The direct consequence of Proposition A.3 applied to the system with all i ∈
Gk∩Dk∩Hk measurements (3) including equality constraints (3c) can be stated
as follows:

Corollary A.4 Consider the system (1) with (3) and the matrix Pk computed
in line with (5), (12) and (54). Let Hk1

∈ IRn×n̄k whose columns form or-
thonormal basis for R

(
Pk
)

where n̄k := rank(Pk) and let P̄k :=Hk1
PkH

T
k1

. If

the pair {Ak, F̄Tk } is sporadically observable and {Ak, Rk} is completely uni-
formly controllable, then there exist positive finite numbers %k1

and %k2
, s.t., for

all k ≥ κk(l),
%k1In̄k

≤ P̄k ≤ %k2In̄k
, (73)

κk being defined in (72).

A.3 Input-to-State stability

In this paragraph, we shall examine the ISS concept. Before doing so, let us
recall some comparison functions, widely used in stability analysis. A continuous
function ψ1 : IR+ → IR+ is called positive definite if it satisfies ψ1(0) = 0 and
ψ1(t) > 0, ∀t > 0. A positive definite function is of class K if it is strictly
increasing and of class K∞ if it is of class K and unbounded. A continuous
function ψ2 : IR+ → IR+ is of class L if ψ2(t) is strictly decreasing to 0 as
t→∞ and a continuous function ψ3 : IR+ × IR+ → IR+ is of class K L if it is
of class K in the first argument and of class L in the second argument.

Definition A.4 ([JW01]) The system
z(k + 1) = f(z(k),u(k)), (74a)

where f(0,0) = 0 and z(0) :=z0, (74b)
is globally input-to-state stable (ISS), if there exists a K L -function β and a
K -function ψ such that, for each bounded input sequence u[0,k] := {u0, . . . ,uk}
and each z0 ∈ IRn,∥∥z(k,z0,u[0,k−1])

∥∥ ≤ β(‖x0‖ , k) + ψ( sup
i≤k−1

‖ui‖),

where z(k, z0,u[0,k−1]) is the trajectory of the system (74), for the initial state
z0 ∈ IRn and the input sequence u[0,k−1].
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Definition A.5 ([JW01]) A continuous function V : IRn → IR+ is an ISS-
Lyapunov function for the system (74), if there exists K∞-functions ψ1 and
ψ2 such that for all z ∈ IRn, ψ1(‖z‖) ≤ V (z) ≤ ψ2(‖z‖) and there exists a
K∞-function ψ3 and a K -function χ such that for all z ∈ IRn and all u ∈ IRm,
V
(
f(z,u)

)
− V (z) ≤ −ψ3(‖z‖) + χ(‖u‖).

Lemma A.5 ([JW01]) The system (74) is ISS if it admits a continuous ISS-
Lyapunov function.

A.4 Stability of the proposed estimation algorithm

This section is dedicated to the proof of Theorem 5.2.

1. Let
¯
nk :=n − n̄k = n − rank(n) and Hk2

∈ IRn×
¯
nk whose columns form

orthonormal basis for Ker
(
Pk
)
, s.t., Hk := [Hk1 |Hk2 ] is a unitary ma-

trix. Hence, we have HT
k PkHk = Bdiag(P̄k, 0

¯
nk×

¯
nk

). The Ek’s semi-axes
lengths are the singular values of the matrix ςkPk, which are those of
ςkH

T
k PkHk = ςkP̄k. On one hand, it is shown, at the point 3. of Thm

5.1, that the sequence
(
ςk
)
k∈IN

is decreasing, bounded above by ς0 and

convergent. On the other hand, as stated in (73) of Corollary A.4, the
singular values of P̄k are bounded and so are the ellipsoid’s axes lengths,
as well as their product representing the ellipsoid’s volume.

2. First, for any possible value of the true state vector xk, we have
xk ∈ E(x̂k, ςkPk)⇔ x̃k :=xk − x̂k ∈ E(0n, ςkPk)

⇔ x̃k = (ςkiPk)
1
2uk,uk ∈ Bn2 , (cf. § 1. 8.). (75)

It means that x̃k ∈ R
(
Pk
)
, which is a subspace of IRn of dimension n̄k ≤ n:

HT
k x̃k = ς

1
2

k H
T
k P

1
2

k HkH
T
k uk = ς

1
2

k

[ P̄
1
2

k

0
¯
nk×

¯
nk

0
¯
nk×

¯
nk

0
¯
nk×

¯
nk

]
HT
k uk =

[ ς 1
2

k P̄
1
2

k ūk
0

¯
nk

]
,

where ūk :=HT
k1
uk ∈ Bn̄2 , meaning that

∀xk ∈ Ek, x̃k = HT
k [x̃Tk1

0T
¯
nk

]T , where x̃k1
:=HT

k1
x̃k and HT

k2
x̃k = 0

¯
nk
.

Now we shall show that Vk is an ISS-Lyapunov function for all possible
values of x̃k ∈ R

(
Pk
)
. First,

Vk := x̃TkHkH
T
k P
†
kHkH

T
k x̃k =

[
x̃Tk1
|x̃Tk2

][ P̄−1
k

0

0

0

][
x̃Tk1
|x̃Tk2

]T
= x̃Tk1

P̄−1
k x̃k1

noticing that ‖x̃k1
‖ =

∥∥HT
k x̃k

∥∥ = ‖x̃k‖ and by virtue of (73), it can be
deduced that

ψk2(‖x̃k‖) ≤ Vk ≤ ψk1(‖x̃k‖), (76)

where
ψki : IR+ → IR+, i ∈ {1, 2},

t 7→ ψki(t) = %−1
ki
t2,

are K∞ functions. (77)

Second, from the point 3. of Thm 5.1, we have

Vk − Vk/k−1 ≤ −
pk∑
i=0

αkiβ
2
kiδ

2
ki ≤ 0 (78)

where Vk/k−1 := x̃Tk/k−1P
†
k/k−1x̃k/k−1 (79)

and where x̃k/k−1 :=Ak−1x̃k−1 + ηk−1 (80)
Basing on the same reasoning as done in Lemma 3 in [SLZ+18], it can be
shown that for any vectors a, b ∈ IRn and any matrices A,B ∈ IRn×n,

(a+ b)T (A+B)†(a+ b) ≤ aTA†a+ bTB†b (81)
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and considering Pk+1/k given by (12), we have

Vk/k−1 ≤
µ̄k−10

µ̄k−10
+µ̄k−1

(
x̃Tk−1A

T
k−1

(
Ak−1Pk−1A

T
k−1

)†
Ak−1x̃k−1

+ ςk−1

µ̄k−10
ηTk−1R̄

†
k−1ηk−1

)
≤ µ̄k−10

µ̄k−10
+µ̄k−1

x̃Tk−1P
†
k−1x̃k−1 + ςk−1

µ̄k−10
+µ̄k−1

∥∥∥R̄†k−1

∥∥∥ ‖ηk−1‖2 . (82)

Now, from (78), we have
Vk − Vk−1 ≤ Vk/k−1 − Vk−1; (83)

and consequently, (82) becomes
Vk − Vk−1 ≤ Vk/k−1 − Vk−1 ≤ −%kVk−1 + ψk(‖ηk−1‖), (84)

where %k := µ̄k

µ̄k0
+µ̄k

> 0 and φk : IR+ → IR+, t 7→ φk(t) = ςkσk

µ̄k0
+µ̄k

t2, is a

K∞ function, where σk =
∥∥∥(RkM−1

k RTk
)†∥∥∥ > 0. This means that Vk is an

ISS-Lyapunov function for the system of state vector x̃k. Thus applying
Lemma A.5 completes the proof of the theorem.

The cases where k /∈ K̄ can be viewed as measurements i for which αki = 0
or βki = 0.

Remark A.1 Hk := [Hk1
|Hk2

] ∈ IRn×n is a unitary matrix which rotates Pk
into a basis where it has two-bloc-diagonal form (Hk can be obtained by QR

decomposition of P
1
2

k or by SVD of Pk). HT
k x̃k = [x̃Tk1

|x̃Tk2
]T gives the compo-

nents of the state estimation error vector, x̃k, in this new rotated basis, where
the n̄k first components are ISS (point 2. of Thm 5.1) and the last

¯
nk ones are

zero, meaning that the corresponding estimations are equal to their true values,
in this rotated basis.
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